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Abstract. In this paper, we study the higher-order necessary and sufficient optimality conditions for
efficient solutions of vector equilibrium problems with constraints in terms of Studniarski’s derivatives
in real Banach spaces. We first propose the constraint qualification of the (CQm) type and then obtain
the higher-order Kuhn-Tucker necessary optimality conditions for the efficient solutions, which are not
required here that the ordering cone has a non-empty interior. Under suitable assumptions, the higher-
order necessary optimality conditions become the higher-order sufficient optimality conditions. Second,
under suitable assumptions on the nearly cone-subconvexlikeness, the higher-order Kuhn-Tucker type
optimality conditions for efficient solutions in the sense of ordering cones with its interiors nonempty
are derived. As applications, some the higher-order Kuhn-Tucker optimality conditions for efficient
solutions of constrained vector optimization problem are also established as well. We finally provide
several examples to illustrate our results.

Keywords. Vector equilibrium problem with constraints; Higher-order optimality conditions; Efficient
solutions; Nearly cone-subconvexlikes; Higher-order Studniarski’s derivatives.

1. INTRODUCTION

Fritz John and Kuhn-Tucker necessary and sufficient efficiency conditions for vector equilib-
rium problem with constraints and applications have been extensively investigated in the recent
years by a large number of researchers; see, e.g., [1,2,3,4,5,6,7,8,9, 10, 11, 12] and the refer-
ences therein. There are many tools that have been used for setting the necessary and sufficient
conditions of optimality for vector equilibrium problems with set and generalized inequality
constraints such as convexificators, contingent derivatives, contingent epiderivatives, directional
derivatives, Radial derivatives, Radial-contingent derivatives, Studniarski’s derivatives, Clarke
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and Michel-Penot subdifferentiables, subconvexlikes and nearly cone-subconvexlikes, etc, e.g.
in [13, 14, 15, 16, 17, 18, 19, 20]. For example, using the notations of higher-order outer and
inner radial derivatives, Anh, Khanh and Tung [17] first provided several optimality conditions
for particular optimization problems and then established higher-order optimality necessary
conditions and sufficient ones for a general set-valued vector optimization problem with in-
equality constraints by making use of the notation of higher-order radial-contingent derivative.
Diem, Khanh and Tung [16] first obtained optimality conditions for some particular optimiza-
tion problems and then they employed this derivative along with contingent-type derivatives to
analyze sensitivity for nonsmooth vector optimization by making use of the notation of nearly
cone-subconvexlike. Long, Huang and Peng [9] established necessary and sufficient optimality
conditions for the Henig efficient solution and the global efficient solution of vector equilibrium
problem with constraints together with its application to the vector variational inequality prob-
lem and the vector optimization problem with constraints. Optimality condition for vector equi-
librium problems plays an important role in nonlinear analysis and optimization theory. For the
case of a constrained vector equilibrium problem with an ordering cone, which has non-empty
interiors, there are a lot of results on the optimality conditions; see, e.g., [21, 22, 23, 24, 25, 26].
However, in the sense of a constrained vector equilibrium problem with an ordering cone, which
has empty interiors, there are only very few results dealing with optimality conditions; see, e.g.,
[4, 5, 6, 7]. In order to derive optimality conditions for an efficient solution of constrained vec-
tor equilibrium problem, under assumptions on the generalized convexity, Luu and Hang [10]
gave Fritz John and Kuhn-Tucker necessary and sufficient optimality condition for the efficient
solutions of the vector equilibrium problems with constraints in terms of Clarke subdifferentials
as well as directional derivatives, which does not require that the ordering cone in the objec-
tive space has a nonempty interior. For the concept of the higher-order Studniarski derivative,
we know that these derivative was established based on the different rates of change of the
point under consideration in the domain space and the range space of a mapping, which are
different from the higher-order derivatives based on encounter information in constraints [1, 2].
It is therefore useful for establishing higher-order Kuhn-Tucker necessary and sufficient opti-
mality conditions in terms of the higher-order Studniarski derivatives for efficient solutions in
constrained vector optimization problems in Banach spaces.

Motivated by the results presented in [1, 2, 4, 5, 6, 7, 9, 10, 11, 13, 14], we study and de-
velop Fritz John and Kuhn-Tucker necessary and sufficient optimality conditions for efficient
solutions, weak efficient solutions, Henig efficient solutions, global efficient solutions and su-
perefficient solutions (also known as efficient solution types) of the vector equilibrium problems
with set, generalized inequality and equality constraints in terms of higher-order Studniarski’s
derivatives in real Banach spaces. One approach in this paper is as follows. For the case
of efficient solutions, we apply the separation theorem in terms of quasirelative interiors due to
Cammaroto and Bella [26], which is used in sense the interiors of both sets to be empty together
with the suitable constraint qualifications for receiving Kuhn-Tucker optimality conditions. For
the rest efficient solutions, by making use of the separation theorem of two disjoint convex sets
with nonempty interiors due to Rockafellar [27], we establish Fritz John and Kuhn-Tucker opti-
mality conditions. Besides, we also propose the suitable constraint qualifications for obtaining
Kuhn-Tucker optimality conditions. Some applications to the constrained vector optimization
problem are also given.
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The remainder of the paper is organized as follows. After the introduction and some prelimi-
naries in Section 2, we present the higher-order Kuhn-Tucker necessary and sufficient optimality
conditions for the efficient solutions of constrained vector equilibrium problem with constraints
in terms of Studniarski’s derivatives in Banach spaces, which involve an ordering cone with
an empty interior in Section 3. Section 4 deals with the higher-order necessary and sufficient
optimality conditions for weak efficient solutions, Henig efficient solutions, global efficient so-
lutions and superefficient solutions of a vector equilibrium problems with constraints. As an
application, Section 5 is devoted to constructing the higher-order optimality conditions for effi-
cient solutions of constrained vector optimization problem in terms of Studniarski’s derivatives.
Several examples are proposed to illustrate the results of the paper. 6, the last section, ends this

paper.

2. PRELIMINARIES

Let X be a real Banach space, X* be topological dual of X, X,v € X and m > 1 be integer.
Let f be an extended-real-valued function defined on X. Taking account of Studniarski [18],
the lower and upper Studniaski derivatives of order m of the function f at X in the direction v is
defined, respectively, by

?

27 (%) = liming L) =)

=0T m
u—v

fE+ 1)~ f5)

tm

ds f(x;v) = limsup
t—0t
u—v

If 4§ f(x;v) = c_lrSnf(X;v), one writes d¢' f(X;v) stands for both d¢' f(x;v) and E’;f()_c; v), which
means that
T tu) — (5
) = lim L=

t—0T m
u—v

Y

if this limit exists. In this case, we call d¢' f(X;v) the Studniaski derivative of order m of the
function f at X in the direction v. For m = 1, one writes dgf(%;v) instead of both df(%;v)

and c_lé f(x;v). Let 0 # C C X, the interior, relative interior, closure and convex hull of C be
denoted by intC, riC, clC and coC, respectively. Let the cone hull of C be defined by cone
C ={tc:t>0, c € C} and let the quasirelative interior of C be expressed as qriC. Let the set
of those X € C such that c¢/cone(C —X) be a linear subspace of X. Let Y and Z be real Banach
spaces. Let Y* and Z* be the topological dual of Y and Z, respectively. Let and Q and S be two
closed convex pointed cones Y and Z, respectively. The open ball of radius 6 > 0 around x € X
in X is denoted by B(x, 0). Given a vector bifunction F : C x C — Y such that F(c,c) = 0 for all
¢ € C, a constrainted function g : C — Z, we denote by K = {x € C: g(x) € —S} a feasible set.
We recall ([28]) that the contingent cone to the set C at the point X € clC is given as

T(C;x)={veX|3t, — 0", Iv, — vsuch thatx+1,v, € C,Vn € N}.
In the sense that C is convex (see Giorgi-Guerraggio [29] for more details),

T(C;x) ={veX|Vt, — 0", Iv, — vsuch thatx+1,v, € C,Vn € N}.
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The dual cone of the cone Q is defined by
0" ={EecY"[(§,9) 20 VqeQ},
where (-, -) is the coupling between Y* and Y. The quasi-interior of Q* is denoted by 0%, i.e.,
O ={eY"|(£,q)>0VgeQ\{0}}.

Considering that the convex set B is a base of Q (i.e., 0 ¢ ¢/B and Q = coneB), we set
0°(B) = {g € 0|31 > 0 such that (&,b) >tV b e B}.

As we know, if Q has a base B, then Q is pointed. So, [0 # (. Let B be a base of Q. It means
that O € cIB. Using the separation theorem in Rockafellar [27] for the two disjoint nonempty
convex sets {0} and ¢/ B, we have that there exists & € Y*\ {0} such that

r=inf{ (€,b) : be B} > (£,0)=0.

We define an open absolutely convex neighborhood of the origin in Y by

vi={yer|lEnl<3}.

The notation Vp will be used throughout this paper. In this sense, for every convex neighborhood
U of the origin in Y such that U C Vp, it is known in Gong’ result [4] that cone(U + B) is pointed
and convex with O\ {0} C intcone (U + B). In what follows, for the sake of convenience, for
every X € K, one denotes as Fz(.) = F(X,.) : C — Y and Fx(K) = U Fz(x).

xeK

We consider the following vector equilibrium problem with set and cone constraints (VEPC):
Finding a vector X € K such that

Fe(K)N(—intQ) = 0. (2.1)
The vector, which X solves (2.1) is called a weak efficient solution to problem (VEPC).

Definition 2.1. (Gong [4, 5]) The vector X is called an efficient solution to problem (VEPC) iff
X satisfies

F(K)n(-0\{0}) =0. (2.2)

Definition 2.2. (Gong [4, 5]) The vector X € K is called a global efficient solution to problem
(VEPC) iff there exists a pointed convex cone H C Y with O\ {0} C intH satisfying

F(K)N(-H\{0}) =0. (2.3)

Definition 2.3. (Gong [4, 5]) The vector X € K will be called a Henig efficient solution to
problem (VEPC), iff there exists some absolutely convex neighborhood U of the origin with
U C Vp satisfying

cone (Fx(K)) N (—int cone(U + B)) = 0. (2.4)
Definition 2.4. (Gong [4, 5]) The vector X € K is called a superefficient solution to problem

(VEPC) iff, for each neighborhood V' of the origin, there exists some neighborhood U of the
origin satisfying

cone (Fx(K))N(U—-Q) CV. (2.5)
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In (2.1)-(2.5), replacing K by KN B(x,8) for some 6 > 0, we obtain the notations of local
efficient, local weak efficient, local Henig efficient, local global efficient and local superefficient
solutions to problem (VEPC), respectively.

We here mention that the following implications hold:

If X is a (local), either efficient solution or global efficient solution to problem (VEPC),

then X is a (local) weak efficient solution in the sense intQ # 0.

If X is a (local) superefficient solution to problem (VEPC),
then x is a (local) Henig efficient solution in the sense the cone Q has a base B.
If X is a (local) Henig efficient solution to problem (VEPC),

then X is a (local) superefficient solution in the sense the cone Q has a bounded closed base B.

According to Gong [4, 5]), if the cone Q has a bounded closed base B, then int(Q") = Q*(B),
where one writes int(Q™) instead of the interior of Q" with respect to the strong topology on
Y*, which is denoted by B(Y*,Y). The sets

n
“’={ﬂ{y*€Y* :sup| (v*,ai) | <e} CAi(i=1,2,...,n)

i=1 acA;
are bounded subsets of Y, € >0, n> 1, n is integer}

form a base of neighborhoods of the origin of the dual space Y* of ¥ with respect to B(Y*,Y).

We mention that all the preceding efficient solutions are coincide in the sense ¥ = R and
QO =R, :=]0, 4oo). In order to derive optimality conditions for the efficient solution of problem
(VEPC) in the condition which does not require a cone to have nonempty interiors, researchers
used the following separation theorem of Cammaroto and Bella [26] in terms of quasirelative
interiors (see [10] for more details).

Proposition 2.5. [26] Let A and B be nonempty convex subsets of X . Assume, in addition, that
qriA # 0, qriB # 0 and cl cone(qriA — qriB) is not a linear subspace of X. Then there exists
& € X* with & # 0 such that

(E,xy<(E,y), Vx€A, yeB.

The notation of the quasirelative interior was introduced by Borwein and Lewis [25], which is
an extension of the relative interior in the sense of finite-dimensional spaces. Moreover, qriC =
riC holds for all convex set C C R"”. We next recall the concept of the nearly Q—subconvexlike,
which will be needed in the next sections.

Definition 2.6. [9] A Y-valued function f defined on C is said to be nearly Q— subconvexlike
on C if cl(cone(f(C)+ Q)) is convex.

Remark 2.7. If f is Q—convex on a convex set C, that is, for any xj,x, € Cand ¢ € [0, 1],
tf(x1)+(1=1)f(x2) € ftx1 + (1 —=1)x2) + O, (2.6)

then f(C)+ Q is a convex set. So, it is nearly Q—subconvexlike on C. The converse case is not
true, in general, and the convexity of C is not required in Definition 2.6.
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Finally, to obtain the Kuhn-Tucker necessary optimality conditions for problem (VEPC), we
introduce the following constraint qualification of the (CQm) type:

vVn € N(—S,g(x))\ {0} 3vp € T(C;X) such that dg'(nog) (x;vo) < 0. (CQm)

3. HIGHER-ORDER OPTIMALITY CONDITIONS FOR AN EFFICIENT SOLUTION

In this section, making use of the separation theorem of Cammaroto and Bella [26] and the
notion of quasirelative interiors, we can derive a Higher-order necessary and sufficient con-
dition for an efficient solution of the vector equilibrium problem with constraints in terms of
Studniarski’s derivatives. Hereafter, a Higher-order necessary optimality condition will be de-
rived.

Theorem 3.1. (Higher-order necessary optimality condition) Let X be an efficient solution to
problem (VEPC). Assume that there exists the Studniarski derivative of order m of AoFz (VA €
Q") and nog (VYN € N(—S,g(x))) at X in all the directions v € T(C;X), qri(F,g)(C) # 0,
qri(Q x S) # 0 and cl cone(qri(co(Fx,g)(C)) + qri(Q x S)) is not a linear subspace of Y X Z.
Then there exist (A,n) € Y* x Z*\ {(0,0)} satisfying

A € 0%, neN(-S.g(®): G3.1)
min_ {8 (oFe-mog) (£) } =0, (32)

Moreover, A # 0 under the constraint qualification of the (CQm) type.

Proof. Tt follows from the assumptions that qri(—(Q x S)) # 0 and qri(co(Fx,g)(C)) # 0 be-
cause qri(Fz, g)(C) # 0, qri(Q x S) # 0 and qri(Q x §) = —qri(—(Q x S)). By virtue of the
separation theorem of Cammaroto and Bella [26], we have that there exist (A,1) € Y* x Z*, not
all zero, such that

(A y)+(n,2) < (A,a) +(n,b) Vy € =0,z € =5, (a,b) € co(Fx,8)(C). (3.3)
Combined (3.3) with (F, g)(C) C co(Fg,g)(C) yields that
(Ay)+(,2) < (A, Fe(x)) +(n,8(x)) Vye —Q,z€ =5, xeC. (3.4)
In (3.4), we first pick y = 0, z = 0, and one second takes y = 0, x = ¥ and z = 2g(X). It results in
0 <(A,Fx(x))+(n,g(x)) VxeC, (3.5)
(n,8(x)) <0. (3.6)
For the case x = x in (3.5), it ensures that
(n,g(x)) = 0. 3.7)
Combining (3.6)-(3.7), we have the following equality holds true
(n,&(x)) =0. (3.8)

In addition, using inequality (3.4), we obtain the following result

A,y +(n,2) >0Vy€eQ, z€S,
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which ensures that A € Q" and 1 € ST with (1, g(x)) = 0. One one hand, according to Jiménez
and Novo’s result in [28], we obtain as follows

N(=S.g(0) = {n €5*: (n.g(0) =0},

which ensures that 1 € N(—S,g(x)). On the other hand, from the inequalities in (3.5), (3.8),
F;(X) = 0 and the fact that X is an efficient solution of problem (VEPC), it follows that X is a
solution of the following scalar optimization problem

(P) min (%Fﬂ— nog> (x) subjectto x € C,
where
(AoFe+108)(x) = (4, Fx(x)) + (1, 8(x))
and
(AoFx+mo0g)(x) = 0.
We now denote by #, — 07 the sequence of positive real numbers (z,),>; with limit 0 and
by (ty,vn) — (07,v) for t, — 0" and v, — v as n — +oo. For every v € T(C;X), there exist

(tn,vn) — (07, v) such that X+ #,v, € C Vn > 1. This together with the fact that X is a solution
of problem (P) holds that

MFe(X+tyvy) +Nog(X+1yvy) >0 V> 1.

Combined this with the fact that (AgFz+ 1og) (X) = 0, it leads to the following result
Fx X+t — (AoFx X

dg' (AoFx+1Mog)(X;v) = lim (RoF+ 10g) (¥ + tnn) = (AoFr+ Th08) (%)

n—s oo [

>0,

and these yields that (3.2) is satisfied. To finish the proof, it can be seen that A % 0 under the
constraint qualification of the (CQm) type. Indeed, if not, then A = 0. So, n € N(—S,g(x)) \
{0}. Under the constraint qualification of the (CQm) type, there exists at least a direction vy €
T (C;Xx) such that d{'(nog)(X;vo) < 0. Consequently,

i {dS (AoFz + Mog) (%; V)} < dg'(108) (X;v0) <0,

which is a contradiction. This completes the proof. 0J

Remark 3.2. Similarly, we assert that the result obtained in Theorem 3.1 is still true for the
case that x is a local efficient solution to problem (VEPC).

The next example is provided to illustrate the result obtained in Theorem 3.1.

Example3.3. LetX =Y =R} Z=R2 C=0,1] x [0,1] x [0,1], 0 =R% x {0}, S=R? and
%= (0,0,0). Let F; : R? — R? be defined as Fx = (fi, f>, f3), where

filx) =27 =5 25, fox) =20+ 7208, f3(x) = o o
for all x = (x1,x2,x3) € R3. Let g : R® — R? be defined as g = (g1,g2), where
g1(x) =x1'(x2 = 1), g2(x) =x5'(x3—1)

for all x = (x1,x2,%3) € R3. Then 0 =R2 xR, N(—S,g(x)) = R, T(C,x) = R3.. It can be
easily seen that for all v = (vy,v,v3) € T(C;X), A = (A1,A2,43) € 07 and n = (1,M2) €
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N(—S,g(x)), the higher-order Studniarski derivatives D (AoF%)(X;v) and D¢ (nog)(X;v) exist
and these are respectively given as

DF(AoFz)(®v) = Ay (V] — VB V) + Vi 203+ A3 (—v v (3.9)
Dy (n0g)(X:v) = —mvi' =My’ (3.10)
It is easy to see that qri(Fy,g)(C) = (—1,2) x (0,2) x (—1,1) x (—1,0) x (—1,0) # @ and
qri(@ x S) =R% | x {0} x R | # 0, where R% , = int(R% ) = {(x1,x2) € R? :x; >0, xo > 0}.
It is also evident that clcone(qri(co(Fz,g)(C)) +qri(Q x S)) = R x R, x R? is not a linear
subspace of R> and the constraint qualification of the (CQm) type is fulfilled. We mention

that ¥ = (0,0,0) is an efficient solution to the following vector equilibrium problem: Finding a
vector X € K such that

Fx(K)n(—=Q\ {0}) =0,
in which K = C. This allows us to conclude that all the assumptions of Theorem 3.1 are valid.
In fact, it is evident that for A = (2,1,—2) and n = (1,0) :
dg' (AoFx+108)(T:v) = vi' +V5 213 > 0.

In what follows, a sufficient optimality condition for the local efficient solution of problem
(VEPC) can be expressed as follows.

Theorem 3.4. (Higher-order sufficient optimality condition) Let X € K and assume that there
exists the Studniarski derivative of order m of AyFz (VA € Q") and nog (V1 € N(—S,2(X))) at
X in all the directions v € T (C;X) and dimX < +oo. Suppose also that for all v € T(C;%)\ {0}
there exist A € Qt, an € N(—S,g(x)) satisfying

dg' (2oFx +M0g)(%;v) > 0. (3.11)
Then X is a local efficient solution of problem (VEPC).
Proof. Suppose that there exist A € Q" and n € N(—S, g(x)) such that (3.11) is fulfilled. Then
we need to show that the vector X € K is a local efficient solution for problem (VEPC). In fact,

if not, then, for each natural number n > 1, there exists a x, € KN B(X, %) \ {X} C CNB(7, rll)
such that

Using this result, we can find a sequence (x,),>1 C K \ {x} with x,, — X satisfying
Fx(x,) € =0\ {0} (Vn>1).

We now consider the sequences (v,)>1 C cone(C —X) and (#,),>1 C (0,+o0) with

th=|lx, —Z%||, n=1,2,....

From the facts that t, — 07 as n — oo, ||v,|| = 1 for all n > 1, and moreover, X is a finite
dimensional space, we see that

vy = v e T(C;x)\ {0}.
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Indeed, from the initial assumptions, dim(X) < +eo, which ensures that there exists a subse-

quence of <|x"_x

U converging to v with = 1. Also, the sequence (ﬂ> con-
\xn*XI|>n>1 gimg tov vl ’ q 2 n>1

n—x]|
verges to v, which means that v, — v. On one hand, we get x,, = X+1,v, € C for all n > 1 and
t, — 01, which yield that v € T(C;x) \ {0}. On the other hand, for each n € N, it follows from
the hypotheses A € Q" that

(A, Fx(xn)) <0. (3.12)
In addition, from the relation g(x,) € —S (n > 1) and the fact n € N(—S, g(x) implies n € S*
and (1, g(X)) = 0, we obtain the following inequality

(n,g(xa)) <0. (3.13)

Combining (3.12)-(3.13) with x,, :=Xx+1t,v, (Vn > 1), we obtain the following inequality
(A, Fe(X+tyvn)) + (1, 8(X +tavs)) < 0.
Dividing both sides by 7' > 0 and then taking the limit as n — +oo, we arrive at
dg' (AoFr + 10g) (%;v) < 0,

which conflicts with (3.11). And we get the desired conclusion. ]
Remark 3.5. Considering the problem (VEPC), which is given as in Example 3.3, we de-
duce that X = (0,0,0) is a local efficient solution of problem (VEPC) because of d{'(AoF5 +
Nog)(X;v) > 0 when v # 0. Furthermore, it should be noted here that Theorem 3.4 can not

be employed with an efficient solution without the local property. An example is provided as
follows.

Example 3.6. Let X =Y =R3 Z =R2 C=[0,27] x [0,27] x [0,37], 0 =R}, § = RZ,
X = (0,0,0) and the functions Fg, g be defined respectively by

1 1
Fe(x1,x2,x3) = (sinx’l”,isinxg’,gsinx’g’) Y (x1,x2,x3) €C,

g(x1,x2,x3) = (—x’ln—xgl_lx%,—x?—x?xg"_z) Y (x1,x2,x3) € C.

It can be easily seen that 0 = R3, N(-S,g(x)) = R, T(C;x) = R3.. In addition, for every

v=(vi,v2,v3) ER3, A = (A,A2,A43) € 0 and 1 = (11,M2) € N(—S,g(X)), the higher-order
Studniarski derivatives d{' (AoFx)(X;v) and d{'(nog)(X;v) exist and are given as

1 1
ds(AoFx)(X;v) = AV + Eﬂtzv’g’ + glgvg",

ds(n0g)(X:v) = =N’ — My
For all v = (vy,vp,v3) € T(C;x) \ {0}, taking A = (2,4,3) € 0"\ {(0,0,0)} and n = (1,1) €
N(—S,g(x)), one obtains the following strict inequality
ds(AoFe+nog) (X;v) = V' +v5' +v5 > 0.

Taking account of Theorem 3.4, we conclude that ¥ = (0,0,0) is a local efficient solution of
problem (VEPC). In fact, in this setting, the feasible set of (VEPC) is of the form K = C,
and moreover, sinx!" > 0 for all 0 < x; < {/m, i = 1,2,3. By taking § = {/m, we conclude
that Fr(x1,x2,x3) € —Q\ {(0,0,0)} for any x = (x1,x2,x3) € KN B(X,d), which means that
X =(0,0,0) is a local efficient solution of problem (VEPC), as checked.
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It should be noticed in Example 3.6 that, the vector X = (0,0,0) is not an efficient solution to
problem (VEPC). Indeed, we may choose a vector

~ m5 m5 m5
x-(“Zn, Hzﬂ', Mzﬂ> K.

By a direct computation, the following relation holds
~ V2 V2 V2
B = (-5 ) € -2\ {(0.0.0)}

which entails that X can not belongs to an efficient solution of problem (VEPC).

4. HIGHER-ORDER OPTIMALITY CONDITIONS FOR WEAK EFFICIENT SOLUTIONS, HENIG
EFFICIENT SOLUTIONS, GLOBAL EFFICIENT SOLUTIONS AND SUPEREFFICIENT
SOLUTIONS

This section deals with the Kuhn-Tucker necessary and sufficient optimality conditions for
the weak efficient, Henig efficient, global efficient and superefficient solutions of the vector
equilibrium problems with constraints in terms of higher-order Studniarski’s derivatives.

We begin with establishing Kuhn-Tucker necessary and sufficient optimality conditions for
the weak efficient solution of problem (VEPC).

Theorem 4.1. (Higher-order necessary optimality condition) Let X € K with Fz(X) = 0 be a
weak efficient solution of problem (VEPC) and the interiors of Q and S be nonempty. Assume
that there exists the Studniarski derivative of order m of AFs (VA € Q) and nog (V1 €
N(—S,g(x))) at x in all the directions v € T(C;X). Suppose also that the mapping hx(.) =
(Fe(.),g(.)) : C = Y X Z is nearly Q x S—subconvexlike on C and the constraint qualification
of the (CQm) type is fulfilled. Then there exists (A,n) € Y* X Z* such that

A e 0" \{0}, neN(-S,¢(); (4.1)
i {d (Aot mog)(@v) } = 0. (4.2)

Proof. Let x be a weak efficient solution of problem (VEPC), that is,
Fe(K)N(—intQ) = 0. 4.3)
By invoking the property known in the book of convex analysis of Rockafellar [27], we have
Q0 + intQ = intQ,
which together with (4.3) yields that

(Fz(K) + Q)N (—intQ) = 0. (4.4)
From (4.4) and the fact that S+ intS C S, one has
(hx(C)+0x8)N (— int(Q x S)) = 0. 4.5)

In fact, if not, then there exists x° € C such that from the following relation

O xS+int(Q x S)=int(QxS) C Q xS,
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it leads to

h(x°) € —int(Q x S).
Hence, g(x°) € —S, which further yields that x° € K and Fx(x") € —intQ. This is a contradiction.
It should be mentioned here that the cones intQ and intS are open and convex. Combined this
with (4.5), it ensures that

(cl(cone(hf(C) +Ox S))> N (—int(Q x S)) =0. (4.6)

From [9, Theorem 3.1] with the fact that Cy(B) is replaced by Q, it follows that from Rock-
afellar’s result [27] that there exists (4,1) € Y* x Z* not all zero, such that A € Q" and
n € N(—S,g(X)). Notice that A # 0 is due to the proof of Theorem 3.1, which yields that
(4.1) 1s valid. In addition, the inequality (3.5) also holds, that is,

(A, Fe(x))+(n,g(x)) >0 Vx e C.

Arguing similarly as for proving Theorem 3.1, we obtain the desired conclusion immediately.
O

The following example is proposed to illustrate the result obtained in Theorem 4.1.

Example 4.2. We consider the problem (VEPC), which is given as in Example 3.3 in which
Q=R3 and f3(x) = x§ — ¥ for all x = (x1,x2,x3) € R3. Itis well-known that intQ # 0, intS # 0,
o = Ri, and X = (0,0,0) is a weak efficient solution of problem (VEPC): Finding the vector
X € K such that

Fz(K)N (—intQ) = 0.
Proceeding on the same lines as in Example 3.3, it yields an assertion that all of the hypotheses
of Theorem 4.1 are fulfilled. In fact, in this setting, by taking

A =(2,1,2) € R\ {(0,0,0)},

n=(1,0) € N(=S,5(¥)) =RZ,
the following result holds true

min {dg”(ﬂoFyﬁ— 10g) (%; v)} = min (V' 22) = 0.
veT (CX) veR3

Remark 4.3. The result obtained in Theorem 4.1 is still true in the case that the nearly cone-
subconvexlike is removed and replaced by the cone-convexity (see 2.7 for more details). As
a special case, we may assume ¥ =R, Z=R?, Q = Rﬁ’r and § = Ri. Then these optimality
condition is not changed in the case that the nearly cone-subconvexlike is replaced by the gen-

eralized convexity. In addition, the results in this remark are the same for the case that x is a
local weak efficient solution to problem (VEPC).

Next, a sufficient optimality condition for a local weak efficient solution of problem (VEPC)
will be derived.

Theorem 4.4. (Higher-order sufficient optimality condition) Let x € K and assume that there ex-
ist the Studniarski derivative of order m of AoFz (YA € Q") and nog (Vn € N(—S,g(X))) at X in
all the directions v € T (C;X). Moreover, dimX < +oo. Suppose also that, for all Vv € T(C;x) \ {0},
there exist A € Q" and € N(—S,g(X)) satisfying

dg' (AoFx +1Mog) (%;v) > 0. (4.7)



12 D.D. HANG, T.V. SU

Then X is a local weak efficient solution of problem (VEPC).

Proof. Applying the result obtained in Theorem 3.4, we have that X is a local efficient solution
of problem (VEPC). That is, there exists > 0 satisfying the following relation

Fx(KNB(x,6))N(-Q\{0}) =0.
Therefore,
Fe(KNB(x,6))N (—intQ) =0,
which proves the claim. 0

In what follows, Kuhn-Tucker necessary and sufficient efficiency conditions for the rest effi-
cient solutions of problem (VEPC) will be formulated.

Theorem 4.5. (Higher-order necessary optimality condition) Let the vector X € K with F¢(X) =
0 and assume that there exist the Studniarski derivative of order m of ApFr (YA € Q) and
Nog (VN € N(—S,g(x))) at X in all the directions v € T (C;X). Suppose also that the mapping
hz(.) = (Fx(.),8(.)) : C = Y X Z is nearly Q x S—subconvexlike on C, Q has a base B, intS # 0
and the constraint qualification of the (CQm) type is fulfilled. If X is a Henig efficient (resp.,
global efficient, superefficient if, in addition, B is closed and bounded) solution of problem
(VEPC), then there exist (A, M) € Y* X Z*, not all zero, satisfying

A € QA(B) (resp. O, int(Q™)), n € N(—S,8(%)); (4.8)
min {d§ (RaFe-+n0g) (%) | = 0. 4.9)

Proof. Let us first assume that X is a Henig efficient solution of problem (VEPC). Then there
would exists some absolutely open convex neighborhood U of the origin with U C Vp such that

F¢(K) N (—intcone (U 4 B)) = 0.
Taking into account the proof of Theorem 4.1, we deduce that
(hx(C)+ QO x S)N(—intcone (U + B)) x (—intS) = 0.

In addition, arguing similarly as for proving Theorem 4.1 with applying cone(U + B) instead of
Q, we have that there exists (A,n) € Y* x Z*\ {(0,0)} satisfying

A € [cone(U+B)]T\ {0}, n € N(—S,g(%)),

Vel}l(lgﬁ) {ds (AoFz+1nog) (x; v)} =0.

It is well-known that the following inclusion holds (see [4, 5, 9])
[cone(U + B)] \ {0} c 0*(B).

So, A € Q*(B), which means that conditions (4.8)-(4.9) are satisfied.
We next suppose that the vector X € K is a global efficient solution of problem (VEPC). Then
there exists a pointed convex cone H C Y with Q\ {0} C intH satisfying

Fx(K)N(=H\{0}) =0,

which entails that
F(K)N(—intH) = 0.
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Then, in a similar way to the proof of the first case with replacing the cone Q by the cone H, we
have that (A,1) € Y* x Z* with A € HT\ {0}, n € N(—S, g(x)) satisfying (4.9). In addition, it
is not difficult to see that A € Q.

Finally, it should be mentioned here that the vector X is a superefficient solution of problem
(VEPC) if and only if the vector X is a Henig efficient solution of problem (VEPC). Moreover,
int(Q") = Q*(B). This helps us to end the proof. O

In the same way as in the statement of Theorem 4.4, we have the following result.

Theorem 4.6. (Higher-order sufficient optimality conditions) Let x € K and assume that there
exist the Studniarski derivative of order m of AgFx (YA € Q7)) and nog (VN € N(—S,g(X))) at
X in all the directions v € T(C;X); Q has a base B and dimX < +o0. Suppose also that, for all
Vv € T(C;X)\ {0}, there exists A € Q*(B) (resp. Q%, int(QT)) and n € N(—S,g(%)) satisfying

dg' (2oFx +Mog)(X;v) > 0. (4.10)

Then X is a local Henig efficient (resp. local global efficient, local superefficient if, in addition,
B is closed and bounded) solution of problem (VEPC).

Proof. Let us first suppose that there exist (A,1) € Y* x Z* such that (4.8) and (4.10) hold. Tt
suffices to show that the vector X € C is a local Henig efficient solution to the problem (VEPC) in
the sense A € Q*(B). In fact, taking account of Gong’s result [4, 5, 9] together with A € Q*(B),
it ensures that there exists an open absolutely convex neighborhood U of the origin in Y with
U C Vg satisfying A € [cone (U + B)|™ \ {0}. Proceeding on the same lines as in the proof of
Theorem 4.4, we conclude a conclusion that there exists a positive real number 6 > 0 satisfying

F(KNB(%,5))N (—intcone(U +B)> — 0,
which yields that
cone (Ff(KﬁB()_c, 5))) N (— intcone (U +B)> =0.

We next consider the case A € QF. By setting
H={yeY:(A,y)>0}U{0},
we can conclude that H is a pointed and convex cone satisfying
0\ {0} CintH.

In addition, it is evident that A € H ™, which provides (4.10). In view of the result obtained in
Theorem 3.4, it leads to

Fe(KNB(x,6))N(—H\ {0}) =0.
This help us to understand that the vector X is a local global efficient solution to problem
(VEPC), as required.
We finally consider the case A € int(Q"). Note that the cone Q has a bounded and closed
base B, int(Q") = Q*(B) and the vector ¥ is a local Henig efficient solution. Using the result
obtained in the proof of the first case, we obtain the desired conclusion immediately. O

Now, we give an example to illustrate Theorems 4.5 and 4.6.
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Example 4.7. LetX:Y:Z:Rz,C:{(0,0),(—%,1),(1, D), (1,0)}u{(0, 1)y :n=1,2,...},
Q=S=R% and ¥ = (0,0). Let F; : R? — R? be map defined by F; = (f1, f>), where fi(x) =
X and fo(x) = x5, Vx = (x1,x2) € R?. Let g : R? — R? be a map defined by g = (g1,g2), where
g1(x) = =" — ¥ and g2(x) = —x4', Vx = (x1,x2) € R%. By directly calculating, 0" = S* =
N(-S,g(%)) = R% and T(C;x) = {(0,0)}U{(0,1) : n=1,2,...}. Moreover, Q has a closed
and bounded base B, where

B={(x1,x2) €R%: : x; +x, = 1}.

Taking an absolutely convex neighborhood U of the origin with U C Vp with
1
U={(xj,us) eR?:x}+x3 < E}’

we can check that the vector x = (0,0) is a Henig efficient solution, a globally efficient solution
and a superefficient solution to problem (VEPC), the mapping hx(.) = (Fx(.),g(.)):C—Y xZis
nearly Q x S—subconvexlike on C, and the constraint qualification of the (CQm) type is fulfilled.
Besides, it can be seen that there exists the Studniarski derivative of order m of AgFx (VA € Q™)
and Mog (VN € N(—S,g(x))) at X in all the directions v € T(C;X). So, all the hypotheses of
Theorem 4.5 are valid. In this setting, by choosing A = (1,1) € Q4(B) =int(Q") =R%, =
int(R%2) and n = (0,0) € N(—S,g(%)), it follows that

i B+ OGN} = g (4 +) =0

ds' (AoFx+ nog) (X; v)} =v{"+v5 > 0 for some v # 0.

5. THE APPLICATIONS TO A CONSTRAINED VECTOR OPTIMIZATION PROBLEM

In this section, with the help of the results obtained in Sections 3 and 4, we can derive
the Kuhn-Tucker necessary and sufficient optimality conditions via Studniarski’s derivatives of
higher order for the efficient solutions of a constrained vector optimization problem. A special
case of (VEPC) is the constrained vector optimality problem (VOPC) involving

F(x,y)=f(y) = f(x), Vx,yeX,

where f: X — Y is a vector-valued mapping. A vector X € K is a (local) efficient solution or a
(local) weak efficient solution or a (local) Henig efficient solution or a (local) global efficient
solution or a (local) superefficient solution of problem (VEPC) will be called a (local) efficient
solution or a (local) weak efficient solution or a (local) Henig efficient solution or a (local)
global efficient solution or a (local) superefficient solution of problem (VOPC), respectively
(see [4, 5] or [9] for more details).

In the sequel, the result of necessary and sufficient optimality conditions for the efficient
solutions of problem (VOPC) in terms of higher-order Studniarski’s derivatives will be obtained.

Theorem 5.1. (Higher-order necessary optimality condition) Let Fi(y) = f(y) — f(x) (Vx,y €
C) and let X be an efficient solution to the problem (VOPC). Assume that there exists the
Studniarski derivative of order m of Aof (VA € QT) and nog (Vn € N(—S,g(x))) at X in
all the directions v € T(C;X). Suppose, furthermore, that qri(f,g)(C) # 0, qri(Q x S) # 0
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and clcone(qri(co(f,g)(C)) + qri(Q x S)) is not a linear subspace of Y x Z. Then there ex-
ist (A,m) € Y*xZ"\{(0,0)} satisfying

A€Q", neN(-S8,g(x);
min {d?(%f%— Nog) (% v)} =0.

veT (C:x)
Moreover, A # 0 under the constraint qualification of the (CQm) type.

Proof. Tt can be seen that, for all z > 0, A € Q" and v € X, we have a representation as follows

DoF+1v) ~ MF(R)(®) _ dof (F+1v) — Aof (%)

tm tm
Thus, dg' (Ao f)(X;v) exists if and only if d{' (Ao Fx)(X; V), too. We obtain the following equalities
dg' (Mo f)(x;v) = dg' (AoFz) (x;v);
in {ay %) f = min {d¥(hoFs %v) }.
min {8 (Gof +0g) ()} = min (¥ (RoFe-+ 108) (%)
In other words, we have the assertions that qri (f,g)(C) # 0 if and only if gri (Fz, g)(C) # 0 and
clcone(qri(co(f,g)(C)) +qri(Q x S)) is not a linear subspace of the product space Y x Z that

implies ¢l cone(qri(co(Fz,g)(C)) +qri(Q x §)) is not a linear subspace either. Making use of
the result of Theorem 3.1, we get the desired conclusion. O

Theorem 5.2. (Higher-order sufficient optimality condition) Let Fi(y) = f(y) — f(x) (Vx,y € C)
and let X be a feasible point to the problem (VOPC). Assume that there exist the Studniarski
derivatives of order m of Xof (YA € Q1) and nog (VN € N(—S,g(x))) at X in all the directions
v € T(C;X). Moreover, dimX < +oo. Furthermore, suppose that, for all v € T (C;x) \ {0}, there
exist A € QT and n € N(—S,g(X)) satisfying

dg' (Ao f +mog) (% v) > 0.
Then X is a local efficient solution of problem (VOPC).

Proof. Observe that the Studniarski derivative d{' (Ao F) (X; v) exists and they are given as d¢' (Ao f +
Nog)(X;v) = d§(AoFx+ Nog) (X;v) for all v € T(C;X). Following the proof in Theorem 3.4, we
obtain the desired conclusion easily. 0

By use of the nearly cone-subconvexlikeness, we have the following result.

Theorem 5.3. (Higher-order necessary optimality condition) Let Fi(y) = f(y) — f(x) (Vx,y €
C) and let X € K be a weak efficient solution of problem (VOPC). Assume that there exist
the Studniarski derivative of order m of d¢(Aof)(%;v) (VA € Q1) and d(nog)(x;v) (Vn €
N(—S,g(x))) at X in all the directions v € T(C;X). Suppose, furthermore, that the mapping
hz(.) = (f(.) = f(x),g(.)) : C = Y X Z is nearly Q x S—subconvexlike on C, intQ # 0, intS # 0
and the constraint qualification of the (CQ1) type is valid. Then there exists (A,n) € Y* X Z*,
not all zero, satisfying

A€ \{0}, neN(=S.5):
min_{d§ (Ao +10g)(®1) } = 0.

veT (C;x)

Proof. From Theorem 5.1, we can obtain the desired conclusion immediately. ]
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Next, we obtain a sufficient optimality condition for the local weak efficient solution of prob-
lem (VOPC).

Theorem 5.4. (Higher-order sufficient optimality condition) Let Fy(y) = f(y) — f(x) (Vx,y €
C) and let X be a feasible point of problem (VOPC). Assume that there exist the Studniarski
derivative of order m of Aof (VA € Q7) and nog (VN € N(—S,g(x))) at X in all the directions
v € T(C;X). Moreover, dimX < +oo. Suppose, furthermore, that for all v € T(C;x) \ {0} there
exist A € Q" and n € N(—S,g(X)) satisfying

dg' (Ao f +M0g) (%;v) > 0.
Then X is a local weak efficient solution of problem (VOPC).

Proof. From Theorem 5.2, we can obtain the desired conclusion immediately. 0

In the case that an ordering cone in the objective space has a base, we can derive a necessary
optimality condition for the remain efficient solutions of problem (VOPC).

Theorem 5.5. (Higher-order necessary optimality conditions) Let the convex set B be a base
of a cone Q, Fx(y) = f(y) — f(x) (Vx,y € C) and let X € K be a Henig efficient (resp., global
efficient, superefficient if, in addition, B is closed and bounded) solution of problem (VOPC).
Assume that there exist the Studniarski derivative of order m of AoFz (VA € Q) and nog (V1 €
N(—S,g(x))) at X in all the directions v € T(C;X). Suppose also that the mapping hx(.) =
(f()—f(x),8(.)) : C =Y xZis nearly Q x S—subconvexlike on C, intS # 0 and (CQm) holds.
Then there exists (A,M) € Y* x Z*, not all zero, satisfying

A€ QN(B) (resp. G int(Q)), m € N(=S.8(3);
min_{df'(%of +1og) (:v) } = 0.

veT (Cix)
Proof. From Theorem 4.5, we can obtain the desired conclusion immediately. 0
Finally, we give a sufficient optimality condition for the problem (VOPC).

Theorem 5.6. (Higher-order sufficient optimality conditions) Let the convex set B be a base
of Q, F(y) = f(y) — f(x) (Vx,y € C) and X be a feasible point of problem (VOPC). Assume
that there exist the Studniarski derivative of order m of AoFr (VA € Q1) and nog (Vn €
N(—S,g(X))) at X in all the directions v € X. Moreover, dimX < +oo. Suppose also that, for
all v € T(C:%) \ {0}, there exist A € Q*(B) (resp. Q%, int(QT)) and n € N(—S,g(X)) satisfying

dg' (Ao f + Mog) (xX;v) > 0.

Then X is a local Henig efficient (resp. local global efficient, local superefficient if, in addition,
B is closed and bounded) solution of problem (VOPC).

Proof. From Theorem 4.6, we can obtain the desired conclusion immediately. U

Remark 5.7. The results obtained above are not changed in the sense that the nearly cone-
subconvexlike is removed and replaced by the cone-convexity.

To close this section, we take an example about the model of Nash-Cournot equilibria prob-
lem, which can be found in [30].
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Example 5.8. (Nash-Cournot equilibria problem) Assume that there are n companies, and
each company i possess I; generating units. Let x denote the vector whose entry x; stands for
the power generating by unit j. Suppose that the price p;(s) is a decreasing affine function of s
with s = YN | x;, and N the number of all generating units, i.e., p;(s) = & — B;s. Then the profit
made by company i is

filr) ==Y cj(xj))+pils) ) x),

JEI; JEL;

where c(x;) is the cost for generating x; by generating unit j. Let us suppose that K; is the
strategy set of company i, which means that }_;c;. x; € K; must be satisfied for all i. Then the
strategy set of the model is of the form K = K| X K;... X K,,. We recall that x € K = K X
K, ... x K, is said to be an equilibrium point of the model if f;(X) > fi(X[x;]) Vx; € K;, Vi =
1,2,...,n, where X[x;] signifies the vector obtained from X by replacing X; with x;. We take
F(x,y) := ¥(x,y) — ¥(x,x), with ¥(x,y) :== =Y, fi(x[y:]). Without of loss generality, we
can suppose that the price p;(.) is a nonnegative function and then setting g;(.) := —p;(.) and
Ky:=KN{x€eK:gi(x) <0Vi=1,...,N}. Then the problem of finding a Nash equilibrium
point of the model can be formulated: Finding X € Ky such that

Fr(x) >0 Vx € K. (EP)
Assume that there exists the Studniarski derivative of order 1 of ¢; at X; (i =1,...,N) in all the

directions v € RY. Then there exist the Studniarski derivative of order 1 of Fz(.) = F(X,.) and
g=(g1,82,...,8n) at X in all the directions v € R" and given respectively by

dsFz(X;x —X) ZZd_ng Xjsxj—X; +ZZ[3, Zxkxk+xj —Xj))

i=1jel; i=1jel;
- Z Zﬁzxj Z (xx — %) — Z Z o (x;
i=1jel; k=1 i=1jel;

Mz

dsg(X;x—X) = ([31 Z —Xi), i —Xi), N (xi—)_fi))

=1 1

~.

for all x = (x1,x2,...,xn) € RY. We pick X = (¥1,X2,...,%v) € K. Suppose that the strict in-
equality Zﬁ\;l X; > 01s valid. In addition, the constraint qualification of the (CQ1) type holds. In
this sense, if X € K is a weak efficient solution of (EP), then there exist A > 0 and 7] > 0 with

M (g(x)) = 0 satisfying

N

QL[Z ngc] XjiX; —1—22[3, Zxkxk—l—x]xj
€l

i=1jel; i=1 jel; k=1

—fZﬁzxfim—iZaxJFii n;Bjxi >0

i=1jel; k=1 i=1jel; j=1li=1
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for all x = (x1,x2,...,xv) € T(RY;X), or equivalently,

min {A[ZngcJ (Xj5x; +ZZB, Zxkxk—kxjxj

xeT (RY:x) i=1jel; i=1jel; k=l
N N
Y Y b Zxk— Yy o]+ Y Y B} =0
i=1 jel; i=1 jel; =1i=1

We close this paper by making some comparisons among the results obtained in the paper
and the existing one in the literature.

Remark 5.9. Up to our knowledge, there are no results on higher-order necessary and sufficient
optimality conditions in terms of Studniarski’s derivatives in infinite-dimensional spaces for the
efficient solutions of the vector equilibrium problems with constraints (VEPC). In this paper, we
dealt with the higher-order necessary and sufficient conditions for the efficient solution types of
problem (VEPC), while Studniarski [18] obtained only the higher-order optimality condition for
the minimizers of multiobjective optimization problem and Luu [15] provided only the higher-
order necessary and sufficient for the strict local pareto minima of multiobjective optimization
problem via Studniarski’s derivatives.

6. CONCLUSIONS

Higher-order optimality condition for the efficient solutions of vector equilibrium problems
with constraints have been intensively investigated recently. By making use of the notation of
the Studniarski derivative of higher order for the objective and constraint functions, we estab-
lished the Fritz John and Kuhn-Tucker necessary and sufficient optimality conditions for effi-
cient, weak efficient, Henig efficient, global efficient and superefficient solutions to problems
(VEPC) and (VOPC). The results obtained in this paper have not been yet fully considered and
moreover, these optimality conditions may be used to construct algorithms for finding efficient
solutions of the vector equilibrium problems with constraints in the future.

Funding
The second author was funded by Vietnam National Foundation for Science and Technology
Development (NAFOSTED) under Grant No. 101.01-2017.301.

Acknowledgements
The authors thank to the referees for their valuable comments and suggestions, which improved
the paper in its present form.

REFERENCES

[1] E. Constantin, Higher order necessary conditions in smooth contrained optimization, Commun. Math. 479
(2009), 41-49.

[2] E. Constantin, Second-order optimality conditions for problems with locally Lipschitz data via tangential
directions, Comm. Appl. Nonlinear Anal. 18 (2011), 75-84.

[3] Z.Hong, L. Jiao, D.S. Kim, On a class of nonsmooth fractional robust multi-objective optimization problems.
Part I: Optimality conditions, Appl. Set-Valued Anal. Optim. 2 (2020), 109-121.

[4] X. H. Gong, Scalarization and optimality conditions for vector equilibrium problems, Nonlinear Anal. 73
(2010), 3598-3612.



ON OPTIMALITY CONDITIONS FOR EFFICIENT SOLUTIONS 19

[5] X. H. Gong, Optimality conditions for vector equilibrium problems, J. Math. Anal. Appl. 342 (2008), 1455-
1466.
[6] X. H. Gong, Optimality conditions for Henig and globally proper efficient solutions with ordering cone has
empty interior, J. Math. Anal. Appl. 307 (2005), 12-31.
[7] X. H. Gong, Efficiency and Henig efficiency for vector equilibrium problems, J. Optim. Theory Appl. 108
(2001), 139-154.
[8] L.T. Tung, Karush-Kuhn-Tucker optimality conditions for nonsmooth multiobjective semidefinite and semi-
infinite programming, J. Appl. Numer. Optim. 1 (2019), 63-75.
[9] X.J. Long, Y. Q. Huang, Z. Y. Peng, Optimality conditions for the Henig efficient solution of vector equilib-
rium problems with constraints, Optim. Letter. 5 (2011), 717-728.
[10] D. V. Luu, D. D. Hang, Efficient solutions and optimality conditions for vector equilibrium problems, Math.
Meth. Oper. Res. 79 (2014), 163-177.
[11] D.V.Luu, D. D. Hang, On efficiency conditions for nonsmooth vector equilibrium problems with equilibrium
constraints, Numer. Funct. Anal. Optim. 36 (2015), 1622-1642.
[12] Q. S. Qiu, Optimality conditions for vector equilibrium problems with constraints, J. Ind. Manag. Optim. 5
(2009), 783-790.
[13] D.V. Luu, Optimality conditions for local efficient solutions of vector equilibrium problems via convexifica-
tors and applications, J. Optim. Theory. Appl. 171 (2016), 643-665.
[14] D. V. Luu, Second-order necessary efficiency conditions for nonsmooth vector equilibrium problems, J. Glob.
Optim. 70 (2018), 437-453.
[15] D. V. Luu, Higher-order necessary and sufficient conditions for strict local Pareto minima in terms of Stud-
niarski’s derivatives, Optim. 57 (2008), 593-605.
[16] H.T.H. Diem, P.Q. Khanh, L.T. Tung, On higher-order sensitivity analysis in nonsmooth vector optimization,
J. Optim. Theory Appl. 162 (2014), 463-488.
[17] N.L. H. Anh, P. Q. Khanh, L.T. Tung, Higher-order radial derivatives and optimality conditions in nonsmooth
vector optimization, Nonlinear Anal. 74 (2011), 7365-7379.
[18] M. Studniarski, Necessary and sufficient conditions for isolated local minima of nonsmooth functions, SIAM
J. Control Optim. 24 (1986), 1044-1049.
[19] T.V. Su, N. D. Hien, Studniarski’s derivatives and efficiency conditions for constrained vector equilibrium
problems with applications, Optim. (2019), https://doi.org/10.1080/02331934.2019.1702985
[20] T.V. Su, D.D. Hang, Optimality conditions for the efficient solutions of vector equilibrium problems with
constraints in terms of directional derivatives and applications, Bull. Iran. Math. Soc. 45 (2019), 1619-1650.
[21] D.V.Luu, T.V. Su, Contingent derivatives and necessary efficiency conditions for vector equilibrium problems
with constraints, RAIRO - Oper. Res. 52 (2018), 543-559.
[22] Q.H. Ansari, I.V. Konnov, J.C. Yao, Existence of a Solution and Variational Principles for Vector Equilibrium
Problems, J. Optim. Theory. Appl. 110(3) (2001), 481-492.
[23] Q.H. Ansari, X,Q. Yang, J.C. Yao, Existence and Duality of Implicit Vector Variational Problems, Numer.
Funct. Anal. Optim. 22 (2001), 815-829.
[24] Q.H. Ansari, X.Q. Yang, J.C. Yao, Characterizations of Solutions for Vector Equilibrium Problems, J. Optim.
Theory. Appl. 113 (2002), 435-447.
[25] J. M. Borwein, A. Lewis, Partially-finite convex programming, Parl: Quasirelative interiors and duality
theory, Math. Program. 57 (1992), 15-48.
[26] F. Cammaroto, B. Di Bella, Separation theorem based on the quasirelative interior and application to duality
theory, J. Optim. Theory Appl. 125 (2005), 223-229.
[27] R.T. Rockafellar, Convex Analysis. Princeton University Press, Princeton, 1970.
[28] B. Jiménez, V. Novo, First order optimality conditions in vector optimization involving stable functions,
Optim. 57 (2008), 449-471.
[29] G. Giorgi, A. Guerraggio, On the notion of tangent cone in mathematical programming, Optim. 25 (1992),
11-23.
[30] L.H. Yen, L.D. Muu, N.T.T. Huyen, An algorithm for a class of split feasibility problems: application to a
model inelectricity production, Math. Methods Oper. Res. 84 (2016), 549-565.



	1. Introduction
	2. Preliminaries
	3. Higher-order optimality conditions for an efficient solution
	4. Higher-order optimality conditions for weak efficient solutions, Henig efficient solutions, global efficient solutions and superefficient solutions
	5. The applications to a constrained vector optimization problem
	6. Conclusions
	References

