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Abstract. In this paper, we are concerned with the problem of a nonlinear viscoelastic wave equation

with distributed delay, strong damping and source terms. We obtain a blow-up result of solutions under
suitable conditions.
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1. INTRODUCTION

In this paper, we consider the following problem

¢

t
un—Au—a)Au,—i—/ g(t —s)Au(s)ds

0

(%)
TH +/ |t2(p) s (x,1 — p)dp = blu?2.u, (x,t) € Qx (0,e0),
T

u(x,t) =0, x € 0Q,
Ut (X, _t) = fO (X,l), ()C,l) €Qx (07T2)7
\ M(X,O) = Uo (X), Uy (X,O) =i (X), DS Q7

where @,b,u; > 0, p > 2 and 71, 7> are the time delay with 0 < 7| < T, U is an L™ function,
and g is a differentiable function under the assumptions (A1), (A43), and (A3).

(1.1)
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Viscous materials are the opposite of elastic materials that possess the ability to store and
dissipate the mechanical energy. The mechanical properties of these viscous substances are
of great importance when they appear in many applications of natural sciences. Many authors
investigated this problem after the beginning of the new millennium (see, for example, [1, 2, 3]).

If w = 0, that is, the absence of Au;, and u; = up =0, problem (1.1) was studied by Berrimi
and Messaoudi [4]. By using the Galerkin method, they established the local existence result.
Also, they showed the local solution is global in time under a suitable conditions, and with the
same rate of decaying (polynomial or exponential) of the kernel g. They also proved that the
dissipation given by the viscoelastic integral term is strong enough to stabilize the oscillations
of the solution. Their results were also obtained under weaker conditions than those used by
Cavalcanti, Cavalcanti and Ferreira [5].

In [6], Cavalcanti et al. considered the following problem

t
u,,—Au—l—/O g(t —s)Au(s)ds +a(x)u; + |u|'u = 0. (1.2)

They obtained an exponential decay result. The later result was improved by Berrimi and Mes-
saoudi [4], and they showed that the viscoelastic dissipation alone is strong enough to stabilize
the problem even with an exponential rate. There are many results on this field under the as-
sumptions of the kernel g. For the problem (1.1) and with y; # 0, Kafini and Messaoudi [7]
proved a blow up result for the following problem

{ Uz —Au+/ g(t —s)Au(s)ds+u, = |ulP2u, (x,t) € R"x (0,00), (1.3)
O .

u(x,0) =ugp(x), u (x,0) = uj (x),

where g satisfies [;"g(s)ds < (2p—4)/(2p—3). Initial data are supported with negative energy
like that g, ug(x)u;(x)dx > 0. If (w > 0), Song and Xue [8] considered with the following
problem

{ Uy —Au“‘/ g(t —8)Au(s)ds — Auy = |u|P~2.u, (x,t) € Qx (0,00), (1.4)
O .

u(x,0) =ug(x), u (x,0) = uy (x).

Under suitable assumptions on g that there are solutions of (1.4) with the initial energy, they
showed the blow up in a finite time. For the same problem, Song and Zhang [9] proved that
there are solutions of (1.4) with the positive initial energy that blow up in finite time. In [10],
Zennir studied the following problem

t
Uy — Au— 0Au; + /0 g(t —s)Au(s)ds

talu "2 = u|P~u, (x,1) € Qx (0,0), (1.5)
u(x,0) =ug(x), u (x,0) =up (x), x€Q,
u(x,t) =0, x€dQ.
He proved the exponential growth result under suitable assumptions. In [11], Guo, Yuan and
Lin considered the following problem
uy — Au+ [y g(s)Au(t — s)ds — €1 Au; + &1y |t |2 = e3ulu|P~2,
u(x,t) =0, x€dQ, >0, (1.6)
M(X,O) = Uuo (X), U ()C,O) =i (X)7 x € Q.
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They showed a blow-up result if p > m, and established the global existence.

In this paper, we studied problem (1.1). All damping mechanisms are considered at the
same time (i.e., w > 0, g # 0, and u; > 0,y € L™). These assumptions make our problem
different from the ones previously studied. In particular, the blow-up of solutions. Our goal is
to extend the results of the blow-up results to our strong damping for a viscoelastic problem
with distributed delay. We prove the blow-up result under the following suitable assumptions.
(A1) g: Ry — Ry is a differentiable and decreasing function such that

g(t) >0, 1—/ g(s)ds=1>0. (1.7)
0
(A2) There exists a constant & > 0 such that
g)<—Egt), 120 (1.8)
(A3) W : [71, 2] — R is an L™ function such that
26 —1 1
t—;ﬂ/’WA)Mpﬁm,6>5. (1.9)

2. BLOW-UP SOLUTIONS

In this section, we prove the blow-up result of solutions of problem (1.1). First, as in [12],
we introduce the new variable

y(x7p7p7t) = l/tt(X,t—pp),

then we obtain
{ pyt(xvpapat)+yp(x7p7p’t)207 (2 1)
y(x,O,p,t):u,(x,t). .
Let us denote by

gou = /Q/Otg(t —5)|u(r) — u(s)|*ds. (2.2)

Therefore, problem (1.1) takes the form
t

—Au—a)Au,—i—/O g(t —s)Au(s)ds

+ﬂ1”t+/ |2 (p |y(x,17Pt)dP blulP~2u, xeQ,t>0, (2.3)

Py (x,p, P, t)+yp(x p.p,t) =
with initial and boundary conditions
u(x,t) =0, xe€dQ,

y(xvpvl)?o):f()(x?pp)? (2.4)
M(X,O) = Uuo (X), Uz (X,O) =u (x>7

where
(xapvpvt) €Qx (071) X (T17T2) X (O’oo)
Theorem 2.1. Assume that (1.7), (1.8), and (1.9) hold. Let

m—2
2ep< T 43,
n—2

p>2, n=1,2.

(2.5)
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Then for any initial data
(ug,u1, fo) € H# | A =HI(Q) x H}(Q) x L*(Q % (0,1) x (11,7)),
problem (2.4) has a unique solution u € C([0,T);H}) for some T > 0.
We define the following energy functional.

Lemma 2.2. Assume that (1.7), (1.8), (1.9) and (2.5) hold. Let u(x,t) be a solution of (2.3).
Then E(t) is non-increasing, that is,

1 1 4 1
E@) = Slul3+5(1— [ e(s)ds)|Vuli+3(goVu)
1 1 T 2 b
45 | [ [ plua(p)y?(xp.pot)dpdpdx— ul, (2.6)
QJO T1 p
which satisfies
T
E@) < —ei(lul3+ [ [ la(p)y(x.1.p.1)dpdx) @)
1

Proof. Multiplying the equation (2.3); by u,; and integrating over Q, we get

d 1 1 ! , 1 b,
GGl 50— [ g(6)ds) Va3 + 5 (e0¥) )

(%]
= |3 - /Q " / (P y(x, 1, p.1)dpdx
1
1

1
+5(g'0Vu) = S8(0)||Vull3 - 0| Viu |3 (28)

and

T
dtZ/// plua(p)y* (x,p,p,1)dpdpdx

(7]
= —5// 2|u2(p)lyypdpdpdx
QJ0 Jr
1 )
= E/Q/T ‘Hz(P)’yz(x,O,ptdpdx——// w2 (p Iy x,1,p,t)dpdx
1
1, r=
1

(2.9)
It follows that
d 2 B L,
SE0) = il [ [ )yt 1.p.0dpdx + 5 (goV)
Q T
1 2 2 1, [ 2
=280 [Vul} ~ @l Vau -+ ([~ Iaa(p)dp) il
1
1/ [© 5
5 | [ ) 1.p.r)dpar (2.10)
Q T1

By use of (2.8) and (2.9), we get (2.6) immediately. From Young’s inequality, (1.7), (1.8), (1.9)
and (2.10), we obtain (2.7). This completes the proof. ]
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Lemma 2.3. There exists ¢ > 0, depending on Q only, such that
([ larax)? < clluld+ ), @1
forallu e LPT1(Q) and 2 < s < p.
Using the fact that |ju[|3 < c||u||%, < ¢(||ul|h)?/P, we have the following.

Corollary 2.4. There exists C > 0, depending on Q, such that

lul3 < [l Vall3” + (lull5)7). (2.12)
Lemma 2.5. There exists C > 0, depending on Q, such that
leelly, < ClIVull3+ [l 5] (2.13)
forallue LPT1(Q) and 2 < s < p.
Proof. If |ju|, > 1, then
Jall, < [Jael[ -

If [|ul|, <1, then [[u]l}, < HuH[zJ Using Sobolev embedding theorems, we have

lully, < [l < el Vel 3.

This completes the proof. U
Now we define the functional
1 t
H(t)=—E(t) = —HuH” - —Hquz —5( —/ g(s)ds)||Vull3

goVu ——// /T plta(p)y*(x,p,p,1)dpdpdsx.
(2.14)

Theorem 2.6. Assume that (1.7)-(1.9), and (2.5) hold, and E(0) < 0. Then the solution of
problem (2.3) blows up in finite time.

Proof. From (2.6), we have

E(t) <E(0)<0. (2.15)
Therefore
T
H' (1) = —E'(r) > 61(|!qu%+/9/1 w2 (p) [y (x,1,p,1)dpdx)
1
(7]
> cl/g/ \2(p)y?(x,1,p,1)dpdx > 0 (2.16)
T
and
0 <H(0) <H1) < 2.17)
We set

H (1) :]H[la—l—s/ uutdx—l—gﬂ/ uzdx—k@/ (Vu)zdx. (2.18)
Q 2 Jo 2 Jo
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where € > 0 is to be assigned later and

2(p—2 —2
=2 yP=2y (2.19)
p 2p

Multiplying (2.3); by u and with a derivative of (2.18), we get
t
') = (1—a)H "H (1) + €||u;||3 —1—8/ Vu/ g(t —s)Vu(s)dsdx
Q 0

(%)
—8\|VuH%+£b/Q]u|pdx—e/Q/ (p)|uy(x, 1, p,0)dpdx.  (2.20)
T

Using
T (%) )
e [ | plustx1p.dpdx < efsi( [ ua(p)dp) Jul3
1 1
1 3 )
o | @1 por)dpds).
451 QJ1
(2.21)
and
t t
8/ g(t—s)ds/ Vu.Vu(s)dxds = 8/ g(t—s)ds/ Vu.(Vu(s) — Vu(t))dxds
0 Q 0 Q
t
+e [ gls)ds]|vul3
e [t , €
> 2 [ al)dslVull3 - 5 (goVu). (2.22)
0 2
we obtain from (2.20) that
1 t
AW = (1= @B 0)+ el — e =3 [ gls)as)IVul} +eblul
2 > € 2 2
—e8i([ " Ima(e)ldp) a3~ 5 [ [ Iua(p)b(x 1. por)dpds
T 451 QJr
—|—§(g0Vu). (2.23)
Using (2.16) and setting &; such that 150 = KH™% (1), we get
1€1
A1) = [(1— ) —ex]H “H'(r) + |3
1 t
—el(l=5 | g(s)ds)]|| Vul3 + ebl|ul;
H*(t), (™ ) €
— —(goVu). .
dere UL Ima(0)lap) a3 + 5 g0V 224)
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For 0 < a < 1, it follows from (2.14) that

ep(l—a
bl = ep(t—a)E() + LD )3+ ebalu
ep(l—a ! £
+PEZ (1 [ g(5)as) Vil + 51~ a) o¥a)

Ep 1—a 1 T
+%/ / P|,uz(p)|y2(x,p,p,t)dpdpd%
QJo Jr
which together with (2.24) implies that

K1) > [(1—a)—ex]H *H (¢) + €]

+ 1] 13

p(1—a)
2

4P - [g(o)ds)~ (13 [ g(5)as)] vl
HE ()
4C1K

ep 1—a 1 T
+¥/ / plua(p)ly*(x,p,p,t)dpdpdx
QJO T

—l—;(p(l —a)+1)(goVu).

(. lalp)idp) 1l +ep(1 ~i(e) + ebau

Using (2.12), (2.17) and Young’s inequality, we get

) Jul} < (b [ urdn)ul3
< ([ Juprdx) 2 ([ uran® Va3
Q Q

< ef( [ a0 P ul+ (/o2

Exploiting (2.19), we have

ap?

2<pa+2<p, and 2<
p—2

< p.
Consequently, it follows from Lemma 2.2 that

H*(0)|lullz < e{lullpdx + | Vull3}.

(2.25)

(2.26)

(2.27)

(2.28)
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Combining (2.26) and (2.28), we obtain

A0 2 10 0) - eE B () + 2D 1] 3

+§(p(1 —a) +1)(goVu)

se((PU - [g(opas P

P
([ lua(pldp)}Ival?

_4C1K ]
c T
relab— (| " wa(p)ldp)ully + ep(1 - @E()
CIK T1
ep(l—a I o
+—(2 : / / / plua(p)y* (x.p,p,1)dpdpds. (2.29)
QJO0 T
We take a > 0 small enough such that
1—a
o = : ) 1s0
and assume
p(l—a) . ,
d - . 2.30
/O 8s)ds < p(l—a) 1 200 + 1 ( )
( 2 _5)

Then, we choose k such that

a2 = (P 1) [ eas S - L[ ap)lap) > 0

and

T
a5 =ab— / “la(p)lap) > 0.

Fixing « and a, we have € small enough such that
oy=(1—0a)—€ex>0.
Thus, for some B > 0, (2.29) becomes
H(0) = B{HE() + [|uel3 + (Va3 + (g0Vur) + |5

1 rn
+/Q/0 /n pli(p)ly*(x,p,p,1)dpdpdx}. (2.31)
It follows that
H(t) > #(0)>0, t>0. (2.32)
Next, using Holder’s and Young’s inequalities, we have
1 2 1—-2,1
Jul = (| ) <[( [ (u)?2dx)p.( [ 100771 < clul, (2.33)

and
!/Quuzdxl < luel2-[Jull2 < cflue]]2-[[ul] -



BLOW-UP OF A NONLINEAR VISCOELASTIC WAVE EQUATION 9

It follows that
1 1 1
| [T = el
6 _u
< ellull§ =+ 1l ) 234

where %—f—% = 1. We take 6 =2(1 — &) to get

u 2
= <
l—a 1-20°7

Subsequently, for s = ﬁ, we obtain

1 2
| /Q udx| 7 < |3+ lull3).

Therefore, Lemma 2.3 gives that

]/ uu,dx|ﬁ
Q

v

llluel |3+ el + [V 2]

IN

clue |3+ Jullf) + | Vul 3 + (g0 V) - (2.35)
Subsequently,

Ji/ﬁ(t) = (H'_O‘—l-e/guutdx-l-%/Quzdx-l-%/gvuzdx)“la

IN

CABI)+ | [ wnde] P+ [ ]

< C[H() + w3+ [Jullh + (| Vull3 + (g0Vu)]. (2.36)
From (2.31) and (2.36), we have
A1) > AAH T (1), (2.37)

where A > 0, which depends only on 3 and c. By integration of (2.37), we obtain

H T () >

Hence, % (¢) blows up in time

Then the proof is completed. 0J
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