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A CHARACTERIZATION OF ISOSPECTRAL MEASURES ON LCA GROUPS
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Abstract. In this paper, we consider the isospectral measures on a locally compact Abelian (LCA) group
G. We fix a spectrum A C G, and study the possible Borel probability measures tt on G having A as a
spectrum and extend the results on the Euclidean space R? to general locally compact Abelian groups.
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1. INTRODUCTION

Let G = (G,+) be a locally compact and second countable Abelian group and G be its dual
group, which consists of all continuous characters of the group G. The Pontryagin duality

theorem states that there exists a topological group isomorphism mapping the dual group G of

the group G onto the group G. Usually, we can identify G and G, and we will simply write

-~
~

G=0G.

For y € G and g € G, let (x,g) denote either the action of character y € G on the group
element g € G, or the action of the group element g € G on the character } € G. We define the
exponential functions by

ex:G—=C ey(g):=(x.8)-

We denote the Haar measure on G by dx or mg. A closed subgroup L of G is called a lattice if

it is discrete and the quotient group G/L is compact. The dual lattice of L is defined as follows

L*:{ﬁ*e(/?\:eg*(ﬁ)zl,VEEL}. (1.1)

Let u be a Borel probability measure on G. We say that u is a spectral measure if there
exists a set A C G of continuous characters of G such that {ea}sen is an orthonormal basis
(i.e. a Fourier basis) of the space L?(u) of square u-integrable functions. Then A is called a
spectrum of p and (W, A) is called a spectral pair. Assume that Q is a subset of G with positive

E-mail address: mamatili880@ 163.com.
Received March 5, 2020; Accepted June 11, 2020.

(©2020 Journal of Nonlinear Functional Analysis



2 MAMATELI KADIR

and finite Haar measure. That € is called a spectral set if the restricted measure @nﬂ oisa

spectral measure. In this case, in stead of saying that (#(Q)md a, ) is a spectral pair, we say
that (Q,A) is a spectral pair.

Let f € L'(G) with f > 0. We say that f tiles G by translation with a discrete set T C G if

Y fx+r)=1, mg—ae. (1.2)

teT

In this case, we write f+ T is a tiling.

If f = 1q is the indicator function of a bounded, measurable set 2 C G, then (1.2) means that
the family of sets {Q —1 :7 € T'} forms a partition of G up to Haar measure zero. In this case,
we say that Q is a translational tile. Such a set T is called a tiling complement or a tiling set of
Q and (Q,T) is called a tiling pair.

The spectral sets and the tiles on the Euclidean space R? are linked by a famous conjecture,
the spectral set conjecture, which states that € is a spectral set if and only if € is a translational
tile of R [1]. This conjecture have attracted considerable attention over the past four decades,
and it was disproved by Tao [2] and Matolcsi [3] for d > 3. But the conjecture is still open for
d = 1,2. We could state a general Fuglede’s conjecture for a locally compact Abelian group
G, even for finite groups, and also called Fuglede’s conjecture in G. In this general case, the
generalized conjecture is far from being proved. For the works towards this general conjecture,
we refer the readers to [4, 5, 6].

In 1998, Jorgensen and Pedersen [7] discovered the first families of non-atomic singular
spectral measures (. That is, they possess a sequence of exponential functions which form an
orthonormal basis in L?(u). The canonical example of such a singular spectral measure is the
uniform measure supported on the Cantor %-set. Since then, various singular spectral measures
on self-similar and self-affine fractal sets and on general Moran sets have been found; see, e.g.,
[8,9, 10, 11, 12] and references therein.

Recently, it is proved that if u is a spectral measure on R¢, then u is a pure type, i.e., it
is either discrete with finite support, or absolutely continuous or singularly continuous with
respect to the Lebesgue measure [13].

There are some exotic phenomena on the spectra of singular spectral measures. It is well
known that there is only one spectrum A = 7Z containing O for the Lebesgue measure restricted
to [0, 1], while there are more than one, even uncountable spectra A containing O for the Cantor
}t—measure [14]. Hence, it is challenging to characterise all spectra A of a given singular spectral
measures U; see [14, 15, 16, 17] and the references therein. On the other hand, one fixes a
discrete set A, and asks what are the measures y having A as a spectrum? In this direction,
Dutkay and Jorgensen [18] answered the question when A = Z¢ on R.

In this paper, we fix a lattice L* on the dual group Gofa general LCA group G, and charac-
terize all spectral Borel probability measures ¢ on G having L* as a spectrum, which extends
the results of [18] to the general LCA group G. The paper is organized as follows. In Section
2, we introduce preliminary results for proving our main result, which is stated and proved in
Section 3.
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2. PRELIMINARIES

In this section, we present preliminaries for the proof of the main result given in the next sec-
tion. First, we introduce LCA groups and Fourier transform on them, recall Poisson summation
formula, and then give a criterion of spectral measures.

2.1. LCA groups and Fourier transform. Let G be a locally compact and second countable
Abelian group and L be a lattice subgroup of G. We denote by &, a fundamental domain of L
in G. By the definition, it is obvious that (2, L) is a tiling pair on G. For a lattice L, the lattice
size is defined as the Haar measure mg(Z;) of a fundamental domain ;.

Let i be a Borel probability measure on G. The Fourier transform of p is defined to be

AE) = [ ecdutv  (£eG=0).

The Fourier transform f of f € L! (G) is that of p7, where iy is the measure defined by dy =
fdx.

Let dx be a Haar measure on G /L. Then the relation between Haar measure dx on G and Haar
measure dx on G /L is given by the following Weil’s formula: if f € L'(G), then ¥ c; f(x+4£) €

L'(G/L) and
/f a’x—/G Y f(x+0)dx 2.1)

/Lver
Here, we shall recall Poisson summation formula; see ( [19], Lemma 6.2.2).

Lemma 2.1. If f € L'(G) and L is a lattice in G, then the periodization map

= Zf(x+€)
LeL
belongs to L' (G/L) and for ¢* € L*
O(L*) = (). (2.2)
If furthermore Y pecp+ ]]/‘\(6*)\2 < oo, then ® € L*(G/L) and
Zf (x+0) = Z f e (x), a.e. (2.3)
Lel rrel*

Here, both series converge in L?>(G/L).

2.2. A criterion of spectral measures. Here is a criterion for a probability measure ¢ on G to
be a spectral measure. The result in the case of Euclidean space R was due to Jorgensen and
Pedersen [7]. In the case of local fields, it was proved by Fan [20]. It holds on any LCA groups
and We reproduce the proof here for the sake of completeness.

Lemma 2.2. Let i be a Borel probability measure on G and A C G. Then (u,A) is a spectral
pair iff R
v&eG, Y la@a-g§Pr=1 (2.4)
AEA
In particular, for a Borel set Q of positive finite Haar measure, the pair (Q,A) is a spectral pair
iff
VEeG, Y |la(A—&)P =ma(Q)* 2.5)

AcA
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Proof. The inner product in L?(u) is denoted by (f, &) u:

(f.ghu = [ fedu, Vf.ge ).
For any £, A € G. we have

(egser)u = [ eeerdu=R(2~¢).

It follows that e/, e;» are orthogonal in L?(u) iff (A’ — A”) = 0. Assume that (i,A) is a
spectral pair. Then (2.4) holds because of the Parseval equality and of the fact that {{i(A —
&)} area are Fourier coefficients of ez under the Fourier basis {e3 } ca-
Now we assume (2.4) holds. Fix A’ € A, and take & = A" in (2.4). We get
1+ Y BR-)P-1,
AEAAAN

which implies (A — A1) =0 for all A € A\ {1’}. Thus, we have proved the orthogonality of
the exponentials {e) },c. It remains to prove that the exponentials {e) }, < are complete. In
order to prove the completeness, we have to prove the implication

feL} (W) e (fe)y=0=f=0.
The condition (2.4) means that
VE € G, eg = Z (eg,ex)uen-
AEA

This implies that eg is in the closure of the space spanned by {e3}ren- As f is orthogonal to
e, forall A € A, we have that f is orthogonal to eg. Thus,

VE€G, [ecfdn—(eg.flu=0.

That is, the Fourier coefficients of the measure fdu are all zero. Finally f = 0, pu-almost
everywhere. O

The following is a well known lemma, which is a useful tool in the proof presented in the
next section.

Lemma 2.3. [21] Let L be a lattice on the LCA group G and L* be its dual lattice. Let 9 =
G/L be a fundamental domain of L. Then (Zr,,L*) is a spectral pair.

3. MAIN RESULTS AND THEIR PROOFS

In this section, we provide the main result of the paper which gives a characterization of
1sospectral measures on LCA groups. The next theorem provides a condition under what the
family {e, : £* € L*} is an orthogonal set in the space L*(u) of a Borel probability measure
on G.

Theorem 3.1. Let [ be a Borel probability measure on G. Then the family {es : £* € L*} forms
an orthogonal set in the space L*(W) iff there exists a function f € L'(G) with f > 0, which
tiles G by translation with L, i.e.

Y fa+6)=1, mg—aexeG. (3.1)
lel
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such that du = fdx.

Proof. (<) Let 21, := G/L be a fundamental domain of the lattice L. Suppose that there exists
a function f € L! (G) with f > 0, which tiles G by translation with L, and du = fdx. Then for
any (7,05 € L*, we have

<eé}‘7€€§>u:/Geé’{—ﬁ’z‘<x)d“(x) = /Geeﬁf—e;(x)f(x)dx
- Z/g fx+0es—g5(x+ L)dx

leLl

= /@L Zf(x—}-ﬁ)eg»{_@(x)dx

leL

- 1, it =145,
- /@L ef’f@(x)dx_{ 0, if £ £0
It follows that the family {e, : £* € L*} is orthogonal in the space L*(u).

(=) Suppose that the family {es : £* € L*} is orthogonal in the space L?(u). Define the

measure ¥ on &, as follows: for all Borel sets A C ¢,

B(A) =) u(A+o). (3.2)
leLl

Then, for any continuous function f on Zp,

[, 1do =Y [ fe—tau(). (33)

el

It follows that

/ er (D)dd(x) = Y / e (x— 0)dp(x) = / e (X)L (x) = 8¢ ().
8 ‘el DL G
Then, using the Stone-Weierstrass theorem, we have that the measure ¥ must coincide with the
Haar measure on Z; on continuous functions, so they are the same.

In order to prove that the measure u is absolutely continuous with respect to the Haar measure
on G, we assume that there exists a Borel set B of zero Haar measure with t(B) > 0. Then there
is some ¢ € L, for which (BN (2, +¢)) > 0. Then, we define C := ((BN(ZL+{))—{) C Y.
It follows that C has Haar measure zero, but ¥(C) > u(C +¢) > 0, which contradicts the fact
that ¥ is Haar measure on &;. Thus U is absolutely continuous with respect to the Haar measure
mg on G. Let f be the Radon-Nykodim derivative du /dx. It follows that

mg(B) = ¥(B) = Z,LL(B—{—I) = Z lp(x—1)f(x)dx

leL leL’ 2L

- X /| () f(x+ )
_ /@L 15(0)(Y f(x+1))dx.

leL

This implies equation (3.1). The proof is complete. U
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Theorem 3.1 provides a sufficient and necessary condition on when the family {e,- : £* € L*}
is orthogonal in L?(ut), and then we ask the question what extra conditions have to be imposed
on f so that {ey : £* € L*} is complete in L?(u)?

Definition 3.2. Let L be a lattice in G, and Z; be a fundamental domain of L. We say that
a Borel subset Q of G is L- translation congruent to 7 if there exists a measurable partition
{Q: ¢ €L} of 7 such that
Q= U (Qe+2).
lel

Theorem 3.3. Let u be a Borel probability measure on G. Then U has spectrum L* on G if and
only if W is the Haar measure restricted to a set Q, which is L- translation congruent to 9.

Proof. Assume that u is Haar measure restricted to a set 2, which is translation congruent to
1. Let Qg be as in the definition 3.2. Define the measurable map ¢ : Z; — Q as @(x) =x+ /¢
for all x € Qg and £ € L. We can see that the operator @ : L*(Q) — L*(Z;) given by ®f = fo @
is an isometric isomorphism and ® (e | Q) = ey« | Z1. Hence L* is a spectrum for p.

For the opposed side, we assume that L* is a spectrum for y. Let f be as in the Theorem3.1.
Let us define

=Y e:(O)f(y+10), V(E,y)€GxG. (3.4)
leL

Due to (3.1), this sum is absolutely convergent.
Observe that, for any ¢ € L,

Dp(Ey+0) =Y ec(O)fy+0+0) =Y ez (" =) f(y+ ") = ee(—0")Ps(x,y).
leL el

We take
= Y If(E+0)? Zf fE+0),

r*eL* eL*
where f(x) = f(—x) for any x € G. Since f € L'(G) (due to Poisson’s summation formula), we
obtain

Y FefE+0) = Ye(O)F«f(0)

{relL* (el
= Leel) [ FOUG+0d
= /f(y)q’f(é,y)dy

= L[, 10 09(Ey+0ds
ZeL

= Z/ F+ee(O)r(E,y)dy

el

_ /@Lq>f(§,y)<l>f(€,y)dy
= [, @& p)las
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By taking into account (3.4) and (3.1), we get the following estimation

D&))=Y ec(Ofy+0)| <Y lec(O)f(y+0)]=1. (3.5)

lel lel
Hence, we have

Ri(E)< [ @& y)fay<t.

By use of Lemma 2.2, we know that (u,L*) is a spectral pair if and only if R¢(§) = 1 for all
£ € G. Then, this indicates that, for all & € G, the function |® #(€,y)]>=1formg—a.e.y€G.

We choose & € G andy € G. Since Y yc; f(y+£) = 1, there exists a £y € L such that f(y+ /) #
0.

On the other hand, due to the fact that the equality holds in inequality (3.5), for all / € L
such that f(y+/) # 0, we have that eg () f(y+£) = ageg (lo) f(y + o) for some a; € R. Hence,
(0—£y)& € L*. Since & € G is arbitrary, it follows that £ — £y =0, i.e., £ = ;.

Thus, for mg —a.e. y € G, there is a unique ¢y € L, depending on y, such that f(y+ ¢p) # 0.
Since Y yc; f(y+¥¢) = 1, it follows that f(y+¢p) = 1. This implies the desired result, and the
proof of the theorem is complete. U
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