J. Nonlinear Funct. Anal. 2020 (2020), Article ID 3 https://doi.org/10.23952/jnfa.2020.3

fuct f
Fm—

g—g@ Journal of Nonlinear Functional Analysis

MATHRES Available online at http://jnfa.mathres.org

FIXED POINTS FOR RIGHT REVERSIBLE SEMIGROUPS SATISFYING THE
CONTROLLABLE PUNCTUAL INEQUALITY

ABDELKADER DEHICI

Laboratory of Informatics and Mathematics, University of Souk-Ahras, Souk-Ahras 41000, Algeria

Abstract. In this paper, we give some fixed point results for right reversible semitopological semigroups, which
satisfy the “controllable punctual inequality”, on convex subsets of Banach spaces.
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1. INTRODUCTION

Throughout this paper, we assume that X is a Banach space and A is a nonempty subset of X
and use A and co(A) denote the closure and the convex hull of A in X, respectively.

Let S be a semitopological semigroup. That is, S is a semigroup with a Hausdorftf topology
such that the mappings s € S — st and s € § — ts are continuous from § into § for each € §.
S is called right reversible if any two closed left ideals of S has non-void intersection. In this
case, (5, <) is a directed system when the binary relation ”<” on S is given by #; < 1, if and only
if {11}USt; D {tr}USt,t1,t2 € S and 1| < t, means that #; < 1, and #; # t,. The family of right
reversible semitopological semigroups contains in particular those of commutative semigroups
and right amenable semitopological semigroups as discrete semigroups; see [1, 2, 3,4, 5,6, 7, 8,
9] and the references therein. By the same approach, we can define left reversible semigroups.
S is said to be reversible if S is both left and right reversible. Let /(S) be the Banach space of
bounded real-valued functions on S with the supremum norm. For s € S and g € [(S), the left
and right translations of g in [*(S) are defined by

lig(t) = g(st) and reg(r) = g(ts), Vt € S.

Let Z be a closed linear subspace of /*°(S) containing constants and invariant under transla-
tions, i.e., [;(Z) C Z and ry(Z) C Z. A linear functional u € Z* is called a left invariant mean
on Zif ||u|| = u(1) =1 and u(lg) = pu(g) for each s € S and g € Z. In a similar way, we can
define a right invariant mean. Let C(S) be the closed subalgebra consisting of all continuous
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functions on S and let LUC(S) be the space of left uniformly continuous functions on S, i.e.
all functions f € C(S) such that the mappings s € S — [;f from S to C(S) are continuous if
C(S) is equipped with the sup norm topology. The space of right uniformly continuous func-
tions on S denoted by RUC(S) can be defined by the same way. For more details, we refer to
[1,2,3,4,5,6,7,8,9, 10], from which, we can find a number of results on fixed point theory
of semigroup actions on convex subsets of Banach spaces and some convergence results. These
results involve many problems in this direction which are related to the Bruck’s conjecture [11],
which asserts that the weak fixed point property (w-FPP) is equivalent to the weak fixed point
property for left reversible semigroups.

Let K be a nonempty subset of a Banach space X with a norm ||.||. An action of S on K is a
mapping of the set S x K into K, denoted by (s,x) — s.x = Tyx for which (sys2).x = s51.(s2.x)
for all 51,52 € S,x € K. The set of mappings . = (Ty,s € S) is called a representation of S. Let
G C S. A point x € K is a common fixed point of G with respect to this action if s.x = Tgx = x
for all s € G. The set of common fixed points of G is denoted by F(G). An action of S on K is
called generalized nonexpansive if it satisfies that, for all s € §:

Js.x— sy = 1 Tox — T
< oyllx —yl[ + o fx —s.xl| + o5 ly — s.xl| + oully — s.y[| + a5 [lx — 5.y
for all x,y € K, where o; > 0 for all i =1,...,5 and Zle o,=1. Ifoy=0foralli=2,...,5
(consequently a; = 1), then the action is said to be nonexpansive. If, for each x € K and
s € S, the maps s — Tyx from S into K and x — Tyx from K into K are continuous, then the
action is said to be separately continuous. In [1], Lau and Wong gave fixed point results for a
generalized nonexpansive action on convex compact subsets of strictly convex Banach spaces
and they asserted that these results hold for the case of Hausdorff locally convex topological
spaces for which the topology is induced by a family of seminorms. Recently, Dehici [12]
established some fixed point results for Kannan’s actions (o) = o3 = 05 = 0,00 = o4 = %)

of weakly continuous mappings on weakly compact convex subsets of strictly convex Banach
spaces.

2. MAIN RESULTS
First, we give the following basic definition.

Definition 2.1. Let S be a right reversible semitopological semigroup. Suppose that S acts
on a convex subset C of a Banach space X. We say that § satisfies ’controllable punctual
inequality” if S has a minimal element min(S) satisfying that Tin(s) = Ic and for all x € C and
all o, B € S\{min(S)}, there exists y(x) € S\{min(S)} with y(x) < o and y(x) < f such that

1 Terx — Tpx|| < [[x — Tyl (*)
Let n > 2 be an integer. Under the notations of Definition 2.1, we denote
&, ={I C S,I totally ordered, card(I)=n and
y(x) € I\{min(/)} forallx € C, o, € I\{min(/) } }

For I € &,,, we define

Sn,l = {T = Z ,BOtTav Z ﬁa = lmiiHI =Ic and Bmin(l\{minl}) > 0}

ael acl
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Our first result is given by the following theorem

Theorem 2.2. Let S be a right reversible semitopological semigroup which acts on a convex
subset C of a Banach space X. If S satisfies a “controllable punctual inequality”, then, for
every integer n > 2 and for all I € E,, we have

F(SnJ) =F(I).

Proof. Itis easy to observe that F'(I) C F(3,, ;). Now, to prove the converse, we letxg € F(3,,1).
Forevery T € 3,1, we have T (x) = xo. Hence, there exists a finite set of positive real numbers

(Ba) € [0,1] with ¥ e B = 1 and Brin(\ {minry) > 0 such that Tyyin = Ic and T =Y ocrBoTa.

Thus
Txo = (Z BaTa> X0 = Xo,

acl

which gives that

Xp = ( Y (%) Ta) X0 (Bmingy # 1 since Buin(t\{min(1)}) > 0)-
ael\{min(I)} min(7)

0 = sup{||Toxo — Tgxol|,a, B € 1}.

Letting 0 > 0, the fact that the action S satisfies the “controllable punctual inequality” proves
that there exists a minimal element y(xg) € I\{min(/)} such that

Let

0= H)C() — Ty(xo)XOH-

Since
Ba
ael\{min(I)} 1= Brnin(1)
one has
where
z € co{Tyxp, 0 € I\{min(I), min(/\ min{/})}}
and
u = min(I\{min(/)}).
Thus

8 = ||lxo — Ty(xp)Xoll
= [18uTuxo + (1 — 6u)z — Ty %o
< 8| Tuxo — Ty(ep) ol + (1 = &) |z — Ty(p) o
< 8,8+ (1-8,)8
=94.

(1): If y(x0) = W, this is a contradiction, since we obtain that ||Ty(,,)Xo — Ty(x,)%o|| = 0= 8.
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(11): If y(xp) > W, by the assumption (*) and the definition of the family Z,, we obtain the
existence of 6 € I\{min(/)} with 6 < u < y(xo) such that

8 < || Tuxo — Ty(xp)Xoll < [lx0 — Toxol,

which gives that ||xg — Tgxo|| = & and contradicts the fact that y(xo) is the minimal
element o € I\{min(/)} such that 6 = ||xo — Tuxol||. Necessarily, we get 6 = 0 and
||xo — Texo|| = O for all o € I. Consequently xo € F(I), which completes the proof.

0

Corollary 2.3. (see [13, Theorem 1]) Let C be a convex subset of a Banach space X and let T
be a nonexpansive self-mapping on C. Let n > 1 be an integer. Denote by S, =Y.\, NTE (with
the notation T° = I¢), where (%;)"_y C [0,1] with Ay > 0 and Y oA = 1. Then F(S,) = F(T).

Proof. The result follows from Theorem 2.2 by taking S = {0}(UN and I = {0,1,.....,n}. In
this case, the action is given by r.x = T"x for all x € C. The fact that this action satisfies the
“controllable punctual inequality” is easy to check. Indeed, it suffices to observe that, for all
integers r,p > 1 (p < r) and all x € C, we have

IT"% = TPx|| < [lx—=T""Px]|.
Consequently, we can take y(x) = r — p for each x € C. O

Remark 2.4. In the definition of the family 3, 7, the assumption that By (minr}) > 01 crucial
to obtain the result of Theorem 2.2. In Corollary 2.3, this assumption is reduced to the fact that
A1 > 0. To see this, let T : [0,1] — [0,1] be given by T(x) = 1 —x. We have F(T) = {3}.
Moreover, if we take the real polynomial P(x) = § + 3x%, then F(P(T)) = F (10.) = 10,11,
which implies that F(T) & F(P(T)), however it can be obtained that F(P(T)) = F(T?).

Definition 2.5. Let X be a Banach space and let C,D be two nonempty subsets of X such that
C C D. A continuous mapping P : D — C is called a retraction of D onto C if Px = x for all
xeC.

The property of the sunny retraction and its characterization in smooth Banach spaces plays a
crucial role in the theory of nonexpansive mappings. For investigation on fixed points involving
sunny retractions, one refers to [14] and the references terein. In 1975, Baillon [15] first proved
the following ergodic theorem which asserts that if C is a closed convex subset of a Hilbert
space and T is a nonexpansive self-mapping on C with F(T) # 0, then, for each x € C, the
Cesaro mean

1n—1 .
Sp(x) = . Z T"x
k=0

converges weakly to some y € F(T). As it was indicated in [8], if Px =y for all x € C, then
P is a nonexpansive retraction from C to F(T') such that PT = TP = P, and Px € co{T"x,n =
1,2,......} for each x € C. By Corollary 2.3, it is easy to conclude that F(S,) = F(T) for all
integer n > 1. In [16], Hirano and Takahashi obtained the existence of such retraction in Banach
spaces and improved many results in the literature.

In the following result, we establish the existence of average mappings and retractions for the
family of mappings 3,,.;.
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Theorem 2.6. Let X be a reflexive Banach space and let C be a closed convex subset of X.
Assume that S is a right reversible semitopological semigroup of nonexpansive mappings which
acts on C for which RUC(S) has a right invariant mean. If there exists an element in C with
a bounded orbit, then, for all integer n > 2, T}] t, 1 a nonexpansive average mapping of C
such that TN}I tytnX € CO{Tyx}qer ez, for all x E C and there exists a nonexpansive mapping
P on C such that T,] .., P = P. Moreover, if C has the normal structure and S is reversible
together with P (glven in [4, Theorem 6]) is affine, then T,1 toytnP = PEIJZ-,n--Jn =P

Proof. Denote

where Y, B, = 1. Itis easy to observe that fll:tanwtn 1S an average nonexpansive mapping.
The Existence of a retraction P on C such that T3P = P (see [4, Lemma 6]) for each s € S implies
that 7, 4, ..., P = P. Now, if P = rQ (see [4, Theorem 6]) is affine, then we infer that

Z i) = Z BT, = Z P>

This conclude the desired result 1mmed1ately. U

Remark 2.7. Observe that if the set I € &, has a bounded orbit in C, then the family 3,
has also a bounded orbit and F(I) = F (S, ) even in the empty case if the action satisfies the
controllable punctual inequality.

3. SOME REMARKS AND QUESTIONS

In the case of nonexpansive mappings, it is easy to construct an example 7" for which the set
{T",n > 1} is infinite. To see this, it suffices to take X = R equipped with its usual norm and
T :R — R given by Tx = v/x2+ 1. A sample calculation shows that T is nonexpansive. In
additiona, we have T"x = v/x2 +n for all n > 2. Thus, T" # T™ for all integers n, m with n # m.

Let X be a Banach space and let C be a nonempty subset of X. Define the family }  of
self-mappings on C by

Y ={r:c—c}
C
satisfying
ITx =l = Tyl + I Ty = yllly = T
1Tx =yl + [Ty —x]|

with the additional assumption that ||7x — y|| + ||Ty — x|| # 0. It is easy to observe that } ¢ is a
nonempty family since it contains constant mappings. It is shown that, for all T € }  and for
all x € C, if n,m > 1 are arbitrary integers with n # m, we have ||T"x — T"x|| < ||x — Tx|| (see
[171).

Finally, we conclude our paper by the following interesting question and remark.

ITx =Tyl <

, xyeCx#y

Question. Is it possible to find a Banach space X and a nonempty subset C of X such that, for all
T € Y ¢ and for all integer n > 2, we have 7" € Y and the set {7"},>; of mappings is infinite.

Conclusion. The results presented in this paper were obtained for not necessarily commutative
right reversible semigroups. We extended in particular those established in [18] for the case of
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a finite family of mappings and gave a perspective to investigate the problem of image recovery
[19] for the right reversible semigroups.
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