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Abstract. We prove the existence of solutions for fractional differential inclusions containing right-
Caputo and left-Riemann—Liouville fractional derivatives of different orders and right-left Riemann—
Liouville fractional integrals, supplemented with nonlocal boundary conditions. Our first existence result
dealing with the convex valued maps involved in the given problem is derived by applying the nonlinear
alternative of Leray-schauder type. We apply Wegrzyk’s fixed point theorem to prove our second result,
which is concerned with the generalized contraction (nonconvex valued) maps. We also discuss the
dimension of the solution set.
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1. INTRODUCTION

The tools of fractional calculus are found to be of great utility in improving the mathemat-
ical modeling of complex dynamical systems. An important characteristic of fractional-order
operators is their nonlocal nature that takes into account the past history of the underlying phe-
nomena, such as transport processes [1], economic processes [2], viscoelastic materials [3], etc.
During the last few decades, there has been a remarkable development in the area of boundary
value problems of fractional differential equations; see, e.g., [4]-[6]. However, nonlocal bound-
ary value problems involving left and right fractional derivatives need further attention. Some
recent results on this class of problems can be found in [7, 8]. It is worthwhile to mention that
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the one-sided derivatives and their combinations appear in the study of Euler-Lagrange equa-
tions [9], steady heat-transfer in fractal media [10], electromagnetic waves phenomena [11], etc.
Multivalued (inclusions) problems serve as an important tool in the investigation of dynamical
systems and stochastic processes; see, e.g., [12]-[14]. For the applications in queuing networks,
finance, and climate control, one refers to [15]. On the other hand, one can find the theoretical
development of the topic in [16]-[18] and the references cited therein.

In this paper, we discuss the existence of solutions for a nonlocal fractional differential in-
clusions problem involving right-Caputo and left-Riemann—-Liouville fractional derivatives of
different orders and right-left Riemann—Liouville fractional integrals of the form:

CoP RLgb y(1) € F(t,y(1)) = MP_IE, G(1,5(t)), t € [0,1],
¥(0)=y(§) =0, y(1)=0dy(n), 0<E<pu<l,

(1.1)

where C.@{) _and RL@g , respectively denote the right Caputo and left Riemann-Liouville frac-
tional derivatives of order p € (1,2] and B € (0,1, I{_ and I, denote the right and left
Riemann-Liouville fractional integrals of orders p,g > 0 respectively, F,G : [0,1] x R — Z(R)
are the given multivalued maps, and &?(R) is the family of all nonempty subsets of R.
Motivated by the recent results on fractional multivalued problems, we consider the inclu-
sions case of the problem studied in [19] in this paper and explore the sufficient criteria ensur-
ing the existence of solutions for the inclusions problem (1.1) when F and G are convex as well
as nonconvex multivalued maps. In case of nonconvex multivalued maps F and G, we apply a
generalized version of Covits and Nadler’s fixed point theorem [20] due to Wegrzyk [21], which
deals with the generalized contractions. We also discuss the dimension of the solution set for
problem (1.1). The rest of the paper is arranged as follows. Section 2 contains the background
material related to our study. In Section 3, we present our main existence results for problem
(1.1), while the dimension of the solution set for the given problem is discussed in Section 4.

2. PRELIMINARIES

Let us first recall the basic definitions related to our work.

Definition 2.1. [22] The left and right Riemann—Liouville fractional integrals of order o¢ > 0
for x € Ly[a,b], existing almost everywhere on [a, b], are respectively defined by

b (s—1)a!

t —s o—1
1%x(t) = / =" (5)ds and 17 x(t) = /, Mo

o) x(s)ds.

Definition 2.2. [22] For x € AC"[a, b], the left Riemann-Liouville and the right Caputo frac-
tional derivatives of order & € (n— 1,n|,n € N, existing almost everywhere on |a, b], are respec-
tively defined by

n t _Sn—5—l b(g— n—o—1
Kl = o / %x(s)ds and 7 +(1) = (<1)" | %xw(s)ds.

The following lemma, concerning a linear variant of problem (1.1), was proved in [19].
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Lemma 2.3. Let u,v € C[0,1]NL(0, 1). Then the linear problem
Cof "GP vty + A 1 () =u(t), teT=[0,1],
¥(0)=y(¢) =0, y(1)=3dy(u),

is equivalent to the fractional integral equation:

t(f—g)B—1
V1) = /0 % (10 u(s) = 2001718 v(s) s

+a1(t){5 /0 g % [zf_u(s) _ ,ufjng+v(s)} ds

_/01 (11:(% [Ifu(s)—/llfﬂ’ngrv(s)}ds}

§(E—s)P! +pq
+ar(1) /O %[lf_u(s)—llf_ 10+v(s)]ds,

where

G L L R e T R O

and it is assumed that

A=EPTI(1 - 5uP) — £P(1-6uP*) £ 0.

3. EXISTENCE RESULTS

(2.1)

(2.2)

(2.3)

(2.4)

Let C|0, 1] denote the Banach space of continuous functions from [0, 1] into R with the norm
]| o = sUp, e, 17 [X(2)]- Let L' ([0, 1], R) be the Banach space of measurable functions x : [0, 1] —

R, which are Lebesgue integrable and normed by ||x||;1 = fol |x(¢)|dt. For some related concepts

about multi-valued maps, we refer the reader to [5, 23, 24].
For each y € C([0, 1], R), one defines the sets of selections of F and G by

Skyi={f € L'([0,1],R) : £(r) € F(t,y)},
Scy:={g € L'([0,1],R) : g(r) € G(1,y)}.

Definition 3.1. A function y € C([0,1],R) is a solution of boundary value problem (1.1) if
y(0) =y(&) = 0,y(1) = dy(u), and there exist functions f € Sr,,g € Si, such that f(r) €

F(1,y(t)),4(t) € G(t,y(1)) and

t(r—g)B-1
i) = /0 %[1{’_ f(s)—u{’jngﬁ(s)}ds

-1

Y
ran [ (150 - 21 (0 as

) /01 % (10 £(5) = AP 1E g (s)| ds}

5 — S B_l
Yar(t) /0 (‘SFT))[I{’ f<s)—mfjng+g(s)]ds.
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3.1. The upper semicontinuous case (Convex valued). In this subsection, we prove an exis-
tence result for problem (1.1) when both F and G are convex multivalued maps by applying the
nonlinear alternative of Leray-schauder type [25].

Theorem 3.2. Assume that:

(Hy) F,G:[0,1] xR — P, (R) are L'-Carathéodory, where P, (R) ={% € P [R): %
is compact and convex};

(Hy) there exist functions c1,0> € L'([0,1],RT), and continuous nondecreasing functions
01,0, : R™ — R such that

[F (2, y)|| = sup{|f] : f(r) € F(z,y)} < 01(1) 61 (Iy]),

1G(2,y)]| = sup{le| : g(r) € G(t,y)} < 02(1)62(I1]),

foreach (t,y) € [0,1] xR;
(H3) there exists a constant M > 0 such that

L(p)C(p +p)T(g)M
(F(p +p)T(q)01(M)| o111 + IAIF(p)Gz(M)HGzHu)A

> 1.

where

~ 1
A=—— |1+a@ (8| + D) +a|, a = _ | .
F(B"‘U [ —|—al(‘ |‘|‘ )+a2 y a1 tren[(a)lfli]‘al(t)" ap tr&gflg]‘az(t)‘ (3.1)

Then boundary value problem (1.1) has at least one solution on |0, 1].

Proof. In order to transform problem (1.1) into a fixed point problem, let us consider the multi-
valued map Q : C([0,1],R) — Z(C([0,1],R)) as

t(f—g)B-1
ap) = {necOR): 1) = [ Lo ) - A ) s

g
vano) |8 [P [ (6) - A1 (0 as

) % LEIORYE e wIO) ds}

5 — ﬁ_l
+a (1) /O (érT))[l{’_ F(s) = AIPHPI +g(s)}ds}, (3.2)

for f € Sky,8 € §G7y.

We next show that € satisfies all the assumptions of nonlinear alternative of Leray-Schauder
type [25] in several steps.

Step 1. (Q(y) is convex for each y € C([0,1],R)).
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Let h1,hy € Q(y). Then there exist f1, f2 € Sk, 81,82 € §G7y such that, for each € [0, 1],

t(p—g)B—1
hi(t) = /0 (s F(;) [I{Lfi() AIPEPIE gi(s )}ds

+a1(t){5/0u (b [Ip fils) = AIPTPH gi(s )]d

I'(B)
/ 1—s[3 l[lpfz QLI[H-PIJFgl( )}d}

+a2(t)/0 (gf(ﬁ)) [lf_ﬁ(s)—M{’_*”Ig+g,-(s)}ds,i:l,z.

Foreacht € [0,1] and 0 < v < 1, we can find that

[vh1 (1 v)hz] (1)

) i ptp g
:/0 T [ [Vfils)+(1=V)fa(s)] — AL 10+[Vg1(s)—i—(1—v)gz(s)ﬂds

t\_/

5 — ﬁ_l
rase) [T S [ VA + (- V)l

—AIPPIE (Ve (s)+ (1—V)g (S)Hds.

Since Sry, §G7y are convex (F, G have convex values), therefore it follows that vi; + (1 —Vv)h; €

Q(y).
Step 2. (Q maps bounded sets into bounded sets in C([0,1],R)).
For r > 0, let B, = {y € C([0,1],R) : ||y|| < r} be a bounded ball in C([0, 1],R). Then, for

each h € Q(y),y € By, there exist f € Sr,y,8 € Sgy such that

t(r—g)B-1
w = [ i [0 AR )]s

_g)B-1
5/()# (“F(B)) [If_f(s) —llfijngg(s)] ds

_ )bt
R /01 - F(l;) [1 EOEY i p16’+g(S)] ds]

5 — ﬁ_l
+aa(t) /0 (5r(ﬁ)) 1P f(s) = AL TI g(s)|ds.

+ai (1)
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In view of (Hj), we have

t(t —g)B—1
ol = [ O+ 1 (o) s

B
Har (1) [|6| [ A A o) as

L(1—g)B-1
o TI(B)

§ (& —5)B1
+|az(t)|/0 %[lfv( )+ APH, (s )|]ds

ou(r) ! o) [
< (r<p>/o 0+ 0 ot “2(’)6”)

1+al(|5|+1)+a2] (3.3)

11O+ A, (s >|}ds]

1
BT

91 (”) |7L|92(r) ~
il < (il + ot s lonli ),

Indeed, in (3.3), we have used the following estimates (p € (1,2], B € (0,1], p >0, g > 1):

(t—s)B1 1 !
/0 T(8) IfGl(s)dsgm/o o1 (u)du,

Thus

t(r—s)P-1 1 :
J r(p) Iﬁw%“h“wsg11ﬁ+1ﬂﬂr+mFM)A‘ﬁUML

Step 3. (Q maps bounded sets into equicontinuous sets of C([0,1],R)).
Let 11,1, € [0,1] with #; < £, and let us take any element y € B,,h € Q(y). Then there exist
f € SFy,8 € S,y such that, for each r € [0, 1],

t — B (4 —5)B
) ) = | 12 o 12077 e s

rp)

= AN wz"fpmg(s)\}ds

+lar(e) — o) {|6\ [T 6+ AR (6 s
=) |f()|+|/1|1”+”1q (o) as}

Y
+ ’az(tz) —az(tl)‘ /é (é )

R O R g )1 as
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6| +1
< |14 =120 -n)p+ CLED (8 iy gpyper - )

B+1 B s BB+ B+
b (11 8WP I =P 1 suP - 1)

2GR 2l6:(r) S
><{r<ﬁ+1>r<p>/o O e e P IOl }

which tends to zero independently of y € %, as 1, —t; — 0. As a consequence of Steps 1-3,
Arzela-Ascoli theorem concludes that Q : C([0, 1],R) — Z2(C([0,1],R)) is completely contin-
uous.

Step 4. (Q is upper semicontinuous).

By [23, Proposition 1.2] (see (iv)), it is sufficient to show that Q has a closed graph. Let
Yn = Vs> Iy € Q(yy,) and hy, — h,. Then we need to show that A, € Q(y.). For h, € Q(y,), there
exist f, € Spy,,&n € §G,yn such that, for each 7 € [0, 1],

t(f—g)B1
() = [ )= 201 ) s

+a1(t){5/ou%[1f_fn( )= AL PI g (s )}ds

[ ) 218 ) s

é — B_l
ran) [ E S [ ) - A (9] s

Thus it suffices to show that there exist fi € Sr,y,, 8« € §G7y* such that, for each ¢ € [0, 1],

he(t) = /Ot(t;(si[ﬂ) fuls)— 1P+P1+g*( )]ds

B
{3 “%[ﬂ’ 1)~ LI, ()] ds
- —“;(ngl 10.206) - A1 () s}

5 — S ﬁ_l
+ar(t) /0 @FT))[I{)]‘*() APEPIE g (s )}ds.
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Let us consider the continuous linear operator ® : L' ([0,1],R) — C([0,1],R) defined by

t(r— g)B-1
O = [ [0 - A (o) as

+a1(t){5/0“ (“;(;B)f_ [1{’ f(s)— M"*"l 0. 8(s )}d

- /o1 % [1{’ SIORYY plg+g(s)] ds}

£ (E _ B
raxe) [T S [ r6) - A )] s

Observe that
([ (2) — ha(2)

i +pya
/O%[If(fn() fuls)) = AIPTPLE (gn(s)_g*(s))}ds

Bt
rar {8 MU [ (00— 56D MR, ()~ .(0)

1(]—g5)B-1
-/ “F(g) [1{’<f,,<s>—f*<s>>—M{’“’I&(gn(s)—g*@)}“}

S(E—s)b! +p1q
raxe) [ E T 6~ 1.0 = A, 5) —5.(0) s

Thus, it follows by a closed graph operator result [26] that ® o Sp is a closed graph operator,
where Sp = Sr USg. Moreover, we have h,(t) € ©(Sg,y, ). Since y, — y«, hy — hs, therefore,
we have

—0asn —> oo,

ho(t) = /0 ( &)3) {zpff*(s)—mpjpﬂ g*(s)]ds

—|—a1 {

/0(1 <f;l>3 [’p Fls) = A2V, g (s ﬂds}

é — s )P
sante) [ F(B)) (10 1.(9) = AP (5)] s,

IP () = AIPTTI gu(s)]ds

for some fi € Sgy,, 8+« € §G7y*.

Step 5. (There exists an open set ¥ C C([0.1],R) with x ¢ 0Q(y) for any 6 € (0,1) and all
y€adIY).

Take 6 € (0,1),y € 0Q(y) and ¢ € [0, 1]. Then there exist f,g € L' ([0, 1],R) with f € Sk, g €
§G,y such that

pol < (BRI oy B oy gyar)a,
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for t € [0,1]. Consequently, it follows that
C(p)T(p +P)T(@) Y- <1
(Tt + PI@ eIyl ol + AT 8yl 2 )A
In view of (Hj), there exists M such that ||y|| 7 M. Let us set
W ={y e C([0,1],R) : [[yl|eo < M}

Note that the operator Q : W — Z2(C([0,1],R)) is upper semicontinuous and completely con-
tinuous. From the choice of W, there is no y € dW such that y € 6Q(y) for some 6 € (0,1).
Therefore, by nonlinear alternative of Leray-Schauder type [25], we deduce that Q has a fixed
point y € W, which corresponds to a solution of boundary value problem (1.1). The proof is
complete 0J

3.2. Generalized contraction case (Nonconvex valued). In this section, we study the exis-
tence of solutions for the inclusions boundary value problem (1.1) with the right-hand side be-
ing nonconvex set-valued by applying Wegrzyk’s fixed point theorem [Let (X,d) be a complete
metric space. If & : X — Z,(X) is a generalized contraction, then Fix & # 0 [21]].

Theorem 3.3. Assume that:

(Hy) F,G:[0,1] xR = Z.,(R) are such that F(-,y(t)) : [0,1] = Z:,(R) and G(-,y(1)) :
[0,1] = Z.p(R) are measurable for each 'y € R, where Z,(R) ={% € P(R): U is
compact};

(Hs) Hy(F(1,),F(t,5)) < x|y — 51) and Hy(G(t,),G(t,5)) < o(e)ba(|y — 51 for al-
most all t € [0,1] and y,5 € R with ; € L'([0,1],R");i = 1,2, d(0,F(t,0)) < K1 (t)
and d(0,G(t,0)) < k»(t) for almost all t € [0,1], where 1},l, : Ry — Ry are strictly
increasing.

Then (1.1) has at least one solution on [0,1] if nly,»l : Ry — Ry are strict comparison

functions, where 5 _
R
1= =S IKLs 2= e K2
L(p)" ™ I'( )

p+p)iq
and A is defined by (3.1).

Proof. Let us consider the operator Q : C([0,1],R) — £(C(|0,1],R)) defined in Theorem 3.2.
Suppose that y1l1, 1 : Ry — R, are strict comparison functions. It follows by assumptions
(H4) and (Hs) that F(-,y(-)) and G(-,y(+)) are measurable and have measurable selections v(-)
and z(-) (see [27], Theorem IIL.6). Also, k; € L'([0,1],R);i = 1,2, and
V()] < d(0,F(2,0))+Ha(F(,0),F(z,5(1))
< () +xk@)h(y)])
< (T+h([ylle)) 1 ().

Similarly, we can find that
2()] < (1+DL(llylle))ra(t).

Thus the sets Sr,, and §G7y are nonempty for each y € C(]0,1],R). Now we need to show that
the operator Q satisfies the assumptions of Wegrzyk’s fixed point theorem [21]. First, we show
that Q(y) € Z.,(C([0,1],R)) for each y € C([0,1],R). Let {u,}n>0 € Q(y) be a convergent
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sequence such that u, — u (n — o) in C([0, 1], R). Then u € C([0,1],IR) and there exist v, € Sk,
and z, € S,y such that, for each r € [0, 1],

t(r—g)B-1
up(t) = /0%[If_vn(s)—llffpngrzn(s)]ds

B
+axg{5A”Q%Y£T_PfVA@—AqHﬁ&ZAg}m

_A%Lﬁgéqﬁyag—xmﬁgﬂ%ﬂd%

5 — S ﬁ_l
+a2(t)/0 ((SI,T))[I{)vn(s)—/llf”l&zn(s)}ds.

By compactness of F' and G, the sequences {v,},>1 and {z,},>1 have subsequences, which
converge to some v,z € L' ([0,1],R). Thus, v € S, z € Sg. and for each ¢ € [0, 1], we obtain

t(—g)B-1
wlt)sule) = [T

H(u _S)ﬁ_l +p4q
6/0 W[va(s)—?tlf Io+z(s)]ds

1 _s B-1
_/o % 17v(9) = 221, 2(s)| ‘”]

5 — S ﬁ_l
—mﬂﬁ% @——L—Pﬁwg_zmﬁqﬂ@ﬂﬁ.

[Iffv(s) - l]ffplg+z(s)] ds

“+aq (l‘)

Hence u € Q(y) and so Q is closed-valued.
Next, we establish that

Hy(Q(),2(5)) < nhi([[y —Jlle) + 12L2(|ly = 7| for each y,5 € C([0, 1], R).

Lety,y € C([0,1],R) and h; € Q(y). Then there exist vi(r) € Sy and z; () € §G’y such that, for
eacht € [0, 1],

t(r—g)B-1
hi(t) = /0%[If_vl(s)—llfjpngrz](s)]ds

B
4¢ng){5[T§HTY£T__pf»q@)—zqﬂvqum@}ds

_A%L%%}%ﬁyw@—zmﬁgﬂmﬂd%

5 — S ﬁ_l
—|—a2(t)/0 % [Iffvl(s) — llfj—pl(am(s)} ds.

In view of (Hs), we have
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So, there exist w € F(t,y) and m € G(t,y) such that
vi() =w| < ki ()l ([y(t) = 5(0)]), € [0,1],
|z1(2) —m| < () b(|y () = 3(1)]), £ € [0, 1].
Define U;,U; : [0,1] — Z(R) by
Ur(t) = {w e R vi(1) —w| < xi (1)l (Iy(1) = 3(1)])},
Us(1) = {m e R : |z1(r) —v| < ma(0)2(|y(2) = 3(1) ) }-

Since the nonempty closed set-valued operators U; (1) N F(t,y) and U,(¢) N G(t,y) are measur-
able (Proposition ITL.4 [27]), there exist functions v (¢), z2(¢) which are measurable selection for
U, (t)NF(t,y) and Uy (t) N G(z,¥) respectively. Sovy(t) € F(t,5), z2(t) € G(t,y) and for each t €
[0, 1], we have [v1(1) —v2(2)| < %1 ()11 (|y(2) = 3(2)]) and |z1(7) — z2(1)| < 2 (1) 2 (|y(2) = 3(1)])-
For each ¢ € [0, 1], let us define

t(f —g)B-1
ho(t) = /O %[Ifvz(s)—llf+plg+zg(s)]ds

—|—a1(t){5/ou%[1f_v2( )~ AIHIY, ()] ds

é — S B-1
+a2(t)/0 (él“T)) [If_vz(s) — llfjpl&_zg(s)} ds.

Thus
|1 (2) = ha(2)]

t _Sﬁfl
/0%[If_|V1(S)—vz(s)|+|7L|IP+PI+|zl( )—ZZ(s)\]ds

Han 101 [ B 1) v + AR e 6) a0 s

IN

Y.
[ 1Tl§)1[If_|vl<s>—vz<s>|+|x|1”*”1+IZ1< )~aa(o)as}

£ (E_g)B-1
Haa)] [ @FTQ)[I{’wl(s)—vz( )+ A1, 21 (5) — 22(5)] | ds

L/ : 4] /1 ] )
T(p) L(lly = Flle)ds + mom— = b(lly —Fll)ds ) &,
(557 0y =5lodds+ o ees [ty s

which implies that
I & LS
I'(p) L(p+p)T(q)

where A is defined by (3.1). Analogously, interchanging the roles of y and 7, we can obtain
Ha(Q(y),2(5)) < nhi([ly = lleo) + 12L2(lly = 7l[)-

11 = halje < L(lly=3le) + L(lly =l
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Therefore, € is a generalized contraction. Thus, it follows by Wegrzyk’s fixed point theorem
[21] that  has a fixed point y, which is a solution of (1.1). This completes the proof. ]

3.3. Examples. Consider the following multivalued boundary value problem
ARG () € Flay(0) = 1/807 1 26(.5(), 1 € 0,11,

y(0) =y(1/5)=0, y(1)=1/10y(2/5),0<& <u <1,

where p =5/4,8 =1/3,A = 1/8,p=3/2,g=5/2,E =1/5,8 = 1/10, 1 = 2/5. With the
given data, we find that |A| ~ 0.459225099353931. Moreover,

a = max |a ()| = |a1 (t)|,—1 ~ 1.018765826981695,
12

(3.4)

€[0,1]
ar = max |ay(t)| = |a2(t)|,:,a ~~ 1.014158908373613,
t€[0,1] 2
where
B(1—8uPth

~ 0.261931192257803 < 1.

T 0= suP)(B+1)

Consequently, we get

1
TB+1)
(a) For illustrating Theorem 3.2, we choose F and G in (3.4) as follows:

et 1
G(t,y) = |—t S
Smy] (t,y) {2 AN S

A= [1+al(|5|+1)+52} ~ 3.510496352312309.

—t

F(t,y) = [(yL ‘ cosy|, (3.5)

4(1+1y])" 1
and observe that

IF(t.)2 = sup{Ivl.v e F(t.0)} < (/4. Gt = sup{ul.u € Glr.3)} < /4.
With o1(¢) = 1,01(|y|) = |y|/4,02(t) = 1,6,(]y|) = 7 /4, we note that the condition (H3) holds
true for M > 5.076959728977279. Clearly, all the conditions of Theorem 3.2 are satisfied and
hence its conclusion applies to the problem (3.4) with F, G given by (3.5).

(b) In order to explain Theorem 3.3 (nonconvex-valued case), we take F,G : [0,1] x R — Z(R)
in (3.4) as given by

Le+1/2 1 1y 1
PO = [L 2y )] e = [ L2 6
)= [Tz e v hg) o) [10 G+2) 5 -0
Notice that
(t+1/2)m 1
A S <
sup{|y|yEF(ty)}_ 2010 2,5up{\z]Z€th} 35 )+1/5
) (t+1/2) ) _
<~ (|y— .
Hy(F(t,y),F(t.5) < 5 (Iy =31, Ha(G(1,5),G(¢,3)) < (3+t2)(|y i)
Fixing &y () = 12 16 (r) = iy we observe that d(0,F (1,0)) < ;q( ) and d(0,G(t,0)) <
12 (¢) for almost all £ € [0,1]. Using || k||, = 2 In2+7/8, || k|1 = 6\[, we find that

A A|A

1= sl ~ 2.863202698624739, 15 = =~ | Kol & 0.062043633931219.
T(p)' " T(p+p)T(g) " *
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Letting /1 (y) = r(y) =y, we have

Hy(F(2,),F(1,5)) < &1 (1)(ly—31), and Ha(G(z,y), G(7,5)) < k(1) (ly = 1)-

Clearly all the conditions of Theorem 3.3 are satisfied. Hence, the problem (3.4) with F and G
given by (3.6) has at least one solutions on [0, 1].

4. THE DIMENSION OF THE SOLUTION

In this section, we are concerned with the dimension of the solution set for problem (1.1).
The following lemmas are the main tools of our study.

Lemma 4.1. (Dzedzej and Gelman [25]) Let F : [0,p] — Z¢ cp(R) be a measurable map such
that the Lebesgue measure | of the set {t : dimF (1) < 1} is zero, where P .,(R) ={% €
P(R) : U is convex and compact}. Then there are arbitrarily many linearly independent
measurable selections x1(-),x2(-), ..., xm(-) of F.

Lemma 4.2. ([28]) Let C be a nonempty closed convex subset of a Banach space X. Suppose
that y is a @-measure of noncompactness on C and F : C — Py, . (C) is a continuous (Y, Q)-
condensing map, where Py, . (C) ={% € P(C) : % is bounded, convex and closed}. If
dimF (x) > n for each x € C, then dimFix(F) > n.

Let S([0,p]) denote the set of all solutions of (1.1) on the interval [0, p], where 0 < p < 1.

Theorem 4.3. Let F,G : [0,p] x R — Z;, -(R) satisfy (Hy) and (Hs) and suppose that the
Lebesgue measures |11, Uy of the sets {t : dimF (¢,y) < 1} and {t : dimG(z,y) < 1} respectively
are zero for some y € R. Then, for each p, 0 < p < 1, the set S([0,p]) of solutions for the
problem (1.1) has an infinite dimension.

Proof. Define the operator Q by

t B 1
a0) = {neC(OpLR):  h)= [T [ r(6) - A (o) as
-1
+a (1) 6/0}i (1 (ﬁ)) [Ifff() M’”Pl 0. 8(s )}d
1 (1—s)B’1

[ s
;:f — 5 ﬁ_l

+a2(t)/() %[Iff( )— )Upﬂ)] 04.8(s )}d },

for f € Sry,8 € :S’\G,y. Then, as in the proof of Theorem 3.2, Q(y) € P, (C([0,p],R)) for
each y € C([0,p],R) and it is a generalized contraction by Theorem 3.3. We next show that
dimQ(y) > m for any y € C([0,p],R) and arbitrary m € N. Consider W (t) = F(¢,y(r)) and
Z(t) = G(t,y(t)). By Lemma 4.1, there exist linearly independent measurable selections u; (),
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up(+), .. um(-) of Wand vi(-),va(:),...,vm(-) of Z. Set

f—s)Plr, +
) = | S 1 i) — RIS i) |
i) = [ gy ) = AR i) fas
H(u—s)P! +
~+ay (t 5/ —[Ip ui(s) = AIP P v,-s}ds
0fo [ [ o) -2
L(1—s5)P-! o o+
—/0 W [Il_ui(s) — AL plg+vi(s)] a’s}
SE=9P"1p PP
Yar() /O W[llui(s)—lll 1{vits)) ds.
Assume that 7' | a;y; = 0 a.e. in [0,p]. Taking the right-Caputo and left-Riemann-Liouville
fractional derivatives respectively a.e. in [0,p], we have Y/ | aju;(t) — Ay I, Y7 aivi(t) =0
a.e. in [0,p] and hence a; = O for all i. As a result, y;(-) are linearly independent. Thus
Q(y) contains an m-dimensional simplex. So dimQ(y) > m and it follows by Lemma 4.2 that
Fix(Q) = S([0,p]) is infinite dimensional. The proof is complete. O

5. THE CONCLUSION

We investigated the existence of solutions for a nonlocal multi-valued problem involving
right—sided Caputo and left—sided Riemann—Liouville fractional differential operators of differ-
ent orders and mixed Riemann—Liouville fractional integral operators. In our first result, we
applied the nonlinear alternative of Leray-Schauder type to obtain the existence of solutions for
the problem (1.1) with convex-valued maps in the right-hand-side of the inclusions. Then we
considered the case of nonconvex multi-valued maps in (1.1) and used Wegrzyk’s fixed point
theorem to derive an existence result. Finally, the dimension of the solution set for (1.1) was
achieved. It is imperative to note that our results correspond to a three-point nonlocal multi-
valued analogue of (1.1) once we fix 8 = 0 in the obtained results. Moreover, by taking A = 0,
we obtained the results for the inclusions of the form: € 2f 7RL95 L y(t) € F(t,y(t)) subject to the
four-point nonlocal boundary conditions y(0) = y(&) =0,y(1) = 6y(u),0 < u < 1. It is worth-
while to point out that the results presented in this paper are new and significantly contribute to
the existing literature on this topic.
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