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Abstract. Two classes of nonautonomous three-species Lotka-Volterra type one predator-two compet-
itive prey systems with pure discrete time delays are investigated. Some new sufficient conditions on
the boundedness, the permanence, the extinction and the global attractivity of the systems are estab-
lished by using the comparison method and the construction of suitable Lyapunov functional. Finally,
the theoretical results are illustrated by one example with numerical simulations.
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1. INTRODUCTION

It is well known that the mathematical population dynamical system is one of the important
discipline in modern applied mathematics, where population dynamical competitive systems,
population dynamical cooperative systems, population dynamical predator-prey systems be-
come the most popular topics recently. There has been a lot of studies related to the population
dynamical systems; see, e.g., [1]-[18] and the references cited therein. Most of these studies
concerned with the extinction, the permanence, the global attractivity and the existence of peri-
odic solutions and so on. For example, in [2], Lin and Lu considered the following two species
autonomous Lotka-Volterra systems with delays

X1 ([) =X (l‘) [I’l —apxi ([) +aqx; (t — T11) +a12xz(t — ‘512)],
Xz(t) = )Cz(l‘)[rz — azxg([) “+an1x1 (t — ‘521) —f—azz)Q(l — ‘522)].
They obtained some sufficient conditions for the permanence of system (1.1) for competitive

case and cooperative case respectively. In [4], Lu, Lu and Lian considered the following two
species autonomous Lotka-Volterra cooperative systems with delays

x1(t) = x1(t)[r1 —aix1(t) —anxi (t — 1) +anx(t — 1712)],
Xz(l‘) = XQ(I)[I’Z — azxz(t) “+ar1x1 (l‘ — T21) — azzxz(l‘ — Tzz)].

(1.1)

(1.2)
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They obtained some sufficient conditions for the permanence of system (1.2). In [7], Nakata and
Muroya studied the following two species non-autonomous Lotka-Volterra system with delays

i1(r) = xi()[n () —aq (t)x (- 7)
—aty (1)x1 (1 =27) +apy (0)x(t — 7)),
da(1) = xat)[ra(t) +ay (0)x1 (1) +agy (1)x1 (1 — 7)
—ay (1)xa(1) —ap ()x(t — 7).
They established some sufficient conditions which ensured the system to be permanent. In
[10], Lv, Yan and Lu considered the following competitor-competitor-mutualist Lotka-Volterra
systems with pure delays

(1.3)

x1(t) = xi(2)(r1() —an (0)x1(t — 1 (1))
—alz(f)xz(f—flz( ) +a3(t)xs(r —13(t))),
Xo(t) = xa(r) (r2(t) — a1 (£)x1 (t — 21 (1)) (1.4)
—azz(f)xz(f—fzz( )+ a3 (t)x3(t — 123(1))), '
X3(1) = x3(0) (r3(r) +azi(0)xi (r — w31 (1))

+a32( )x2(t — T32(1)) — az3 (t)x3(t — 133(1))) -

They e obtained sufficient conditions for the existence of periodic solutions by Krasnosselsii’s
fixed point theorem. For the case of 7;(¢) = 0, they also obtained the global attractivity of
positive periodic solution of system (1.4) by means of the construction of Liapunov functions.
Base on the above works, Muhammadhaji, Teng and Zhang [12] studied the following three
species non-autonomous Lotka-Volterra competitive - cooperative systems with delays

x1(t) = xi1(6)[ri(t) —af; (O)x1(t — ) —af; () (£ — 27)
—6112( )Xz(t —27) +ai3(t)x3(t — 7)),

Xw(t)= x [ t)—ap(t) xl(t—ZT)—aéz(t)xz(t—T) (1.5)
azz(f) ( —27) +ans(t )x3(f—f)}7 '
wi(t)= x [ —|-a31( )x1(t— 1) +as(t)x(t—1)

—a33(t)x3 (t) — as3 (t)x3(t — T)] .

They obtained some sufficient conditions on the permanence of species and the global attractiv-
ity of the system by construction of Liapunov functional and the method given in [7]. However,
the systems of (1.1), (1.2), (1.3) and (1.5) are not pure delay systems. In [10], Lv, Yan and Lu
did not consider the global attractivity of the systems for pure delay case. For example, sys-
tems ((1.1) and (1.2) include two non-delayed terms a;x;(¢), and ayx>(¢), system (1.3) includes

two non-delayed terms a3, (t)x1 () and a3, (t)x>(¢) and system (1.5) includes one non-delayed

term als(t)x3(¢). For that reason and based on the above works, in this, paper, we consider
the following two classes three species non-autonomous Lotka-Volterra type one predator-two

competitive prey systems with pure discrete time delays

x1(t) = X1(f)["1(f)—ah(f)?ﬂ(f—f)—au(t))ﬂ(f—%)
—alz(t)xz(t —2’[) —a13 X3 t —2’[)},
Xz(t) = X2(t) [rz(l‘) —a21(t)x1 (l‘ —2T) —azz(t)XQ([— T) (1 6)
—a%z(t))Q(t — 21’) —a23( )X3(I — 21’)}, ’
%3(1) = x3(0)[ = r3(r) +az1(0)x1(t —27) +az(t)x (1 — 27)
(

1)x3(t — T) — a3z (t)xs(t — 27)]
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and
0(t) = x(t)[r()—af fxl(l— 7) —af (t)x (1 — 27)
—Cllz(l‘)XQ(t—2T) —6113 )C3 Z‘—Z‘C)},
Ko (t) = (t) [r2(2) —a21 (O)x1(t —27) — ady (H)x2 (1 — 7) (17
ay(t ) ( 27) —ans(t)x3 (1 — 27)], '
fC3(l‘)I )[ +a31 l‘ xl(t—21)+a32(t)x2(t—2‘c)

—a33<r>x3 (1 — 1) — a3 (1)t — 21)].

As far as we know, the dynamic relationship between predators and preys has long been and
will continue to be one of the dominant themes in both ecology and mathematical ecology due
to its universal existence and importance [6]. In addition, an important problem in the predator-
prey theory and the related topics in mathematical ecological dynamical systems concern the
permanence, the extinction and the global attractivity of considered dynamical system. Hence,
in this paper, our main purpose is to establish some sufficient conditions on the boundedness,
the permanence, the extinction and the global attractivity for system (1.6) and system (1.7). The
method used in this paper is motivated by the work in [7] and the work in [12].

2. PRELIMINARIES

In system (1.6) and system (1.7), x;(¢) and x,(¢) denote the density of the two competitive
prey species at time 7, respectively, and x3(¢z) denotes the density of the predator species at
time ¢. Throughout this paper, we always assume that system (1.6) and system (1.7) satisfy the
following assumption

(Hy) 7 is a positive constant, 7;(¢), (i = 1,2,3), dt,(t), ab, (t), ak; (1) (I = 1,2), ar2(t), a13(t),
a1 (1), ax3(t), as;(t) and az;(t) are continuous, bounded and strictly positive functions on [0, o).

Throughout this paper, for system (1.6) and system (1.7), we consider the solution with the
following initial condition

xi(t) = ¢;i(t) forall re[-21,0),i=1,2,3,

where ¢;(7) (i = 1,2,3) are nonnegative continuous functions defined on [—27,0) satisfying
$:(0) >0 (i =1,2,3). For a continuous and bounded function f(¢) defined on [0,0), we define
= inf;c(0.00){f(¢)} and M= = SUP,¢[0.)1./ (1) }. On the global attractivity of system (1.6) and
system (1.7), we have the following deﬁmtlon

Definition 2.1. System (1.6) or system (1.7) is said to be global attractive if for any two positive
solutions (x1(7),x2(¢),x3(¢)) and (y1(¢),y2(¢),y3(¢)) of (1.6) or system (1.7), one has

Jim (1) ~3i(0) =0, =123,

Now, we present some useful lemmas.
The following three lemmas will be used in the main results on the boundedness of system
(1.6) and system (1.7).

Lemma 2.2. [7] Assume that function y(t) > 0 defined on [—m7,0), satisfies that

$(0) < y(O) A~ Y iyt — 7)) + D,
=1
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where
m
A>0, 4 >010=0,1,2,-m),u=Y pu' >0, D>0,
=0
are constants. Then there exists a positive constant My such that
. D D
limsupy(r) < My = —— + (= +y*) exp(Am7), (2.1)
f—o0 l A,

where y = y* is the unique positive solution of equation
y(A —py)+D=0.

Lemma 2.3. [7] Assume that function y(t) > 0 defined on [—m7, ) satisfies that
< l
¥() 2 () (A= Y Wiyt =17) +D,
=1

where
m

A>0,pu'>0(0=0,1,2,---m), u=Y p' >0 andD>0,
=0
are constants. If (2.1) holds, then there exists a positive constant my such that

t—roo

liminfy(t) > m, = %exp{(l — uMy)mt}.

Lemma 2.4. [18] Consider the following equation u(t) = u(t)(d; — dou(t)), where d, > 0, we
have (1) if dy > 0,thenlim;_, ;o u(t) = dy /dy, and (2) if d; < 0,thenlim;_, ;. u(t) = 0.

3. BOUNDEDNESS, PERMANENCE AND EXTINCTION

In this section, we will obtain some sufficient conditions for the boundedness of system (1.6)
and system (1.7), permanence of species x3(¢) in system (1.7) and extinction of species x3(¢) in
system (1.6).

Theorem 3.1. If (H;) holds, then system (1.6) is ultimately bounded.

Proof. First, we show that x| (¢) is ultimately bounded. From the first equation of system (1.6),
we have
X1 (1) <xi () (R —aifx (1 — ©) —ajfx (1 — 27)),
By Lemma 2.2, we get
s M

limsupx; (£) < M; £ —Lexp (H21).
[%wp () a%+aﬁ p( 1 )

Similar to the above discussion, for x,(z), we can obtain

M
limsupxy(t) < Mr £ ﬁ
1o ay +ay

exp (rJZWZ‘C).

Finally, from the above discussion, for any positive constant & > 0, there exists a positive
constant 7j such that

x1(t) <My +¢€, x2(t) <Mp+g forall 1 >T.
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Using the third equation of system (1.6), we have
x3(t) < x3(1) (aél/ll (M) + &) +a13v§(M2 +&)— a%%x;;(l‘ —T)— a%lj)@(l — ZT)), t>Tp.

Since & is arbitrary, we get

M
limSllp)C?,(t) < M3 = IL—()ZLeXp {MOZT},
1o a3z +as;

where My = aé”l M, + ag’éMz. This completes the proof. 0
The following theorem is on the boundedness of system (1.7).
Theorem 3.2. If (Hy) holds, then system (1.7) is ultimately bounded.

Proof. By use of the similar method with Theorem 3.1, we can get the desired conclusion
immediately. O

Remark 3.3. From the proof of Theorem 3.1 and Theorem 3.2, we can see that if species x;(¢)
and x;(¢) have positive intrinsic growth rates, then system (1.6) and system (1.7) are must be
ultimately bounded.

The following theorem is about the permanence of species x3(¢) in system (1.7).
Theorem 3.4. If (H,) holds, then species x3(t) in system (1.7) is permanent.
Proof. From third equation of system (1.7), we get

x3(t) > x3(t) (5 — a¥x3(t— 1) — a3 xs3 (1 — 27)).

By Lemma 2.3, we can obtain that

L
liminfxs(f) > my 2 —3_ex k- a1M+a2MM T,
mir 3(t) > m3 g p{(r5— (a3 +a335 )M3)7}

This completes the proof. ]

Remark 3.5. We can see that if species x3(¢) has a positive intrinsic growth rate, then species
x3(t) in system (1.7) must be permanent.

We also have the following result.
Corollary 3.6. Assume that (H,) holds and ré — ag‘/’lM 1 — ag/éMg > 0. Then the predator species
in system (1.6) goes to extinction.
4. GLOBAL ATTRACTIVITY

In this section, we will obtain the sufficient conditions for the global attractivity of system
(1.6) and system (1.7). The following theorem is about the global attractivity of system (1.6).

Theorem 4.1. Suppose that (Hy) holds. Further suppose that the following (H,) holds.
(Hy) There exist constants [; > 0 (i = 1,2,3) such that

liminfA;(t) >0, i=1,2,3,
[—o0
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Ai(r) = pu(agy (1) +aq; (1) = Xioy e ay (ut1)du[ry (1) + (g, (1)
+“11( )M +ain ()M +ay3(1)Ms)] — N1M1Z,2 G (w1t du
xah, (t+17) — ,LL2(1+’L'M2(a22 +2a3¥))ay (t +27)

—p3(1+ tM3 (a3} +2a3Y ))a3l(f+21')

Ax(1) = a(ay(t) + a3y (1)) — 2 X7y i o aby (u+1)du[ra(r) + (a3, (7)
+a%2(1))M2+a21(f)M1+023( )Mﬂ oM Y7 [ by (u 1) du
Xaby (t+17) — ,u1(1+’L'M1(a11 +2a))ay (t +27)
—,LL3(1—|—TM3(CI313!/I—|—2G ))a32(t—|—21')

and

A3(t) = p3(ads(r) +a33(0) — 3 Xpoy fjpabs(u+1T)du(rs(t 2+(a§3(l)
+a35(1)) M3 + az1 ()M + ax (1) Mz ] — ,u:«;M;;Z,2 LAk (u - 1T)du
Xdyy (1 +17) u1(1+TM1(a111”+2a ))ais(t+27)
—pa(1+TMa(azy +2a3) ))a23(l+2f)

Then system (1.6) is globally attractive.

Proof. Suppose that (x(t),x2(t),x3(¢)) and (y1(¢),y2(¢),y3(¢)) are any two positive solutions
of system (1.6). From Theorem 3.1, there exist positive constants 7y and M; (i = 1,2,3) such
that 0 < x;(1), yi(t) < M;, (i=1,2,3), for all t > Ty. Let

Wi (1) = Vi () + m2Var (1) + p3Vai (1),
where
Vi = |Inx(t) —Inys(8)], i=1,2,3.
Calculating the right-upper derivative of W; (1) along system (1.6), we have
D*Wi(r) = pusign(xi () = y1(0)[ —aj, (6)(x1(r = 7) = y1(t — 7))

—a}, () (x1(t —27) —y1 (t — 27)) — ar2(t) (x2(t — 27)
—y2(t —27)) —an3(r) (x3(r = 27) — y3(t — 27))]
+psign(xa (1) = y2(1)) [ — a1 (1) (x1 (£ = 27) = y1(r = 27))
—ay, (1) (0t — 7) = y2(t = 7)) — a3, (1) (02t — 27) = y2(r — 27))
—ax (1) (x3(r —27) — y3(t — 27))]
+ssign(xs (1) —y3(1)) [az1 (1) (x1 (2 — 27) —y1 (£ - 27))
Fan () (x2(r = 27) = y2 (1 — 27)) — a3 (1) (x3(1 — ©) = y3(1 — 7))

—a3; (1) (x3(t —27) —y3(t —27))]
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pisign(x1 (1) —y1 (1)) [ — (ag, () +af; (1)) (21 (1) = y1()) — @ra (1) (x2 (£ — 27)
2 t
—yz(t—ZT))—6113(t)(x3(t—27)—ys(t—2f))+12aln(t)/l ((x1 () —y1(u))
=1 t—It

x [r1 () = ayy ()y1 (u—7) — afy ()y1 (u —27) — a1z (u)y2 (u = 27)
—ar3(u)ys(u—27)] +x1(u) [ —ajy () (51 (= 7) = y1 (u = 7))
—aty () (1 (u = 27) = y1 (u—27)) — an(u) (x2(u — 27) — y2 (u — 27))
—an3(u) (x3(u—27) — y3(u —27))| ) du]

+Hosign(xa(r) — y2(1) [ — (agy (1) + a3, (1)) (x2(r) = y2(1))
—ag) (1) (x1 (1 =27) = y1(t = 27)) — az3(r) (x3(r — 27) — y3(t — 27))

2 t
+Y a0 [ () =ya(w) ra(o0) = aby(w)ya(u—7)
=1 r=lr

—azy (u)y2(u—27) —az1 (u)y1 (u —27) — azs (u)ys (u — 27)]

(
o (1) [ — agy (u) (x2 (u — T) = y2(u — 7)) — a3, () (x2(u — 27) — y2 (u — 27))
—ag (u) (x1 (1 —27) = y1 (u—27)) — a3 (u) (x3(u — 27) — y3(u —27))] ) du]
+usign(xs (1) = y3(1)) [ — (a35(1) +a33(1) (x3(1) —y3(1))
+az (1) (x1(t —27) —y1(t —27)) + asp(t) (x2(t — 27) —y2(t — 27))
+gaé3(f) /ti”((x3(u)—ys(u))[—r3(u)—61%3(“)%(”—1')
—a33(u)y3(u—27) + a1 (w)y (u —27) + azp (u)y2 (u — 27)]
s (1) [ — azs (u) (03 (u — T) —y3(u— 7)) — a33 () (3 (u — 27) — y3(u — 27))
+azy(u)(x1 (u—27) —y1(u—27)) +az(u)(x2(u—27) — yr (u — 27))] )du]
—Zuz ag(t) +ag (1)) xi(t) — yi(t)| + (M2a21 (1) + pzaz () x1 (t — 27)
—yl(t 27)| + (i () + H3az (1)) [x2 (1 — 27) — y2(r — 27)|

+(a3(t) + poa (1)) |x3 (1 — 27) — y3(t — 27)
2 t

Hu Yah@) [ (100 =0 [0 +af (=)
=1 =T

—I—cz%1 (u)y1(u—27)+ap(u)y2(u—27)+ajz(u)y;(u— 21‘)]

1 (u) [ay () |1 (u— ©) = 1 (u— )| +af () et (u—27) — y1 (u—27)|
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+ain(u)|x2(u—27) —yo(u—27)| +aiz(u)|x3(u—27) —y3(u—27)|| ) du

2 t
2 Y abs(t) [ (12(0) =20 [r2 )+ by )y =)

=1

+a%2(u)y2(u —27) +ao (u)y1 (u—27) +ax(u)ys(u— 21’)]
a0 by 1) ea 1 — ) =y — )|+ iy )a(u — 25) — ya (u— 20)
+an (u)x1 (u—27) — y1 (u—27)| + azs () |x3(u — 27) — y3(u—27)|] ) du @.1)
2 t
i Y1) [ (1a0) =53] [ra () +aks )y =)
=1 =it
s )y — 27) + st ()1 (1 — 22) + )y — 27)]
o3 (1) a3 () s (= 7) — y3 (0 = 7) |+ @33 (u) b3 (= 27) — y3 (1 — 27)]
+azy(u)|xy (u—27) —y1 (u—27)| +azy(u)|x2(u — 27) — yo (u — 27) H )du.
Define Wz(l‘) =l V]Q(t) + ,llezz(l‘) + N3V32(t), where
2 t
Vi@ = B [ [t ([n6) +al 6l -0+t oms-20
+ana(s)ya(s —27) +ar3(s)y3 (s = 27)] i (s) = y1 ()|
0 (5) [l (5) 1 (5 = ) = 1 5 — )]+ @ () (5 — 28) — vy (5 — 2]
+apn(s)|xa(s —27) —ya(s —27)| + a3 (s)|x3(s — 27) — y3(s — 27) |] )dsdu,
2t t
Vi) = X [ [ dhalut 12)([206) +abspals ~ 1)+ alshals 20
=1 i1t Ju

+az1(s)y1(s —27) + a3 (s)y3(s — 27) | [xa(s) — ya(s)]
+x2(s) [ady ()2 (s — T) — ya (s — ) + a3, (s)[xa (s — 27) — yo (s — 27)]

+azi (s)]x1 (s — 27) — y1 (s — 27)| + a23(s)|x3(s — 27) — y3(s — 27)|] ) dsdu,
2 1

V)= Y [ [ alurie)([rals) - aks(oyals =)+ ady(s)ats—27)
=171t Ju

Tzt ()91 (s — 27) + aza()y2(s — 27)] s s) =33 s)
() [aky (5) s (5 — 7) = y3(s — 7)] + ada ($)lea(s — 22) — y3(s —27)

+azi (s) i (s = 27) — yi (s = 27) |+ az(s)lxa (s — 27) —ya (s — 27)|] ) dsdu.
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Calculating the right-upper derivative of W, () and from (4.1), we have

2
Y DTWi(1) Zuz ai (1) +az () xi(t) = yi(t)] + (a2 (1) + paaz1 (1)) e (1 — 27)
i=1

—yl(t—ZT)|+( 1a12(t) + paaz (1)) |xa(t —27) — y2 (1 — 27))

+(maiz(t) + poazs(t))|x3(t —27) — y3(t — 27)|
i Z/ (1T dury () + (aby (1) + ady ()M + ana ()M

+a13(t)M3} |X1 (l‘) —¥1 (l‘)| + u My 212:1 ftt—lralll (I/t—‘r- lf)dl/l

xahy (1)1 (t —17) —y1 (t — I7) |+ M T (at) +2a3t")

xlaz (1) 2 (r = 27) = y2(t = 27) | + a3 (1) s (1 — 27) — y3(r — 27) ]

2t
2 ) /  an(u+IT)dulra(t) + (ax(f) + ax(0)Ma+ax ()M

+ax()Ms][x2 () — ya(t |+H2Mzz/ dy(u+1t)d

xay (1)t = 17) = y2(t = 17)| + oMot (ay’ +2a3))

X [azl(t)|x1(t —27) —y1(t —27)| + ax3(t) |x3(t — 27) — y3(r — 27)] } ,

2t
+H3 Z, /tka133(“+lf)d” [r3(1) + (a33 (1) + @33 (1)) M3 + a3 (1) M

2
Fan()Ma] ba(t) —3a() + sy Y- [ b (u-+ 17)d
=171=1T

Xy (1) s (1 — 17) = y3(1 = 17)| + waM(azh +2a3))

X [a31(t)|x1(t — 2‘L’) —yl(t — 21')| —|—a32(t)\x2(t — 2‘[) —yz(l‘ — 21)| ] ,
4.2)
Define W3(1) = 1 Vi3(t) + t2Vas () + usVas(t), where

2 t s+IT
Via(t) = My Y /, l / d 12V (s 4 17) |1 (5) — y1 (5)|duds
1 TJS

t
H(1+Mye(alll +2a3) [ _ann(u+22) o) = y2()|d
1—27T

t
H(Me(all +2a3) [ an(u-+27) () ~ya(u)ldu
1—27T



V23 (l‘) =M

Va3 (t

Calculating the right-

iD*W,-(:) <—

i=1
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2t s+t ; ;
Z/ l / ar (u~+17)asr, (s +17)|x2(s) — ya(s)|duds
=1 t—ITJs

t
1+ Moz(all! +2034) [ (w22 b () 1 ()| d
1—27

t

(1 + Mat(a 4 242 / o3 (1 + 27) |3 (u) — y3 (u) |,

t—271

s+IT
/ by (u+17)als (5 + 1) |3 (s) — y3 (s) | duds
)

M3Z/

t—lt
O+ Msr(a +268) [ asifu+20)0 () i )l du
+(14+Mat(at¥ +2434)) /tiZT azp(u—+27)|x2(u) — y2(u)|du.
upper derivative of W3(¢) and from (4.2), we have

(a0 +ah) ulz/ ahy(u+19)du [ (1) + (a} (0

t+it
+ai (1)) My +an(H)Ma + ai3(t)Ms) — M, Z/ iy (u+17)du

Xa] 1 (t+lT> — ‘le(l + TMZ(QZZ +2022 ))021(t+27)
—u3(1 —I—’L'M3(Cl33 +2a ))031(Z+2T>> lx1(2) —y1(2)|
(a0 + o)~ 3 [ it 124 [n) + et
5 2ttt ,
—f—azz(t))Mz—I-az](t)M] —|—a23(t)M3} — oM, Z/ azz(u+l’c)du
=11
><a22( +lit) — ,ul(l+’L’M1(a%11”+2a%11”))a12(t+21)

(1 -+ M a4 284 aale +29) ) bal0) - 3200

t—It

(a0 + 0 -1 X / o+ ) r3(1) + (a0

t+lt
+a35())M3 +az1 (1) M) + a1 p3Ms Z/ i3 (u+17)du
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><al33(t—|—lT) — “1(1 + T™ (a}IIVI +2a%jlw))a13(t—i—2‘c)

(4.3)
— a1+ TMa (! + 2038 s (1 +2r>) xa(r) — ys (1)1
Further, we define a Lyapunov function as follows
3
=) Wi
i=1
Calculating the right-upper derivative of V (¢), we obtain from (4.3) that, for all # > Ty,
3
DYV () < =) Ailt)lxi(r) = yi(t)]. (4.4)
i=1

From assumption (H,), there exists a constant & > 0 and T* > Ty such that, for all t > T,
Ait)>o>0, i=1,2,3. 4.5)
Integrating from 7* to ¢ on both sides of (4.4) and by (4.5) produces

/ Z|xl )|)ds < V(T*).

Hence, V (¢) is bounded on [T, ) and we have

¢ 3
/T* (Z [xi(s) _}’i(S)Dds < oo,
i=1

From Theorem 3.1, we can obtain that (x;(z) — y;(¢))(i = 1,2,3) and their derivatives remain
bounded on [T*,c0). As a consequence, |x;(t) —y;(¢)| (i = 1,2,3) is uniformly continuous on
[T*,0). By use of Barbalat’s lemma, it follows that

Hence,

This completes the proof. 0
The following theorem is about the globally attractivity of system (1.7).

Theorem 4.2. If all conditions of Theorem 4.1 hold, then system (1.7) is globally attractive.

Proof. By using the similar method with Theorem 4.1, we can conclude the desired result. [J

Remark 4.3. The aim of the construction of the multiple Lyapunov functional is to produce
non-delayed terms in the right-upper derivative calculation of Lyapunov functional. Thus, we
can offset the delayed terms by non-delayed terms. From the Lyapunov functional W,(z) and
W;(2) in the proof, we can see that the upper bounds M;(i = 1,2,3) are very useful to construc-
tion of the Lyapunov functional.
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5. THE EXAMPLE
In this section, we will give an example to illustrate the results obtained in this paper.

Example 5.1. We consider the following system

2 —|cos(t)]| 1.1+ sin(t)

x1(t) = x1(¢) (T — (1.8 4+0.35cos(t))x1 (t — T) — yE— (t—21)
—%xzﬁ 27— %M(z “21)),
)= 1) (2 — \szm(t)| B 4+f(])ﬁg(t)|x1<t _20)— 3.3 +02.3sin(t)x2<t )
. (5.1)
L +4€0s(t)x2(t o) - 7 +Z$ﬁg(t)|x3(t _21)),
150 = x(e)(~ 2Ol SEPIOL (g4 SEOOL o
5 ~|—s2in(t)x3(t ) 5 +C60S(t)x3(t _21)).

In system (5.1), if 7 = 0.15, then

M, = 09152, M, ~0.8852, M3 ~0.5062,

liminfA;(¢) ~ 0.4551, liminfA,(f) ~ 0.5696, liminfAs(t) ~ 1.4764.
t—veo t—veo t—veo

It is clear that the conditions of Theorem 4.1 hold.
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0.035 T T T T T T T T

0.03

0.025

0.015

0.0
1 1 1 1 1
50 60 TO a0

[0 100

Fig. 1. Global attractivity of system (5.1)
From Fig. 1. we can see, system (5.1) is globally attractive.

Next, if T = 2.5, then

My~ 100.6191, My~ 97.3201, M;~55.6549,  liminfA,(r) ~ ~2232.2 <0

It is clear that the conditions of Theorem 4.1 do not hold.
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Fig. 2. Non-global attractivity of system (5.1)

From the Fig. 2. we can see, system (5.1) is not globally attractive.

Remark 5.1. From the above example, we can see that the effect of time delays on the global
attractivity of the system. The results of this paper suggest the biological implication that the
length of time delays can change the global attractivity of the system, in some cases, small time
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delays are harmless for the global attractivity of the system. However, the global attractivity of
the system may be destroyed by some other larger time delays.

6. CONCLUSION

In this paper, two classes of nonautonomous three-species Lotka-Volterra type one predator-
two competitive prey systems with pure discrete time delays are proposed and analyzed to study
the boundedness of the solution and global attractivity of the systems. Based on the comparison
method and the construction of the multiple Lyapunov functional, some new sufficient con-
ditions on boundedness, permanence, extinction and global attractivity of the systems are ob-
tained. In addition, numerical simulation results shows the feasibility of our results. Moreover,
the models and results present in this paper can been seen as the improvement and extension of
the models and results obtained in [2, 4, 7, 9, 10, 12].
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