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BLOW-UP OF A NONLINEAR VISCOELASTIC WAVE EQUATION WITH
DISTRIBUTED DELAY COMBINED WITH STRONG DAMPING AND SOURCE
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Abstract. In this paper, we are concerned with the problem of a nonlinear viscoelastic wave equation
with distributed delay, strong damping and source terms. We obtain a blow-up result of solutions under
suitable conditions.
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1. INTRODUCTION

In this paper, we consider the following problem

utt−∆u−ω∆ut +
∫ t

0
g(t− s)∆u(s)ds

+µ1ut +
∫

τ2

τ1

|µ2(ρ)|ut(x, t−ρ)dρ = b|u|p−2.u, (x, t) ∈Ω× (0,∞),

u(x, t) = 0, x ∈ ∂Ω,
ut (x,−t) = f0 (x, t) , (x, t) ∈Ω× (0,τ2) ,
u(x,0) = u0 (x) , ut (x,0) = u1 (x) , x ∈Ω,

(1.1)

where ω,b,µ1 > 0, p > 2 and τ1,τ2 are the time delay with 0 ≤ τ1 < τ2, µ2 is an L∞ function,
and g is a differentiable function under the assumptions (A1), (A2), and (A3).
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Viscous materials are the opposite of elastic materials that possess the ability to store and
dissipate the mechanical energy. The mechanical properties of these viscous substances are
of great importance when they appear in many applications of natural sciences. Many authors
investigated this problem after the beginning of the new millennium (see, for example, [1, 2, 3]).

If w = 0, that is, the absence of ∆ut , and µ1 = µ2 = 0, problem (1.1) was studied by Berrimi
and Messaoudi [4]. By using the Galerkin method, they established the local existence result.
Also, they showed the local solution is global in time under a suitable conditions, and with the
same rate of decaying (polynomial or exponential) of the kernel g. They also proved that the
dissipation given by the viscoelastic integral term is strong enough to stabilize the oscillations
of the solution. Their results were also obtained under weaker conditions than those used by
Cavalcanti, Cavalcanti and Ferreira [5].

In [6], Cavalcanti et al. considered the following problem

utt−∆u+
∫ t

0
g(t− s)∆u(s)ds+a(x)ut + |u|γu = 0. (1.2)

They obtained an exponential decay result. The later result was improved by Berrimi and Mes-
saoudi [4], and they showed that the viscoelastic dissipation alone is strong enough to stabilize
the problem even with an exponential rate. There are many results on this field under the as-
sumptions of the kernel g. For the problem (1.1) and with µ1 6= 0, Kafini and Messaoudi [7]
proved a blow up result for the following problem{

utt−∆u+
∫

∞

0
g(t− s)∆u(s)ds+ut = |u|p−2.u, (x, t) ∈ Rn× (0,∞),

u(x,0) = u0 (x) , ut (x,0) = u1 (x) ,
(1.3)

where g satisfies
∫

∞

0 g(s)ds < (2p−4)/(2p−3). Initial data are supported with negative energy
like that

∫
Ω

u0(x)u1(x)dx > 0. If (w > 0), Song and Xue [8] considered with the following
problem {

utt−∆u+
∫

∞

0
g(t− s)∆u(s)ds−∆ut = |u|p−2.u, (x, t) ∈Ω× (0,∞),

u(x,0) = u0 (x) , ut (x,0) = u1 (x) .
(1.4)

Under suitable assumptions on g that there are solutions of (1.4) with the initial energy, they
showed the blow up in a finite time. For the same problem, Song and Zhang [9] proved that
there are solutions of (1.4) with the positive initial energy that blow up in finite time. In [10],
Zennir studied the following problem

utt−∆u−ω∆ut +
∫ t

0
g(t− s)∆u(s)ds

+a|ut |m−2.ut = |u|p−2.u, (x, t) ∈Ω× (0,∞),
u(x,0) = u0 (x) , ut (x,0) = u1 (x) , x ∈Ω,
u(x, t) = 0, x ∈ ∂Ω.

(1.5)

He proved the exponential growth result under suitable assumptions. In [11], Guo, Yuan and
Lin considered the following problem

utt−∆u+
∫

∞

0 g(s)∆u(t− s)ds− ε1∆ut + ε2ut |ut |m−2 = ε3u|u|p−2,
u(x, t) = 0, x ∈ ∂Ω, t > 0,
u(x,0) = u0 (x) , ut (x,0) = u1 (x) , x ∈Ω.

(1.6)
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They showed a blow-up result if p > m, and established the global existence.
In this paper, we studied problem (1.1). All damping mechanisms are considered at the

same time (i.e., w > 0, g 6= 0, and µ1 > 0,µ2 ∈ L∞). These assumptions make our problem
different from the ones previously studied. In particular, the blow-up of solutions. Our goal is
to extend the results of the blow-up results to our strong damping for a viscoelastic problem
with distributed delay. We prove the blow-up result under the following suitable assumptions.
(A1) g : R+→ R+ is a differentiable and decreasing function such that

g(t)≥ 0, 1−
∫

∞

0
g(s)ds = l > 0. (1.7)

(A2) There exists a constant ξ > 0 such that

g′ (t)≤−ξ g(t) , t ≥ 0. (1.8)

(A3) µ2 : [τ1,τ2]→ R is an L∞ function such that

(
2δ −1

2
)
∫

τ2

τ1

|µ2(ρ)|dρ ≤ µ1, δ >
1
2
. (1.9)

2. BLOW-UP SOLUTIONS

In this section, we prove the blow-up result of solutions of problem (1.1). First, as in [12],
we introduce the new variable

y(x,ρ,ρ, t) = ut(x, t−ρρ),

then we obtain {
ρyt(x,ρ,ρ, t)+ yρ(x,ρ,ρ, t) = 0,
y(x,0,ρ, t) = ut(x, t).

(2.1)

Let us denote by

gou =
∫

Ω

∫ t

0
g(t− s)|u(t)−u(s)|2ds. (2.2)

Therefore, problem (1.1) takes the form
utt−∆u−ω∆ut +

∫ t

0
g(t− s)∆u(s)ds

+µ1ut +
∫

τ2

τ1

|µ2(ρ)|y(x,1,ρ, t)dρ = b|u|p−2.u, x ∈Ω, t > 0,

ρyt(x,ρ,ρ, t)+ yρ(x,ρ,ρ, t) = 0

(2.3)

with initial and boundary conditions
u(x, t) = 0, x ∈ ∂Ω,
y(x,ρ,ρ,0) = f0 (x,ρρ) ,
u(x,0) = u0 (x) , ut (x,0) = u1 (x) ,

(2.4)

where
(x,ρ,ρ, t) ∈Ω× (0,1)× (τ1,τ2)× (0,∞)

Theorem 2.1. Assume that (1.7), (1.8), and (1.9) hold. Let 2 < p <
2n−2
n−2

, n≥ 3,

p≥ 2, n = 1,2.
(2.5)
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Then for any initial data

(u0,u1, f0) ∈H / H = H1
0 (Ω)×H1

0 (Ω)×L2(Ω× (0,1)× (τ1,τ2)),

problem (2.4) has a unique solution u ∈C([0,T ];H1
0 ) for some T > 0.

We define the following energy functional.

Lemma 2.2. Assume that (1.7), (1.8), (1.9) and (2.5) hold. Let u(x, t) be a solution of (2.3).
Then E(t) is non-increasing, that is,

E(t) =
1
2
‖ut‖2

2 +
1
2
(1−

∫ t

0
g(s)ds)‖∇u‖2

2 +
1
2
(go∇u)

+
1
2

∫
Ω

∫ 1

0

∫
τ2

τ1

ρ|µ2(ρ)|y2(x,ρ,ρ, t)dρdρdx− b
p
‖u‖p

p, (2.6)

which satisfies

E(t)≤−c1(‖ut‖2
2 +

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx) (2.7)

Proof. Multiplying the equation (2.3)1 by ut and integrating over Ω, we get

d
dt
{1

2
‖ut‖2

2 +
1
2
(1−

∫ t

0
g(s)ds)‖∇u‖2

2 +
1
2
(go∇u)− b

p
‖u‖p

p}

=−µ1‖ut‖2
2−

∫
Ω

ut

∫
τ2

τ1

|µ2(ρ)|y(x,1,ρ, t)dρdx

+
1
2
(g′o∇u)− 1

2
g(t)‖∇u‖2

2−ω‖∇ut‖2
2 (2.8)

and
d
dt

1
2

∫
Ω

∫ 1

0

∫
τ2

τ1

ρ|µ2(ρ)|y2(x,ρ,ρ, t)dρdρdx

= −1
2

∫
Ω

∫ 1

0

∫
τ2

τ1

2|µ2(ρ)|yyρdρdρdx

=
1
2

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,0,ρ, t)dρdx− 1
2

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx

=
1
2
(
∫

τ2

τ1

|µ2(ρ)dρ)‖ut‖2
2−

1
2

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx.

(2.9)

It follows that
d
dt

E(t) = −µ1‖ut‖2
2−

∫
Ω

∫
τ2

τ1

|µ2(ρ)|uty(x,1,ρ, t)dρdx+
1
2
(g′o∇u)

−1
2

g(t)‖∇u‖2
2−ω‖∇ut‖2

2 +
1
2
(
∫

τ2

τ1

|µ2(ρ)dρ)‖ut‖2
2

−1
2

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx. (2.10)

By use of (2.8) and (2.9), we get (2.6) immediately. From Young’s inequality, (1.7), (1.8), (1.9)
and (2.10), we obtain (2.7). This completes the proof. �
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Lemma 2.3. There exists c > 0, depending on Ω only, such that

(
∫

Ω

|u|pdx)s/p ≤ c[‖∇u‖2
2 +‖u‖p

p], (2.11)

for all u ∈ Lp+1(Ω) and 2≤ s≤ p.

Using the fact that ‖u‖2
2 ≤ c‖u‖2

p ≤ c(‖u‖p
p)

2/p, we have the following.

Corollary 2.4. There exists C > 0, depending on Ω, such that

‖u‖2
2 ≤ c[‖∇u‖4/p

2 +(‖u‖p
p)

2/p]. (2.12)

Lemma 2.5. There exists C > 0, depending on Ω, such that

‖u‖s
p ≤C[‖∇u‖2

2 +‖u‖p
p] (2.13)

for all u ∈ Lp+1(Ω) and 2≤ s≤ p.

Proof. If ‖u‖p ≥ 1, then
‖u‖s

p ≤ ‖u‖p
p.

If ‖u‖p ≤ 1, then ‖u‖s
p ≤ ‖u‖2

p. Using Sobolev embedding theorems, we have

‖u‖s
p ≤ ‖u‖2

p ≤ c‖∇u‖2
2.

This completes the proof. �

Now we define the functional

H(t) =−E(t) =
b
p
‖u‖p

p−
1
2
‖ut‖2

2−
1
2
(1−

∫ t

0
g(s)ds)‖∇u‖2

2

−1
2
(go∇u)− 1

2

∫
Ω

∫ 1

0

∫
τ2

τ1

ρ|µ2(ρ)|y2(x,ρ,ρ, t)dρdρdx.

(2.14)

Theorem 2.6. Assume that (1.7)-(1.9), and (2.5) hold, and E(0) < 0. Then the solution of
problem (2.3) blows up in finite time.

Proof. From (2.6), we have
E(t)≤ E(0)≤ 0. (2.15)

Therefore

H′(t) =−E ′(t) ≥ c1(‖ut‖2
2 +

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx)

≥ c1

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx≥ 0 (2.16)

and

0≤H(0)≤H(t)≤ b
p
‖u‖p

p. (2.17)

We set
K (t) =H1−α + ε

∫
Ω

uutdx+
εµ1

2

∫
Ω

u2dx+
εω

2

∫
Ω

(∇u)2dx. (2.18)
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where ε > 0 is to be assigned later and

2(p−2)
p2 < α <

p−2
2p

< 1. (2.19)

Multiplying (2.3)1 by u and with a derivative of (2.18), we get

K ′(t) = (1−α)H−αH′(t)+ ε‖ut‖2
2 + ε

∫
Ω

∇u
∫ t

0
g(t− s)∇u(s)dsdx

−ε‖∇u‖2
2 + εb

∫
Ω

|u|pdx− ε

∫
Ω

∫
τ2

τ1

|µ2(ρ)|uy(x,1,ρ, t)dρdx. (2.20)

Using

ε

∫
Ω

∫
τ2

τ1

|µ2(ρ)|uy(x,1,ρ, t)dρdx ≤ ε{δ1(
∫

τ2

τ1

|µ2(ρ)|dρ)‖u‖2
2

+
1

4δ1

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx}.

(2.21)

and

ε

∫ t

0
g(t− s)ds

∫
Ω

∇u.∇u(s)dxds = ε

∫ t

0
g(t− s)ds

∫
Ω

∇u.(∇u(s)−∇u(t))dxds

+ε

∫ t

0
g(s)ds‖∇u‖2

2

≥ ε

2

∫ t

0
g(s)ds‖∇u‖2

2−
ε

2
(go∇u). (2.22)

we obtain from (2.20) that

K ′(t) ≥ (1−α)H−αH′(t)+ ε‖ut‖2
2− ε(1− 1

2

∫ t

0
g(s)ds)‖∇u‖2

2 + εb‖u‖p
p

−εδ1(
∫

τ2

τ1

|µ2(ρ)|dρ)‖u‖2
2−

ε

4δ1

∫
Ω

∫
τ2

τ1

|µ2(ρ)|y2(x,1,ρ, t)dρdx

+
ε

2
(go∇u). (2.23)

Using (2.16) and setting δ1 such that
1

4δ1c1
= κH−α(t), we get

K ′(t) ≥ [(1−α)− εκ]H−αH′(t)+ ε‖ut‖2
2

−ε[(1− 1
2

∫ t

0
g(s)ds)]‖∇u‖2

2 + εb‖u‖p
p

−ε
Hα(t)
4c1κ

(
∫

τ2

τ1

|µ2(ρ)|dρ)‖u‖2
2 +

ε

2
(go∇u). (2.24)



BLOW-UP OF A NONLINEAR VISCOELASTIC WAVE EQUATION 7

For 0 < a < 1, it follows from (2.14) that

εb‖u‖p
p = ε p(1−a)H(t)+

ε p(1−a)
2

‖ut‖2
2 + εba‖u‖p

p

+
ε p(1−a)

2
(1−

∫ t

0
g(s)ds)‖∇u‖2

2 +
ε

2
p(1−a)(go∇u)

+
ε p(1−a)

2

∫
Ω

∫ 1

0

∫
τ2

τ1

ρ|µ2(ρ)|y2(x,ρ,ρ, t)dρdρdx, (2.25)

which together with (2.24) implies that

K ′(t) ≥ [(1−α)− εκ]H−αH′(t)+ ε[
p(1−a)

2
+1]‖ut‖2

2

+ε[(
p(1−a)

2
)(1−

∫ t

0
g(s)ds)− (1− 1

2

∫ t

0
g(s)ds)]‖∇u‖2

2

−ε
Hα(t)
4c1κ

(
∫

τ2

τ1

|µ2(ρ)|dρ)‖u‖2
2 + ε p(1−a)H(t)+ εba‖u‖p

p

+
ε p(1−a)

2

∫
Ω

∫ 1

0

∫
τ2

τ1

ρ|µ2(ρ)|y2(x,ρ,ρ, t)dρdρdx

+
ε

2
(p(1−a)+1)(go∇u). (2.26)

Using (2.12), (2.17) and Young’s inequality, we get

Hα(t)‖u‖2
2 ≤ (b

∫
Ω

|u|pdx)α‖u‖2
2

≤ c{(
∫

Ω

|u|pdx)α+2/p +(
∫

Ω

|u|pdx)α‖∇u‖4/p
2 }

≤ c{(
∫

Ω

|u|pdx)(pα+2)/p +‖∇u‖2
2 +(

∫
Ω

|u|pdx)pα/(p−2)}. (2.27)

Exploiting (2.19), we have

2 < pα +2≤ p, and 2 <
α p2

p−2
≤ p.

Consequently, it follows from Lemma 2.2 that

Hα(t)‖u‖2
2 ≤ c{‖u‖p

pdx+‖∇u‖2
2}. (2.28)
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Combining (2.26) and (2.28), we obtain

K ′(t) ≥ [(1−α)− εκ]H−αH′(t)+ ε[
p(1−a)

2
+1]‖ut‖2

2

+
ε

2
(p(1−a)+1)(go∇u)

+ε{( p(1−a)
2

−1)−
∫ t

0
g(s)ds(

p(1−a)−1
2

)

− c
4c1κ

(
∫

τ2

τ1

|µ2(ρ)|dρ)}‖∇u‖2
2

+ε[ab− c
4c1κ

(
∫

τ2

τ1

|µ2(ρ)|dρ)]‖u‖p
p + ε p(1−a)H(t)

+
ε p(1−a)

2

∫
Ω

∫ 1

0

∫
τ2

τ1

ρ|µ2(ρ)|y2(x,ρ,ρ, t)dρdρdx. (2.29)

We take a > 0 small enough such that

α1 =
p(1−a)

2
−1 > 0

and assume ∫
∞

0
g(s)ds <

p(1−a)
2

−1

(
p(1−a)

2
− 1

2
)

=
2α1

2α1 +1
. (2.30)

Then, we choose κ such that

α2 = (
p(1−a)

2
−1)−

∫ t

0
g(s)ds(

p(1−a)−1
2

)− c
4c1κ

(
∫

τ2

τ1

|µ2(ρ)|dρ)> 0

and

α3 = ab− c
4c1κ

(
∫

τ2

τ1

|µ2(ρ)|dρ)> 0.

Fixing κ and a, we have ε small enough such that

α4 = (1−α)− εκ > 0.

Thus, for some β > 0, (2.29) becomes

K ′(t) ≥ β{H(t)+‖ut‖2
2 +‖∇u‖2

2 +(go∇u)+‖u‖p
p

+
∫

Ω

∫ 1

0

∫
τ2

τ1

ρ|µ2(ρ)|y2(x,ρ,ρ, t)dρdρdx}. (2.31)

It follows that
K (t)≥K (0)> 0, t > 0. (2.32)

Next, using Holder’s and Young’s inequalities, we have

‖u‖2 = (
∫

Ω

u2dx)
1
2 ≤ [(

∫
Ω

(|u|2)p/2dx)
2
p .(
∫

Ω

1dx)1− 2
p ]

1
2 ≤ c‖u‖p (2.33)

and
|
∫

Ω

uutdx| ≤ ‖ut‖2.‖u‖2 ≤ c‖ut‖2.‖u‖p.
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It follows that

|
∫

Ω

uutdx|
1

1−α ≥ c‖ut‖
1

1−α

2 .‖u‖
1

1−α
p

≤ c[‖ut‖
θ

1−α

2 +‖u‖
µ

1−α
p ], (2.34)

where 1
µ
+ 1

θ
= 1. We take θ = 2(1−α) to get

µ

1−α
=

2
1−2α

≤ p

Subsequently, for s = 2
(1−2α) , we obtain

|
∫

Ω

uutdx|
1

1−α ≤ c[‖ut‖2
2 +‖u‖s

p].

Therefore, Lemma 2.3 gives that

|
∫

Ω

uutdx|
1

1−α ≥ c[‖ut‖2
2 +‖u‖p

p +‖∇u‖2
2]

≤ c[‖ut‖2
2 +‖u‖p

p +‖∇u‖2
2 +(go∇u)]. (2.35)

Subsequently,

K
1

1−α (t) = (H1−α + ε

∫
Ω

uutdx+
εµ1

2

∫
Ω

u2dx+
εω

2

∫
Ω

∇u2dx)
1

1−α

≤ c[H(t)+ |
∫

Ω

uutdx|
1

1−α +‖u‖
2

1−α

2 +‖∇u‖
2

1−α

2 ]

≤ c[H(t)+‖ut‖2
2 +‖u‖p

p +‖∇u‖2
2 +(go∇u)]. (2.36)

From (2.31) and (2.36), we have

K ′(t)≥ λK
1

1−α (t), (2.37)

where λ > 0, which depends only on β and c. By integration of (2.37), we obtain

K
α

1−α (t)≥ 1

K
−α

1−α (0)−λ
α

(1−α)t
.

Hence, K (t) blows up in time

T ≤ T ∗ =
1−α

λαK α/(1−α)(0)
.

Then the proof is completed. �
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