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1. INTRODUCTION

Take into consideration the impulsive 4th-order Kirchhoff-type two-point boundary value
problem

w4 %</Oy(—,®7|u/(t)|2 + %’|u(t)]2)dt) (Au" + Bu)

= Af(t,u)+L(u), t#1,t€[0,7], (D}
@u”(tj) Zflj(ul(tj)), —@M”/(Z]‘) Zfzj(u(l‘j)), j=12,....m,
u(0)=u(7)=u"(0)=u"(7)=0,

where %~ € C(]0,+<0),R) and there exist two numbers mgy,m; > 0 with my < 2 (x) < m
for any nonnegative amount of x, <7, % € R are two constants, A is a positive parameter, f :
[0,.7] x R — R is an L2-Carathéodory function, £ : R — R is a Lipschitz continuous function
with the Lipschitz constant .Z > 0, i.e., [£(p1) — £(p2)| < Z|p1 — p2| for every py,p2 € R and
00)=0, A, #HjcCR,R)for j=1,2,....m 0=ty <t; <tr--+ <ty <tyy1 = 7, the
operator & is defined as Zu(t;) = u(tf) —u(t; ), where u(t;r)(u(t;)) denotes the right hand

J
(the left hand) limit of u at z;. Bending or deforming elastic beams are modelled by 4th-order
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ordinary differential equations. Accordingly, 4th-order ordinary differential equations are of
great importance in engineering and physics.

Boundary value problems for 4th-order ordinary differential equations have recently achieved
high importance. Many scholars have analyzed beam equations under diverse boundary condi-
tions and via diverse methods (see, for instance, [1, 2, 3, 4, 5, 6, 7, 8]). For example, Hayashi
and Naumkin in [6] considered the Cauchy problem for the inhomogeneous fourth-order nonlin-
ear Schrodinger equations. They found the large-time asymptotics of solutions for the Cauchy
problem and used the factorization technique similar to that developed for the Schroédinger
equation. Liang and Zhang in [7] dealt with the existence and multiplicity of solutions for the
fourth-order elliptic equations of Kirchhoff type with critical nonlinearity and used Lions’ sec-
ond concentration-compactness principle and concentration-compactness principle at infinity to
prove that (PS) condition holds locally. Also, by a variational method, they proved that it has at
least one solution.

The Kirchhoff’s model [9] is an extension of the classical D’ Alembert’s wave equation for
free vibrations in elastic strings. This model explains the variations in the length of the strings
produced by transverse vibrations and became well-established only when Lions [10] suggested
an abstract framework for the problem. The solvability of Kirchhoff-type problems has been
greatly welcomed by various scholars. Some studies of Kirchhoff equations can be found in
[11, 12]. Impulsive differential equations happen in many fields including population dynamics,
ecology, biotechnology, industrial robotic, pharmacokinetics, optimal control, etc. For the gen-
eral aspects of impulsive differential equations, readers can refer to [13, 14, 15]. The difficulties
dealing with such problems are that their states are discontinuous. Consequently, the numbers
of impulsive differential equations are fewer than those of differential equations without im-
pulses, especially for higher-order impulsive differential equations. Some researchers recently
studied the existence and multiplicity of solutions for impulsive 4th-order two-point boundary
value problems. For instance, in [16], Sun, Chen and Yang discussed the existence and multi-
plicity of solutions for problem (Dfﬁ_ /), in the case that 7" (x) = 1 for each positive number of
x and ¢ = 0, and they given some new methods to guarantee that the impulsive problem has at
least one nontrivial solution and infinitely many distinct solutions under different conditions.
In [17], using variational methods, Afrouzi, Hadjian and Radulescu discussed the multiplicity
of solutions for a 4th-order impulsive differential equation with the Dirichlet boundary condi-
tion and two control parameters. In [18], Cabada and Tersian investigated the existence and
the multiplicity of solutions for an impulsive boundary value problem for 4th-order differen-
tial equations. In fact, they analyzed the existence of at least one and infinitely many nonzero
solutions by using minimization, the mountain-pass, and Clarke’s theorems. In [19], utilizing
some critical point theorems, Xie and Luo found the area of the control parameter in which the
boundary value problem (D’}_ /), in the case # (x) = 1 forallx > 0, /=0 and .7 = 1 admits
at least one solution, and has also proved that there exists an interval of the control parameter
in which the boundary value problem take infinitely many solutions under specific conditions.
In [20], the existence of multiple solutions for impulsive 4th-order differential equations of the
Kirchhoff type similar to the problem (Djﬁ‘ ;) was studied. Employing a variational method, the
authors obtained a set of new criteria to guarantee that impulsive 4th-order differential equations
of the Kirchhoff type have three and infinitely many solutions. However, very few researches
investigated the existence of solutions for impulsive elastic beam 4th-order equations of the
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Kirchhoff type. In recent years, in [21], the existence of multiple solutions for a class of im-
pulsive perturbed elastic beam 4th-order equations of the Kirchhoff type has been discussed, as
well as a new criteria to guarantee that the impulsive perturbed elastic beam 4th-order equations
of the Kirchhoff type have at least three weak solutions to be obtained by using a variational
method and one of Ricceri’s critical points theorems.

In this paper, considering the issues above, initially employing a consequence of the local
minimum theorem due to Bonanno and mountain pass theorem, we study the existence of two
nontrivial solutions for problem (D%. ;) by mixing an algebraic condition on f with the classical
Ambrosetti-Rabinowitz (AR) condition ([22]) on f, & and the impulsive functions (see Theorem
3.1). Then, merging the two algebraic conditions and using the two consequences of the local
minimum theorem due to Bonanno, we guarantee that there are two local minima for the Euler-
Lagrange functional based on the mountain pass theorem by Pucci and Serrin (see [23]). We
ensure the existence of the third critical point for the correspondent functional which is the third
weak solution for our problem (see Theorems 3.11 and 3.12).

The following theorems are consequences of our main results.

Theorem 1.1. Let % : [0,4o0[— R be a continuous function such that there exist positive

numbers mgy and my with my < J (x) < my for each positive number x and let g : R — R be a

non-negative continuous function such that g(0) # 0 and lim,, o+ gsTp) = oo, limp 1 gETp) =

0. Let ¢ : R — R be a Lipschitz continuous function with the Lipschitz constant £ such that
£(0) =0and 0 < £ < 4min{1,my}n>. Let %, and %5 be two increasing functions such that

21(0) = #(0) =0 and Og/xfj(s)ds§|x|2, =12, (1.1)
0

2 . _
Suppose that fol gx)dx < @ f02 g(x)dx where ® = 5160%?754?5;{)(1{,721}1}:21? Then for each A €

<255+520max{1,m1}+4$ 4> min{1,mg} —.&
60 fozg(x)dx ’ 2f01 g(x)dx

) the problem

o) - (| (0 )il = Ag(u0) + 6u(0), 1 # 10,1 €[0.1],

D" (10) = 71 (' (t9)),  —2u” (o) = Fa(ulto)),
u(0)=u(l)=u"(0)=u"(1)=0

(1.2)

admits at least three positive weak solutions.

Theorem 1.2. Let g : R — R be a nonnegative continuous function such that g(0) # 0 and

lim, o+ s(p) +oo. Let £ : R — R be a Lipschitz continuous function with the Lipschitz con-

0
stant £ such that £(0) =0 and 0 < £ < 4x%. Let .91 and %5 be two increasing functions

such that (1.1) holds. Putting 9 (x) = [y g(p)dp and 7 (x) = [y £(p)dp for all x € R, sup-
pose that there exist constants v > 2 and % > 0 such that, for all |p| > %, 0 < v¥9(p) <
pg(p), 0 < pIi(p) < Vv [y Fi(s)ds, j=1,2and 0 < vH#(p) < pl(p). Then, for each A €

2
<0, (M—;’S’ﬂ) Supy~ g}#) the problem (1.2) in the case % = 0 admits at least two positive

weak solutions.

For more study on this subject, we refer the reader to [24, 25, 26].
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2. PRELIMINARIES

Our basic tools include such theorems as the consequences of [27, Theorem 3.1], which is
inspired by Ricceri’s variational principle (see [28]).
For a given non-empty set .2, and two functionals &, 2 : & — R, we define the functions

SUPyc -1 (ry.0) 2 (1) — 2(v)

B (ry,mn) = inf ,
r1r) = o) r—2©)
2(V) = SUPyc 1 (oo ] 2 (1)
pl(rl,rz) = sup Iz
Veyfl(l‘l,rz) (V) -
D(v)—sup 2
for all real numbers ry,r, with r; < ry, and pa(r) = sup,¢ P (r49) ) Supg(:)ifm”] W for

all real number r.

Theorem 2.1 ([27, Theorem 5.1]). Let 2" be a real Banach space; & : 2 — R be a sequen-
tially weakly lower semicontinuous, coercive and continuously Gateaux differentiable func-
tion whose Gdteaux derivative admits a continuous inverse on Z*, 2 : 2 — R be a con-
tinuously Gateaux differentiable function whose Gdteaux derivative is compact. Assume that
there are two real numbers ry,ry with ry < ry, such that ¥(ry,r) < p1(r1,r2). Then, set-
ting ) = P — A2, for each A € <p1(r1 rz)’m) there is uy) € P~ Y(r1,r2) such that

S (upp) < (u) forallu € #- Y(ry,rp) and Yl(u(m) =0.

Theorem 2.2 ([27, Theorem 5.3]). Let 2" be a real Banach space; &2 : &2 — R be a contin-
uously Gateaux differentiable function whose Gateaux derivative admits a continuous inverse
on 2%, 2 : 2 — R be a continuously Gateaux differentiable function whose Gdteaux de-
rivative is compact. Fix infg- & < r < sup gy & and assume that py(r) > O and for each
A > ( , the functional /) == & — A2 is coercive. Then for each A € ( GE ,+oo) there is

upp € P~ ( +-o0) such that ) (u 5 ) < 75 (u) for allu € 7~ ( +o0) and&ﬂ (”0,/1) =0.

. .. 2 _ 4 2 4
Let .o/ and & satisfy the condition max{ﬂ;r 7 ff;? ,Wg — '@g } < 1. Set

. AT ~ BT 4 T> BT
0 := max{ p i ,0}
andn :=+/1—o0. Let 5&’ :=H?([0,.7])NH}([0,.7]) be the Sobolev space with the usual norm
Jul == ( Oy u’ (t )2dt) We have the following inequalities (see [29, Lemma 2.3]):
2 4
2 2 2
120,71y < 2 0" 2.7y and Mlulizgo ) < Tl 209 @D

Y

1
for all u € 27, and define ||u|| o := (fof(yu"(t)ﬁ —sz’lu’(t)|2+%]u(t)|2dt)> forallue 2.

4 2 4 U .
Since &7 and A satisfy max "‘27‘7 ,’gz;? ,"Qfg — ‘%g } < 1, it is easy to verify that ||.|| 2

defines a norm for Sobolev space 5&” and this norm is equivalent to usual norm defined as above

and, in the special case, ||u|| < %HuH% For the norm

_ /
]| —max( max [u(n)], max Ju 1))

in C1([0,.7]), we give the next relation.
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Lemma 2.3. Let D = % Then ||u||se < D||u|| o forallu e Z .

Proof. By inequalities (2.1) and ||u|| < %||u||gg we have ||ul|e < @Hu’HLz([O’gD. O

We construct the functions .7 : [0,4o0[— R, . : [0, 7] xR — R and ## : R — R, re-
spectively, as # (x) = [ # (p)dp for each positive number x, 7 (t,x) = [ f(t,p)dp for all
(t,x) € [0,.7] xR, and S (x) = [5¢(p)dp for all x € R. Now for every u € 2, we define
() =P (u) —A2(u), where

P (w) =3 ullP+ 17 (57 (=l (1) P+ Blu)P)ae ) + £, fy 97 (s)ds
X i i (5)ds — [T A (u(s))ds

and 2 (u) := foyﬁ(t,u(t))dt. It is clear that .#; € C!(2",R). In fact, one has
F3)0) = J§ " (" (e + (7 (ol (1) P+ Blu() P
% Jo (= ul () (1) + Bu(e)(e))de + Ty I (u(t;))v(e)) + X0y F(u ()Y (1))

— I L)y = A J§7 (o u(0)v(e)dr
for all u,v € 2 (see [19] for more details).
We consider the following conditions about the impulsive terms:

(H1) assume that .; and .%,;, for each j = 1,...,m, are increasing functions such that
1j(0) = #j(0) =0, j=1,...,m and suppose that there exist two positive fixed number k|

and k; such that, for eachu € 27, 0 <}, fou ) F1j(s)ds < kymaxjegio  my |/ (t;)|* and

t .
0 <X o) Say(s)ds < homaxjer o, lut)
We always suppose that % := min{1,my} — £.7D? > 0.
The following proposition is useful to obtain the main results of this paper.

Proposition 2.4. Let ¢ : X — 2" be defined by

F)) = J57 " (" () + 2 ( J57 (= | (1) P+ Blu(o) Pk )

% Jo7 (=t (0 (2) + Bult)v(r))dr + £y I (u(t))v(t)) + X0y 25 (1) (1))

— Ji Cu(e))v(e)dr
for everyu,v € 2. Then, J admits a continuous inverse on Z"*.
Proof. By assumption (H1) and Lemma 2.3, 7 (u)(u) > %) ||ul|,-. Indeed,
F)w) =[5 0P+ (7 (ol (1) P+ Blulo) Pk
X Jo (= | (1)2 + Blu(e) Pt + Ly I (ult)))ult)) + X7y A0 (1) (1)
— J Cu(e)u(e)de > min{1,mo}ul% — £ i |u(e)Pds
> (min{1,mo} — LT D?) |ul%y = G |lull%-

Since % > 0, the functional _# is coercive. We have (_# (u) — 7 (v),u—v) > C|lu—v||%- for
some C > O for every u,v € 2, which implies that _¢ is strictly monotone. Moreover, since
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X is reflexive, for u, — u strongly in 2" as n — oo, one has that _# (u,) — _# (u) weakly in
2 asn — +oo. Hence, _¢ is demicontinuous. By [30, Theorem 26.A(d)], the inverse operator
Z1of ¢ exists and it is continuous. Indeed, let p, be a sequence of 2"* such that p, — p
strongly in 2 as n — +oo. Let u,,u € 2" with _# ~!(p,) =u, and _# ~!(p) = u. Since ¢ is
coercive, the sequence u,, is bounded in the reflexive space 2. For a suitable subsequence, we
have u,, — it weakly in .2~ as n — +oo, which implies

(F (un) — F(u),up— 1) = (Pp— P up—it) >0 asn— oo.

If u, — @ weakly in 2" as n — +oo and _# (u,) — _# (i) strongly in Z™* as n — oo, then
u, — i strongly in 2" as n — +oo. Since ¢ is continuous, we have u, — i weakly in 2~
asn — +coand ¢ (u,) — J(@i) = _# (u) strongly in 2Z™* as n — +oo. Hence, since _Z is an
injection, we have u = . 0

3. MAIN RESULTS

In this section, we give the main results.
Let ko = 27 — ZL 4 Z7° ks — min{1,mo}ko and kg = max{1,m }ko + ki1 T2 + Tk,
where ki and k, are given as in the assumption (H1). Set % := 2D?(ky + "%6—{5) and 63 =

5
2D? (ks — £5°).

For a non-negative constant  and a positive constant § with 72 # %‘?2 we set
0(6) = Jo sup<y Z (t,2)dt — [T F (1, wg(1))dr
e Gy — 6262 7
where
wg(t) = 6t(7 —1t) foreacht €[0,.7]. (3.1)

Theorem 3.1. Assume that f(t,0) # 0 for all t € [0,.7| and there exist a non-negative constant
Y1 and two positive constants Y and & with
such that

61 ©1
1/—%% <6< ,/—%yz (3.2)
(A1) ap(8) <ay(d):

(Ap)  there exist v > Zmiol and % > 0 such that

0<VvZ(t,p) <Ef(t,p)forall |p| > % and forallt € [0, 7], (3.3)
P
0
and
0<viH(p)<EL(p)forallp > X. (3.5)

Then, for each A € (2—& - 1(8) : 2_$2ay 1(5) ) problem (D;lp ¢) admits at least two non-trivial weak
1 2 "

solutions uy and uy in 2" such that
4
2D?

¢
R < Pw) <350
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Proof. Put ) = & — A2, where & and 2 are given as in Section 2. By sequentially weakly
lower semicontinuity of the norm and continuity of the functionals K, I;;, I,; and H, the func-
tional & is sequentially weakly lower semicontinuous. Moreover, & is coercive and contin-
uously Gateaux differentiable while Proposition 2.4 gives that its Gateaux derivative admits a
continuous inverse on 2 *. The functional 2 : 2 — R is well defined and is continuously
Gateaux differentiable whose Géteaux derivative is compact. Choose r| = %}/12, ry = %’}/22
and up(t) = wg(t) for all 1 € [0,.7], where wg(t) is given by (3.1). In view of the assumption
(H1), the fact —Z|p| < [¢(p)| < Z|p| for each p € R and (2.3), we have

dT3 BT m 87 —20t;
P (up) §max{1,m1}<9 G +W>52+ Z/O Jflj(s)ds

m 5[}(97”) g
+ Z /0 HHj(s)ds —/0 A (up(s))ds
=1

< max{l,ml}k052 + 92k162 + Zkz(sz £

2
16 60 o0 0~k

and

LT %
P(ug) = min{1,mo ko8> — =67 = 21)3252.

From condition (3.2), we obtain r; < & (up) < rp. For all u € 2 such that & (u) < ry, one has

from (2.3) that

2D*P(u)  2D?
(51 < Cgl = Y227

uf? < 2 < D)l <

forall 7 € [0,.7]. Thus
PN —oo,ry) Cluec 2 ;|u(t)| <y forallzr € [0,7]}.
It follows that
T
sup 2(u) < / sup % (t,x)dr.

ue P~ (—co,ry) 0 |x[<p

Therefore
SUP,ye 1 (—oo,ry) 2(1t) — 2 (up)

<

B(rl ’ }’2) - ry — @(uo)
o Jo supiy <y, Z (t,2)dt — f57 F (t,u0(r))dr (3.6)
o A ’)/2 — 6,562

One also has
2(U0) = SUPyed1 (—oo ] 2 (1)

pa2(ri,r) >

P(ws) —r1
. I SUP|y(<y, F (1, x)dt — 1 F (t,uo(t))dr
o (51 ’}/12 — (5232

- 2D2a'yl (6) .
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By (Al) (3.6) and (3.7), one has B(ry,r2) < p2(r1,r2). Therefore, from Theorem 2.1, for each
A€ ( Lo L yl( 5)), the functional .7 admits at least one non-trivial critical point u;
2

2D% ay, (8)’ 2D% a
with the property r; < &2(u;) < rp, that s,
21)27’2 < Plwm) 21)27’2
Now, we show the existence of the second local minimum which is different from the first one.
To this goal, we consider the assumptions of the mountain-pass theorem for the functional .7 .
It is obvious that . is a C! functional and .7}, (0) = 0. The first part of proof guarantees that
uy € Z is alocal nontrivial local minimum for .%; in 2". We can assume that i is a strict local
minimum for .} in 2. Therefore, there is p > 0 such that infy,_, —p 72 (u) > ) (u1). So,
condition [31, (I;), Theorem 2.2] is established. Now by (3.3), there exist constants a;,a > 0
such that .7 (t,x) > a;|x|¥ —a for all r € [0,.77] and every real number x. Now, choosing any
uc Z \ {0}, one has

S (tu) = ( —12)(tu)
2 Y 4 v
2 | (t)| dt— At al/ |l/t(l’)| df—f—ka2—>—oo

as T — oo, so condition [31, (I;), Theorem 2.2] is satisfied. Thus, .7, satisfies the geometry
of the mountain pass. Also, .7, satisfies the Palais-Smale condition. Indeed, we assume that
{tn}nen C 2 such that {7 (up) }nen is bounded and . (u,) — O when n — 4-c0. Then, there
exists a constant Cy > 0 such that |7} (u,)| < Cy, |7} (un)| < Cp for all n € N. Therefore, we
infer to deduce from the definition of .#; and the assumption (A;) that

.V \%
Co+Cillunll o > V-7 (ttn) =7 (1) (un) = min{ 5 =1, mo — my }Huun| -

for some C; > 0. Since v > Zmio' > 2, this implies that (u,) is bounded. Consequently, since 2
is a reflexive Banach space, by choosing a suitable subsequence, we have

up—u in 2, u,—u inL%0,7], u,—u ae. onl0,7]

By .} (un) — 0 and u, — uin 2", we obtain
(A (un) — S5 () (uy — u) — 0.

From the continuity of f and .%;; (i=1,2 and j=1,...,m), we know

J67 (100 () = £t )t (6) ()t =0, as > 4o

57 (o (1)) — 51((t))) (n(ty) —u(t})) = 0, a5 — oo,

Yy (A () — A5 (1)) (up (1) — ' (2) = 0, as n — oo,
Now, with a simple calculation, we have

(y/{(”n) - y}i (u)) (un —u) > G1||un — ”“23&”
Thus
0= lim (yk(un) S () (un—u) > 6 ,,LITW [rm—]

n—-—+
So |[u, — u|| 27 — 0 as n — 400, which implies that {u, } converges strongly to u in 2. There-
fore, .7 satisfies the Palais-Smale condition. Hence, the classical theorem of Ambrosetti and
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Rabinowitz ensures a critical point u of . such that .7 (up) > % (u1). Since f(z,0) # 0
for all € [0,.7], u; and uy are two distinct nontrivial weak solutions of (D )~ The proof is
complete. 0

Remark 3.2. In Theorem 3.1, the existence of at least two nontrivial weak solutions for (D}L ) 1s
guaranteed and one of which is obtained in association with the classical Ambrosetti- Rab1now1tz
condition on the data by assuming f(¢,0) # 0 for all r € [0,.7]. If the condition f(z,0) # O for
all ¢ € [0,.77] does not hold, the second solution u, of problem (D ©) may be trivial.

Next, we give an immediate result of Theorem 3.1.

Theorem 3.3. Assume that f(t,0) # 0 for all t € [0,.7| and there exist two positive constants

0 and vy, with 6 < ,/%}/, such that the assumption (A) in Theorem 3.1 holds. Furthermore,
suppose that

Ji supy<y 7 (1, XA G fo F(ws(n)dr

3.7
%252 <“01 7 )
Then, for each A € <2D2 77 (s ) D2 Jy supyycy 7 (10 problem (D () admits at least two

non-trivial weak solutions uy and uy in 2" such that 0 < 2 (u;) < ﬁy .

Proof. We prove this theorem by using Theorem 3.1 by setting 7, = 0 and 9, = ¥. Using (3.7),
one has 9
Jo suppy<y Z (t,x)dt — [ F (2, w5 (1))dt

ay(8) =

cgl,}, —(5252
T
- I sup|x|§},ﬂ(t,x)dt _ Oyﬁ(t,w(;(t))dt
Gy ©2
=ap(9).
In particular, one has
0 (8) < 0 WPuicy 7004
4 €17 ’
which yileds
1 €17 11
22 7 7 S 2D%a,(5)
Jo~ supjy <y F (t,x)dt ay,
Hence, Theorem 3.1 guarantees the result. 0

The following application of Theorem 2.2 will be used later to obtain multiple solutions for
problem (D 6)

Theorem 3.4. Assume that there exist two positive constants ¥ and 8 with ¥ < %S, such that
fO Sup|y|<y-Z (1,x)dr < f F (t,wz(t))dt, where
ws(t) = 5t(F —1) foreachr € [0,.7], (3.8)

and

limsup 7, 2p)
|p|—+oo |P|

<0 uniformly in R. (3.9)



10 S. HEIDARKHANI, G. CARISTI, A. SALARI

Then, for every A > A, where
€82 — 617

him—
2D2<0‘ F(t,ws(0)dt — [ supy<y Z 1, x)dz)

)

problem (D [) admits at least one non-trivial weak solution iy € 2" such that & (i) > %72.

Proof. Take the real Banach space 2" as defined in Section 2, and put .%) = & — 1.2, where
& and 2 are given as in Section 2. Our aim is to apply Theorem 2.2 to function .%,. The
functionals &2 and 2 satisfy all assumptions requested in Theorem 2.2. Moreover, for A > 0,
the functional .#) is coercive. Indeed, fix 0 < € < JW. From (3.9), there is a function
pe € L1([0,T]) such that .% (¢, x) < ex? + pe(t) for every ¢ € [0,.7] and x € R. Taking (2.3) into
account, it follows that, for each u € 2",

61

P ()= A2(u) > (= = AT D) |ull* = Allpe |1

Thus, lim, |4 (Z(u) = AZ2(u)) = +oo, which means the functional .} = & — 12 is co-
ercive. Put 7 = %72 and uo(t) = wg(t) for all t € [0,.7], where ws(¢) as given by (3.8). By
using the same argument in the proof of Theorem 3.1, we obtain that

F (t,uo(t))dt =[5 supjy <37 (1, x)de

I
> 2220
p2(7) A

So, by usmg the assumptions of this theorem, one has p,(7) > 0. Hence, from Theorem 2 2 for
each A > A, the functional &, admits at least one local minimum u; such that & (i) > WYZ .
The conclusion is achieved. O

In what follows, we consider the function f with separate variables. To be more precise, we
consider the following problem

T
) 41 /O (=t ol (1) P+ Blur) P)de ) (7 " + )
= Aa(t)g(u)+(u), t#1;,t€0,.7], D, )
.@u”(lﬁ = flj(u’(tj)), —.@u”’(tj) = fzj(u(tj)), j= 1,2, .o.,m
u(0) =u(1)=u"(0) =d"(1) =0,

where o : [0,.7] — R is a non-negative and non-zero function such that o € L'([0,.7]) and
g : R — R is a nonnegative continuous function.

Put 4(x) = [y g(p)dp for all x € R. Since the nonlinear term is to be nonnegative, the
following results reveal the existence of multiple positive solutions. As a proof, we refer to the
following weak maximum principle.

Lemma 3.5. Ifu, € 2 is a non-trivial weak solution of problem (Dé,g: /) then uy is positive.

Proof. Let u, be a non-trivial weak solution of problem (D e) Arguing by a contradiction,
we assume that the set £ = {t € [0,.7]; u.(t) < 0} is non- empty and positive measure. Putting
u, (1) = min{u.(r),0}, one has u, € 2 . Using this fact that u, also is a weak solution of
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(Df; ,.0)» and choosing v = u;, by the assumption (H1), we have

(min{1,mo} = LT D) -2 5 v,

sLW%W&+%(L&%MﬁW+%mmHm)
X/F%W(W+%m 2) s /em Vs (8

—A/ <0

i.e., 61||us leqz O () < 0 and taking the condition that %7 > 0, this contradicts with this fact
0

that u, is a non-trivial weak solution. Hence, the set ¥ is empty, and u, is positive. U

Set f(t,x) = a(t)g(x) for every (¢,x) € [0, 7] x R. The following existence results are con-
sequences of Theorems 3.1-3.4, respectively.

Theorem 3.6. Assume that g(0) # 0 and there exist a non-negative constant yy and two positive
constants Y and & with %yl <O <4/ %72 such that

memﬂmwﬁ%m%wmw<wmmmﬂm%ﬁ%w%wmw
651’}/12—65232 %17/22—%252 '

Furthermore, suppose that there exist constants v > Zm—";l and Z > 0 such that, for all |p| > %
and for all t € [0,.7], (3.4) and (3.5) hold and

0<v¥(p) < ps(p)- (3.10)
Then, for each A €|A1, 43|, where
1 %1 ’}/12 — 652 52
2D2 [t 1o, () — Ji” (t) (ws(t))dr

A =

and

1 Gy — 6,282

2D2 |atll g0 7)% (1) = Jo 0u()% (ws(0))de”

problem (Dé, g,f) admits at least two positive weak solution uy and up in 2 such that 0 <
P(uy) < 357

Theorem 3.7. Assume that g(0) # 0 and there exist two positive constants & and y with 6 <

v/ Z—;y such that

Ay =

el o, (7) _ G Jy, o(t)9 (ws(1))dt
7 % 52 :

(3.11)
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Furthermore, suppose that the assumptions (3.4), (3.5) and (3.10) hold. Then, for every
< %252 651 ’}/2 )
202 [7 o) (wg (t))dt 2D lLipo,71)% ()

problem (Df; g_é‘) admits at least two positive weak solutions uy and uy in 2 such that 0 <
G 2
@(M]) < 2_1)127/ .

Theorem 3.8. Assume that there exist two positive constants ¥ and & with ¥ < %5, such that

_ I e (ws(0)de
1ol o, 7))

9(7) (3.12)

and imsup |, ; o, % < 0 uniformly in R. Then, for every A > A with

B 6 6% — 67
202 ([ ()9 (ws())dt |l o, 7y (7))

problem (Dgﬂ .. /) admits at least one positive weak solution ity € 2 such that ®(iy) > %}72.

o

The next theorem is a consequence of Theorem 3.1.
Theorem 3.9. Assume that g(0) # 0 and

lim m
p—=0t P
Furthermore, suppose that the assumptions (3.4), (3.5) and (3.10) hold. Then, for every A €

— too. (3.13)

L & 7 2 . ..
](),/’L;[, where 7%’; = WMSHPY>O 77 problem (Da,g,é‘) admits at least two positive

weak solutions in 2.
Proof. Fix A €]0,AJ[. Then there is ¥ > 0 such that

G e

A< .
2D || x| 1 g0,y 4 (V)

From (3.13) there exists a fixed number 6 > 0 with

¢
0 <y|=—
'
such that
L 202 [7 au(t)4 (wg(t))dt
A 6> 62 '
Therefore, we can use Theorem 3.3 to complete the proof. 0

Remark 3.10. Theorem 1.2 is an immediate result of Theorem 3.9.

From Theorems 3.7 and 3.8, the following theorem of the existence of three solutions can be
achieved.
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Theorem 3.11. Suppose that g(0) # 0 and

limsupg(pz) <0.
|p| =+ |P|

(3.14)

Moreover, assume that there exist four positive constants 7, 8, ¥ and 8 with the property

5,/% <7<¥y< 5@/% such that (3.11) and (3.12) hold, and

letllLi(o,2)4 (7) _ Jo" at)g (ws(t))dr — ||l o 79 (7)

ar GG 7 19

Then, for each
©,8° } €1y )
202 [ au(t)% (w(0))di " 2D |l go,)% (V) /7

AEA= (maX{Z,

problem (D’Olc o) admits at least three positive weak solutions ui, w3 and u} such that 2 (u}) <
a2 ’ 6 2
52V and P(uz) > 5557

Proof. First, by (3.15), A # 0. Next, fixing A € A and utilizing Theorem 3.7, there exist a
positive weak solution i; such that & (u}) < %}/2, which is a local minimum for the associated
functional .. Theorem 3.8 ensures a positive weak solution u; with the property & (u3) >
%T/Z, which is a local minimum of .# . By using the same argument in the proof of Theorem
3.4, and condition (3.14), we see that the functional .%), is coercive. Then it satisfies the (PS)

condition. Hence, the result follows from the mountain pass theorem as given by Pucci and
Serrin (see [23]). O

The next existence result is a consequence of Theorem 3.11.

Theorem 3.12. Assume that g(0) # 0,

%
timsup 28 _ yer, (3.16)
p—0t
and
%
limsup (’2’):0. 3.17)
p—te P

Furthermore, suppose that there exist two positive constants ¥ and 8 with

y < ,/%S, (3.18)

such that
YD _ G J e ws(n)dr 519)
7 @l 52
%62 &7 )
Then’ fOl" each A = (2D2f0 Ol(lz)g(WS(l))dt, 2D2|a|Lll(’£y])g(’)7))’ pi’Oblema)ggj) admits at least

three positive weak solutions.
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Proof. We simply conclude from (3.17) that condition (3.14) is established. Moreover, choosing
0 small enough and y = ¥, one have condition (3.11) from (3.16) and the conditions (3.12) and
(3.15) from (3.19). Accordingly, our result follows from Theorem 3.11 immediately. U

Remark 3.13. Theorem 1.1 can be obtained from Theorem 3.12 immediately.
Finally, two applications of our results are given as follows.

Example 3.14. Let g% —4, B=2,7 =2,m=3and K (x) = ™! for all x > 0. Accord-
ingly, mg =1, m; = e* and D = 2 . Now, let
(x) = 204+, x| > 1,
Tl 22—-x%, ¥ <1
and ¢(x) = arctan (Inv/1 —|—x 2) for all x € R. Thus lim,_,q+ &3 ﬁ = lim,_,+ 22—x2 = 4o, ¥ =
1 and mm{l my}t =1> o L = 27D? We choose 1| = 2, Hh =1, t3 2, 1(x) = %x,
flz( ) = ZX, f13( ) = 3)6, le( ) = %x, fzz( ) = 2X and fzz( ) = §x for all x € R. It is
easy to verify that (H1) is satisfied with k; = 5 L and k, = 1. Moreover, taking into account that

- prP) _ 1; p+E 2m 2m
hm\PH+°°W =limp| 4o PP 21 > 2¢% = o by choosing v =21 > 2¢? = L we
see that there exists % > 1 such that the assumptions (3.4), (3.5) and (3.10) are fulfilled. Hence,

by using Theorem 3.9, for each A € (O = (0, 273;—2_1> , the problem

4 a
D7l 1 gy O PYHOF )

(Df; o ») in this case has at least two positive weak solutions.

Example 3.15. Let
T 4x—[x], [x] is even,
H(x) = { 1+ |x—[x+1]|, [x]isodd,
where [x] is the integer part of x. Accordingly, my =1 and m; = 2. Choosing 7 =1, o = —
and % = 2, we have D = 5. Now let g(x) = 1+ e (x")°(10 — xT) for each real number x

and £(x) = 11n (1 +sin®x) for all x € R. Thus £ =1, ¥(x) = x" +x7'% =" for all x € R,

lim,_,+ @ = +oo and limy_, 4 @ = 0. It is clear that by choosing m =2, t| = % th = %

H1(x) = flz( ) = gxand 5 (x) = fzz(x) = txforallx € R, the assumption (H1) is satisfied

with k1 = % and k) = % Direct calculations give kg = k3 = and kg = 12101 Moreover, by

choosing ¥ =1 and 8 =2, we can easily see that (3.18) and (3.19) are satisfied. Hence, by

applying Theorem 3.12, for each A € (1 S(igjf;z), 8(24(7517])1 )>, the problem (Dé. g.é’) in this case

has at least three positive weak solutions.

Remark 3.16. We point out that the same statements of the above given results can be obtained
by considering % (x) = by + byx for x € [a, B], where b, by, @ and B are positive numbers. In

~ 2
fact, in this special case, we have % (x) = [ (b1 + b2§)dE = % - zb—blz for x € [, B] and
mo=b;+byo and m| = b —i—bzﬁ.
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