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Abstract. In this paper, on the basis of the probabilistic metric space and the S-metric space, we introduce
a new concept of the probabilistic metric space, which is called the Menger probabilistic S-metric space,
and investigate some topological properties of this space and their related examples. We also prove some
fixed point theorems. Finally, an example is provided to support our new results.
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1. INTRODUCTION

In 1942, Menger [1] used distribution functions as the values of the metric instead of nonneg-
ative real numbers, to develop metric space theorems and introduced the Menger probabilistic
metric space (briefly, Menger PM-space). In 1960, Schweizer and Sklar [2, 3] introduced #-
norm into the PM-space, and studied some properties of this space. In 1994, Chang, Cho
and Kang [4] further summarized some important properties of the space. In 2006, Mustafa
and Sims [5] introduced a new concept of metric spaces, which is called the G-metric space
as a generalization of the metric space. After that, Segehi, Rao, and Shobe [6] investigated
the concept of the D-metric space proposed by Dhage [7], meanwhile they also introduced the
D*-metric space. On the basis of the results, Sedghi and Aliouche [8] defined the notion of a
generalized mertic space or a S-metric space as a generalization of the G-metric space and the
D*-metric space.

In 2014, Zhou et al. [9] defined a generalized metric space, which is now called the Menger
probabilistic G-metric space (briefly, Menger PGM-space) as a generalized of the PM-space
and the G-metric space, and they also obtained some fixed point theorems. After that, Zhu,
Tu and Wu [10, 11] obtained some common fixed point theorems under the condition of the ¢-
contraction and weak compatible mappings. In 2015, Hasanvand and Khanehgir [12] introduced

*Corresponding author.
E-mail addresses: 13777366963 @ 163.com (P. Hu), mathgufeng @ 163.com (F. Gu).
Received October 15, 2019; Accepted June 17, 2020.

(©2020 Journal of Nonlinear Functional Analysis



2 P.HU, F. GU

the Menger probabilistic b-metric space (briefly, Menger PbM-space), and established some
interesting fixed point theorems.

Inspired by the results mentioned above, on the basis of the probabilistic metric space and
the S-metric space, we introduce a new metric space, which is called the Menger probabilistic
S-metric space (briefly, Menger PSM-space), and investigate some properties of this space. We
define a A-contractive mapping, and prove some fixed point theorems of the mapping. An
example is also provided to support our new results.

2. PRELIMINARIES

In order to prove our main results, we need the following notions and lemmas.
Throughout this paper, let R = (—oo, +-o0), RT= [0, +-0), Z ™ be the set of all positive integers,
and N be the set of all natural numbers, respectively.

Definition 2.1. ([4]) A mapping F : R — R is called a distribution function if it is nondecreas-
ing and left-continuous with sup,., F(¢) = 1 and inf;cg F (1) = 0.

We next denote by D the set of all distribution functions while H is used to denote the specific
distribution function defined by

I, t>0,
H(I):{ 0, t<0.

Definition 2.2. ([2]) A mapping A : [0, 1] x [0, 1] — [0, 1] is called a triangular norm (for short,
a t-norm) if the following conditions are satisfied, for all a,b,c,d € [0, 1],
(A-1) Ala,1)=a
(A-2) A(a,b) =A(b,a);
(A-3) a>c,b>d= Aa,b) > Alc,d);
(A4) A(A(a,b),c) = Ala,Alb,c)).

Three typical examples of 7-norm are:

Ai(a,b) =min{a+b— 1,0}, Ay(a,b) =ab, Ay(a,b) =min{a,b},Va,b € [0,1].

The above three f-norm examples satisfy that A} < Ay < A,,.
Definition 2.3. ([4]) A mapping A : [0,1] x [0, 1] x [0,1] — [0, 1] is called a quadrilateral norm
(for short, a t-norm) if the following conditions are satisfied, for all a,b,c,d, e, f € [0, 1],

(A'l) A(CZ,I,I) =da;

(A-2) A(a,b,c) =A(a,c,b) = A(b,a,c) = A(b,c,a) = Alc,a,b) = A(c,b,a);

(A-3) a>d,b>e,c> f= Aa,b,c) >A(d,e,f);

(A-4) A(A(a,b,c),d,e) = A(a,A(b,c,d),e) = Aa,b,A(c,d,e)).

Three typical examples of f-norm are:

Ai(a,b,c) =min{a+b+c—2,0}, Ay(a,b,c)=abc, Ay(a,b,c)=min{a,b,c}

for all a,b,c € [0,1].
The above three f-norm examples satisfy that A} < Ay < A,,.



SOME FIXED POINT THEOREMS OF A-CONTRACTIVE MAPPINGS IN MENGER PSM-SPACES 3

Definition 2.4. ([4]) A Menger PM-space is a triple (X, F,A), where X is a nonempty set, A is
a continuous ¢-norm, and F' is a mapping from X x X — & (Fy , denotes the value of at the pair
(x,y)) satisfying the following conditions:

(PM-1) F,(t)=1forall x,y € X, and ¢ > 0, if and only if x = y;

(PM-2) F,(t) =F,(t)forallx,y € X, and ¢ > 0;

(PM-3) F  (s+1) > A(Fx,(s),F(t)) forall x,y,z € X, and 5,7 > 0.

Definition 2.5. ([8]) Let X be a nonempty set and let S : X x X x X — R™ be a function satis-
fying the following axioms:

(81) S(x,y,z2)=0ex=y=z

(S2) S(x,y,2) < S(x,x,a)+S(y,y,a) +S(z,z,a), Vx,y,z,a€X.

Then the function S is called a generalized metric or a S-metric on X, and the pair (X,S) is
called a S-metric space.

In this paper, we introduce the concept of the Menger probabilistic S-metric space as follows:

Definition 2.6. A Menger probabilistic S-metric space (for short, Menger PSM-space) is a
triple (X,S*,A), where X is a nonempty set, A is a continuous #-norm, and S* is a mapping
from X x X x X — ® (S}, . denotes the value of S* at the pair (x,y,z)) satisfying the following

Yz
conditions:
(PSM-1) Sy, (t)=H(t) forall x,y,z€ X and ¢ > Oif and only if x =y = z;
(PSM-2) Sy, (r+s+1) > A(S;  4(r),S51.4(5),55, 4(2)) for all x,y,z,a € X and r,5,¢ > 0.

Example 2.7. Let X =R, S(x,y,2) = |x —z|+ |y —z|. Then (X,S) is a S-metric space. Define
S* by
t
Sty = :
t+S(x,,2)

for all x,y,z € X, and r > 0, A= A,,. Then (X,S*,A) is a Menger PSM-space.

Proof. Tt is obvious that S* satisfies (PSM-1). Next, we prove that S* satisfies (PSM — 2).
In fact, we need to show that, for all x,y,z,a € X and r,s,t > 0,
r+s—+t
r+s+t+8(x,y,2)

S;k’y’z(r +s5+41) =

zmin{ ! ; . ; t }
r+S(x,x,a)’ s+ S(y,y,a) t+S(z,z,a)

r S t
=A , , .
<r+5(x,x,a) s+S(y,y,a) t+S(z,z,a))
Since S(x,y,z) < S(x,x,a) +S(y,y,a) +S(z,z,a), we have
r+s+t+8(x,y,2) <r+s+t+S(xx,a)+S(vy.a) +5(z,2,a).

Then,
r+s+t S rt+s+t
r+s+t+8(x,y,z) ~ r+s+t+Sx,x,a)+Sy,y,a)+S(z,z,a)
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Furthermore,
max{ r s t }
r+S(x,x,a,) s+S(y,y,a,) t+5(z,z,a,)
> r+s+t
~r+s+t+Sx,x,a) +S(y,y,a)+ S(z,z,a)
- 'n{ r s t }
mi , , )
- r+8S(x,x,a,) s+Sy,ya,) t+S(z,z,a,)
Therefore,
r+s—+t
S* 1) =
xyZ(r+S+ ) r+s+t+S(X,y,Z)
>min{ r 5 ! }
- +S(x,x,a,)’ s+ S(y,y,a,) t+8(z,z,a,)
= A (S5 a(r):S50a(8),8% . 4(1)) -
So §* satisfies (PSM-2), i.e., (X,S*,A) is a Menger PSM-space. O

Lemma 2.8. Let (X,S",A) be a Menger PSM-space. Then Sy . \(t) = S5, ,(t), for all t > 0.

XX,y

Proof. Forany t > 0and 0 < d <t, we have

S0 28 (8504 (3 ) St (3 ) S - )

=A(1,1,85,,(1—8)) =5;,,(t—8)).

P IERYX Yy X

Since S* is left-continuous, letting n — oo, we have S, () > 8%, .(f).

XXy V.Y
In the same way, we can get Sy, ,(t) < S}, .(t). Therefore, Sy, () =S5, (t), for all >
0. 0

Definition 2.9. Let (X,5*,A) be a Menger PSM-space and let xo be any point in X. For any
€ >0 and 6 with 0 < § < 1, and (&, 0)-neighborhood of x is the set of all points y in X for
which S} . (€) > 1— 8. We write

X0,X0,Y

Ny,(e,8)={yeX:S; . ,(e)>1-8}.

X05X0,Y

Lemma 2.10. [f0< & <& and 0 < 8 < & < 1, then

Nx,(€1,61) C Nyy(£2,62)-

Proof. Suppose that z € Ny, (€1,0). Forany & >0and 0 < §; < 1, we get Sy .(€1) > 1.
Since S* is monotone, we have

St (8)>S8 . (8)>1-86>1-8.

X0,X0,Z X0,X0,Z

Therefore, from Definition 2.9, one has z € Ny, (&, 8;). This completes the proof. O

Theorem 2.11. Let (X,S*,A) be a Menger PSM-space. Then (X,S*,A) is a Hausdorff space in
the topology induced by the family of {Ny,(€,8)} of (€, 6)-neighborhoods.
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Proof. We show that the following properties are satisfied.

(A) For any x( € X, there exists at least one neighborhood Ny, of x¢ and every neighbor hood
of xy contains x.

(B) It N;O and Nfo are neighborhood of x, then there exists a neighborhood of xy, Nfo, which
satisfies N;’O C N;O ﬂN)%O.

(C) If Ny, is a neighborhood of xo and yo € Ny, then there exists a neighborhood of yg, Ny,,
which satisfies Ny, C Ny,.

(D) If xo # yo, then there exist disjoint neighborhood Ny, and Ny, which satisfy xy € Ny, and
Yo € Ny,.

Now we prove that (A) — (D) hold.

(A) For any € >0 and 0 < 6 < 1, xo € X, since Sy, ,
have xp € Ny, (€, 9).

(B) For any €1,&, > 0and 0 < 8,6, < 1, let

(¢)=1>1—0 for any € > 0, we

N)}O(Sl,&):{yEXZS; (81)>1—61}.

0 ’XO 7y

and
N§0(82,52) = {y eX: S*o xoy(£2) >1-— 52}
be the neighborhood of xy. Consider
={yeXx:S; . (min{e;,&})>1—min{d;,5,}}.

Clearly, xo € N;?O and, since min{¢;, &} < € and min{d;,5,} < &;, we have N;’O C N)}O(SI,SI).
In the same way, we can get N;O C N)?O (&2,6,). It follows that

3 1 2
N3 CNLNNZ.

C) Let Ny, = {z € X, S} ., -
S;O X0 yo(gl) >1-— 51
(1) is left-continuous at &, so there exist &y < € and & < 6; such that

Now, S*
S* () >1—09>1-19.

(e1) > 1— 61} be the neighborhood of xg. Since yo € Ny,, then

X0,%0,Y0
X05X0,Y0

Let Ny, = {z €X.,S (&) >1-— 52} where 0 < & < % and &, is chosen such that

A(1—8),1—8,1—-8)>1-8).

Such a & exists since A is continuous, and A(1 — &, 1,1) =1—35 > 1—J;.
Now, we suppose that u € Ny, so that Sj .(&) > 1—58,. Then, since S* is monotone, it
follows from (PSM-2) that

Srotou(E1) = Sy vy (€1)

X0 ,X0, 14 U, U,X0
* 81_80 * 81_80 *
>A (Su wy (T) Sy (T) S xoy(80)>

This shows u € Ny,. Hence, Ny, C Ny,.
(D) Let yo # xo, Then there ex1st €>0and0<a < 1suchthatSy , ,(¢)=a.

’ YO)’OZ
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Since A is continuous and A(1,1,1) = 1 > a, then there exist 0 < bj,by < 1 such that
A(bl,bl,bz) > a. Let

. £
No={zeX:8,,,:(5) >0}

and
" E
Ny ={z€X:8},,.(5) > b2}

Now, we suppose that there exists a point v € Ny, N Ny, such that

SX(),X(),V (g) > b17 V0,0,V <§)> > b2.

Then, by (PSM-2), we have

E £ E
a= S;O,xo,v(‘g) >A (S;O,xo,v (g) ) S;O,xo,v (§> ) S;O,yo,v (5)) > A(blvblva) > a.
which is a contradiction. Therefore, Ny, (1 Ny, = 0. This completes the proof. O
Next, we give the definition of convergence of sequences in PSM-spaces.

Definition 2.12. Let (X,S*,A) be a Menger PSM-space, and {x, } be a sequence in X.

(1) {x,} is said to be convergent to a point x € X (x, — x), if, forany € >0and 0 < 6 < 1,
there exists a positive integer M, 5) such that x, € Ny(€,8) whenever n > M, 5).

(2) {x,} is called a Cauchy sequence if, for any € > 0 and 0 < J < 1, there exists a positive
integer M|, 5) such that Sy, (€) > 1— 0 whenever n,m, [ > M 5)-

(3) (X,8*,A) is said to be complete if every Cauchy sequence in X converges to a point in X.

Lemma 2.13. Let (X,S*,A) be a Menger PSM-space, and {x,} be a sequence in X. Then the
followings assertions are equivalent:

(1) {xn} is convergent to x € X;

(2) 83, x,x(t) = Lasn — oo, forallt > 0;

(3) S5, (t) > Llasn— oo, forallt > 0.

X,X,Xn

Proof. (1)=-(2). Since x,, — x(n — o), then, for any € >0 and 0 < § < 1, there exists a positive
integer M, sy such that x, € Ny(€, ) whenever n > Mg 5). It follows that S¢ . ((¢) > 1-9,
ie, Sy . «(€)—1>-0.

Furthermore, S§ . ((€) <1+46. Hence, |S}, , .(€)—1| <& whenever n > M. ). Therefore,
Sy, x,x(t) = L asn — oo, forall t > 0.
(2) = (1). Since Sy, x,x(t) = Lasn— oo, forall ¢ > 0, then, forany € >0and 0 < 6 < 1, there
exists a positive integer M(¢ 5) such that Sy  (€) —1| < 6. It follows that S§ . .(€) > 1,
i.e., X, € Ny(€,0) for all n > Mg 5. From Definition 2.12, we have that {x, } is convergent to
xeX.

(2) & (3). By using Lemma 2.8, we have S} | (t) =S5 (t). Hence, (2) < (3). O

XX Xn

Lemma 2.14. Let (X,S*,A) be a Menger PSM-space, and {x,} be a sequence in X. Then the
followings are equivalent:

(1) the sequence {x,} is a Cauchy sequence;

(2) for any € > 0 and 0 < 8 < 1, there exists a positive integer M, sy such that Sy, . . (&) >
1 — & whenever n,m > Mg s).
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Proof. (1) = (2). It is obvious from the Definition 2.12.
(2) = (1). Since A is continuous and A(1,1,1) = 1, then for any € > 0 and 0 < 6 < 1, there
exists & € [0, 1] such that
A(1,1—8,1—8)>1-38.

By (2), there exists a positive integer M|, ) such that when n,m,l > M. 5)

* € * € & s« E
Sxm,xm,xn (5) = SXan,Xm (g) 60 xl X1 Xn <§> = an7xn7xl <§> > 1 - 5()

It follows that
Sxmxnhxl( ) >A<S-xnxn-xn <3> S-xm-xm-xn <§>’le,xl,xn <§)> >A(171_60’1_60) > 1_5

Hence, it follows from Definition 2.12 that {x, } is a Cauchy sequence. O

Lemma 2.15. Let (X,S*,A) be a Menger PSM-space. Let {x,} and {y, } be sequences in X, and
let x,y be two vectors in X. If X, — X, yo — y as n — oo, then, forallt >0, S} .\ (1) = Sy, (1),
asn—» oo

Proof. For any t > 0, there exists 0 > 0 such that 7 > 26. It follow from (PSM-2) that

. 0\ o 36
) 7an;xn7x (Z) ’Syn Yn X <t - 7))
) Sxmxnx (Z) ’A (S)’mYnuy (Z) ’SYn7Yn»y (Z) Sxx)’( _26)>)
) St (Z) A (Sy,y,yn <Z) ’Sy,y,yn (4) Syyx( _26))) ’

S;mxm)% (t)
> Sy (t—9

XnyXn,Yn

> A8t
2 A (Sxmxn X (

) o
A (Sx,x,xn (Z

Sty (t)
>S5 (&)

X, X,y

22 (5 (5) S0 (5) 50 (-3))
. (8\ . (8 (8 .. [\ ..
ZA(SXJW% <4) Sxxxn (Z) A(Syyyn (Z>’Syyyn (4) an,xn,yn( _26>>)'

Letting n — o in the above two inequalities and noting that A is continuous, we have
lim S;,,,x,l yn( ) > S;xy( - 26)

n—oo

Al O

and

and
S (1) > th* (r—29).

XX,y XnsXnsYn

Letting 6 — 0 in the above two 1nequahtles, since S* is left- continuous, we conclude that

11mS* (1) =S5 ,.,(1),

XnXn>Yn XX,y

for any ¢ > 0. This completes the proof. U
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3. MAIN RESULTS

In this section, we will establish some new fixed point theorems in Menger PSM-spaces.

Definition 3.1. Let (X,S*,A) be a Menger PSM-space. A mapping f : X — X is said to be
contractive if there exists a constant A € (0, 1) such that

T pup(t) = Sk (t/R), 3.1)
forall x,y,z € X and ¢ > 0.

The mapping f satisfying condition (3.1) is called a A-contraction.
Let A be a given 7-norm. Then (by associativity) a family of mappings A" : [0,1] — [0, 1] for
each n > 1 is defined as follows:

ANt) = At,1,1), A*(t) = A(t,1,A (1)), - A () = A(t,6,A" (1)), -+
for any 1 € [0, 1].

Definition 3.2. ([13]) A r-norm A is said to be Hadzi¢-type if the family of functions {A"(¢)}_,
is equicontinuous at r = 1, that is, for any € € (0, 1), there exists 6 € (0, 1) such that

t>1-6=A"t)>1—¢
foreach n > 1.
A typical examples of the 7-norm of Hadzié-type is A,, = min{a, b, c}, where a,b,c € [0, 1].

Lemma 3.3. Let (X,S*,A) be a Menger PSM-space with A of Hadzié-type and {x,} be a se-
quence in X. Suppose that there exists A € (0, 1) satisfying

S;n7xnaxn+l (t) > S;Ckn—l Xn—1,%n <t/)t)’
foranyn>1andt > 0. Then {x,} is a Cauchy sequence in X.

Proof. Since S; (t) > Sk

XnsXnsXn+1 Xn—1Xn—1+%Xn

S;kmxmanrl (t) Z S;o,xo,xl (t/kn)

Since X is a Menger PSM-space, we have S’ (t/A") — 1, as n — oo. It follows that

(t/A), by induction, we have

X0,X0,X1
nli_r>r°1°S;n7xmxn+l (1) =1, (3.2)
for any ¢ > 0.
Now, let n > 1, and ¢ > 0. We show, by induction, that, for any £ > 0,

. . t—At
Sx11>xn7xn+k <t> 2 Ak (anvxmanrl ( 2 )) : (33)

For k = 0, since A(a, b, c) is a real number, A%(a,b,c) = 1, for all a,b,c € [0,1]. Hence,

0 t—At
S;,,,xn,x,,(t) =1=>A (S:,,,xn,xnﬂ ( D) )) .
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Assume that (3.3) holds for some k£ > 1. Since A is monotone, it follows from (PSM-2) that

S;n XnXn+k+1 (t)

— At
2

=~

— At
2 <an »Xn s Xn+1 ( 2 ? an Xn s Xn+1

t— At
0 (5 ().

So we have the conclusion.
Now we show that {x,} is a Cauchy sequence in X, i.e., lim, Sy, ,,  (t) =1 for any

t >0. Lett >0, and € > 0 be given. By hypothesis, A" : n > 1 is equicontinuous at 1, and
A"(1) = 1. So, there exists 6 > 0 such that

A'a)>1—¢gNae (1-81]. (3.4)

t— At
o ( (7)))

t—At t—At
= S ikt ( + +/lt>
ZA< XnyXn s Xn4-1 (t 27“)’ XnXnXn+1 (t 2211‘)’ Xn+k+1Xn+k+1Xn+1 ()bt))
(St (* 2’”) St 2’”) 5 w)
)t ()
A

for all n > 1. It follows from (3.2) that lim,,_,c. S* (t —At) = 1. Hence, there exists ng € N

XnXn Xn+1

such that S* (t —At) € (1 —8,1] for any n > ng. Therefore, by use of (3.3) and (3.4), we

Xn X0 Xn+1

conclude that S (t) > 1 — ¢ for any k > 0. This shows limy, ;;—e0 S5 (t) =1 for any

XnXn Xntk XnsXnXm
t > 0. From Lemma 2.14, we conclude that {x,} is a Cauchy sequence in X. This completes

the proof. 0

Theorem 3.4. Let (X,S*,A) be a complete Menger PSM-space with A of Hadzié-type. Let
A€ (0,1) and f: X — X be a A-contraction. Then, for any xy € X, the sequence {f"xo}
converges to a unique fixed point of f.

Proof. Take an arbitrary point xp in X. Construct a sequence {x,} by x,,+1 = f"xo for all n > 0.
By (3.1), for any ¢ > 0, we have

S;mxn Xn+1 (t) = .}ern—l 7fxn—l 7fxn( ) S;Ckn 1 Xn—1:%Xn (t/)’>

By Lemma 3.3, {x,} is a Cauchy sequence in X. Since X is complete, there exists a point x € X
such that x,, — x as n — . By (3.1), we have

_}k‘x,fx,fxn( ) > S;xx,,(t/)’)7
for all + > 0. Let n — 0. Since x, — x, fx,, — x(n — o), we have

S;(‘)gfx?x(t) =1,
for all r > 0. Hence fx = x.
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Next, we show the uniqueness. Suppose that u is another fixed point of f. It follows from
(3.1) that

S;xu( ):S}x,fx,fu( )>S;xu( /A‘) >S;xu(t/)tn)
Let n — oo. Since X is a Menger PSM-space, S (t/?L”) — 1, as n — oo, then

X, X,U
Sexult) =1
for any # > 0, which implies that x = u. Therefore, f has a unique fixed point in X. This
completes the proof. 0

Theorem 3.5. Let (X,S*,A) be a complete Menger PSM-space with A of Hadzié-type. Let
f:X — X be a mapping satisfying

* L *
Sfx7fy7fz(lt) > g ( x,x,fx( >+S yfy( )+Sz,z,fz(t)) : 3.5)

forall x,y,z € X, where A € (0,1). Then, for any xo € X, the sequence {"xo} converges to a
unique fixed point of f.

Proof. Take an arbitrary point xp in X. Construct a sequence {x,} by x,,+1 = f"xo for all n > 0.
By (3.5), for any ¢ > 0, we have

S;Ckn »Xn s Xn+41 ()Lt) = S.}ern—l SXn—1,f%n (At>
1 * &
(2an 1%n— 15/ %n—1 (t) + Sxmxnvfxn (t)>

=3
1 * k
§ (2an 17xn 17xn( ) + an7xl’laxﬂ+l <A{t)> )

which implies that
S;mxnaxn-H( ) > S;Ckn 1 Xn—1:Xn <t/l)
By Lemma 3.3, we have that {x, } is a Cauchy sequence in X. Since X is complete, there exists

a point x € X such that x,, — x as n — c. By (3.5), we have

* 1 * *
St fr,fun (1) = 3 (28; (/) +S% fxn(t/ﬂ’))
%

Let n — oo. Since x,, — x, fx, — x(n — o), we have, for any > 0,

;ck.,x,fx( ) = S;k‘x fxx( )
= lim Sp. py p, (1)

n—oo

1 * *
§ (2S xfx(t/)t) +Sx,x,x(t/a‘))
1 * *
§ (ZS xfx( )+Sx7x7x(t/)‘)) .
This implies that S;xfx( ) > Sy x(t/A) = 1. So, Sj;xfx( ) = 1. It follows that fx = x.

Next, we show the uniqueness. Suppose that u is another fixed point of f. By use of (2?2, for
any ¢t > 0, we have

S;xu( ) :S}x,fx,fu( ) = 3 (2S*xfx(t/l)+suufu( /A)) =1

This shows that x = u. Therefore, f has a unique fixed point in X. This complete the proof. [
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Now we give an example to support our new result.

Example 3.6. Let X = [0, +o0), and define a function S* : X3 x [0, +e0) — [0,1] by
« t
Sx,y,z(t) - t +S(x,y, Z) ‘
for all x,y,z € X, and r > 0, where S(x,y,z) = |x —z| + |y — z|. From Example 2.7, we know that
(X,S* Ay) is a Menger PSM-space.
(1) Let A € (0,1). Define a mapping f : X — X by fx = Ax for all x € X. For any ¢t > 0, and
all x,y,z € X, we have

t
S 1) = ’
Fefyse() t+A(x—z]+|y—12])
and
. t/A

Sl = e b2
Therefore, we conclude that f is a A-contraction and f has a fixed point in X by Theorem 3.4.
In fact, the fixed point is x = 0.

(2) Let A € (0,1). Define a mapping f : X — X byfx =1 for all x € X. For any 7 > 0, and
all x,y,z € X, since

S}x,f%fz(t) =S11()=1

and
|

3 (Sxapxt/A) 85, 1 (t/A)+ S5, 1 (1/A)) <1,
we conclude that

. 1o . )
Sheprge®) Z 3 (St alt/A) + 85, 1y (/A + S p:(t/4))

It is clear that all the conditions of Theorem 3.5 are satisfied. Thus f has a fixed point in X. In
fact, the fixed point is x = 1.
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