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Abstract. Whenever an elastic string with fixed ends is subjected to transverse vibrations, its length
varies with the time and introduces changes of the tension in the string. This motivated Kirchhoff to
propose a nonlinear correction of the classical D’Alembert equation. In this paper, we prove the existence
of the solution to the mixed problem for the coupled beam system of Kirchhoff type with nonlinear
frictional damping and source terms. Moreover, by Nakao method we prove the uniform decay of the
solution.
Keywords. Coupled beam system; Nonlinear frictional damping; Source term.

1. INTRODUCTION

Many structures in mechanical engineering, electrical engineering, civil engineering and
aerospace engineering are formed by a single beam or more than one. One of the first mathe-
matical analysis for the Kirchhoff beam equation for Ω = (0,L)⊂ R, L > 0,

utt +uxxxx−M
(∫ L

0
|ux|2 dx

)
uxx = 0 (1.1)

was done by Ball (1973) [1] . Tucsnak (1996) [2] extended for the beam equation in Ω⊂ Rn

utt +∆
2u+M(|∇u|2)(−∆u) = 0, (1.2)

where
|∇u|2 =:

∫
Ω

|∇u|2 dx.
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For the nonlinear and damped extensible beam equation, we cite Cavalcanti et al. [3] with
references therein

utt +∆
2u+αu+M

(
|∇u|2

)
(−∆u)+ f (u)+g(ut) = 0 in Ω× (0,∞), (1.3)

where Ω is any bounded or unbounded open set of Rn,α > 0 and f ,g are power like functions.
The existence of global solutions was proved by means of fixed point theorems and continuity
arguments. In fact, f (u) and g(ut) are external source and nonlinear damping, respectively.

Coupled systems appear in different contexts representing different phenomena, for instance,
robot arms, rotor turbine and helicopter blades, turbomachineries, electronic equipment, anten-
nas, missiles, panels, pipelines, buildings, bridges, etc. From mathematical point of view, this
structures is presented as vibrations of a beam, laminated beam, the transmission problem, ther-
moelasticity and so on. In this paper, we deal with the existence and the energy decay estimate
of global solutions for the coupled beams system of Kirchhoff type with nonlinear frictional
damping and source terms, given by

utt +∆
2u+M(|∇u|2 + |∇v|2)(−∆u)+ |ut |p−1ut = |u|q−1u in Ω× (0,T ), (1.4)

vtt +∆
2v+M(|∇u|2 + |∇v|2)(−∆v)+ |vt |p−1vt = |v|q−1v in Ω× (0,T ), (1.5)

(u(x,0),v(x,0)) = (u0,v0), x ∈Ω, (1.6)

(ut(x,0),vt(x,0)) = (u1,v1), x ∈Ω, (1.7)

u(x, t) =
∂u
∂η

(x, t) = v(x, t) =
∂v
∂η

(x, t) = 0, x ∈ ∂Ω, t ≥ 0, (1.8)

where p ≥ 1, q > 1 are real number, Ω is a bounded domain in Rn with smooth boundary ∂Ω

and M(s) is a continuous function on [0,+∞).
Timoshenko [4] came up with a new theory for a coupled system, which is better suited for

engineering practice and is nowadays widely used for moderately thick beams. In his theory,
it was also assumed that the plane cross-sections u is perpendicular to the beam centerline and
remain plane. Then, an additional kinematics variable represents the rotation angle of a filament
of the beam ϕ was added in the displacement assumptions. The pioneer linear model was given
by two coupled partial differential equations

ρutt(x, t)−K(ux−Kϕ)x = 0, x ∈ (0,L), t > 0,

Iρϕtt(x, t)−EIϕxx(x, t)−K(ux−Kϕ) = 0, x ∈ (0,L), t ≥ 0,

where t is the time variable and x is the space coordinate along the beam, the length of which is
L, in its equilibrium position. The coefficients ρ, Iρ ,E, I and K are the mass per unit length, the
polar moment of inertia of a cross section, Young’s modulus of elasticity, the moment of inertia
of a cross section and the shear modulus, respectively.

Hansen and Spies [5] derived from Timoshenko’s theory, a coupled model for a structure of
two identical beams of uniform thickness with an adhesive layer (of negligible thickness and
mass) bonding the two adjoining surfaces in such a way that a slip is allowed while they are
continuously in contact with each other. The adhesive layer produces a restoring force which is
assumed to be proportional to the amount of slip. The model derived is called laminated beams



COUPLED SYSTEM OF KIRCHHOFF BEAM EQUATIONS 3

and is given by
ρwtt +G(ψ−wx)x = 0,

Iρ(3stt−ψtt)−D(3sxx−ψxx)−G(ψ−wx) = 0,

3Iρstt−3Dsxx +3G(ψ−wx)+4γs+4β st = 0,

where w = w(x, t) is the transverse displacement, ψ = ψ(x, t) is the rotation angle, s = s(x, t)
is proportional to the amount of slip along the interface. The positive parameters ρ, Iρ ,G,D,
and γ, are the density, mass moment of inertia, shear stiffness, flexural rigidity, and adhesive
stiffness, respectively. The non-negative parameter β is called the adhesive damping, and st is a
structural damping of the system. These structures have gained tremendous popularity and are
of considerable importance in both science and engineering fields.

The transmission problem consists of a coupled system of wave propagation over bodies with
two physically different types of materials. One component is a simple elastic part while the
other is a component endowed with stabilization property. The transmission problem to hyper-
bolic equations was first studied by Dautray and Lions [6]. In [7], Liu considered a transmission
problem in a bounded domain with a distributed delay given by

utt(x, t)−auxx(x, t)+µ1ut(x, t)+
∫

τ2

τ1

µ2(s)ut(t− s)ds = 0, x ∈Ω, t > 0,

vtt(x, t)−bvxx(x, t) = 0, x ∈ (L1,L2), t ≥ 0,

under the boundary and the transmission conditions

u(0, t) = u(L3, t) = 0,

u(Li, t) = v(Li, t), i = 1,2,

aux(Li, t) = bvx(Li, t), i = 1,2,

and the initial conditions

u(x,0) = u0(x), ut(x,0) = u1(x), x ∈Ω,

v(x,0) = v0(x), vt(x,0) = v1(x), x ∈ (L1,L2),

ut(x,−t) = f0(x,−t), x ∈Ω, t ∈ (0,τ2),

where 0< L1 < L2 < L3, Ω=(0,L1)∪(L2,L3), a,b,µ1 are positive constants, and the initial data
(u0,u1,v0,v1, f0) belongs to suitable space. Moreover, µ2 : [τ1,τ2]→ R is a bounded function,
where τ1 and τ2 are two real number satisfying 0 ≤ τ1 < τ2. Using a semigroup theorem, the
author proved the existence and uniqueness of global solutions under suitable assumptions on
the weight of damping and the weight of distributed delay, and established the exponential
stability of the solution by introducing a suitable Lyapunov functional.

The one dimensional thermoelastic system for a body of length L is given by the coupled
system

utt−uxx +αθx = 0, x ∈ (0,L), t > 0,

θt−θxx +βuxt = 0, x ∈ (0,L), t > 0,
(1.9)

where u,θ represent the small transversal vibrations and temperature, respectively. The exis-
tence, uniqueness and regularity of the solution of (1.9) is well known by now and was due to
the pioneer work of Dafermos [8]. Thermoelastic system type p-Laplacian was presented by
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Raposo et al. in [9]
utt−∆pu+θ = |u|r−1u,

θt−∆θ = ut ,

where ∆pu is the nonlinear p-Laplacian operator, 2≤ p < ∞. The authors applied the potential
well theory and the global solution was constructed by means of the Faedo-Galerkin approx-
imations by taking into account the fact that the initial data is in appropriated set of stability
created from the Nehari manifold.

Regarding the model (1.4)–(1.5), Park and Bae [10] proved the existence of the solution to
the mixed problem for the coupled wave equation of Kirchhoff type with nonlinear boundary
damping and memory source term of the form

utt +M(||∇u||2 + ||∇v||2)(−∆u)−∆ut = 0, in Ω× (0,∞),

vtt +M(||∇u||2 + ||∇v||2)(−∆v)−∆vt = 0, in Ω× (0,∞),

u = v =
∂u
∂ν

=
∂v
∂ν

0, on ∂Ω× (0,∞),

M(||∇u||2 + ||∇v||2) ∂u
∂ν

+
∂ut

∂ν
+u+ut +g(t)|ut |ρut = g∗ |u|γu on Γ0× (0,∞),

M(||∇u||2 + ||∇v||2) ∂v
∂ν

+
∂vt

∂ν
+ v+ vt +g(t)|vt |ρvt = g∗ |v|γv = 0, on Γ0× (0,∞),

where Ω is a bounded domain of Rn, n ≥ 1, with C2 boundary Γ := ∂Ω such that Γ = Γ0 ∪
Γ1, Γ̄0∩ Γ̄1 = /0 and Γ0,Γ1 have positive measures, M(s) is in C1 class like as 1+ s,

[g∗u](t) =
∫ t

0
g(t− r)u(r)dr

and ν denotes the unit outer normal vector pointing towards Ω.
The global existence of global solutions and asymptotic behaviour of the energy for the wave

equations of Kirchhoff type with nonlocal boundary condition was proved by Ferreira et al.
[11]. They took into account the system bellow

utt +M(||∇u||2 + ||∇v||2)(−∆u)−∆ut + f1(u) = 0, in Ω× (0,∞),

vtt +M(||∇u||2 + ||∇v||2)(−∆v)−∆vt + f2(v) = 0, in Ω× (0,∞),

u = v = 0, on Γ0× (0,∞),

u+
∫ t

0
g1(t− s)M(||∇u||2 + ||∇v||2) ∂u

∂ν
(s)+

∂ut

∂ν
(s)ds = 0, in Γ1× (0,∞),

v+
∫ t

0
g2(t− s)M(||∇u||2 + ||∇v||2) ∂v

∂ν
(s)+

∂vt

∂ν
(s)ds = 0, in Γ1× (0,∞),

where Ω is a bounded domain of Rn, n≥ 1, with smooth boundary Γ = Γ0∪Γ1, Γ0,Γ1 closed,
disjoint, Γ0 6= /0 and ν is the unit normal vector pointing towards the exterior of Ω and gi are
positive and non decreasing, while the functions fi ∈C1(R), i= 1,2, satisfies fi(s)s≥ 0, ∀s∈R.

The following system was considered by Ye [12]

utt +M(||∇u||2 + ||∇v||2)(−∆u)−a|ut |q−2ut = b|u|p−2u|v|p in Ω× (0,∞),

vtt +M(||∇u||2 + ||∇v||2)(−∆v)−a|vt |q−2vt = b|v|p−2v|u|p in Ω× (0,∞).
(1.10)
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The author proved the global existence and energy decay results. The model (1.10) has its origin
in the nonlinear vibrations of an elastic string introduced by Narasimha [13].

The existence, uniqueness, and uniform decay rates of the energy of solution for a nonlinear
degenerate coupled beams system with weak damping was presented by Lobato et al. [14] in

K1(x, t)utt +∆
2u+M(||u||2 + ||v||2)(−∆u)+ut = f1(u,v), in Ω× (0,T ),

K2(x, t)vtt +∆
2v+M(||u||2 + ||v||2)(−∆v)+ vt = f2(u,v) in Ω× (0,T ),

u = v =
∂u
∂ν

=
∂v
∂ν

= 0 on ∂Ω× (0,T ),

where Ω is a bounded domain of Rn, n ≥ 1, with smooth boundary Γ, T > 0 is a real arbitrary
number, ν is the unit normal at Γ× (0,T ) direct towards the exterior of Ω× (0,T ), with M ∈
C1([0,∞)) and

Ki ∈C1([0,T ] : H1
0 (Ω)∩L∞(Ω)), i = 1,2.

Recently, the nonexistence of global solutions for positive initial energy was proved by Pişkin
and Ekinci [15] for the coupled nonlinear Kirchhoff type equation with degenerate damping and
source terms. They considered the following system

|ut | jutt +M(||∇u||2 + ||∇v||2)(−∆u)− (|u|k + |v|l)up−1
t = f1(u,v), in Ω× (0,∞),

|vt | jvtt +M(||∇u||2 + ||∇v||2)(−∆v)− (|v|θ + |u|ρ)vq−1
t = f2(u,v), in Ω× (0,∞),

where Ω is a bounded domain with smooth boundary ∂Ω in Rn,(n= 1;2;3), p,q≥ 1, j,k, l,q,θ ,ρ ≥
0, M(s) is a nonnegative locally Lipschitz function and

f1(u,v) = a|u+ v|2(r+1)(u+ v)+b|u|ru|v|r+2,

f2(u,v) = a|u+ v|2(r+1)(u+ v)+b|v|rv|u|r+2,

where a,b > 0 are constants with −1 < r if n = 1,2 and −1 < r < 1 when n = 3.
The abstract formulation of the coupled system was given by Pereira et al. [16] where they

studied the existence of solutions by Faedo-Galerkin’s method and proved the exponential decay
by using Nakao’s theorem for the following problem

K1u′′+A2
1u+M

(∣∣∣A1/2
1 u

∣∣∣2 + ∣∣∣A1/2
2 v

∣∣∣2)A1u+δ1u′ = 0,

K2v′′+A2
2v+M

(∣∣∣A1/2
1 u

∣∣∣2 + ∣∣∣A1/2
2 v

∣∣∣2)A2v+δ2v′ = 0,

(K1u′)(0) = K1/2
1 u1, (K2v′)(0) = K1/2

2 v1,

for δi > 0, i = 1,2, where M ∈C0[0,+∞) with M(λ )≥ 0 ∀ λ > 0 and Ki, i = 1,2 are symmet-
rical linear operators in H with (Kiw,w)> 0, ∀ w ∈ H, Ai, i = 1,2 are self-adjoint and positive
linear operator, with domain D(Ai) dense in H, that is, there exist positive constants mi, i = 1,2,
such that (A1v,v)≥ m1|v|2, ∀ v ∈D(A1), (A2w,w)≥ m2|w|2, ∀ w ∈D(A2).

The Kirchhoff’s function M( ·) considered in this paper is more general than in those ones
in the previous results. The outline of the paper is as follows. In Section 2, we introduce
some notations, and present some hypothesis and lemmas, which are needed in the proof of our
results. In Section 3, we introduce the stability set, associated with the nonlinear source term,
created from the Nehari Manifold. In Section 4, we prove the existence of solutions by using the
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Faedo-Galerkin method. In Section 5, the last section, the energy is given based on the result of
Nakao.

2. PRELIMINAIRES

In this section, we present some hyphotesis and lemmas needed in the proof our results. For
simplicity of notations, hereafter, we denote | · | the Lebesgue Space L2(Ω) norm, and | · |p we
denote the space Lp(Ω) norm.

(H.1): We suppose that

1≤ p < ∞ if n≤ 2 and 1≤ p <
n+2
n−2

if n > 2, (2.1)

1 < q < ∞ if n≤ 2 and 1 < q <
n

n−2
if n > 2. (2.2)

(H.2): M ∈C([0,∞),R) with M(λ )≥−β , ∀ λ ≥ 0, 0 < β < λ1, λ1 the first eigenvalue of
the problem ∆2u−λ (−∆u) = 0.

Remark 2.1. If λ1 is a first engevalue of ∆2u−λ (−∆u) = 0, with campled boundary conditions

u
∣∣
∂Ω

=
∂u
∂η

∣∣∣∣
∂Ω

= 0,

then (see Miklin [17])

λ1 = inf
u∈H2

0 (Ω)

|∆u|2

|∇u|2
> 0 and |∇u|2 ≤ 1

λ1
|∆u|2. (2.3)

Lemma 2.2 (Sobolev-Poincaré Inequality, [18]). Let p be a real number with 2 < p < ∞ if

n = 1,2 or 2≤ p≤ 2n
n−2

when n≥ 3, then there exists a constant C > 0 such that

|u|p ≤C|∇u|, ∀ u ∈ H1
0 (Ω).

Lemma 2.3 (Nakao’s Lemma, [19]). Suppose that φ(t) is a bounded nonnegative function on
R+ satisfying

supess
t≤s≤t+1

φ
1+α(s)≤C0[φ(t)−φ(t +1)]

for t ≥ 0, where C0 and α are positive constants. Then, we have, for each t ≥ 0,
• φ(t)≤Ce−kt , if α = 0.
• φ(t)≤C(1+ t)−

1
α , if α > 0,

where C and k are positive constants.

3. POTENTIAL WELL

In this section, we use the potential well theory, a powerful tool in the study of the global
existence of solutions to partial differential equations first developed by Payne and Sattingen
[20]. It is known that the energy of a PDE system, in some sense, splits into the kinetic and
potential energy. By the idea of Ye [21], we are able to construct a set of stability corresponding
to the source term created from the Nehari manifold. We will prove that there is a valley or a
well of the depth d created in the potential energy. If d is strictly positive, then we find that,
for solutions with the initial data in the good part of the potential well, the potential energy of
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the solution can never escape the potential well. In general, it is possible that the energy from
the source term to cause the blow-up in a finite time. However, in the good part of the potential
well, it remains bounded. As a result, the total energy of the solution remains finite on any
time interval [0,T ) providing the global existence of the solution. We proceed by defining the
functional J :

(
H2

0 (Ω)
)2→ R by

J(u,v) def
=

1
2

(
1− β

λ1

)(
|∆u|2 + |∆v|2

)
− 1

q+1

(
|u|q+1

q+1 + |v|
q+1
q+1

)
. (3.1)

For (u,v) ∈
(
H2

0 (Ω)
)2, we have

J(λu,λv) =
λ 2

2

(
1− β

λ1

)(
|∆u|2 + |∆v|2

)
− λ q+1

q+1

(
|u|q+1

q+1 + |v|
q+1
q+1

)
, λ ≥ 0. (3.2)

Associated with J, we have the well-know Nehari manifold

N
def
=

{
(u,v) ∈

(
H2

0 (Ω)
)2 \{(0,0)};

[
d
dt

J(λu,λv)
]

λ=1
= 0
}
. (3.3)

Equivalently,

N =

{
(u,v) ∈

(
H2

0 (Ω)
)2 \{(0,0)};

(
1− β

λ1

)(
|∆u|2 + |∆v|2

)
=
(
|u|q+1

q+1 + |v|
q+1
q+1

)}
. (3.4)

We define as in the Mountain Pass Theorem due to Ambrosetti and Rabinowitz [22],

0 < d def
= inf

(u,v)∈(H2
0 (Ω))2\{(0,0)}

sup
λ≥0

J(λu,λv). (3.5)

Similar to the results in [23], one has

0 < d = inf
(u,v)∈N

J(u,v). (3.6)

We now introduce

W =
{
(u,v) ∈

(
H2

0 (Ω)
)2

;J(u,v)< d
}
∪{(0,0)}, (3.7)

and partition it into two sets as follows

W1 =

{
(u,v) ∈ (H2

0 (Ω))2;
1
2

(
1− β

λ1

)(
|∆u|2 + |∆v|2

)
>

1
q+1

(
|u|q+1

q+1 + |v|
q+1
q+1

)}
∪{(0,0)},

(3.8)

W2 =

{
(u,v) ∈ (H2

0 (Ω))2;
1
2

(
1− β

λ1

)(
|∆u|2 + |∆v|2

)
<

1
q+1

(
|u|q+1

q+1 + |v|
q+1
q+1

)}
. (3.9)

So, we define by W1 the set of stability for problem (1.4)–(1.8).

4. EXISTENCE OF GLOBAL SOLUTIONS

In this section, we prove the existence of global weak solutions of system (1.4)–(1.8).
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Theorem 4.1. Let (u0,v0) ∈ [W1 ]
2, J(u0,v0) < d and (u1,v1) ∈ [ L2(Ω) ]2. If the hypothesis

(H.1) and (H.2) holds, then there exists functions u,v : [0,T )→ L2(Ω) in the class

(u,v) ∈
[
L∞(0,T ;H2

0 (Ω))∩L∞(0,T ;Lq+1(Ω))
]2
, (4.1)

(ut ,vt) ∈
[
L∞(0,T ;L2(Ω))∩L2(0,T ;Lp+1(Ω))

]2
, (4.2)

such that, for all (w,z) ∈ H2
0 (Ω)×H2

0 (Ω),

d
dt
(ut(t),w)+(∆u(t),∆w)+M

(
|∇u(t)|2 + |∇v(t)|2

)
(−∆u(t),w)

+(|ut(t)|p−1ut(t),w)− (|u(t)|q−1u(t),w) = 0 in D ′(0,T ), (4.3)
d
dt
(vt(t),z)+(∆v(t),∆z)+M

(
|∇u(t)|2 + |∇v(t)|2

)
(−∆v(t),z)

+(|vt(t)|p−1vt(t),z)− (|v(t)|q−1v(t),z) = 0 in D ′(0,T ), (4.4)

(u(0),v(0)) = (u0,v0), (ut(0),vt(0)) = (u1,v1). (4.5)

4.1. Approximate problem. Let (wν)ν∈N be a basis of H2
0 (Ω) by the eigenvectors of the op-

erator −∆, that is, −∆wν = λνwν , with λν → ∞ and wν

∣∣
∂Ω

=
∂wν

∂η

∣∣∣∣
∂Ω

= 0.

Let Vm = Span[w1,w2, . . . ,wm]. For all w,z ∈Vm, let

um(t) =
m

∑
j=1

g jm(t)w j, vm(t) =
m

∑
j=1

h jm(t)w j,

be a solution of the approximate system

(um
tt (t),w)+(∆um(t),∆w)+M

(
|∇um(t)|2 + |∇vm(t)|2

)
(−∆um(t),w)

+(|um
t (t)|p−1um

t (t),w)− (|um(t)|q−1um(t),w) = 0, (4.6)

(vm
tt (t),z)+(∆vm(t),∆z)+M

(
|∇um(t)|2 + |∇vm(t)|2

)
(−∆vm(t),z)

+(|vm
t (t)|p−1vm

t (t),z)− (|vm(t)|q−1vm(t),z) = 0, (4.7)

(um(0),vm(0)) = (u0m,v0m)→ (u0,v0) strongly in [ H2
0 (Ω) ]2, (4.8)

(um
t (0),v

m
t (0)) = (u1m,v1m)→ (u1,v1) strongly in [ L2(Ω) ]2. (4.9)

The system (4.6)–(4.9) has a local solution in [0, tm), 0 < tm ≤ T , by virtue of Carathéodory’s
Theorem, see [24]. The following priori estimates allow us to extend this solution to the interval
[0,T ).

4.2. Priori estimates. Let w = um
t (t) and z = vm

t (t) in (4.6) and (4.7), respectively. Integrating
from 0 to t, 0≤ t ≤ tm, summing up the results and taking into account that∫ t

0

1
2

M
(
|∇um(s)|2+|∇vm(s)|2

) d
ds

(
|∇um(s)|2+|∇vm(s)|2

)
=

1
2

M̂
(
|∇um(s)|2+|∇vm(s)|2

)∣∣∣∣t
0



COUPLED SYSTEM OF KIRCHHOFF BEAM EQUATIONS 9

where we denote the primitive function of M(s) by M̂(s), we obtain

1
2

[
|um

t (t)|2 + |vm
t (t)|2 + |∆um(t)|2 + |∆vm(t)|2 + M̂

(
|∇um(t)|2 + |∇vm(t)|2

)]
−

1
q+1

(
|um(t)|q+1

q+1 + |v
m(t)|q+1

q+1

)
+

t∫
0

(
|um

t (s)|
p+1
p+1 + |v

m
t (s)|

p+1
p+1

)
ds =

1
2

[
|u1m|2 + |v1m|2 + |∆u0m|2 + |∆v0m|2 + M̂

(
|∇u0m|2 + |∇v0m|2

)]
−

1
q+1

(
|u0m|q+1

q+1 + |v0m|q+1
q+1

)
. (4.10)

Let

Em(t)=
1
2

[
|um

t (t)|2+ ||vm
t (t)|2+|∆um(t)|2+|∆vm(t)|2+M̂

(
|∇um(t)|2 + |∇vm(t)|2

)]
− 1

q+1

(
|um(t)|q+1

q+1+|v
m(t)|q+1

q+1

)
. (4.11)

From (4.10), we have

Em(t)+
t∫

0

(
|um

t (t)|2 + |vm
t (t)|2

)
ds = Em(0). (4.12)

Now, by (H.2) and (2.3), it follows that

M̂
(
|∇um(t)|2 + |∇vm(t)|2

)
≥− β

λ1

(
|∆um(t)|2 + |∆vm(t)|2

)
(4.13)

and

M̂
(
|∇u0m|2 + |∇v0m|2

)
≤ m0

λ1

(
|∆u0m|2 + |∆v0m|2

)
, (4.14)

where

m0 = max
0≤s≤|∇u0m|2+|∇v0m|2≤C

M(s).

By use of (4.10) and (4.14), we get

1
2

[
|um

t (t)|2 + |vm
t (t)|2 +

(
1− β

λ1

)(
|∆um(t)|2 + |∆vm(t)|2

)]
− 1

q+1

(
|um(t)|q+1

q+1 + |v
m(t)|q+1

q+1

)
≤ Em(t)≤

1
2
(
|u1m|2 + |v1m|2

)
+C1J(u0m,v0m), (4.15)

where C1 = C1(m0,λ1,β ) > 0 is a constant independent of m and t. We have J(u0m,v0m) < d.
From (4.9), we obtain

1
2

[
|um

t (t)|2 + |vm
t (t)|2 +

(
1− β

λ1

)(
|∆um(t)|2 + |∆vm(t)|2

)]
− 1

q+1

(
|um(t)|q+1

q+1 + |v
m(t)|q+1

q+1

)
≤C2, (4.16)
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where C2 > 0 is a constant independent of m and t. We can extend the approximate solution
(um(t),vm(t)) to the interval [0,T ), T > 0. By use of (4.12) and (4.16), we have

(um,vm) are bounded in
[
L∞
(
0,T ;H2

0 (Ω)
)
∩L∞

(
0,T ;Lq+1(Ω)

)]2
, (4.17)

(um
t ,v

m
t ) are bounded in

[
L∞
(
0,T ;L2(Ω)

)
∩L2 (0,T ;Lp+1(Ω)

)]2
. (4.18)

Now by standard projection arguments as described in Lions [25], we have from the approxi-
mate equations and the estimates (4.17) and (4.18) that

(um
tt ,v

m
tt ) are bounded in

[
L2 (0,T ;H−2(Ω)

)]2
. (4.19)

4.3. Passage to the limit. From estimates (4.17) and (4.19), there exist subsequences of (um)m∈N
and (vm)m∈N such that, as m→ ∞,

(um,vm)
∗
⇀ (u,v) weakly star in

[
L∞(0,T ;H2

0 (Ω))
]2
, (4.20)

(um
t ,v

m
t )

∗
⇀ (ut ,vt) weakly star in

[
L∞(0,T ;L2(Ω))

]2
, (4.21)

(um
tt ,v

m
tt )

∗
⇀ (utt ,vtt) weakly star in

[
L2(0,T ;L2(Ω))

]2
. (4.22)

Applying the Aubin-Lions Lemma ([25] Theorem 5.1), we get from (4.20) and (4.22) that

(um,vm)→ (u,v) strongly in
[
L2(0,T ;H1

0 (Ω))
]2
, (4.23)

(um
t ,v

m
t )→ (u,vt) strongly in

[
L2(0,T ;L2(Ω))

]2
. (4.24)

In particular,

(um,vm)→ (u,v) strongly in
[
L2(0,T ;L2(Ω))

]2
. (4.25)

Then, by (4.24) and (4.25), we have

(um,vm)→ (u,v) a.e. in Ω× (0,T ), (4.26)

(um
t ,v

m
t )→ (ut ,vt) a.e. in Ω× (0,T ). (4.27)

Since M is continuos, it follows that

M(|∇um|2 + |∇vm|2)→M(|∇u|2 + |∇v|2) strongly in L2(0,T ). (4.28)

Therefore, by use of (4.26) and (4.28), we get

M
(
|∇um|2 + |∇vm|2

)
(−∆um,−∆vm)⇀ M

(
|∇u|2 + |∇v|2

)
(−∆u,−∆v)

weakly in L2 (0,T ;L2(Ω)
)
. (4.29)

Now, we observe that
T∫

0

(∣∣∣|um(t)|q−1um(t)
∣∣∣ q+1

q
+
∣∣∣|vm(t)|q−1vm(t)

∣∣∣ q+1
q

)
dt =

T∫
0

(∣∣um(t)
∣∣q+1

+
∣∣vm(t)

∣∣q+1
)

dt ≤C3

and
T∫

0

(∣∣∣|um
t (t)|p−1um

t (t)
∣∣∣ p+1

p
+
∣∣∣|vm

t (t)|p−1vm
t (t)

∣∣∣ p+1
p

)
dt =

T∫
0

(∣∣um
t (t)

∣∣p+1
+
∣∣vm

t (t)
∣∣p+1

)
dt ≤C4,
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where C3 and C4 are positive constants independent of m and t. So,(
|um|q−1um, |vm|q−1vm) is bounded in

[
L

q+1
q

(
0,T ;L

q+1
q (Ω)

)]2
,(

|um
t |p−1um

t , |vm
t |p−1vm

t
)

is bounded in
[
L

p+1
p

(
0,T ;L

p+1
p (Ω)

)]2
.

Therefore (
|um|q−1um, |vm|q−1vm)→ (|u|q−1u, |v|q−1v) a.e. in Ω× (0,T ),(
|um

t |p−1um
t , |vm

t |p−1vm
t
)
→ (|ut |p−1ut , |vt |p−1vt) a.e. in Ω× (0,T ).

So, by use of Lions’s Lemma [25], we have(
|um|q−1um, |vm|q−1vm)⇀ (

|u|q−1u, |v|q−1v
)

weakly in
[
L

q+1
q

(
0,T ;L

q+1
q (Ω)

)]2
, (4.30)(

|um
t |p−1um

t , |vm
t |p−1vm

t
)
⇀
(
|ut |p−1ut , |vt |p−1vt

)
weakly in

[
L

p+1
p

(
0,T ;L

p+1
p (Ω)

)]2
. (4.31)

From the convergence (4.20), (4.21), (4.29)–(4.31), we can pass to the limit approximate equa-
tions (4.6) and (4.7) and obtain, for all w,z ∈Vm, in D ′(0,T )

d
dt
(ut(t),w)+(∆u(t),∆w)+M

(
|∇u(t)|2 + |∇v(t)|2

)
(−∆u(t),w)+

(|ut(t)|p−1ut(t),w)− (|u(t)|q−1u(t),w) = 0 (4.32)

and

d
dt
(vt(t),z)+(∆v(t),∆z)+M

(
|∇u(t)|2 + |∇v(t)|2

)
(−∆v(t),z)+

(|vt(t)|p−1vt(t),z)− (|v(t)|q−1v(t),z) = 0. (4.33)

As Vm is dense in H2
0 (Ω), the equations (4.32) and (4.33) are valid for all w,z ∈ H2

0 (Ω). The
verification of the initial data is obtained in a standard way. The proof of Theorem 4.1 is
complete.

5. ASYMPTOTIC BEHAVIOUR

In this section, we study the asymptotic behavior of solutions. By using the Nakao’s method,
we show that the energy associated to the system (1.4)–(1.8) is exponentially stable for p = 1
and polynomially stable when p > 1. The main result of this paper is given by the following
theorem.

Theorem 5.1. Under the hypothesis of Theorem 4.1, the energy associated to system (1.4)–(1.8)
satisfies:

If p = 1, then E(t)≤Ce−kt , for all t ≥ 0,

when p > 1, then E(t)≤C(1+ t)−
2

p−1 , for all t ≥ 0,

where C and k are positive constants.
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Proof. Let w = ut(t) and z = vt(t) in the equations (4.32) and (4.33), respectively. Summing up
the results, we obtain

d
dt

(
|ut(t)|2 + |vt(t)|2 +

1
2
|∆u(t)|2 + 1

2
|∆v(t)|2 + 1

2
M̂(|∇u(t)|2 + |∇v(t)|2)

− 1
q+1

(|u(t)|q+1
q+1 + |v(t)|

q+1
q+1)

)
+ |ut(t)|p+1 + |vt(t)|p+1 = 0.

That is,
d
dt

E(t)+ |ut(t)|p+1
p+1 + |vt(t)|p+1

p+1 ≤ 0, (5.1)

where

E(t) =
1
2
[|ut(t)|2 + |vt(t)|2 + |∆u(t)|2 + |∆v(t)|2 + M̂(|∇u(t)|2 + |∇v(t)|2)

− 1
q+1

(|u(t)|q+1
q+1 + |v(t)|

q+1
q+1)].

Integrating from t to t +1, t ≥ 0, we have

t+1∫
t

(
|ut(s)|p+1

p+1 + |vt(s)|p+1
p+1

)
ds≤ E(t)−E(t +1). (5.2)

Let

F p+1(t) =
t+1∫
t

(
|ut(s)|p+1

p+1 + |vt(s)|p+1
p+1

)
ds. (5.3)

Now,

F2(t) =
t+1∫
t

(
|ut(s)|2 + |vt(s)|2

)
ds≤C

t+1∫
t

(
|ut(s)|p+1

p+1 + |vt(s)|p+1
p+1

)
ds

≤C[E(t)−E(t +1)], (5.4)

where C > 0 is a constant. Thus, there exist t1 ∈
[
t, t + 1

4

]
, and t2 ∈

[
t + 3

4 , t +1
]

such that

|ut(ti)|+ |vt(ti)| ≤ 4F(t), i = 1,2. (5.5)

Let w = u(t) and z = v(t) in the equations (4.32) and (4.33), respectively. Integrating from t1 to
t2, summing up the results and using (H.2), we have

t2∫
t1

[(
1− β

λ1

)(
|∆u(s)|2 + |∆v(s)|2

)
−|u(s)|q+1

q+1−|v(s)|
q+1
q+1

]
ds≤

|ut(t1)||u(t1)|+ |ut(t2)||u(t2)|+ |vt(t1)||v(t1)|+ |vt(t2)||v(t2)|+
t2∫

t1

∫
Ω

(|ut(s)|p|u(s)|+ |vt(s)|p|v(s)|)dxds. (5.6)
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Now, our goal is to estimate the last term in the right-hand of inequality (5.6). By using
Hölder inequality and applying the Sobolev-Poincaré inequality, we obtain

t2∫
t1

∫
Ω

|ut(s)|p|u(s)|dxds≤
t2∫

t1

|ut(s)|pp+1|u(s)|p+1ds≤C1

t2∫
t1

|ut(s)|pp+1|∇u(s)|ds

≤C2

t2∫
t1

|ut(s)|pp+1|∆u(s)|ds≤C2 supess
t≤s≤t+1

E
1
2 (s)

t2∫
t1

|ut(s)|pp+1ds

≤C2F p(t) supess
t≤s≤t+1

E
1
2 (s). (5.7)

Similarly,
t2∫

t1

∫
Ω

|vt(s)|p|v(s)|dxds≤C2F p(t) supess
t≤s≤t+1

E
1
2 (s). (5.8)

From (5.5) and Sobolev-Poincaré inequality, we have

|ut(ti)||u(ti)|+ |vt(ti)||v(ti)| ≤C3F(t) supess
t≤s≤t+1

E
1
2 (s), i = 1,2. (5.9)

By using estimates (5.7)–(5.9) in (5.6), we obtain

t2∫
t1

[(
1− β

λ1

)(
|∆u(s)|2 + |∆v(s)|2

)
−|u(s)|q+1

q+1−|v(s)|
q+1
q+1

]
ds≤

[2C3F(t)+2C2F p(t)] supess
t≤s≤t+1

E
1
2 (s) def

= G2(t). (5.10)

From (5.4) and (5.10), it follows that

t2∫
t1

E(s)ds≤C4[F2(t)+G2(t)].

Then, there exists t∗ ∈ [t1, t2] such that E(t∗)≤C5[F2(t)+G2(t)]. From (5.1), we have

supess
t≤s≤t+1

E(s)≤ E(t∗)+

t2∫
t1

(
|ut(t)|p+1

p+1 + |vt(t)|p+1
p+1

)
ds≤C6[F2(t)+G2(t)]

≤C7[F2(t)+F2p(t)]+
1
2

supess
t≤s≤t+1

E(s)

Then,

supess
t≤s≤t+1

E(s)≤C8F2(t)[1+F2(p−1)(t)]. (5.11)
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We have E(t)≤ E(0), for all t ≥ 0. It follows that

F2(p−1)(t) =
t+1∫
t

(
|ut(s)|2(p−1)

p+1 + |vt(s)|2(p−1)
p+1

)
ds

≤

 t+1∫
t

(
|ut(s)|p+1

p+1 + |vt(s)|p+1
p+1

)
ds


p+1

2(p−1)

=
(
E(0)−E(t +1)

) p+1
2(p−1) ≤ E(0)

p+1
2(p−1) =C0. (5.12)

Therefore,
supess
t≤s≤t+1

E(s)≤C9F2(t) =C9[F p+1(t)]
2

p+1

and then
supess
t≤s≤t+1

E
p+1

2 (s)≤ C̃0[E(t)−E(t +1)], (5.13)

where C̃0 > 0 is constant depending of E(0) and C1, i = 1, . . . ,9 are positive constants.
Case 1. p = 1. From (5.13), we obtain

supess
t≤s≤t+1

E(s)≤ C̃0[E(t)−E(t +1)].

By use of Lemma 2.3, we get

E(t)≤Ce−kt , for all t ≥ 0,

where C and k are positive constants.

Case 2. p > 1. We have
p+1

2
= 1+

p−1
2

whence by (5.13)

supess
t≤s≤t+1

E
1+

p−1
2 (s)≤ C̃0[E(t)−E(t +1)]. (5.14)

Then, from (5.14) and Lemma 2.3, we have

E(t)≤C(1+ t)−
2

p−1 , for all t ≥ 0,

where C is a positive constant. �
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