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1. INTRODUCTION

Take into consideration the impulsive 4th-order Kirchhoff-type two-point boundary value
problem

u(iv)+K
(∫ T

0
(−A |u′(t)|2 +B|u(t)|2)dt

)
(A u′′+Bu)

= λ f (t,u)+ `(u), t 6= t j, t ∈ [0,T ],
Du′′(t j) = I1 j(u′(t j)), −Du′′′(t j) = I2 j(u(t j)), j = 1,2, . . . ,m,
u(0) = u(T ) = u′′(0) = u′′(T ) = 0,

(Dλ
f ,`)

where K ∈ C([0,+∞),R) and there exist two numbers m0,m1 > 0 with m0 ≤ K (x) ≤ m1
for any nonnegative amount of x, A ,B ∈ R are two constants, λ is a positive parameter, f :
[0,T ]×R→ R is an L2-Carathéodory function, ` : R→ R is a Lipschitz continuous function
with the Lipschitz constant L > 0, i.e., |`(ρ1)− `(ρ2)| ≤L |ρ1−ρ2| for every ρ1,ρ2 ∈ R and
`(0) = 0, I1 j, I2 j ∈ C(R,R) for j = 1,2, . . . ,m, 0 = t0 < t1 < t2 · · · < tm < tm+1 = T , the
operator D is defined as Du(t j) = u(t+j )− u(t−j ), where u(t+j )(u(t

−
j )) denotes the right hand

(the left hand) limit of u at t j. Bending or deforming elastic beams are modelled by 4th-order
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ordinary differential equations. Accordingly, 4th-order ordinary differential equations are of
great importance in engineering and physics.

Boundary value problems for 4th-order ordinary differential equations have recently achieved
high importance. Many scholars have analyzed beam equations under diverse boundary condi-
tions and via diverse methods (see, for instance, [1, 2, 3, 4, 5, 6, 7, 8]). For example, Hayashi
and Naumkin in [6] considered the Cauchy problem for the inhomogeneous fourth-order nonlin-
ear Schrödinger equations. They found the large-time asymptotics of solutions for the Cauchy
problem and used the factorization technique similar to that developed for the Schrödinger
equation. Liang and Zhang in [7] dealt with the existence and multiplicity of solutions for the
fourth-order elliptic equations of Kirchhoff type with critical nonlinearity and used Lions’ sec-
ond concentration-compactness principle and concentration-compactness principle at infinity to
prove that (PS) condition holds locally. Also, by a variational method, they proved that it has at
least one solution.

The Kirchhoff’s model [9] is an extension of the classical D’Alembert’s wave equation for
free vibrations in elastic strings. This model explains the variations in the length of the strings
produced by transverse vibrations and became well-established only when Lions [10] suggested
an abstract framework for the problem. The solvability of Kirchhoff-type problems has been
greatly welcomed by various scholars. Some studies of Kirchhoff equations can be found in
[11, 12]. Impulsive differential equations happen in many fields including population dynamics,
ecology, biotechnology, industrial robotic, pharmacokinetics, optimal control, etc. For the gen-
eral aspects of impulsive differential equations, readers can refer to [13, 14, 15]. The difficulties
dealing with such problems are that their states are discontinuous. Consequently, the numbers
of impulsive differential equations are fewer than those of differential equations without im-
pulses, especially for higher-order impulsive differential equations. Some researchers recently
studied the existence and multiplicity of solutions for impulsive 4th-order two-point boundary
value problems. For instance, in [16], Sun, Chen and Yang discussed the existence and multi-
plicity of solutions for problem (Dλ

f ,`), in the case that K (x) = 1 for each positive number of
x and ` ≡ 0, and they given some new methods to guarantee that the impulsive problem has at
least one nontrivial solution and infinitely many distinct solutions under different conditions.
In [17], using variational methods, Afrouzi, Hadjian and Rădulescu discussed the multiplicity
of solutions for a 4th-order impulsive differential equation with the Dirichlet boundary condi-
tion and two control parameters. In [18], Cabada and Tersian investigated the existence and
the multiplicity of solutions for an impulsive boundary value problem for 4th-order differen-
tial equations. In fact, they analyzed the existence of at least one and infinitely many nonzero
solutions by using minimization, the mountain-pass, and Clarke’s theorems. In [19], utilizing
some critical point theorems, Xie and Luo found the area of the control parameter in which the
boundary value problem (Dλ

f ,`), in the case K (x) = 1 for all x ≥ 0, ` ≡ 0 and T = 1 admits
at least one solution, and has also proved that there exists an interval of the control parameter
in which the boundary value problem take infinitely many solutions under specific conditions.
In [20], the existence of multiple solutions for impulsive 4th-order differential equations of the
Kirchhoff type similar to the problem (Dλ

f ,`) was studied. Employing a variational method, the
authors obtained a set of new criteria to guarantee that impulsive 4th-order differential equations
of the Kirchhoff type have three and infinitely many solutions. However, very few researches
investigated the existence of solutions for impulsive elastic beam 4th-order equations of the
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Kirchhoff type. In recent years, in [21], the existence of multiple solutions for a class of im-
pulsive perturbed elastic beam 4th-order equations of the Kirchhoff type has been discussed, as
well as a new criteria to guarantee that the impulsive perturbed elastic beam 4th-order equations
of the Kirchhoff type have at least three weak solutions to be obtained by using a variational
method and one of Ricceri’s critical points theorems.

In this paper, considering the issues above, initially employing a consequence of the local
minimum theorem due to Bonanno and mountain pass theorem, we study the existence of two
nontrivial solutions for problem (Dλ

f ,`) by mixing an algebraic condition on f with the classical
Ambrosetti-Rabinowitz (AR) condition ([22]) on f , h and the impulsive functions (see Theorem
3.1). Then, merging the two algebraic conditions and using the two consequences of the local
minimum theorem due to Bonanno, we guarantee that there are two local minima for the Euler-
Lagrange functional based on the mountain pass theorem by Pucci and Serrin (see [23]). We
ensure the existence of the third critical point for the correspondent functional which is the third
weak solution for our problem (see Theorems 3.11 and 3.12).

The following theorems are consequences of our main results.

Theorem 1.1. Let K : [0,+∞[→ R be a continuous function such that there exist positive
numbers m0 and m1 with m0 ≤K (x)≤ m1 for each positive number x and let g : R→ R be a
non-negative continuous function such that g(0) 6= 0 and limρ→0+

g(ρ)
ρ

=+∞, limρ→+∞
g(ρ)

ρ
=

0. Let ` : R→ R be a Lipschitz continuous function with the Lipschitz constant L such that
`(0) = 0 and 0 < L < 4min{1,m0}π2. Let I1 and I2 be two increasing functions such that

I1(0) = I2(0) = 0 and 0≤
∫ x

0
I j(s)ds≤ |x|2, j = 1,2. (1.1)

Suppose that
∫ 1

0 g(x)dx < ω
∫ 2

0 g(x)dx where ω = 60(4π2 min{1,m0}−L )
510+1040max{1,m1}+8L . Then for each λ ∈(

255+520max{1,m1}+4L

60
∫ 2

0 g(x)dx
, 4π2 min{1,m0}−L

2
∫ 1

0 g(x)dx

)
the problem

u(iv)(t)−K
(∫ 1

0
|u′(t)|2dt

)
u′′ = λg(u(t))+ `(u(t)), t 6= t0, t ∈ [0,1],

Du′′(t0) = I1(u′(t0)), −Du′′′(t0) = I2(u(t0)),
u(0) = u(1) = u′′(0) = u′′(1) = 0

(1.2)

admits at least three positive weak solutions.

Theorem 1.2. Let g : R→ R be a nonnegative continuous function such that g(0) 6= 0 and
limρ→0+

g(ρ)
ρ

= +∞. Let ` : R→ R be a Lipschitz continuous function with the Lipschitz con-
stant L such that `(0) = 0 and 0 < L < 4π2. Let I1 and I2 be two increasing functions
such that (1.1) holds. Putting G (x) =

∫ x
0 g(ρ)dρ and H (x) =

∫ x
0 `(ρ)dρ for all x ∈ R, sup-

pose that there exist constants ν > 2 and R > 0 such that, for all |ρ| ≥ R, 0 < νG (ρ) ≤
ρg(ρ), 0 < ρI j(ρ) ≤ ν

∫ ρ

0 I j(s)ds, j = 1,2 and 0 < νH (ρ) ≤ ρ`(ρ). Then, for each λ ∈(
0, (4π2−L )

2 supγ>0
G (γ)

γ2

)
, the problem (1.2) in the case K ≡ 0 admits at least two positive

weak solutions.

For more study on this subject, we refer the reader to [24, 25, 26].
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2. PRELIMINARIES

Our basic tools include such theorems as the consequences of [27, Theorem 3.1], which is
inspired by Ricceri’s variational principle (see [28]).

For a given non-empty set X , and two functionals P,Q : X → R, we define the functions

ϑ(r1,r2) = inf
v∈P−1(r1,r2)

supu∈P−1(r1,r2)
Q(u)−Q(v)

r2−P(v)
,

ρ1(r1,r2) = sup
v∈P−1(r1,r2)

Q(v)− supu∈P−1(−∞,r1]
Q(u)

P(v)− r1

for all real numbers r1,r2 with r1 < r2, and ρ2(r) = supv∈P−1(r,+∞)

Q(v)−supu∈P−1(−∞,r]Q(u)

P(v)−r for
all real number r.

Theorem 2.1 ([27, Theorem 5.1]). Let X be a real Banach space; P : X → R be a sequen-
tially weakly lower semicontinuous, coercive and continuously Gâteaux differentiable func-
tion whose Gâteaux derivative admits a continuous inverse on X ∗, Q : X → R be a con-
tinuously Gâteaux differentiable function whose Gâteaux derivative is compact. Assume that
there are two real numbers r1,r2 with r1 < r2, such that ϑ(r1,r2) < ρ1(r1,r2). Then, set-
ting Sλ := P − λQ, for each λ ∈ ( 1

ρ1(r1,r2)
, 1

ϑ(r1,r2)
) there is u0,λ ∈P−1(r1,r2) such that

Sλ (u0,λ )≤Sλ (u) for all u ∈P−1(r1,r2) and S ′
λ
(u0,λ ) = 0.

Theorem 2.2 ([27, Theorem 5.3]). Let X be a real Banach space; P : X → R be a contin-
uously Gâteaux differentiable function whose Gâteaux derivative admits a continuous inverse
on X ∗, Q : X → R be a continuously Gâteaux differentiable function whose Gâteaux de-
rivative is compact. Fix infX P < r < supX P and assume that ρ2(r) > 0, and for each
λ > 1

ρ2(r)
, the functional Sλ := P −λQ is coercive. Then for each λ ∈ ( 1

ρ2(r)
,+∞) there is

u0,λ ∈P−1(r,+∞) such that Sλ (u0,λ )≤Sλ (u) for all u ∈P−1(r,+∞) and S ′
λ
(u0,λ ) = 0.

Let A and B satisfy the condition max{AT 2

π2 , −BT 4

π4 , AT 2

π2 − BT 4

π4 }< 1. Set

σ := max{AT 2

π2 ,
−BT 4

π4 ,
AT 2

π2 −BT 4

π4 ,0}

and η :=
√

1−σ . Let X := H2([0,T ])∩H1
0([0,T ]) be the Sobolev space with the usual norm

‖u‖ :=
(∫ T

0 u′′(t)2dt
) 1

2 . We have the following inequalities (see [29, Lemma 2.3]):

‖u′‖2
L2([0,T ]) ≤

T 2

π2 ‖u
′′‖2

L2([0,T ]) and ‖u‖2
L2([0,T ]) ≤

T 4

π4 ‖u
′′‖2

L2([0,T ]) (2.1)

for all u ∈X , and define ‖u‖X :=
(∫ T

0 (|u′′(t)|2−A |u′(t)|2 +B|u(t)|2dt)
) 1

2 for all u ∈X .

Since A and B satisfy max{AT 2

π2 , −BT 4

π4 , AT 2

π2 − BT 4

π4 } < 1, it is easy to verify that ‖.‖X
defines a norm for Sobolev space X and this norm is equivalent to usual norm defined as above
and, in the special case, ‖u‖ ≤ 1

η
‖u‖X . For the norm

‖u‖∞ = max
(

max
t∈[0,T ]

|u(t)|, max
t∈[0,T ]

|u′(t)|
)

in C1([0,T ]), we give the next relation.
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Lemma 2.3. Let D = T 3/2

2πη
. Then ‖u‖∞ ≤ D‖u‖X for all u ∈X .

Proof. By inequalities (2.1) and ‖u‖ ≤ 1
η
‖u‖X , we have ‖u‖∞ ≤

√
T
2 ‖u

′‖L2([0,T ]). �

We construct the functions ˜K : [0,+∞[→ R, F : [0,T ]×R→ R and H : R→ R, re-
spectively, as ˜K (x) =

∫ x
0 K (ρ)dρ for each positive number x, F (t,x) =

∫ x
0 f (t,ρ)dρ for all

(t,x) ∈ [0,T ]×R, and H (x) =
∫ x

0 `(ρ)dρ for all x ∈ R. Now for every u ∈X , we define
Sλ (u) := P(u)−λQ(u), where

P(u) := 1
2‖u‖

2 + 1
2

˜K
(∫ T

0 (−A |u′(t)|2 +B|u(t)|2)dt
)
+∑

m
j=1
∫ u′(t j)

0 I1 j(s)ds

+∑
m
j=1
∫ u(t j)

0 I2 j(s)ds−
∫ T

0 H (u(s))ds

and Q(u) :=
∫ T

0 F (t,u(t))dt. It is clear that Sλ ∈ C1(X ,R). In fact, one has

S ′
λ
(u)(v) =

∫ T
0 u′′(t)v′′(t)dt +K

(∫ T
0 (−A |u′(t)|2 +B|u(t)|2)dt

)
×
∫ T

0 (−A u′(t)v′(t)+Bu(t)v(t))dt +∑
m
j=1 I2 j(u(t j))v(t j)+∑

m
j=1 I1 j(u′(t j))v′(t j)

−
∫ T

0 `(u(t))v(t)dt−λ
∫ T

0 f (t,u(t))v(t)dt

for all u,v ∈X (see [19] for more details).
We consider the following conditions about the impulsive terms:
(H1) assume that I1 j and I2 j, for each j = 1, . . . ,m, are increasing functions such that

I1 j(0) = I2 j(0) = 0, j = 1, . . . ,m and suppose that there exist two positive fixed number k1

and k2 such that, for each u ∈X , 0 ≤ ∑
m
j=1
∫ u′(t j)

0 I1 j(s)ds ≤ k1 max j∈{1,2,...,m} |u′(t j)|2 and

0≤ ∑
m
j=1
∫ u(t j)

0 I2 j(s)ds≤ k2 max j∈{1,2,...,m} |u(t j)|2.
We always suppose that C1 := min{1,m0}−LT D2 > 0.
The following proposition is useful to obtain the main results of this paper.

Proposition 2.4. Let J : X →X ∗ be defined by

J (u)(v) =
∫ T

0 u′′(t)v′′(t)dt +K
(∫ T

0 (−A |u′(t)|2 +B|u(t)|2)dt
)

×
∫ T

0 (−A u′(t)v′(t)+Bu(t)v(t))dt +∑
m
j=1 I2 j(u(t j))v(t j)+∑

m
j=1 I1 j(u′(t j))v′(t j)

−
∫ T

0 `(u(t))v(t)dt

for every u,v ∈X . Then, J admits a continuous inverse on X ∗.

Proof. By assumption (H1) and Lemma 2.3, J (u)(u)≥ C1‖u‖2
X . Indeed,

J (u)(u) =
∫ T

0 |u′′(t)|2dt +K
(∫ T

0 (−A |u′(t)|2 +B|u(t)|2)dt
)

×
∫ T

0 (−A |u′(t)|2 +B|u(t)|2)dt +∑
m
j=1 I2 j(u(t j))u(t j)+∑

m
j=1 I1 j(u′(t j))u′(t j)

−
∫ T

0 `(u(t))u(t)dt ≥min{1,m0}‖u‖2
X −L

∫ T
0 |u(t)|2dt

≥
(
min{1,m0}−LT D2)‖u‖2

X = C1‖u‖2
X .

Since C1 > 0, the functional J is coercive. We have 〈J (u)−J (v),u− v〉 ≥C‖u− v‖2
X for

some C > 0 for every u,v ∈X , which implies that J is strictly monotone. Moreover, since
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X is reflexive, for un→ u strongly in X as n→+∞, one has that J (un)→J (u) weakly in
X ∗ as n→+∞. Hence, J is demicontinuous. By [30, Theorem 26.A(d)], the inverse operator
J −1 of J exists and it is continuous. Indeed, let ρn be a sequence of X ∗ such that ρn→ ρ

strongly in X ∗ as n→+∞. Let un,u ∈X with J −1(ρn) = un and J −1(ρ) = u. Since J is
coercive, the sequence un is bounded in the reflexive space X . For a suitable subsequence, we
have un→ û weakly in X as n→+∞, which implies

〈J (un)−J (u),un− û〉= 〈ρn−ρ,un− û〉 → 0 asn→ ∞.

If un → û weakly in X as n→ +∞ and J (un)→J (û) strongly in X ∗ as n→ +∞, then
un → û strongly in X as n→ +∞. Since J is continuous, we have un → û weakly in X
as n→ +∞ and J (un)→ J(û) = J (u) strongly in X ∗ as n→ +∞. Hence, since J is an
injection, we have u = û. �

3. MAIN RESULTS

In this section, we give the main results.
Let k0 = 2T − A T 3

6 + BT 5

60 , k3 = min{1,m0}k0 and k4 = max{1,m1}k0 + k1T
2 + T 4

16 k2,
where k1 and k2 are given as in the assumption (H1). Set C2 := 2D2(k4 +

LT 5

60 ) and C3 :=
2D2(k3− LT 5

60 ).

For a non-negative constant γ and a positive constant δ with γ2 6= C2δ 2

C1
we set

aγ(δ ) :=

∫ T
0 sup|x|≤γ F (t,x)dt−

∫ T
0 F (t,wδ (t))dt

C1γ2−C2δ 2 ,

where
wδ (t) = δ t(T − t) for each t ∈ [0,T ]. (3.1)

Theorem 3.1. Assume that f (t,0) 6= 0 for all t ∈ [0,T ] and there exist a non-negative constant
γ1 and two positive constants γ2 and δ with√

C1

C3
γ1 < δ <

√
C1

C2
γ2 (3.2)

such that
(A1) aγ2(δ )< aγ1(δ );
(A2) there exist ν > 2m1

m0
and R > 0 such that

0 < νF (t,ρ)≤ ξ f (t,ρ) for all |ρ| ≥R and for all t ∈ [0,T ], (3.3)

0 < ρIi j(ρ)≤ ν

∫
ρ

0
Ii j(s)ds, i = 1,2, j = 1, . . . ,n (3.4)

and
0 < νH (ρ)≤ ξ `(ρ) for all ρ ≥R. (3.5)

Then, for each λ ∈
( 1

2D2
1

aγ1(δ )
, 1

2D2
1

aγ2(δ )

)
, problem (Dλ

f ,`) admits at least two non-trivial weak
solutions u1 and u2 in X such that

C1

2D2 γ
2
1 < P(u1)<

C1

2D2 γ
2
2 .
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Proof. Put Sλ = P−λQ, where P and Q are given as in Section 2. By sequentially weakly
lower semicontinuity of the norm and continuity of the functionals K, I1 j, I2 j and H, the func-
tional P is sequentially weakly lower semicontinuous. Moreover, P is coercive and contin-
uously Gâteaux differentiable while Proposition 2.4 gives that its Gâteaux derivative admits a
continuous inverse on X ∗. The functional Q : X → R is well defined and is continuously
Gâteaux differentiable whose Gâteaux derivative is compact. Choose r1 = C1

2D2 γ2
1 , r2 = C1

2D2 γ2
2

and u0(t) = wδ (t) for all t ∈ [0,T ], where wδ (t) is given by (3.1). In view of the assumption
(H1), the fact −L |ρ| ≤ |`(ρ)| ≤L |ρ| for each ρ ∈ R and (2.3), we have

P(u0)≤max{1,m1}
(
T

A T 3

6
+

BT 5

60

)
δ

2 +
m

∑
j=1

∫
δT −2δ t j

0
I1 j(s)ds

+
m

∑
j=1

∫
δ t j(T −t j)

0
I2 j(s)ds−

∫ T

0
H (u0(s))ds

≤max{1,m1}k0δ
2 +T 2k1δ

2 +
T 4

16
k2δ

2 +
LT 5

60
δ

2 = (k4 +
LT 5

60
)δ 2

and

P(u0)≥min{1,m0}k0δ
2−LT 5

60
δ

2 =
C3

2D2 δ
2.

From condition (3.2), we obtain r1 < P(u0)< r2. For all u ∈X such that P(u)< r2, one has
from (2.3) that

|u|2 ≤ ‖u‖2
∞ ≤ D2‖u‖2

X ≤
2D2P(u)

C1
<

2D2

C1
r2 = γ

2
2 ,

for all t ∈ [0,T ]. Thus

P−1(−∞,r2)⊆ {u ∈X ; |u(t)| ≤ γ2 for all t ∈ [0,T ]}.

It follows that

sup
u∈P−1(−∞,r2)

Q(u)≤
∫ T

0
sup
|x|≤γ2

F (t,x)dt.

Therefore

β (r1,r2)≤
supu∈P−1(−∞,r2)

Q(u)−Q(u0)

r2−P(u0)

≤ 2D2

∫ T
0 sup|x|≤γ2

F (t,x)dt−
∫ T

0 F (t,u0(t))dt

C1γ2
2 −C2δ 2

= 2D2aγ2(δ ).

(3.6)

One also has

ρ2(r1,r2)≥
Q(u0)− supu∈Φ−1(−∞,r1]

Q(u)

P(wδ )− r1

≥ 2D2

∫ T
0 sup|x|≤γ1

F (t,x)dt−
∫ T

0 F (t,u0(t))dt

C1γ2
1 −C2δ 2

= 2D2aγ1(δ ).



8 S. HEIDARKHANI, G. CARISTI, A. SALARI

By (A1), (3.6) and (3.7), one has β (r1,r2)< ρ2(r1,r2). Therefore, from Theorem 2.1, for each
λ ∈

( 1
2D2

1
aγ1(δ )

, 1
2D2

1
aγ2(δ )

)
, the functional Sλ admits at least one non-trivial critical point u1

with the property r1 < P(u1)< r2, that is,

C1

2D2 γ
2
1 < P(u1)<

C1

2D2 γ
2
2 .

Now, we show the existence of the second local minimum which is different from the first one.
To this goal, we consider the assumptions of the mountain-pass theorem for the functional Sλ .
It is obvious that Sλ is a C1 functional and Sλ (0) = 0. The first part of proof guarantees that
u1 ∈X is a local nontrivial local minimum for Sλ in X . We can assume that u1 is a strict local
minimum for Sλ in X . Therefore, there is ρ > 0 such that inf‖u−u1‖=ρ Sλ (u)> Sλ (u1). So,
condition [31, (I1), Theorem 2.2] is established. Now by (3.3), there exist constants a1,a2 > 0
such that F (t,x) ≥ a1|x|ν − a2 for all t ∈ [0,T ] and every real number x. Now, choosing any
u ∈X \{0}, one has

Sλ (τu) = (P−λQ)(τu)

≤ τ2

2
max{1,m1}‖u‖2

X +
L τ2

2

∫ T

0
|u(t)|2dt−λτ

νa1

∫ T

0
|u(t)|νdt +λa2→−∞

as τ → +∞, so condition [31, (I2), Theorem 2.2] is satisfied. Thus, Sλ satisfies the geometry
of the mountain pass. Also, Sλ satisfies the Palais-Smale condition. Indeed, we assume that
{un}n∈N ⊂X such that {Sλ (un)}n∈N is bounded and S ′

λ
(un)→ 0 when n→+∞. Then, there

exists a constant C0 > 0 such that |Sλ (un)| ≤C0, |S ′
λ
(un)| ≤C0 for all n ∈ N. Therefore, we

infer to deduce from the definition of S ′
λ

and the assumption (A2) that

C0 +C1‖un‖X ≥ νSλ (un)−S ′
λ
(un)(un)≥min{ν

2
−1,

ν

2
m0−m1}‖un‖2

X .

for some C1 > 0. Since ν > 2m1
m0
≥ 2, this implies that (un) is bounded. Consequently, since X

is a reflexive Banach space, by choosing a suitable subsequence, we have

un ⇀ u in X , un→ u in L2[0,T ], un→ u a.e. on [0,T ].

By S ′
λ
(un)→ 0 and un→ u in X , we obtain(

S ′
λ
(un)−S ′

λ
(u)
)
(un−u)→ 0.

From the continuity of f and Ii j (i = 1,2 and j = 1, . . . ,m), we know∫ T
0 ( f (t,un(t))− f (t,u(t)))(un(t)−u(t))dt→ 0, as n→+∞,

∑
m
j=1
(
I2 j(un(t j))−I2 j(u(t j))

)
(un(t j)−u(t j))→ 0, as n→+∞,

∑
m
j=1
(
I1 j(u′n(t j))−I1 j(u′(t j))

)
(u′n(t j)−u′(t j))→ 0, as n→+∞.

Now, with a simple calculation, we have(
S ′

λ
(un)−S ′

λ
(u)
)
(un−u)≥ C1‖un−u‖2

X .

Thus
0 = lim

n→+∞

(
S ′

λ
(un)−S ′

λ
(u)
)
(un−u)≥ C1 lim

n→+∞
‖un−u‖2

X .

So ‖un−u‖X → 0 as n→+∞, which implies that {un} converges strongly to u in X . There-
fore, Sλ satisfies the Palais-Smale condition. Hence, the classical theorem of Ambrosetti and
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Rabinowitz ensures a critical point u2 of Sλ such that Sλ (u2) > Sλ (u1). Since f (t,0) 6= 0
for all t ∈ [0,T ], u1 and u2 are two distinct nontrivial weak solutions of (Dλ

f ,`). The proof is
complete. �

Remark 3.2. In Theorem 3.1, the existence of at least two nontrivial weak solutions for (Dλ
f ,`) is

guaranteed and one of which is obtained in association with the classical Ambrosetti-Rabinowitz
condition on the data by assuming f (t,0) 6= 0 for all t ∈ [0,T ]. If the condition f (t,0) 6= 0 for
all t ∈ [0,T ] does not hold, the second solution u2 of problem (Dλ

f ,`) may be trivial.

Next, we give an immediate result of Theorem 3.1.

Theorem 3.3. Assume that f (t,0) 6= 0 for all t ∈ [0,T ] and there exist two positive constants

δ and γ , with δ <
√

C1
C2

γ , such that the assumption (A2) in Theorem 3.1 holds. Furthermore,
suppose that ∫ T

0 sup|x|≤γ F (t,x)dt

γ2 <
C1

C2

∫ T
0 F (t,wδ (t))dt

δ 2 . (3.7)

Then, for each λ ∈
(

C2δ 2

2D2 ∫T
0 F (t,wδ (t))dt

, C1γ2

2D2 ∫T
0 sup|x|≤γ F (t,x)dt

)
, problem (Dλ

f ,`) admits at least two

non-trivial weak solutions u1 and u2 in X such that 0 < P(u1)<
C1

2D2 γ2.

Proof. We prove this theorem by using Theorem 3.1 by setting γ1 = 0 and γ2 = γ . Using (3.7),
one has

aγ(δ ) =

∫ T
0 sup|x|≤γ F (t,x)dt−

∫ T
0 F (t,wδ (t))dt

C1γ2−C2δ 2

<

∫ T
0 sup|x|≤γ F (t,x)dt

C1γ2 <

∫ T
0 F (t,wδ (t))dt

C2

= a0(δ ).

In particular, one has

aγ(δ )<

∫ T
0 sup|x|≤γ F (t,x)dt

C1γ2 ,

which yileds

1
2D2

C1γ2∫ T
0 sup|x|≤γ F (t,x)dt

<
1

2D2
1

aγ2(δ )
.

Hence, Theorem 3.1 guarantees the result. �

The following application of Theorem 2.2 will be used later to obtain multiple solutions for
problem (Dλ

f ,`).

Theorem 3.4. Assume that there exist two positive constants γ̄ and δ̄ with γ̄ <
√

C2
C1

δ̄ , such that∫ T
0 sup|x|≤γ̄ F (t,x)dt <

∫ T
0 F (t,w

δ̄
(t))dt, where

w
δ̄
(t) = δ̄ t(T − t) for each t ∈ [0,T ], (3.8)

and

limsup
|ρ|→+∞

F (t,ρ)
|ρ|2

≤ 0 uniformly in R. (3.9)
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Then, for every λ > λ̃ , where

λ̃ :=
C2δ̄ 2−C1γ̄2

2D2
(∫ T

0 F (t,w
δ̄
(t))dt−

∫ T
0 sup|x|≤γ̄ F (t,x)dt

) ,
problem (Dλ

f ,`) admits at least one non-trivial weak solution ū1 ∈X such that P(ū1)>
C1

2D2 γ̄2.

Proof. Take the real Banach space X as defined in Section 2, and put Sλ = P−λQ, where
P and Q are given as in Section 2. Our aim is to apply Theorem 2.2 to function Sλ . The
functionals P and Q satisfy all assumptions requested in Theorem 2.2. Moreover, for λ > 0,
the functional Sλ is coercive. Indeed, fix 0 < ε < C1

2λT D2 . From (3.9), there is a function
ρε ∈ L1([0,T]) such that F (t,x)≤ εx2+ρε(t) for every t ∈ [0,T ] and x ∈R. Taking (2.3) into
account, it follows that, for each u ∈X ,

P(u)−λQ(u)≥
(C1

2
−λT D2

ε
)
‖u‖2−λ‖ρε‖1.

Thus, lim‖u‖→+∞(P(u)−λQ(u)) = +∞, which means the functional Sλ = P −λQ is co-
ercive. Put r̄ = C1

2D2 γ̄2 and u0(t) = w
δ̄
(t) for all t ∈ [0,T ], where w

δ̄
(t) as given by (3.8). By

using the same argument in the proof of Theorem 3.1, we obtain that

ρ2(r̄)≥ 2C2

∫ T
0 F (t,u0(t))dt−

∫ T
0 sup|x|≤γ̄ F (t,x)dt

C2−C1γ̄2 .

So, by using the assumptions of this theorem, one has ρ2(r̄)> 0. Hence, from Theorem 2.2 for
each λ > λ̃ , the functional Sλ admits at least one local minimum ū1 such that P(ū1)>

C1
2D2 γ̄2

2.
The conclusion is achieved. �

In what follows, we consider the function f with separate variables. To be more precise, we
consider the following problem

u(iv)+K
(∫ T

0
(−A |u′(t)|2 +B|u(t)|2)dt

)
(A u′′+Bu)

= λα(t)g(u)+ `(u), t 6= t j, t ∈ [0,T ],
Du′′(t j) = I1 j(u′(t j)), −Du′′′(t j) = I2 j(u(t j)), j = 1,2, . . . ,m,
u(0) = u(1) = u′′(0) = u′′(1) = 0,

(Dλ
α,g,`)

where α : [0,T ]→ R is a non-negative and non-zero function such that α ∈ L1([0,T ]) and
g : R→ R is a nonnegative continuous function.

Put G (x) =
∫ x

0 g(ρ)dρ for all x ∈ R. Since the nonlinear term is to be nonnegative, the
following results reveal the existence of multiple positive solutions. As a proof, we refer to the
following weak maximum principle.

Lemma 3.5. If u∗ ∈X is a non-trivial weak solution of problem (Dλ
α,g,`), then u∗ is positive.

Proof. Let u∗ be a non-trivial weak solution of problem (Dλ
α,g,`). Arguing by a contradiction,

we assume that the set Σ = {t ∈ [0,T ]; u∗(t)< 0} is non-empty and positive measure. Putting
u−∗ (t) = min{u∗(t),0}, one has u−∗ ∈ X . Using this fact that u∗ also is a weak solution of
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(Dλ
α,g,`), and choosing v = u−∗ , by the assumption (H1), we have(

min{1,m0}−LT D2)‖u∗‖2
H2(Σ)∩H1

0 (Σ)

≤
∫

Σ

|u′′∗(t)|2dt +K

(∫
Σ

(−A |u′∗(t)|2 +B|u∗(t)|2)dt
)

×
∫

Σ

(−A |u′∗(t)|2 +B|u∗(t)|2)dt−
∫

Σ

`(u∗(t))u∗(t)dt

+
m

∑
j=1

I2 j(u∗(t j))u∗(t j)+
m

∑
j=1

I1 j(u′∗(t j))u′∗(t j)

= λ

∫
Σ

α(t)g(u∗(t))u∗(t)≤ 0,

i.e., C1‖u∗‖2
H2(Σ)∩H1

0 (Σ)
≤ 0 and taking the condition that C1 > 0, this contradicts with this fact

that u∗ is a non-trivial weak solution. Hence, the set Σ is empty, and u∗ is positive. �

Set f (t,x) = α(t)g(x) for every (t,x) ∈ [0,T ]×R. The following existence results are con-
sequences of Theorems 3.1-3.4, respectively.

Theorem 3.6. Assume that g(0) 6= 0 and there exist a non-negative constant γ1 and two positive

constants γ2 and δ with
√

C1
C3

γ1 < δ <
√

C1
C2

γ2 such that

‖α‖L1([0,T ])G (γ1)−
∫ T

0 α(t)G (wδ (t))dt

C1γ2
1 −C2δ 2 <

‖α‖L1([0,T ])G (γ2)−
∫ T

0 α(t)G (wδ (t))dt

C1γ2
2 −C2δ 2 .

Furthermore, suppose that there exist constants ν > 2m1
m0

and R > 0 such that, for all |ρ| ≥R

and for all t ∈ [0,T ], (3.4) and (3.5) hold and

0 < νG (ρ)≤ ρg(ρ). (3.10)

Then, for each λ ∈]λ1,λ2[, where

λ1 =
1

2D2
C1γ2

1 −C2δ 2

‖α‖L1([0,T ])G (γ1)−
∫ T

0 α(t)G (wδ (t))dt

and

λ2 =
1

2D2
C1γ2

2 −C2δ 2

‖α‖L1([0,T ])G (γ2)−
∫ T

0 α(t)G (wδ (t))dt
,

problem (Dλ
α,g,`) admits at least two positive weak solution u1 and u2 in X such that 0 <

P(u1)<
C1

2D2 γ2.

Theorem 3.7. Assume that g(0) 6= 0 and there exist two positive constants δ and γ with δ <√
C1
C2

γ such that

‖α‖L1([0,T ])G (γ)

γ2 <
C1

C2

∫ T
0 α(t)G (wδ (t))dt

δ 2 . (3.11)
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Furthermore, suppose that the assumptions (3.4), (3.5) and (3.10) hold. Then, for every

λ ∈
( C2δ 2

2D2
∫ T

0 α(t)G (wδ (t))dt
,

C1γ2

2D2‖α‖L1([0,T ])G (γ)

)
,

problem (Dλ
α,g,`) admits at least two positive weak solutions u1 and u2 in X such that 0 <

P(u1)<
C1

2D2 γ2.

Theorem 3.8. Assume that there exist two positive constants γ̄ and δ̄ with γ̄ <
√

C2
C1

δ̄ , such that

G (γ̄)<

∫ T
0 α(t)G (w

δ̄
(t))dt

‖α‖L1([0,T ])

(3.12)

and limsup|ρ|→+∞

g(ρ)
|ρ| ≤ 0 uniformly in R. Then, for every λ > λ̄ with

λ̄ :=
C2δ̄ 2−C1γ̄2

2D2
(∫ T

0 α(t)G (w
δ̄
(t))dt−‖α‖L1([0,T ])G (γ̄)

) ,
problem (Dλ

α,g,`) admits at least one positive weak solution ū1 ∈X such that Φ(ū1)>
C1

2D2 γ̄2.

The next theorem is a consequence of Theorem 3.1.

Theorem 3.9. Assume that g(0) 6= 0 and

lim
ρ→0+

g(ρ)
ρ

=+∞. (3.13)

Furthermore, suppose that the assumptions (3.4), (3.5) and (3.10) hold. Then, for every λ ∈
]0,λ ?

γ [, where λ ?
γ := C1

2D2‖α‖L1([0,T ])
supγ>0

γ2

G (γ) , problem (Dλ
α,g,`) admits at least two positive

weak solutions in X .

Proof. Fix λ ∈]0,λ ?
γ [. Then there is γ > 0 such that

λ <
C1

2D2‖α‖L1([0,T ])

γ2

G (γ)
.

From (3.13) there exists a fixed number δ > 0 with

δ <

√
C1

C2
γ

such that
1
λ
<

2D2 ∫ T
0 α(t)G (wδ (t))dt

C2δ 2 .

Therefore, we can use Theorem 3.3 to complete the proof. �

Remark 3.10. Theorem 1.2 is an immediate result of Theorem 3.9.

From Theorems 3.7 and 3.8, the following theorem of the existence of three solutions can be
achieved.
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Theorem 3.11. Suppose that g(0) 6= 0 and

limsup
|ρ|→+∞

G (ρ)

|ρ|2
≤ 0. (3.14)

Moreover, assume that there exist four positive constants γ , δ , γ̄ and δ̄ with the property

δ

√
C2
C1

< γ ≤ γ̄ < δ̄

√
C2
C1

such that (3.11) and (3.12) hold, and

‖α‖L1([0,T ])G (γ)

C1γ2 <

∫ T
0 α(t)G (w

δ̄
(t))dt−‖α‖L1([0,T ])G (γ̄)

C2δ̄ 2−C1γ̄2
. (3.15)

Then, for each

λ ∈ Λ =
(

max
{

λ̃ ,
C2δ 2

2D2
∫ T

0 α(t)G (wδ (t))dt

}
,

C1γ2

2D2‖α‖L1([0,T ])G (γ)

)
,

problem (Dλ
α,g,`) admits at least three positive weak solutions u∗1, u∗2 and u∗3 such that P(u∗1)<

C1
2D2 γ2and P(u∗2)>

C1
2D2 γ̄2.

Proof. First, by (3.15), Λ 6= /0. Next, fixing λ ∈ Λ and utilizing Theorem 3.7, there exist a
positive weak solution ū1 such that P(u∗1)<

C1
2D2 γ2, which is a local minimum for the associated

functional Sλ . Theorem 3.8 ensures a positive weak solution u∗2 with the property P(u∗2) >
C1

2D2 γ̄2, which is a local minimum of Sλ . By using the same argument in the proof of Theorem
3.4, and condition (3.14), we see that the functional Sλ is coercive. Then it satisfies the (PS)
condition. Hence, the result follows from the mountain pass theorem as given by Pucci and
Serrin (see [23]). �

The next existence result is a consequence of Theorem 3.11.

Theorem 3.12. Assume that g(0) 6= 0,

limsup
ρ→0+

G (ρ)

ρ2 =+∞, (3.16)

and

limsup
ρ→+∞

G (ρ)

ρ2 = 0. (3.17)

Furthermore, suppose that there exist two positive constants γ̄ and δ̄ with

γ̄ <

√
C2

C1
δ̄ , (3.18)

such that
G (γ̄)

γ̄2 <
C1

C2‖α‖L1([0,T ])

∫ T
0 α(t)G (w

δ̄
(t))dt

δ̄ 2
. (3.19)

Then, for each λ ∈
( C2δ̄ 2

2D2 ∫T
0 α(t)G (w

δ̄
(t))dt

, C1γ̄2

2D2‖α‖L1([0,T ])
G (γ̄)

)
, problem(Dλ

α,g,`) admits at least

three positive weak solutions.
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Proof. We simply conclude from (3.17) that condition (3.14) is established. Moreover, choosing
δ small enough and γ = γ̄ , one have condition (3.11) from (3.16) and the conditions (3.12) and
(3.15) from (3.19). Accordingly, our result follows from Theorem 3.11 immediately. �

Remark 3.13. Theorem 1.1 can be obtained from Theorem 3.12 immediately.

Finally, two applications of our results are given as follows.

Example 3.14. Let A =−4, B = 2, T = 2, m = 3 and K (x) = esinx+1 for all x≥ 0. Accord-
ingly, m0 = 1, m1 = e2 and D = 1

2π
. Now, let

g(x) =
{

20+ x20, |x| ≥ 1,
22− x2, |x|< 1

and `(x) = arctan
(

ln
√

1+ x2
)

for all x ∈ R. Thus limx→0+
g(x)

x = limx→0+
22−x2

x = +∞, L =

1 and min{1,m0} = 1 > 1
2π2 = LT D2. We choose t1 = 1

2 , t2 = 1, t3 = 3
2 , I11(x) = 1

6x,
I12(x) = 1

4x, I13(x) = 1
3x, I21(x) = 1

3x, I22(x) = 1
2x and I22(x) = 2

3x for all x ∈ R. It is
easy to verify that (H1) is satisfied with k1 =

1
2 and k2 = 1. Moreover, taking into account that

lim|ρ|→+∞

ρ f (ρ)
F(ρ) = lim|ρ|→+∞

ρ+ξ 21

ρ+ 1
21 ρ21 = 21 > 2e2 = 2m1

m0
by choosing ν = 21 > 2e2 = 2m1

m0
, we

see that there exists R > 1 such that the assumptions (3.4), (3.5) and (3.10) are fulfilled. Hence,
by using Theorem 3.9, for each λ ∈

(
0, C1

2D2‖α‖L1([0,T ])
supγ>0

γ2

G (γ)

)
=
(

0, 2π2−1
42

)
, the problem

(Dλ
α,g,`) in this case has at least two positive weak solutions.

Example 3.15. Let

K (x) =
{

1+ x− [x], [x] is even,
1+ |x− [x+1]|, [x] is odd,

where [x] is the integer part of x. Accordingly, m0 = 1 and m1 = 2. Choosing T = 1, A =−4
and B = 2, we have D = 1

2π
. Now let g(x) = 1+ e−x+(x+)9(10− x+) for each real number x

and `(x) = 1
2 ln
(
1+ sin2 x

)
for all x ∈ R. Thus L = 1, G (x) = x++ x+10e−x+ for all x ∈ R,

limx→0+
G (x)

x2 = +∞ and limx→+∞
G (x)

x2 = 0. It is clear that by choosing m = 2, t1 = 1
3 , t2 = 2

3 ,
I11(x) =I12(x) = 1

8x and I21(x) =I22(x) = 1
5x for all x∈R, the assumption (H1) is satisfied

with k1 = 1
8 and k2 = 2

5 . Direct calculations give k0 = k3 = 27
10 and k4 = 111

20 . Moreover, by
choosing γ̄ = 1 and δ̄ = 2, we can easily see that (3.18) and (3.19) are satisfied. Hence, by
applying Theorem 3.12, for each λ ∈

(
168e2

15(e2+512) ,
e(4π2−1)

2(e+1)

)
, the problem (Dλ

α,g,`) in this case
has at least three positive weak solutions.

Remark 3.16. We point out that the same statements of the above given results can be obtained
by considering K (x) = b1 +b2x for x ∈ [α,β ], where b, b2, α and β are positive numbers. In

fact, in this special case, we have ˜K (x) =
∫ x

0 (b1 +b2ξ )dξ = (b1+b2x)2

2b2
− b2

1
2b2

for x ∈ [α,β ] and
m0 = b1 +b2α and m1 = b1 +b2β .
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