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Abstract. We prove the existence of solutions for fractional differential inclusions containing right-
Caputo and left-Riemann–Liouville fractional derivatives of different orders and right-left Riemann–
Liouville fractional integrals, supplemented with nonlocal boundary conditions. Our first existence result
dealing with the convex valued maps involved in the given problem is derived by applying the nonlinear
alternative of Leray-schauder type. We apply Wegrzyk’s fixed point theorem to prove our second result,
which is concerned with the generalized contraction (nonconvex valued) maps. We also discuss the
dimension of the solution set.
Keywords. Fractional differential inclusion; Boundary value problem; Fixed point theorems; Riemann-
Liouville fractional integral; Fractional calculus.

1. INTRODUCTION

The tools of fractional calculus are found to be of great utility in improving the mathemat-
ical modeling of complex dynamical systems. An important characteristic of fractional-order
operators is their nonlocal nature that takes into account the past history of the underlying phe-
nomena, such as transport processes [1], economic processes [2], viscoelastic materials [3], etc.
During the last few decades, there has been a remarkable development in the area of boundary
value problems of fractional differential equations; see, e.g., [4]-[6]. However, nonlocal bound-
ary value problems involving left and right fractional derivatives need further attention. Some
recent results on this class of problems can be found in [7, 8]. It is worthwhile to mention that
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the one-sided derivatives and their combinations appear in the study of Euler-Lagrange equa-
tions [9], steady heat-transfer in fractal media [10], electromagnetic waves phenomena [11], etc.
Multivalued (inclusions) problems serve as an important tool in the investigation of dynamical
systems and stochastic processes; see, e.g., [12]-[14]. For the applications in queuing networks,
finance, and climate control, one refers to [15]. On the other hand, one can find the theoretical
development of the topic in [16]-[18] and the references cited therein.

In this paper, we discuss the existence of solutions for a nonlocal fractional differential in-
clusions problem involving right-Caputo and left-Riemann–Liouville fractional derivatives of
different orders and right-left Riemann–Liouville fractional integrals of the form:

CD
ρ

1−
RLDβ

0+y(t) ∈ F(t,y(t))−λ Ip
1−Iq

0+G(t,y(t)), t ∈ [0,1],

y(0) = y(ξ ) = 0, y(1) = δy(µ), 0 < ξ < µ < 1,
(1.1)

where CD
ρ

1− and RLDβ

0+ respectively denote the right Caputo and left Riemann–Liouville frac-
tional derivatives of order ρ ∈ (1,2] and β ∈ (0,1], Ip

1− and Iq
0+ denote the right and left

Riemann–Liouville fractional integrals of orders p,q > 0 respectively, F,G : [0,1]×R→P(R)
are the given multivalued maps, and P(R) is the family of all nonempty subsets of R.

Motivated by the recent results on fractional multivalued problems, we consider the inclu-
sions case of the problem studied in [19] in this paper and explore the sufficient criteria ensur-
ing the existence of solutions for the inclusions problem (1.1) when F and G are convex as well
as nonconvex multivalued maps. In case of nonconvex multivalued maps F and G, we apply a
generalized version of Covits and Nadler’s fixed point theorem [20] due to Wegrzyk [21], which
deals with the generalized contractions. We also discuss the dimension of the solution set for
problem (1.1). The rest of the paper is arranged as follows. Section 2 contains the background
material related to our study. In Section 3, we present our main existence results for problem
(1.1), while the dimension of the solution set for the given problem is discussed in Section 4.

2. PRELIMINARIES

Let us first recall the basic definitions related to our work.

Definition 2.1. [22] The left and right Riemann–Liouville fractional integrals of order α > 0
for x ∈ L1[a,b], existing almost everywhere on [a,b], are respectively defined by

Iα
a+x(t) =

∫ t

a

(t− s)α−1

Γ(α)
x(s)ds and Iα

b−x(t) =
∫ b

t

(s− t)α−1

Γ(α)
x(s)ds.

Definition 2.2. [22] For x ∈ ACn[a,b], the left Riemann–Liouville and the right Caputo frac-
tional derivatives of order α ∈ (n−1,n],n∈N, existing almost everywhere on [a,b], are respec-
tively defined by

RLDα
a+x(t) =

dn

dtn

∫ t

a

(t− s)n−δ−1

Γ(n−α)
x(s)ds and CDα

b−x(t) = (−1)n
∫ b

t

(s− t)n−α−1

Γ(n−α)
x(n)(s)ds.

The following lemma, concerning a linear variant of problem (1.1), was proved in [19].
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Lemma 2.3. Let u,v ∈C[0,1]∩L(0,1). Then the linear problem
CD

ρ

1−
RL

Dβ

0+y(t)+λ Ip
1−Iq

0+v(t) = u(t), t ∈ J := [0,1],

y(0) = y(ξ ) = 0, y(1) = δy(µ),
(2.1)

is equivalent to the fractional integral equation:

y(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−u(s)−λ Iρ+p
1− Iq

0+v(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−u(s)−λ Iρ+p
1− Iq

0+v(s)
]
ds (2.2)

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−u(s)−λ Iρ+p
1− Iq

0+v(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−u(s)−λ Iρ+p
1− Iq

0+v(s)
]
ds,

where

a1(t) =
1
Λ

[
ξ

β+1tβ −ξ
β tβ+1

]
, a2(t) =

1
Λ

[
tβ (1−δ µ

β+1)− tβ+1(1−δ µ
β )
]
, (2.3)

and it is assumed that

Λ = ξ
β+1(1−δ µ

β )−ξ
β (1−δ µ

β+1) 6= 0. (2.4)

3. EXISTENCE RESULTS

Let C[0,1] denote the Banach space of continuous functions from [0,1] into R with the norm
‖x‖∞ = supt∈[0,1] |x(t)|. Let L1([0,1],R) be the Banach space of measurable functions x : [0,1]→
R, which are Lebesgue integrable and normed by ‖x‖L1 =

∫ 1
0 |x(t)|dt. For some related concepts

about multi-valued maps, we refer the reader to [5, 23, 24].
For each y ∈C([0,1],R), one defines the sets of selections of F and G by

SF,y := { f ∈ L1([0,1],R) : f (t) ∈ F(t,y)},

ŜG,y := {g ∈ L1([0,1],R) : g(t) ∈ G(t,y)}.

Definition 3.1. A function y ∈ C([0,1],R) is a solution of boundary value problem (1.1) if
y(0) = y(ξ ) = 0,y(1) = δy(µ), and there exist functions f ∈ SF,y,g ∈ ŜG,y such that f (t) ∈
F(t,y(t)),g(t) ∈ G(t,y(t)) and

y(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds.
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3.1. The upper semicontinuous case (Convex valued). In this subsection, we prove an exis-
tence result for problem (1.1) when both F and G are convex multivalued maps by applying the
nonlinear alternative of Leray-schauder type [25].

Theorem 3.2. Assume that:

(H1) F,G : [0,1]×R→Pcp,c(R) are L1-Carathéodory, where Pcp,c(R) = {U ∈P(R) : U
is compact and convex};

(H2) there exist functions σ1,σ2 ∈ L1([0,1],R+), and continuous nondecreasing functions
θ1,θ2 : R+→ R+ such that

‖F(t,y)‖= sup{| f | : f (t) ∈ F(t,y)} ≤ σ1(t)θ1(|y|),

‖G(t,y)‖= sup{|g| : g(t) ∈ G(t,y)} ≤ σ2(t)θ2(|y|),

for each (t,y) ∈ [0,1]×R;
(H3) there exists a constant M > 0 such that

Γ(ρ)Γ(ρ + p)Γ(q)M(
Γ(ρ + p)Γ(q)θ1(M)‖σ1‖L1 + |λ |Γ(ρ)θ2(M)‖σ2‖L1

)
∆̃

> 1.

where

∆̃ =
1

Γ(β +1)

[
1+a1(|δ |+1)+a2

]
, a1 = max

t∈[0,1]
|a1(t)|, a2 = max

t∈[0,1]
|a2(t)|. (3.1)

Then boundary value problem (1.1) has at least one solution on [0,1].

Proof. In order to transform problem (1.1) into a fixed point problem, let us consider the multi-
valued map Ω : C([0,1],R)→P(C([0,1],R)) as

Ω(y) =
{

h ∈C([0,1],R) : h(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

+a1(t)
[

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds
]

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds
}
, (3.2)

for f ∈ SF,y,g ∈ ŜG,y.
We next show that Ω satisfies all the assumptions of nonlinear alternative of Leray-Schauder

type [25] in several steps.
Step 1. (Ω(y) is convex for each y ∈C([0,1],R)).
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Let h1,h2 ∈Ω(y). Then there exist f1, f2 ∈ SF,y, g1,g2 ∈ ŜG,y such that, for each t ∈ [0,1],

hi(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− fi(s)−λ Iρ+p
1− Iq

0+gi(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− fi(s)−λ Iρ+p
1− Iq

0+gi(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− fi(s)−λ Iρ+p
1− Iq

0+gi(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− fi(s)−λ Iρ+p
1− Iq

0+gi(s)
]
ds, i = 1,2.

For each t ∈ [0,1] and 0≤ ν ≤ 1, we can find that[
νh1 +(1−ν)h2

]
(t)

=
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−
[
ν f1(s)+(1−ν) f2(s)

]
−λ Iρ+p

1− Iq
0+
[
νg1(s)+(1−ν)g2(s)

]]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−
[
ν f1(s)+(1−ν) f2(s)

]
−λ Iρ+p

1− Iq
0+
[
νg1(s)+(1−ν)g2(s)

]]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−
[
ν f1(s)+(1−ν) f2(s)

]
−λ Iρ+p

1− Iq
0+
[
νg1(s)+(1−ν)g2(s)

]]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−
[
ν f1(s)+(1−ν) f2(s)

]
−λ Iρ+p

1− Iq
0+
[
νg1(s)+(1−ν)g2(s)

]]
ds.

Since SF,y, ŜG,y are convex (F,G have convex values), therefore it follows that νh1+(1−ν)h2 ∈
Ω(y).

Step 2. (Ω maps bounded sets into bounded sets in C([0,1],R)).
For r > 0, let Br = {y ∈C([0,1],R) : ‖y‖∞ ≤ r} be a bounded ball in C([0,1],R). Then, for

each h ∈Ω(y),y ∈ Br, there exist f ∈ SF,y,g ∈ ŜG,y such that

h(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

+a1(t)

[
δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

]

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds.
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In view of (H2), we have

|h(t)| =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds

+|a1(t)|

[
|δ |
∫

µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds

+
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds

]

+|a2(t)|
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds

≤
(

θ1(r)
Γ(ρ)

∫ 1

0
σ1(t)dt +

|λ |θ2(r)
Γ(ρ + p)Γ(q)

∫ 1

0
σ2(t)dt

)
× 1

Γ(β +1)

[
1+a1(|δ |+1)+a2

]
. (3.3)

Thus

‖h‖∞ ≤
(

θ1(r)
Γ(ρ)

‖σ1‖L1 +
|λ |θ2(r)

Γ(ρ + p)Γ(q)
‖σ2‖L1

)
∆̃.

Indeed, in (3.3), we have used the following estimates (ρ ∈ (1,2], β ∈ (0,1], p > 0, q > 1):

∫ t

0

(t− s)β−1

Γ(β )
Iρ

1−σ1(s)ds≤ 1
Γ(β +1)Γ(ρ)

∫ 1

0
σ1(u)du,

∫ t

0

(t− s)β−1

Γ(β )
Iρ+p
1− Iq

0+σ2(s)ds≤ 1
Γ(β +1)Γ(ρ + p)Γ(q)

∫ 1

0
σ2(t)dt.

Step 3. (Ω maps bounded sets into equicontinuous sets of C([0,1],R)).
Let t1, t2 ∈ [0,1] with t1 < t2 and let us take any element y ∈ Br,h ∈ Ω(y). Then there exist

f ∈ SF,y,g ∈ ŜG,y such that, for each t ∈ [0,1],

|h(t2)−h(t1)|=
∣∣∣∣∫ t1

0

|(t2− s)β−1− (t1− s)β−1|
Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds

+
∫ t2

t1

|t2− s|β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds
∣∣∣∣

+
∣∣a1(t2)−a1(t1)

∣∣{|δ |∫ µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds

+
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds
}

+
∣∣a2(t2)−a2(t1)

∣∣∫ ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−| f (s)|+ |λ |I
ρ+p
1− Iq

0+|g(s)|
]
ds
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≤
[
|tβ

2 − tβ

1 |+2(t2− t1)β +
(|δ |+1)
|Λ|

(
ξ

β+1|tβ

2 − tβ

1 |+ξ
β |tβ+1

1 − tβ+1
2 |

)
+

1
|Λ|

(
|1−δ µ

β+1||tβ

2 − tβ

1 |+ |1−δ µ
β ||tβ+1

1 − tβ+1
2 |

)]
×
{

θ1(r)
Γ(β +1)Γ(ρ)

∫ 1

0
σ1(s)ds+

|λ |θ2(r)
Γ(β +1)Γ(ρ + p)Γ(q)

∫ 1

0
σ2(s)ds

}
,

which tends to zero independently of y ∈Br as t2− t1 → 0. As a consequence of Steps 1-3,
Arzelá-Ascoli theorem concludes that Ω : C([0,1],R)→P(C([0,1],R)) is completely contin-
uous.

Step 4. (Ω is upper semicontinuous).
By [23, Proposition 1.2] (see (iv)), it is sufficient to show that Ω has a closed graph. Let

yn→ y∗, hn ∈Ω(yn) and hn→ h∗. Then we need to show that h∗ ∈Ω(y∗). For hn ∈Ω(yn), there
exist fn ∈ SF,yn,gn ∈ ŜG,yn such that, for each t ∈ [0,1],

hn(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− fn(s)−λ Iρ+p
1− Iq

0+gn(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− fn(s)−λ Iρ+p
1− Iq

0+gn(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− fn(s)−λ Iρ+p
1− Iq

0+gn(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− fn(s)−λ Iρ+p
1− Iq

0+gn(s)
]
ds,

Thus it suffices to show that there exist f∗ ∈ SF,y∗,g∗ ∈ ŜG,y∗ such that, for each t ∈ [0,1],

h∗(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds.
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Let us consider the continuous linear operator Θ : L1([0,1],R)→C([0,1],R) defined by(
Θ( f ,g)

)
(t) =

∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds.

Observe that

‖hn(t)−h∗(t)‖

=

∥∥∥∥∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−( fn(s)− f∗(s))−λ Iρ+p
1− Iq

0+(gn(s)−g∗(s))
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−( fn(s)− f∗(s))−λ Iρ+p
1− Iq

0+(gn(s)−g∗(s))
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−( fn(s)− f∗(s))−λ Iρ+p
1− Iq

0+(gn(s)−g∗(s))
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−( fn(s)− f∗(s))−λ Iρ+p
1− Iq

0+(gn(s)−g∗(s))
]
ds
∥∥∥∥→ 0 as n→ ∞.

Thus, it follows by a closed graph operator result [26] that Θ ◦ SB is a closed graph operator,
where SB = SF ∪ ŜG. Moreover, we have hn(t) ∈ Θ(SB,yn). Since yn→ y∗, hn→ h∗, therefore,
we have

h∗(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− f∗(s)−λ Iρ+p
1− Iq

0+g∗(s)
]
ds,

for some f∗ ∈ SF,y∗,g∗ ∈ ŜG,y∗ .
Step 5. (There exists an open set V ⊆C([0.1],R) with x /∈ θΩ(y) for any θ ∈ (0,1) and all

y ∈ ∂V ).
Take θ ∈ (0,1), y∈ θΩ(y) and t ∈ [0,1]. Then there exist f ,g∈ L1([0,1],R) with f ∈ SF,y,g∈

ŜG,y such that

|y(t)| ≤
(

θ1(‖y‖∞)

Γ(ρ)

∫ 1

0
σ1(t)dt +

|λ |θ2(‖y‖∞)

Γ(ρ + p)Γ(q)

∫ 1

0
σ2(t)dt

)
∆̃,
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for t ∈ [0,1]. Consequently, it follows that

Γ(ρ)Γ(ρ + p)Γ(q)‖y‖∞(
Γ(ρ + p)Γ(q)θ1(‖y‖∞)‖σ1‖L1 + |λ |Γ(ρ)θ2(‖y‖∞)‖σ2‖L1

)
∆̃

≤ 1.

In view of (H3), there exists M such that ‖y‖∞ 6= M. Let us set

W = {y ∈C([0,1],R) : ‖y‖∞ < M}.
Note that the operator Ω : W →P(C([0,1],R)) is upper semicontinuous and completely con-
tinuous. From the choice of W , there is no y ∈ ∂W such that y ∈ θΩ(y) for some θ ∈ (0,1).
Therefore, by nonlinear alternative of Leray-Schauder type [25], we deduce that Ω has a fixed
point y ∈W , which corresponds to a solution of boundary value problem (1.1). The proof is
complete �

3.2. Generalized contraction case (Nonconvex valued). In this section, we study the exis-
tence of solutions for the inclusions boundary value problem (1.1) with the right-hand side be-
ing nonconvex set-valued by applying Wegrzyk’s fixed point theorem [Let (X ,d) be a complete
metric space. If Φ : X →Pcl(X) is a generalized contraction, then Fix Φ 6= /0 [21]].

Theorem 3.3. Assume that:
(H4) F,G : [0,1]×R→Pcp(R) are such that F(·,y(t)) : [0,1]→Pcp(R) and G(·,y(t)) :

[0,1]→Pcp(R) are measurable for each y ∈ R, where Pcp(R) = {U ∈P(R) : U is
compact};

(H5) Hd(F(t,y),F(t, ȳ)) ≤ κ1(t)l1(|y− ȳ|) and Hd(G(t,y),G(t, ȳ)) ≤ κ2(t)l2(|y− ȳ|) for al-
most all t ∈ [0,1] and y, ȳ ∈ R with κi ∈ L1([0,1],R+); i = 1,2, d(0,F(t,0)) ≤ κ1(t)
and d(0,G(t,0)) ≤ κ2(t) for almost all t ∈ [0,1], where l1, l2 : R+ → R+ are strictly
increasing.

Then (1.1) has at least one solution on [0,1] if γ1l1,γ2l2 : R+ → R+ are strict comparison
functions, where

γ1 =
∆̃

Γ(ρ)
‖κ1‖L1, γ2 =

|λ |∆̃
Γ(ρ + p)Γ(q)

‖κ2‖L1 ,

and ∆̃ is defined by (3.1).

Proof. Let us consider the operator Ω : C([0,1],R)→P(C([0,1],R)) defined in Theorem 3.2.
Suppose that γ1l1,γ2l2 : R+→ R+ are strict comparison functions. It follows by assumptions
(H4) and (H5) that F(·,y(·)) and G(·,y(·)) are measurable and have measurable selections v(·)
and z(·) (see [27], Theorem III.6). Also, κi ∈ L1([0,1],R); i = 1,2, and

|v(t)| ≤ d(0,F(t,0))+Hd(F(t,0),F(t,y(t))

≤ κ1(t)+κ1(t)l1(|y(t)|)
≤ (1+ l1(‖y‖∞))κ1(t).

Similarly, we can find that

|z(t)| ≤ (1+ l2(‖y‖∞))κ2(t).

Thus the sets SF,y and ŜG,y are nonempty for each y ∈C([0,1],R). Now we need to show that
the operator Ω satisfies the assumptions of Wegrzyk’s fixed point theorem [21]. First, we show
that Ω(y) ∈Pcl(C([0,1],R)) for each y ∈ C([0,1],R). Let {un}n≥0 ∈ Ω(y) be a convergent



10 A. ALSAEDI, A, BROOM, S.K. NTOUYAS, B. AHMAD

sequence such that un→ u (n→∞) in C([0,1],R). Then u∈C([0,1],R) and there exist vn ∈ SF,y

and zn ∈ ŜG,y such that, for each t ∈ [0,1],

un(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−vn(s)−λ Iρ+p
1− Iq

0+zn(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−vn(s)−λ Iρ+p
1− Iq

0+zn(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−vn(s)−λ Iρ+p
1− Iq

0+zn(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−vn(s)−λ Iρ+p
1− Iq

0+zn(s)
]
ds.

By compactness of F and G, the sequences {vn}n≥1 and {zn}n≥1 have subsequences, which
converge to some v,z ∈ L1([0,1],R). Thus, v ∈ SF,y, z ∈ ŜG,y and for each t ∈ [0,1], we obtain

un(t)→ u(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−v(s)−λ Iρ+p
1− Iq

0+z(s)
]
ds

+a1(t)

[
δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−v(s)−λ Iρ+p
1− Iq

0+z(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−v(s)−λ Iρ+p
1− Iq

0+z(s)
]
ds

]

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−v(s)−λ Iρ+p
1− Iq

0+z(s)
]
ds.

Hence u ∈Ω(y) and so Ω is closed-valued.
Next, we establish that

Hd(Ω(y),Ω(ȳ))≤ γ1l1(‖y− ȳ‖∞)+ γ2l2(‖y− ȳ‖∞) for each y, ȳ ∈C([0,1],R).

Let y, ȳ ∈C([0,1],R) and h1 ∈Ω(y). Then there exist v1(t) ∈ SF,y and z1(t) ∈ ŜG,y such that, for
each t ∈ [0,1],

h1(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−v1(s)−λ Iρ+p
1− Iq

0+z1(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−v1(s)−λ Iρ+p
1− Iq

0+z1(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−v1(s)−λ Iρ+p
1− Iq

0+z1(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−v1(s)−λ Iρ+p
1− Iq

0+z1(s)
]
ds.

In view of (H5), we have

Hd(F(t,y),F(t, ȳ))≤ κ1(t)l1(|y− ȳ|),

Hd(G(t,y),G(t, ȳ))≤ κ2(t)l2(|y− ȳ|).
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So, there exist w ∈ F(t, ȳ) and m ∈ G(t, ȳ) such that

|v1(t)−w| ≤ κ1(t)l1(|y(t)− ȳ(t)|), t ∈ [0,1],

|z1(t)−m| ≤ κ2(t)l2(|y(t)− ȳ(t)|), t ∈ [0,1].

Define U1,U2 : [0,1]→P(R) by

U1(t) = {w ∈ R : |v1(t)−w| ≤ κ1(t)l1(|y(t)− ȳ(t)|)},

U2(t) = {m ∈ R : |z1(t)− v| ≤ κ2(t)l2(|y(t)− ȳ(t)|)}.
Since the nonempty closed set-valued operators U1(t)∩F(t, ȳ) and U2(t)∩G(t, ȳ) are measur-
able (Proposition III.4 [27]), there exist functions v2(t), z2(t) which are measurable selection for
U1(t)∩F(t, ȳ) and U2(t)∩G(t, ȳ) respectively. So v2(t)∈F(t, ȳ), z2(t)∈G(t, ȳ) and for each t ∈
[0,1], we have |v1(t)− v2(t)| ≤ κ1(t)l1(|y(t)− ȳ(t)|) and |z1(t)− z2(t)| ≤ κ2(t)l2(|y(t)− ȳ(t)|).
For each t ∈ [0,1], let us define

h2(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−v2(s)−λ Iρ+p
1− Iq

0+z2(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−v2(s)−λ Iρ+p
1− Iq

0+z2(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−v2(s)−λ Iρ+p
1− Iq

0+z2(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−v2(s)−λ Iρ+p
1− Iq

0+z2(s)
]
ds.

Thus

|h1(t)−h2(t)|

≤
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−|v1(s)− v2(s)|+ |λ |Iρ+p
1− Iq

0+|z1(s)− z2(s)|
]
ds

+|a1(t)|
{
|δ |
∫

µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−|v1(s)− v2(s)|+ |λ |Iρ+p
1− Iq

0+|z1(s)− z2(s)|
]
ds

+
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−|v1(s)− v2(s)|+ |λ |Iρ+p
1− Iq

0+|z1(s)− z2(s)|
]
ds
}

+|a2(t)|
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−|v1(s)− v2(s)|+ |λ |Iρ+p
1− Iq

0+|z1(s)− z2(s)|
]
ds

≤
(

1
Γ(ρ)

∫ 1

0
κ1(s)l1(‖y− ȳ‖∞)ds+

|λ |
Γ(ρ + p)Γ(q)

∫ 1

0
κ2(s)l2(‖y− ȳ‖∞)ds

)
∆̃,

which implies that

‖h1−h2‖∞ ≤
‖κ1‖L1∆̃

Γ(ρ)
l1(‖y− ȳ‖∞)+

|λ |‖κ2‖L1∆̃

Γ(ρ + p)Γ(q)
l2(‖y− ȳ‖∞),

where ∆̃ is defined by (3.1). Analogously, interchanging the roles of y and y, we can obtain

Hd(Ω(y),Ω(ȳ))≤ γ1l1(‖y− ȳ‖∞)+ γ2l2(‖y− ȳ‖∞).
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Therefore, Ω is a generalized contraction. Thus, it follows by Wegrzyk’s fixed point theorem
[21] that Ω has a fixed point y, which is a solution of (1.1). This completes the proof. �

3.3. Examples. Consider the following multivalued boundary value problem
CD

5/4
1−

RLD
1/3
0+ y(t) ∈ F(t,y(t))−1/8I3/2

1− I5/2
0+ G(t,y(t)), t ∈ [0,1],

y(0) = y(1/5) = 0, y(1) = 1/10y(2/5), 0 < ξ < µ < 1,
(3.4)

where ρ = 5/4,β = 1/3,λ = 1/8, p = 3/2,q = 5/2,ξ = 1/5,δ = 1/10,µ = 2/5. With the
given data, we find that |Λ| ≈ 0.459225099353931. Moreover,

a1 = max
t∈[0,1]

|a1(t)|= |a1(t)|t=1 ≈ 1.018765826981695,

a2 = max
t∈[0,1]

|a2(t)|= |a2(t)|t=ta2
≈ 1.014158908373613,

where

ta2 =
β (1−δ µβ+1)

(1−δ µβ )(β +1)
≈ 0.261931192257803 < 1.

Consequently, we get

∆̃ =
1

Γ(β +1)

[
1+a1(|δ |+1)+a2

]
≈ 3.510496352312309.

(a) For illustrating Theorem 3.2, we choose F and G in (3.4) as follows:

F(t,y) =
[ y|y|

4(1+ |y|)
,
e−t

10
siny

]
, G(t,y) =

[
e−t

2
tan−1 y,

1
2(t2 +1)

cosy
]
, (3.5)

and observe that

‖F(t,y)‖P := sup
{
|v|,v ∈ F(t,y)

}
≤ (1/4)|y|, ‖G(t,y)‖P := sup

{
|u|,u ∈ G(t,y)

}
≤ π/4.

With σ1(t) = 1,θ1(|y|) = |y|/4,σ2(t) = 1,θ1(|y|) = π/4, we note that the condition (H3) holds
true for M > 5.076959728977279. Clearly, all the conditions of Theorem 3.2 are satisfied and
hence its conclusion applies to the problem (3.4) with F,G given by (3.5).
(b) In order to explain Theorem 3.3 (nonconvex-valued case), we take F,G : [0,1]×R→P(R)
in (3.4) as given by

F(t,y) =
[1

6
,
t +1/2
1+ t2 tan−1 y+

1
2

]
, G(t,y) =

[
1

10
,

y
(3+ t2)

+
1
5

]
. (3.6)

Notice that

sup
{
|y|,y ∈ F(t,y)

}
≤ (t +1/2)π

2(1+ t2)
+

1
2
, sup

{
|z|,z ∈ G(t,y)

}
≤ 1

(3+ t2)
+1/5,

Hd(F(t,y),F(t, ȳ))≤ (t +1/2)
1+ t2 (|y− ȳ|), Hd(G(t,y),G(t, ȳ))≤ 1

(3+ t2)
(|y− ȳ|).

Fixing κ1(t) =
(t+1/2)

1+t2 , κ2(t) = 1
(3+t2)

, we observe that d(0,F(t,0))≤ κ1(t) and d(0,G(t,0))≤
κ2(t) for almost all t ∈ [0,1]. Using ‖κ1‖L1 = 1

2 ln2+π/8,‖κ2‖L1 = π

6
√

3
, we find that

γ1 =
∆̃

Γ(ρ)
‖κ1‖L1 ≈ 2.863202698624739, γ2 =

|λ |∆̃
Γ(ρ + p)Γ(q)

‖κ2‖L1 ≈ 0.062043633931219.
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Letting l1(y) = l2(y) = y, we have

Hd(F(t,y),F(t, ȳ))≤ κ1(t)(|y− ȳ|), and Hd(G(t,y),G(t, ȳ))≤ κ2(t)(|y− ȳ|).

Clearly all the conditions of Theorem 3.3 are satisfied. Hence, the problem (3.4) with F and G
given by (3.6) has at least one solutions on [0,1].

4. THE DIMENSION OF THE SOLUTION

In this section, we are concerned with the dimension of the solution set for problem (1.1).
The following lemmas are the main tools of our study.

Lemma 4.1. (Dzedzej and Gelman [25]) Let F : [0,ρ]→Pc,cp(R) be a measurable map such
that the Lebesgue measure µ of the set {t : dimF(t) < 1} is zero, where Pc,cp(R) = {U ∈
P(R) : U is convex and compact}. Then there are arbitrarily many linearly independent
measurable selections x1(·),x2(·), . . . ,xm(·) of F.

Lemma 4.2. ([28]) Let C be a nonempty closed convex subset of a Banach space X. Suppose
that γ is a ϕ-measure of noncompactness on C and F : C→Pb,c,cl(C) is a continuous (γ,ϕ)-
condensing map, where Pb,c,cl(C) = {U ∈P(C) : U is bounded, convex and closed}. If
dimF(x)≥ n for each x ∈C, then dimFix(F)≥ n.

Let S([0, ρ̄]) denote the set of all solutions of (1.1) on the interval [0, ρ̄], where 0 < ρ̄ ≤ 1.

Theorem 4.3. Let F,G : [0, ρ̄]×R→Pcp,c(R) satisfy (H4) and (H5) and suppose that the
Lebesgue measures µ1,µ2 of the sets {t : dimF(t,y)< 1} and {t : dimG(t,y)< 1} respectively
are zero for some y ∈ R. Then, for each ρ̄ , 0 < ρ̄ < 1, the set S([0, ρ̄]) of solutions for the
problem (1.1) has an infinite dimension.

Proof. Define the operator Ω by

Ω(y) =
{

h ∈C([0, ρ̄],R) : h(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

+a1(t)

[
δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds

]

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1− f (s)−λ Iρ+p
1− Iq

0+g(s)
]
ds
}
,

for f ∈ SF,y,g ∈ ŜG,y. Then, as in the proof of Theorem 3.2, Ω(y) ∈Pcp,c(C([0, ρ̄],R)) for
each y ∈ C([0, ρ̄],R) and it is a generalized contraction by Theorem 3.3. We next show that
dimΩ(y) ≥ m for any y ∈ C([0, ρ̄],R) and arbitrary m ∈ N. Consider W (t) = F(t,y(t)) and
Z(t) = G(t,y(t)). By Lemma 4.1, there exist linearly independent measurable selections u1(·),
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u2(·), . . . ,um(·) of W and v1(·),v2(·), . . . ,vm(·) of Z. Set

yi(t) =
∫ t

0

(t− s)β−1

Γ(β )

[
Iρ

1−ui(s)−λ Iρ+p
1− Iq

0+vi(s)
]
ds

+a1(t)
{

δ

∫
µ

0

(µ− s)β−1

Γ(β )

[
Iρ

1−ui(s)−λ Iρ+p
1− Iq

0+vi(s)
]
ds

−
∫ 1

0

(1− s)β−1

Γ(β )

[
Iρ

1−ui(s)−λ Iρ+p
1− Iq

0+vi(s)
]
ds
}

+a2(t)
∫

ξ

0

(ξ − s)β−1

Γ(β )

[
Iρ

1−ui(s)−λ Iρ+p
1− Iq

0+vi(s)
]
ds.

Assume that ∑
m
i=1 aiyi = 0 a.e. in [0, ρ̄]. Taking the right-Caputo and left-Riemann-Liouville

fractional derivatives respectively a.e. in [0, ρ̄], we have ∑
m
i=1 aiui(t)−λ Ip

1−Iq
0+∑

m
i=1 aivi(t) = 0

a.e. in [0, ρ̄] and hence ai = 0 for all i. As a result, yi(·) are linearly independent. Thus
Ω(y) contains an m-dimensional simplex. So dimΩ(y) ≥ m and it follows by Lemma 4.2 that
Fix(Ω) = S([0, ρ̄]) is infinite dimensional. The proof is complete. �

5. THE CONCLUSION

We investigated the existence of solutions for a nonlocal multi-valued problem involving
right–sided Caputo and left–sided Riemann–Liouville fractional differential operators of differ-
ent orders and mixed Riemann–Liouville fractional integral operators. In our first result, we
applied the nonlinear alternative of Leray-Schauder type to obtain the existence of solutions for
the problem (1.1) with convex-valued maps in the right-hand-side of the inclusions. Then we
considered the case of nonconvex multi-valued maps in (1.1) and used Wegrzyk’s fixed point
theorem to derive an existence result. Finally, the dimension of the solution set for (1.1) was
achieved. It is imperative to note that our results correspond to a three-point nonlocal multi-
valued analogue of (1.1) once we fix δ = 0 in the obtained results. Moreover, by taking λ = 0,
we obtained the results for the inclusions of the form: CD

ρ

1−
RLDβ

0+y(t)∈F(t,y(t)) subject to the
four-point nonlocal boundary conditions y(0) = y(ξ ) = 0,y(1) = δy(µ),0 < µ < 1. It is worth-
while to point out that the results presented in this paper are new and significantly contribute to
the existing literature on this topic.
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