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THE EXISTENCE OF ENTROPY SOLUTIONS FOR NONLINEAR DEGENERATE
ELLIPTIC EQUATIONS
ALBO CARLOS CAVALHEIRO
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Abstract. In this article, we prove the existence of entropy solutions for the Dirichlet problem

—div[e (x,Vu) 0 + B(x,u,Vu) ] = f(x), inQ,
u(x) =0, on dQ,

where Q is a bounded open set of RY, N>2 and f € L' (Q). An example is provided to support our result.
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1. INTRODUCTION

The main purpose of this paper is to establish the existence of entropy solutions for the
following Dirichlet problem

{Lu(x) = f(x), inQ, )
u(x) =0, on dQ,
where

Lu = —div[e/ (x,Vu) 0 + B (x,u, Vu) an], (1.1)

QCRV is a bounded open set, ®; and @, are two weight functions (i.e., a locally integrable
function on RY such that 0 < Wj(x) <o (j=1,2) ae. x€ RV) which represent the degeneration
(or singularity) in equation (1.1), 1 < g < p < oo, fEL'(Q), the functions .7 : QxRN — RN and
B QxRxRN — RN satisfies the following conditions:

(H1) x>/ (x,&) is measurable on Q for all £ € R,
&/ (x,E) is continuous on RN for almost all x€Q.

(H2) There exists a constant 6; > O such that
(o (x,6) — o (x,§),(E-E&))>6:11& - &',
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2 A.C. CAVALHEIRO

whenever &,&'€RN, E#£E/, and o (x, &) = (1 (x,E), ..., o (x,E)) (Where (.,.) denotes here
the Euclidian scalar product in RY).

(H3) (o (x,E),E) > A1|&|”, where A, is a positive constant.

(H4) |7 (x,&)| <Ki(x)+hi(x)|& |p/p/, where K| and /| are nonnegative functions with 1} €L™(Q)
and K1€LP (Q, @) (with 1/p+1/p' = 1).

(H5) x> B(x,s,E) is measurable on Q for all (s,§) ERxRY,
(s,&) > B(x,s,E) is continuous on RxRY for almost all x € Q.

(H6) (B(x,5,E) — B(x,s',E"),E —E") >0, whenever £, E'cRN, EAE'.
(H7) (B(x,5,E),E) > A |€]7, with 1 < g < p < oo, and A, > 0.

(H8) | B(x,s,E)| <Ka(x) + g1(x) |s|7 + g2(x) |E]”", where K>, g1 and g» are nonnegative
functions with g; € L=(Q), g» € L=(Q) and K> € L1 (Q, @) (with 1/q+1/q" = 1).

The notion of entropy solutions was introduced in [1] where the authors studied the non-
degenerate elliptic equation —div(a(x,Du)) = f(x) with f€L'(Q). In [2], the author studied
the degenerate elliptic equation Lu = f, where L is a degenerate elliptic operator in divergence
form (i.e., Lu = — Y Dj(a;j(x)Diu)) and f€L'(Q). In [3] ,the author studied the case when

ij=1
o (x,E)=0 (i.e., Lu = —div(%(x,u, Vu) ®)). Note that, in the proof of our main result, many
ideas have been adapted from [1], [2] and [3]. For degenerate partial differential equations,
i.e., the equations with various types of singularities in the coefficients, it is natural to look for
solutions in weighted Sobolev spaces (see, e.g., [4, 5, 6, 7, 8, 9]). A class of weights, which is
particularly well understood, is the class of A, weights that was introduced by Muckenhoupt in
the early 1970’s (see [10]).

In this paper, we propose to solve problem (P) by approximation with variational solutions.
We take f,€Cg(Q) such that f,—f in L'(Q), and find a solution u, EWO1 P(Q,m) for the
problem with right-hand side f,, and G,,.

2. DEFINITIONS AND BASIC RESULTS

Let Q be an open set in R". By the symbol #(2), we denote the set of all measurable, a.e.,
in Q positive and finite functions ® = ®(x), x€Q. Elements of % (Q) will be called weight
functions. Every weight  gives rise to a measure on the measurable subsets of R” through

integration. This measure will be denoted by . Thus, u(E) = / o(x) dx for measurable sets
E
ECR"

Definition 2.1. Let 1 <p < o. A weight @ is said to be an A,-weight if there is a positive
constant C = C(p, ®) such that, for every ball BCRY,

1 1 1/(1-p) o

— [ wdx —/a) “Pldx <Cif p>1,
(|B|/B >(|B| 5 ) =w R
(l/wd>( 1><c it p—1

— x|lesssup— | <C, 1if p=1,

1B J o

where |.| denotes the N-dimensional Lebesgue measure in RV,
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If 1 <g<p,thenA,;CA, (see [7, 8, 11] for more details about A ,-weights). As an example
of an A ,-weight, the function ®(x) = |x|*, x€RY, isin A, if and only if —-N < @ < N(p—1)
(see [9], Chapter IX, Corollary 4.4). If @ € BMO(RY), then o (x) = e*?™) € A, for some a > 0
(see [12]).

Remark 2.2. If w€A,, 1 < p < oo, then

() =<l

for all measurable subsets E of B (see 15.5 strong doubling property in [8]). Therefore, if
U(E) =0, then |[E| = 0. Thus, if {u,} is a sequence of functions defined in B and u, —u -
a.e. then u,—u a.e.. The measure u and the Lebesgue measure |.| are mutually absolutely
continuous, i.e., they have the same zero sets (u(E) = 0 if and only if |E| = 0). So, there is
no need to specify the measure when using the ubiquitous expression almost everywhere and
almost every, both abbreviated a.e.

Definition 2.3. Let o be a weight. We denote by L”(Q, @) (1 < p < oo) the Banach space of all
measurable functions f defined in Q for which

1/p
Hf”LP(Q’w) = (/Q |f|p(x)dx) < oo,

We denote [L7'(Q, 0)]¥ = L' (Q, 0) x...x LV (Q, o).

Remark 24. If 0 €A, 1 < p < oo, then since w1 g locally integrable, we have L”(Q, )
CLI]OC(Q) (see [12, Remark 1.2.4]). It thus makes sense to talk about the weak derivatives of
functions in L?(Q, ).

Definition 2.5. Let Q C R" a bounded open set, 1 < p < oo, k a nonnegative integer and ® € A -
We denote by W*?(Q, ), the weighted Sobolev spaces, the set of all functions u € LP(Q, ®)
with weak derivatives D%u € L? (Q, ), 1 < |a| < k. The norm in the space W*?(Q, ®) is defined
by

1/p
Huuwk,,,(g,w):( [roas ¥ [ |Dau\pwdx) |

1<|o|<k

We also define the space W(;‘ 7(Q, w) as the closure of C§’(Q) with respect to the norm

1/p
ygrom=( % [ Ipuroar)

I<|a|<k

The dual space of W, ” (Q, ®) is the space [W,” (Q, ®)]* = W~ (Q, o),

WP (Q,0) = {T = f—div(G) : G = (g1,..., gn), g % L’ (Q,w)}.

It is evident that a weight function @, which satisfies 0 < C; <w(x) <C,, for a.e. x€Q
(where C and C; are constants), gives nothing new (the space wkp (Q, ®) and is then identical
with the classical Sobolev space W5?(Q)). Consequently, we shall be interested in all above
such weight function @ which either vanish somewhere in QUJQ or increase to infinity (or

both).
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We need the following basic result.

Theorem 2.6. (The weighted Sobolev inequality) Let Q CRYN be a bounded open set and let @
be an A,-weight, 1 < p < co. Then there exist positive constants Cq and 0 such that, for all

ueW,”(Q,w) and 1<n<N/(N—1)+3,
el (@,0) < Call Vulll 1 (0,0)- (2.1)

Proof. Tts suffices to prove the inequality for functions u € C;’(Q) (see [6, Theorem 1.3]). To
extend the estimates (2.1) to arbitrary uGWO1 P(Q, ), we let {u,} be a sequence of C3(Q)

functions tending to u in WO1 P(Q, ). Applying estimates (2.1) to differences uy, — u,, we see
that {u,,} will be a Cauchy sequence in L'?(Q, ®). Consequently the limit function u will lie
in the desired spaces and satisfy (2.1). U

Definition 2.7. Let @ €A, 1 < p < . We say that u€ 7, ”(Q, ) if T («) e W, 7 (Q, w), for
all £ > 0, where the function 7 : R— R is defined by

s, i |s| <k
Tils) _{ ksign(s), if |s| > k.

Remark 2.8. (i) Note that, for given 4 > 0 and k > 0,

0, if |ul<k
Th(u—Ti(u)) = (|u| —k)sign(u), if k < |u|<k+h
hsign(u), if |u| > k+h.

And if x €R, OC#O, then Tk(OCl/l) = OCTk/|a|(Lt).
(i) If uc W, (Q, @) then
VTk(u) = X{|u|<k}Vu,

where y£ denotes the characteristic function of a measurable set E C RY.

Definition 2.9. Let fcL'(Q) and uc 701 P(Q, ). We say that u is an entropy solution to
problem (P) if

/(%(x,Vu),VTk(u—(p»a)ldx—I—/ (B(x,u,Vu),VTi(u— @)) @ dx
Q Q
= [ fTitu=g)ax, (2.2)

for all k > 0 and all ¢ €W, 7(Q, ;) NL(Q).

We recall that the gradient of u which appears in (2.2) is defined as in [2, Remark 2.8], that
is, Vu = VTi(u) on the set where |u| < k.

Remark 2.10. Note that if u;,u; € WOl P (Q, ) then
@ = Ti(u1 +uz) €W, " (Q, 0) N L (Q)

and
Vo = VTi(u1+uz) = V(ur +u2) X{{uy 1| <k}
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Definition 2.11. Let 1 < p < oo and let w be a weight function. We define the weighted Marcinkiewicz
space .Z”(Q, ) as the set of measurable functions f : Q — R such that the function

Lp(k) =u({xeQ : [f(x)| > k}), k>0,
satisfies an estimate of the form I'y (k) <Ck 7, 0 < C < oo,
Remark 2.12. (a)If 1 < g < p < oo and QCRY is a bounded set, then
LP(Q,0)C.#P(Q,w), and #P(Q,0) CLI(Q,»)

(the proof follows the lines of [13, Theorem 2.18.8]).
(b) If % eL7(Q, @), where r = p/(p— q) (and r' = p/q), then .47(Q, @) C AU, @). In
1

fact, we have for all A C RN measurable set

(A) = /(Ozdx

= /—C()ldx
A O
1/r r 1/r
< (fm)” (15 )
A A\

= (@) o2/ 1|00

Hence 11>(A) < Cy [u1 (A)]Y/", where C; = 102/ ®1|(q,@,)- Therefore,if Q= {xeQ:[f(x)[>
Kh T () = (R0, T (k) = 12(Qp4) and f€.47(Q, @) (thatis, 11 (Q7.4) <CkP), then

2
B
~~
S
N—
I

M2 (R 1)

Cr [ (@)
C.(CkP)!/"
c,cVr

INIA

thatis, f€ Z1(Q, w)
© If % €L’ (Q, 1) (where r = p/(p—q), 1 < g < p < o), then
1

||”||Lq(§2,a)2) <Cpq ||”||LP(Q,(»1)=

where Cp , = ||/ @ H 17(@.0;)- I fact, by Holder’s inequality, we obtain

2
= T dx = T—w d
gy = [l 0rdx= [ [ul? 2% @1

q/p J(o—a) (r—q)/p
< (/|u|qp/qw1dx) (/ (an/op)" P71 a)ldx)

= ullfr g0 102/ @1l r(0,0)-
Hence,

||”||Lq(9,w2) SCP@H”HLP(Q,@)-
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Lemma 2.13. [2, Lemma 3.3] Let u € 90] P(Q,0) and @ €A, 1 < p < oo, be such that

1
- \VulPodx<M, (2.3)
k J{|ul<k}

for every k > 0. Then ue #7 (Q,w), where py = (p—1). More precisely, there exists C > 0
such that T, (k) <CM k=P,

Lemma 2.14. [2, Lemma 3.4] Let u€ 9, " (Q, ®), where @ €A, 1 < p < oo, be such that

1
— |VulPo dx < M,
k J{jul<k}

for every k > 0. Then |Vu|e #P>(Q,®), where py = pp1/(p1+ 1) (with p; = (p—1)). More
precisely, there exists C > 0 such that U}y, (k) <CM k™P2.

Lemma 2.15. Let w €A, 1 < p < oo and a sequence {u,}, u, € Wol’p (Q, w) satisfies

(i) up—u in Wol’p(Q, ) and W-a.e. in L;

(ii) / (B(x,un, Vi) — B(x,u,,Vu),V(u, —u)) @dx— 0 with n— oo.

Thengitn —uin Wol’p(Q, o).

Proof. The proof of this lemma follows the lines of Lemma 5 in [14]. 0
3. MAIN RESULT

In this section, we prove the main result of this paper.

Theorem 3.1. Let w1 €A), ;reW (Q), 1 < g < p < oo, with %EL’(Q,O)I) (where r =
1

p/(p—q)) and the conditions (HI)-(H8) be satisfied. Then there exists an entropy solutions
u of problem (P). Moreover, uc #"'(Q, ;) and |Vu| € #P>(Q, @), with py = (p—1) and
p2=pi1p/(p1+1).

Proof. Considering a sequence {f,}, f, € Cy (L),
fa—finL! (€2) and anHLl(Q) < HfHLl(Q)‘
For each n, there exists a solution u, € Wol’p (Q, @) of the Dirichlet problem

(P ) —diV[e,QfOC,Vun) (01 —l—@(X,un,Vun) 0‘)2] :fn(X) il’l Q;
" un(x) =0o0n dQ,
(by Theorem 1.1 in [15]), that is,

/ (o (x,Vu,),Vo) o dx+/ (B(x,up,Vu,), Vo) wdx = / fndx, (3.1)
Q Q Q
for all @ EWOLP(Q, o). For ¢ = Tj(uy), we obtain from (3.1) that
/ (7 (x, Vity), Vi (1)) 01 dx+ / (B(x, ttn, Vit), Vi (1)) r dx
Q Q

= /anTk(un)dx. (3.2)
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From (H3) and Remark 2.8 (ii), we have
/ (o (x, Vitn), V(1)) 01 dx = / (7 (3, VT (), VT (0)) 1 dx
Q Q

> / VT ()P on dx.
Q

By use of (H7), we have
/ (B(x,un, Vi), VT (uy)) wr dx
—/ (x,tn, VTi(un)), Vi () @ dx

> / VT ()| Y@ dx > 0
Q

and we also have

L 5Tiun) x| < [l Tian) e <l ol iy <l

In view of (3.2), we obtain
M /Q VT ()P dx+7Lz/Q VT () 02 dx <k 11

Then, if Ci = || f|[11(q)/A1, then

k
/Q VT ()| @1 dx= 10y = C k. for all k > 0. (3.3)
1

By use of Lemma 2.13 and Lemma 2.14, we have that the sequence {u, } is bounded in .Z71 (Q, )
(with p; = (p—1) and {|Vu,|} is bounded in .Z72(Q, ;) (with p» = p; p/(p1+1)). More-
over, {u,} is a Cauchy sequence in y;-measure. Consequently, there exist a function u and a
subsequence, that we will still denote by {u, }, such that

U, —u a.e.in Q. (3.4)
Using (3.3) and (3.4), we have

Ti(un) — Ti(u) weakly in W, ”(Q, @),
Ti(un) — Tp(u) strongly in LP(Q, ;) and a.e. in Q, (3.5)

for all k > 0. Hence Tj(u) € WOI’I7 (Q, @;). Furthermore, from the weak lower semicontinuity of
the norm WO1 P(Q, ), we have that (3.3) still holds for u, that is,

/ VT ()| o) dx < Cy k.
Q

Applying Lemma 2.13 and Lemma 2.14, we have that u € .Z7'(Q, @) (with p; = (p—1)) and
\Vule 2P (Q, ) (with py = p1p/(p1+1)).

e We need to shown that T} (u,)— Ty (u) strongly in Wol’p(Q, o), for all k > 0.
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Letting & > k and applying (3.1) with function ¢, = Tox(uy — T, (uy) + T (un) — T (u)), we
get

/(%(X,Vun),V(pn)a)ldx—k/ (B(x,un,Vuy),V,) @ dx
Q Q

=Aﬂ%w. (3.6)

If M = 4k + h, then V@, = 0 for |u,| > M. Hence, since condition (H7) implies that #(x,s,0) =
0 and condition (H3) implies that <7 (x,0) = 0, we can write (3.6) in the form

/Q (7 (5, VTt (1)), V@) 01 dx+ /Q (B(x, Tyt (1), Vi (1)), V) 0r dx
:/ﬁ%m. 3.7)
Q
In the left-hand side of (3.7), we have

/ (7 (%, Vot (), VT (t — Ty (1) + Tt — Ty (1)) o1 dx
+/ (o, Tag (un), VI () ), VTt (n — Ty (1) + Tie (1) — Ti () 0, dx

(sl <k} (o (x,VTy(un)), Vo (un — Tp,(un) + Tic(un) — Ty (1)) ) @y dx

+/ (B(x, Trg (un), VT (un)), Vo (un — Ty () + Tie () — T (1)) @0 dx
{lunl <k}
n / (7 (x5, VTt (1)), V Tog (1 — Ty (1) + T (1) — T (1)) o1 dx

{unl >4}

—l—/ (B(x, Trg(un), VIr(un)), Vot — Tp(up) + T (un) — Ti(u))) 0p dx.
{Jtn| >k}

(3.8)
(a) |u,| <k. Since h > k, if |u,| <k < h, then Tj,(u,) = Ty (u,) = u,. Hence,
up — Ty () + T (un) — Ti(u) = up — T (u).
We also have |u,, — u| <2k. Since VT (u,) = VTi(uy) (because |u,| <k < M), we obtain

ey (6 VT 00, T = i) + i)~ Ty ) 01

_ / (x5, VT (1)), V(T () — Ta () 1.
and

/{u 1<k} L@(x, TM(Mn)7VTM(Mn)),VT2k(Mn — Th(un) + Tk(un) _ Tk(u))> (Dzdx

= i <sg 20 Tilatn), VI(tn)), ¥ (Tetn) = Teu)) 02dx

- / (5, T (t), V(1)) V (Ti(t) — Ti(1))) @ndlx.
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(b) |un| > k. Since uy, Ty (u,) and Ty (u) are in WO1 P(Q, @), if [uy — Tj, (un) + Ty (un) — Tic(u)| < 2k,
then

VTzk(un — Th(un) —l— Tk(un) — Tk(u)) = V(un — Th(un) + Tk(un) — Tk(u))
=Vu, — VTh(un) + VTk(un) - VTk(u)
= Vu, — VT, (u,) — VTi(u)

(because VTj(u,) = 0 if |u,| > k). There are two possible cases as follows:
(i) If k < |uy| < h, then VT},(u,) = Vuy,. It follows that

Vo (un — Ty (un) + Tic(un) — Tie(u)) = —VTi(u);
(i) If h < |un| <M, then VTj,(u,) = 0. It follows that
VT (uy — Ty (un) + T (un) — Ti (1)) = Vi, — VT (u) = VT (uy) — VTi(u).
Since (' (x,&),E) > A1|€]P >0 and (B(x,s,£),E) > A,|E]7 >0, in both cases, we obtain

( (%, VT (un) ), Vot (un — Ty () + Ti () — Tic(u)))
(o (x, VT (un), Vi (1))

> =
> — | (x, VI (un)) |V Tic(u)]

and

(B, Tia (1), Vvt (4n)), V Tt — Ty (1) + Ti(atr) — ()
> — (B(x, Ty (un), VTp(un), VTi(u))
> — | B (x, Tyt (un), VTt () [| VT ()]

Therefore we obtain from (3.8) that

/ (o (x, VT (n)), Vo (ttn — Ty () + Ti () — T (1)) @y dx
+ / (%, Toa (t4n ), VTt (1) ), Vo (1t — Ty (ttn) + Ti () — Tie(w))) 02 dlx
= /un|<k} (e (x,VTa (un)), V o (ty — Ty () + Ti(un) — Ti(w))) 01 dx
i /{|u1<k} (%6, Toa (un), VTt (un) ), V T (tn — T (tn) + Ti(un) — Tie(w))) eop ¢
+/{|un>k} @ (7 (x, Vv (t4n)), V Tk (ty — Ty () + Ti(4) — Te (1)) 0y dx
! /{|un>k} © (B, Toa (1), VTaa (4n)), VDot (= T (atn) + Tiatn) = Tiu))) 0 dx
> [ (0 V0. V (Ti) ~ Ty ) 1
+/ (e Ty (1), VT (1)), ¥ (Ti (1) — T (1)) 0 dx
T V) 01

_/ | (%, T (utn), VT (1) )|V T (1) | 00 dx.
{|un| >k}
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By use of (3.7), we obtain
/ (A (x,VTi(up)) — o (x,VTi(u)), V(T (up) — Tp(n)) ) 01 dx
+/ (X, Tic(un), VTi(un)) — B(x, Ti(tn), VTi (1)), V (Ti () — Ti () ) @2 dx
/ |7 (x, VT () ||V T (10)| @y dx
{|'4n|>k}
1B T ), VT ) [V T )|
{lun|>K}
+/ FnTo(un — Ty (un) + Tie(un) — Tie(u) ) dx
Q
_ /Q (o (x, VT (1)), V (T (1) — Ti(u))) @1 dx
- /Q (B, (1), VT (1)), V(T (10) — T (1)) 0p dx. (3.9)
Considering the test function W, = Toi(un, — Ty (uy)) in (3.1), we have
| (V). V) ordit [ (B Vi) V) andx = [ fuyd
Q Q Q
and using (3.3), we obtain

/ |V oty — T (un))|P @01 dx <C1(2k+ 1), for all k> 1.
Q

Now using the fact that Tox(u,, — Tj,(up)) — Tox(u — Tj,(u)) weakly in Wol’p(Q, ;) (by (3.5) and
Remark 2.8 (1)), we have

/ IV T (1 — Ty (1)) |P 01 e < Cy (2k 4 1), (3.10)
Q
Letting n = 1 in Theorem 2.6, we find that

/Q|T2k(u—Th(u))|pa)1dx < CQ/Q|VT2]((M—T;Z(M))|p(D1dx
< CaCi(2k+1).

Moreover, from Lebesgue’s theorem, we obtain

hm/fTZk M—Th( ))d =0.

We can fix a positive real number 4, sufficiently large to have

/Qszk(u—Thg(u))dxse. (3.11)

Letting & = he in (3.9) (and M = Mg = 4k + h¢), we have the following.
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(1) By use of (H4) and (3.3), we have
/ |7 (x, Vg (1)) |7 01 dx
Q

/ p/
< / <K1(x)+h1(x)|VTM(un)|p/p> o dx
Q
gc{ / kY (x) oy dx + / 1 ()| VT ()P o0y dx]
Q Q
4 i p
<C(IK117) g+ 011 gy 9T 0 P )

<C(IK11 g + Il M ).

that is, |« (x, VT (uy,))] is bounded in L” (Q, ;).
(i1) By use of (H8), Theorem 2.6 (with n = 1), Remark 2.12 (c) and (3.3), we have

|10 Tar ) VT ) 02

<[ (Kz<x>+g1<x>rTM<un>\q/q’+gz<x>|VTM<un>|q/‘/)q/wzdx
<c| [ K @amars [ Wimutun)rozds

[ OV Tu)ana

<Rl g+ 11 [ i) P20

Hlealf- ) V7l onds )

<C (IRl .+ 810y Chal i 00
el Chol T )

<C(HK2HL‘I Q) + HngLoo Cq Cq all [V T (un)] ”16]4”(970)1)
+||82HL°° qu” VT ()| HLI’ Q) )

< (IRl g+ - ) CHE + - G 1€ ),

that is, | B(x, Ty (un), VTas (1))| is bounded in L9 (€, ;). Moreover, X{lun >k} VT ()| =0 in
LP(Q, 1) as n— oo. We also have xy,,1-ky|VTi(1)| = 0 in L9(€, @) as n— oo. Therefore,

lim | (x, Vg (1)) || VT (1) @01 dx = 0, (3.12)

7700 J{ |un| >k}
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lim |2 (x, Tag (), Vg ()| VT (1) | @2 dx = 0. (3.13)

n=reo J{ un| >k}
Furthermore,

Doy (n — Ti(un) + Tie(n) — Ti())— Tog (u — Ty (ut)),
weakly in Wol’p(Q7 o)), as n— . Hence, passing to the limit in (3.9) and using (3.5), (3.11),
(3.12) and (3.13), we have

lim { / (o (2, VTi(up)) — o (x, VIi(u)), V(T (i) — Te(w))) 01 dx
Q

n—oo

+/ (x, Ty (un), VTi(un)) — B(x, Tt (), VT (), V(Ti () — Tie() )) @ dx

< / Pl — Ty, () dx
Q
<e,

for all € > 0O, that is,
/ (o (x,VTi(up)) — o (x,VTi(u)), V(T (up) — Ti(ut))) 01 dx

+/ (%6, Tic(un), VTi(un)) = B (x, Te(un), Vi (), V (Ti(utn) — Ti(w))) 002 dx
—0, as n—> oo,

By use of (H2), (e (x,&) — o (x, '), (€ — &')) > 61 |& — &'|"> 0 and (H6), we obtain
0< /Q (o (%, VTi(ttn)) — (6, VT(1)), V (Ti (1) — Tie(u))) @y dx

< [ {0 V)~ 7 (5, VT (0), ¥ (Tiltr) — Ti(a))) 0

+/ (x, T (un), VTi(un)) — B(x, T (), VT (1)), V(Tie () — T (u))) @ dx.
Hence,
/Q (o (x,VTi(up)) — < (x,VTi(u)), V(Ti(up) — Ti(u))) 01 dx—0

as n — oo. Analogously, we obtain

/Q (B(x, Ti(un),VTi(uy)) — B(x, Ti(un), VT (), V(Ti (uy) — T (1)) 02 dx—0
as n — oo, Applying Lemma 2.15, we get
Tie(un) = Tic(u) (3.14)
strongly in WO1 P(Q, wy) for every k > 0. Moreover (by Remark 2.12 (c)), we also have that
T (un) — Ti(u) (3.15)
strongly in WO1 “(Q, an) for every k > 0. This convergence implies that, for every fixed k > 0,
A (x,VTi(uy)) = o (x,VT}(u)), (3.16)
in (L' (Q, 0))N = LV (Q, @) x ...x L (Q, ;) and
B(x, Tic(un), VTi(un)) = A (x, Ti(u), Vi (1)) (3.17)
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in (L4 (Q, )Y = L7 (Q, ) x ...x LT (Q, w).

e Finally, we need to shown that u is an entropy solution to Dirichlet problem (P). Let us take
Y, = Ti(u, — @) as test function in (3.1), with ¢ EWO] P(Q, ) NL™(Q). We obtain

/Qw(x,vun),vwn>wldx+/£2<@(x,un,vun),vwn>cozdxz/anq/ndx. (3.18)
If M = k+||@| =) and n > M, then
| 7 5. V1). VTt~ @) @1+ | B, Vi) VT~ 9)) rd
/ (5, VT (1)), VT (1n — @) 0, dx

+/ (x, Tpg (), VTpy(un)), VI (up — @)) 0 dx.

It follows from (3.18) that
/ (o (x, VT (), Vi (1t — 0)) @y dx
+/ (6 Tog (1), VT (1)), Vi (1 — 0)) 0 dx

= /anTk(un —@)dx. (3.19)
Therefore, passing to the limit as n— o0 in (3.19), and using (3.5), (3.16) and (3.17), we obtain

/ (7 (x, Vi), VTi (4 — @) o dx + / (B(x, 1, Viu), VT (1 — @) @rdx = / FT(u—@)dx,
Q Q Q

for all (pEWOI’p (Q,m;)NL"(Q) and for each k > 0. Therefore u is an entropy solutions of

problem (P). This completes the proof. O
Example 3.2. Let Q = {(x,y) €R? : x?> +y? < 1}. Consider the weight functions @ (x,y) =
(2432712, 0 (x,y) = (P +y*) 713 (@1 €As, 0y €A3, p=4and g =3), f(x,y) = (xﬁ"j%
and
o QxR>—>R?,
A ((x,),8) = h(x,y) &€,
where h(x,y) = 2e® %), and
B OXxRxR>—R?,
A((x,),1,8) = g2(x,)|S]€,
where g5 (x,y) = 2+ cos(x? +y?). from Theorem 3.1, the problem
oy (09). V) @15+ B((5) .0 Vi) only)] = i

u(x,y) =0 in dQ

has an entropy solution.
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