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Abstract. This paper is concerned with the existence of weak solutions for a nonlocal fractional elliptic
system of (p(x, .),q(x, .))-Kirchhoff type with homogeneous Dirichlet boundary conditions. The ap-
proach is based on the three critical points theorem introduced by Recceri and on the theory of fractional
Sobolev spaces with variable exponents.
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1. INTRODUCTION

In this paper, we aim to investigate the existence and the multiplicity of weak solutions for
the following fractional elliptic system of (p(x, .),q(x, .))− Kirchhoff type

M(Is,p(x,y)(u))((−∆)s
p(x,.)u+ |u|

p̄(x)−2u) = λFu(x,u,v)+µGu(x,u,v), in Ω,

M(Is,q(x,y)(v))((−∆)s
q(x,.)v+ |v|

q̄(x)−2v) = λFv(x,u,v)+µGv(x,u,v), in Ω,

u = v = 0, in RN \Ω,

(P1)

Is,r(x,y)(w) =
∫

Ω×Ω

1
r(x,y)

|w(x)−w(y)|r(x,y)

|x− y|N+sr(x,y)
dxdy+

∫
Ω

|w(x)|r̄(x)

r̄(x)
dx,

where Ω is an open bounded subset in RN , N > 2, with Lipschitz boundary ∂Ω, M : [0,+∞)−→
(0,+∞) is a strictly nondecreasing continuous function and p,q : RN×RN −→]1,+∞[ are sym-
metric continuous functions such that

1 < p− 6 p(x,y)6 p+ <+∞, 1 < q− 6 q(x,y)6 q+ <+∞,
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where
p− = inf

(x,y)∈RN×RN
p(x,y), p+ = sup

(x,y)∈RN×RN
p(x,y),

q− = inf
(x,y)∈RN×RN

q(x,y), q+ = sup
(x,y)∈RN×RN

q(x,y).

The critical fractional Sobolev exponent is given by

m∗s (x) =

{
Nm(x,x)

N−sm(x,x) , N > sm(x,x),
+∞, N 6 sm(x,x).

F,G : Ω×R×R −→ R are functions such that F(., t,ξ ), G(., t,ξ ) are measurable in Ω for
all t,ξ ∈ R, and F(x, ., .) and G(x, ., .) are continuously differentiable in R2 for a.e. x ∈ Ω.
Fu(x,u,v), Fv(x,u,v), Gu(x,u,v) and Gv(x,u,v) are the partial derivatives of F and G with re-
spect to u and v, respectively. λ and µ are two real parameters and (−∆)s

p(x,.) is a nonlocal
integro-differential operator of elliptic type defined by

(−∆)s
p(x,.)u(x) = 2 lim

ε↘0

∫
RN\Bε (x)

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))
|x− y|N+sp(x,y)

dy,

which is a pseudo-differential operator allowing in particular the inclusion of the non-integer
derivative order. This operator is a fractional version of the so-called p(.)−laplacian operator,
which is given by (−∆)p(.)u =−div(|∇u|p(x)−2∇u).

The problem (P1) is related to the stationary version of the Kirchhoff equation

ρ
∂ 2u
∂ t2 −

P0

h
+

E
2L

∫ L

0

∣∣∣∣∣∂u
∂x

∣∣∣∣∣
2

dx

 ∂ 2u
∂x2 , (1.1)

presented by Kirchhoff [1] in 1883, is an extension of the classical d’Alembert’s wave equation
by considering the changes in the length of the string during vibrations. In (1.1), L is the length
of string, h is the area of the cross section, E is the Young modulus of the material, ρ is the
mass density, and P0 is the initial tension. The Kirchhoff’s model takes into account the length
changes of the string produced by transverse vibrations. Some interesting results can be found,
for example, in [2]. On the other hand, Kirchhoff-type boundary value problems model several
physical and biological systems where u describes a process which depend on the average of
itself, for example, the population density. We refer the reader to [3, 4, 5] for some related
works.

In the local case, s = 1, many publications [6, 7, 8, 9, 10, 11] have appeared concerning
the quasilinear elliptic systems of Kirchhoff type. Existence and multiplicity results have been
investigated. For example, when the exponents p(.) and q(.) are reduced to be constants, Li and
Tang considered in [9] the following boundary problem involving (p,q)-Kirchhoff type

[M (
∫

Ω
|∇u|pdx)]p−1 (−∆)pu = λFu(x,u,v)+µGu(x,u,v), in Ω

[M (
∫

Ω
|∇v|qdx)]q−1 (−∆)qv = λFv(x,u,v)+µGv(x,u,v), in Ω

u = v = 0, on ∂Ω,

(P2)

where Ω is a bounded smooth domain, λ ,µ ∈ [0,+∞), p > N, q > N, and (−∆)p is the p-
Laplacian operator (−∆)p(u) = −div(|∇u|p−2∇u). Based on the three critical points theorem,
they established the existence of three weak solutions.
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In [10], using the same approach, Liu and Shi proved the existence of three solutions for a
(p(.),q(.)-Laplacian system of the form

(−∆)p(x)u = λFu(x,u,v)+µGu(x,u,v), in Ω

(−∆)q(x)v = λFv(x,u,v)+µGv(x,u,v), in Ω

u = v = 0, on ∂Ω

(P3)

In [7], Dai proved the existence and multiplicity of solotions for the following p(.)-Kirchhoff
type system with Dirichlet boundary conditions

−M1

(∫
Ω

1
p(x) |∇u|p(x)dx

)
div(|∇u|p(x)−2∇u) = Fu(x,u,v), in Ω

−M1

(∫
Ω

1
q(x) |∇v|q(x)dx

)
div(|∇v|q(x)−2∇u) = Fv(x,u,v), in Ω

u = v = 0, on ∂Ω,

(P4)

where Ω is a bounded domain of RN with smooth boundary ∂Ω, p(.),q(.) ∈C+(Ω) and M1(.),
M2(.) are continuous functions. The function F : Ω×R×R−→R is assumed to be continuous
in x ∈Ω and of class C1 in u,v ∈ R. Under growth conditions on the reaction terms, the author
established the existence results using a direct variational approach.

The study of the fractional Lebesgue and Sobolev spaces and their generalizations to variable
exponents has received more considerable attention (see, for example, [12, 13, 14]) recently. We
refer to Di Nezza, Palatucci and Valdinoci [14] for a comprehensive introduction to the study
of nonlocal fractional problems. Because of non homogeneous materials (such that electrorhe-
ological fluids and smart fluids), the use of Lebesgue and Sobolev spaces Lp and W s,p are not
adequate. This leads to the study of variable exponent Lebesgue and Sobolev spaces Lp(.) and
W s,p(.). On the other hand, studying the problems which involve the fractional p(.)-Laplacian
and corresponding nonlocal elliptic equations becomes a new domain for research. This attracts
the attention of many mathematicians; see, for example, [13, 15, 16, 17, 18, 19]. This type
of problems arises in many physical phenomena such as conservation laws, ultra-materials and
water waves, optimization, population dynamics, soft thin films, mathematical finance, phases
transitions, stratified materials, anomalous diffusion, crystal dislocation, semipermeable mem-
branes, flames propagation, ultra-relativistic limits of quantum mechanics (see [14, 20]).

In [21], Azroul et al. considered the following fractional p-Kirchhoff type system
M1
(
[u]ps,p

)
(−∆)s

pu = λFu(x,u,v)+µGu(x,u,v), in Ω,

M2
(
[v]ps,p

)
(−∆)s

pv = λFv(x,u,v)+µGv(x,u,v), in Ω,

u = v = 0, on RN \Ω,

(P5)

where Ω is an open bounded subset of RN with smooth boundary ∂Ω, Mi, i = 1,2, are nonde-
creasing continuous functions, 1 < p < ∞ and λ , µ are two real parameters, and (−∆)s

p denotes
the nonlocal fractional p-Laplacian operator of elliptic type given by

(−∆)s
pu(x) = 2 lim

ε↘0

∫
RN\Bε (x)

|u(x)−u(y)|p−2(u(x)−u(y))
|x− y|N+sp dy.

Motivated by [7, 9, 10, 21], our main goal is to prove the existence of three positive solutions
for problem (P1). Our approach is based on the three critical points theorem introduced by
Ricceri. This paper is organized as follows. In Section 2, we recall some properties of fractional
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Lebesgue and Sobolev spaces with variable exponents. In Section 3, using the three critical
points theorem, we prove our main existence result.

2. PRELIMINARIES AND BASIC ASSUMPTIONS

In this section, we recall some necessary properties of variable exponent spaces. For more
details, we refer to [22, 23, 24], and the references therein. Consider the set

C+(Ω) =
{

p ∈C(Ω) : p(x)> 1,∀x ∈Ω
}
.

For any p ∈C+(Ω), we define the generalized Lebesgue space Lp(.)(Ω) as

Lp(.)(Ω) =

{
u : Ω−→ R measurable :

∫
Ω

|u(x)|p(x)dx <+∞

}
.

This space equipped with the Luxemburg norm

‖u‖Lp(.)(Ω) = inf
{

λ > 0 :
∫

Ω

∣∣∣∣u(x)λ

∣∣∣∣p(x)dx6 1
}
,

is a separable reflexive Banach space. Let p̂ ∈ C+(Ω) be the conjugate exponent of p, i.e.,
1

p(x) +
1

p̂(x) = 1. Then we have the following Hölder-type inequality.

Lemma 2.1. (Hölder inequality). If u ∈ Lp(.)(Ω) and v ∈ L p̂(.)(Ω). Then,∣∣∣∣∫
Ω

uvdx
∣∣∣∣6 ( 1

p−
+

1
p̂−

)
‖u‖Lp(.)(Ω)‖v‖L p̂(.)(Ω) 6 2‖u‖Lp(.)(Ω)‖v‖L p̂(.)(Ω).

The modular of Lp(.)(Ω) is defined by

ρp(.) : Lp(.)(Ω)−→ R
u−→ ρp(.)(u) =

∫
Ω
|u(x)|p(x)dx.

Proposition 2.2. [23, 25] Let u ∈ Lp(.)(Ω), then we have,

(1) ‖u‖Lp(.)(Ω) < 1 (resp = 1, > 1)⇔ ρp(.)(u)< 1 (resp = 1, > 1),

(2) ‖u‖Lp(.)(Ω) < 1⇒ ‖u‖p+

Lp(.)(Ω)
6 ρp(.)(u)6 ‖u‖

p−

Lp(.)(Ω)
,

(3) ‖u‖Lp(.)(Ω) > 1⇒ ‖u‖p−

Lp(.)(Ω)
6 ρp(.)(u)6 ‖u‖

p+

Lp(.)(Ω)
.

Proposition 2.3. If u,uk ∈ Lp(.)(Ω) and k ∈ N, then the following assertions are equivalent

(1) lim
k→+∞

‖uk−u‖Lp(.)(Ω) = 0,

(2) lim
k→+∞

ρp(.)(uk−u) = 0,

(3) uk −→ u in measure in Ω and lim
k→+∞

ρp(.)(uk) = ρp(.)(u).

Proposition 2.4. [25] Let Ω be an open bounded subset of RN , p(.) ∈C+(Ω̄). Then (Lp(.)(Ω),
||u||Lp(.)(Ω)) is a reflexive uniformly convex and separable Banach space.



FRACTIONAL KIRCHHOFF TYPE SYSTEM 5

Now, let introduce our fundamental space. Let Ω be an open bounded set in RN , s ∈ (0,1),
and let p : Ω×Ω−→ (1,+∞) be a continuous variable exponent. We define the usual fractional
Sobolev space with variable exponent as

W s,p(x,y)(Ω) =

{
u ∈ L p̄(x)(Ω) :

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy < ∞

}
,

which endowed with the luxemberg norm

||u||W s,p(x,y)(Ω) = ||u||L p̄(x)(Ω)+[u]s,p(x,y),

where p̄(x) = p(x,x) and [u]s,p(x,y) is a Gagliardo seminorm with variable exponent defined by

[u]s,p(x,y) = inf

{
λ > 0 :

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

λ p(x,y)|x− y|N+sp(x,y)
dxdy6 1

}
.

For any u ∈W s,p(.,.)(Ω), we define the modular ρp(.,.) : W s,p(.,.)(Ω)−→ R, by

ρp(x,y)(u) =
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|u(x)|p̄(x)dx,

and

‖u‖s,p(.,.) = ‖u‖ρp(.,.) = inf
{

λ > 0 : ρp(.,.)

(
u
λ

)
6 1
}
.

Proposition 2.5. Let p : Ω×Ω −→ (1,+∞) be a continuous variable exponent and s ∈ (0,1).
For any u ∈W s,p(x,y)(Ω), we have

(1) 16 ‖u‖s,p(.,.)⇒ ‖u‖
p−

s,p(.,.) 6 ρp(.,.)(u)6 ‖u‖
p+

s,p(.,.),

(2) ‖u‖s,p(.,.) 6 1⇒ ‖u‖p+

s,p(.,.) 6 ρp(.,.)(u)6 ‖u‖
p−

s,p(.,.).

The proof is similar to Proposition 2.2.

Proposition 2.6. If u,uk ∈W s,p(.,.)(Ω) and k ∈ N, then the following assertions are equivalent
(1) lim

k→+∞
‖uk−u‖s,p(.,.) = 0,

(2) lim
k→+∞

ρp(.,.)(uk−u) = 0,

(3) uk −→ u in measure in Ω and lim
k→+∞

ρp(.,.)(uk) = ρp(.,.)(u).

The proof is similar to Proposition 2.3.
Let denote by W s,p(x,y)

0 (Ω) the closure of C∞
0 (Ω) in W s,p(x,y)(Ω). Let E = W s,p(x,y)

0 (Ω)×
W s,q(x,y)

0 (Ω) be the Cartesian product of two Banach space, which is a reflexive Banach space
endowed with the norm

||(u,v)||E = ‖u‖s,p(x,y)+‖v‖s,q(x,y). (2.1)

Theorem 2.7. [26] Let Ω be an open bounded subset of RN and s ∈ (0,1). Let p : Ω×Ω −→
(1,+∞) be a continuous variable exponent with sp+ <N. Let r : Ω−→ (1,+∞) be a continuous
variable exponent such that,

p∗s (x) =
N p(x,x)

N− sp(x,x)
> r(x)> r− > 1, ∀x ∈Ω.
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Then the space W s,p(x,y)(Ω) is continuously embedded in Lr(x)(Ω). Moreover, this embedding
is compact. In other words, there exists a constant C =C(N,s, p,q,Ω)> 0 such that, for every
u ∈W s,p(x,y)(Ω),

‖u‖Lr(x)(Ω) 6C‖u‖s,p(x,y).

Finally, the proof of our main result is based on the following three critical points theorem.

Theorem 2.8. [27] Let X be a reflexive real Banach space, I ⊂ R an interval, Ψ : X −→ R a
sequentially weakly lower semi-continuous C1 functional whose derivative admits a continuous
inverse on X∗, and J : X −→ R a C1 functional with compact derivative. In addition, Ψ is
bounded on each bounded subset of X. Assume that

lim
‖x‖X→+∞

(Ψ(x)−λJ(x)) = +∞, (2.2)

for all λ ∈ I, and that there exists δ ∈ R such that

sup
λ∈I

inf
x∈X

(ψ(x)−λ (J(x)+δ ))< inf
x∈X

sup
λ∈I

(ψ(x)−λ (J(x)+δ )) . (2.3)

Then, there exist a nonempy open set Λ ⊂ Iand a positive real number r with the following
property: for every λ ∈ Λ and every C1 functional Γ : X −→ R with compact derivative, there
exists µ∗ > 0 such that, for each µ ∈ [0,µ∗], the equation

Ψ
′(x)−λJ′(x)+µΓ

′(x) = 0,

has at least three solutions whose norms are less than r.

Proposition 2.9. [28] Let X be a non-empty set and Ψ, J two real functionals on X. Assume
that there are γ > 0, u0, u1 ∈ X , such that

Ψ(u0) = J(u0) = 0, Ψ(u1)> γ,

sup
u∈Ψ−1((−∞,γ))

J(u)< γ
J(u1)

Ψ(u1)
.

(2.4)

Then, for each r satisfying

sup
u∈Ψ−1((−∞,γ))

J(u)< r < γ
J(u1)

Ψ(u1)
,

one has
sup
λ∈I

inf
x∈X

(ψ(x)−λ (J(x)+δ ))< inf
x∈X

sup
λ∈I

(ψ(x)−λ (J(x)+δ )) .

3. MAINS RESULTS

In this section, we prove the existence of three weak solutions for problem (P1) by applying
Theorem 2.8. For this, we suppose that the Kirchhoff function M : [0,+∞)−→ (0,+∞) satisfies
the following condition: there exists a constant m0 > 0 such that

M(t)> m0, ∀t > 0 (M0)

and put

M̂(t) =
∫ t

0
M(s)ds, ∀t > 0.

On the other hand, we suppose that F satisfies the following conditions:
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(F1) F(x,0,0) = 0, for a.e. x ∈Ω,
(F2) there exists d > 0 such that F(x,u,v)> 0, for a.e. x ∈Ω and for all (s, t)∈ [0,d]× [0,d],

(F3) There exist p1, q1 ∈C(Ω̄), p+ < p−1 < p+1 < p∗s (x) and q+ < q−1 < q+1 < q∗s (x) such that

limsup
(t,ξ )→(0,0)

sup
x∈Ω

F(x, t,ξ )

|t|p1(x)+ |ξ |q1(x)
<+∞,

(F4) There are functions α(.),β (.) ∈ C(Ω̄), 1 < α− < α+ < p− and 1 < β− < β+ < q−

such that

F(x, t,ξ )6 c(1+ |t|α(x)+ |ξ |β (x)) for a.e. x ∈Ω and all (s, t) ∈ R2.

Definition 3.1. For sp+,sq+ < N, we denote by A the class of functions F : Ω×R2 −→ R
such that Fu =

∂F
∂u and Fv =

∂F
∂v are two Caratheodory functions and

sup
(x,t,ξ )∈Ω×R×R

|Fu(x, t,ξ )|
1+ |t|r1(x)−1 + |ξ |r2(x)−1

<+∞

and sup
(x,t,ξ )∈Ω×R×R

|Fv(x, t,ξ )|
1+ |t|r1(x)−1 + |ξ |r2(x)−1

<+∞,

for all r1(.) ∈ (p+, p∗s (x)) and r2(.) ∈ (q+,q∗s (x)).

Definition 3.2. We say that (u,v) ∈ E is a weak solution of problem (P1) if

M
(
Is,p(x,y)(u)

)
×
[∫

Ω

∫
Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))(ϕ(x)−ϕ(y))
|x− y|N+sp(x,y)

dxdy

+
∫

Ω

|u(x)|p̄(x)−2u(x)ϕ(x)dx
]

+M
(
Is,q(x,y)(v)

)
×
[∫

Ω

∫
Ω

|v(x)− v(y)|q(x,y)−2(v(x)− v(y))(ψ(x)−ψ(y))
|x− y|N+sq(x,y)

dxdy

+
∫

Ω

|v(x)|q̄(x)−2v(x)ψ(x)dx
]

= λ

∫
Ω

Fu(x,u,v)ϕdx+µ

∫
Ω

Gu(x,u,v)ϕdx+λ

∫
Ω

Fv(x,u,v)ψdx+µ

∫
Ω

Gv(x,u,v)ψdx,

for all (ϕ,ψ) ∈ E.

Theorem 3.3. For sp+,sq+ < N and F ∈ A , suppose that (M0) and (F2)-(F4) are fulfilled.
Then, there exist a nonempy open set Λ⊂ I and a number δ > 0 such that: for every λ ∈ Λ and
every G ∈ A there exists µ∗ > 0 such that, for each µ ∈ [0,µ∗], the problem (P1) has at least
three weak solutions whose norms are less than δ .

Following the development of Kirchhoff type problems, our results can generalize many
physical and biological problems, such as, the movement of elastic threads, the description of
the population of a bacterium, the deformation of beams in flexion, the deformation of plates or
tensioned ropes, etc. As an example, we can take the case when M(t) = a+bt, a,b > 0.
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Consider the functions J,Ψ : E −→ R defined by

J(u,v) =
∫

Ω

F(x,u,v)dx,

and
Ψ(u,v) = M̂

(
Is,p(x,y)(u)

)
+ M̂

(
Is,q(x,y)(v)

)
.

Lemma 3.4. Let F ∈A . Then the function J ∈C1(E,R) and its derivative is given by〈
J′(u,v),(ϕ,ψ)

〉
=
∫

Ω

Fu(x,u,v)ϕ +
∫

Ω

Fv(x,u,v)ψdx, (3.1)

for all (ϕ,ψ) ∈ E. Moreover J′ : E −→ E∗ is compact.

Proof. From the definition of A and the embedding theorem, we can see that J is well-defined
on E. Usual arguments show that J is Gâteaux differentiable on E with the derivative is given
by (3.1) . Assume that sp+,sq+ < N. We claim that the operator J′ is continuous. Let
{(un,vn)} ⊂ E be a sequence converging strongly to (u,v) ∈ E. Due to the compact embedding
of W s,p(x,y)

0 (Ω) and W s,q(x,y)
0 (Ω) in Lr(x)(Ω), where max{p+,q+} 6 r(x) 6 min{p∗s (x),q

∗
s (x)}

for a.e x ∈ Ω, we have that {(un,vn)} converges strongly to (u,v) in Lr(x)(Ω). So, for a sub-
sequence, still denoted by {(un,vn)}, there exist functions u ∈ Lr(x)(Ω) and v ∈ Lr(x)(Ω) such
that un → u a.e. in Ω, vn → v a.e. in Ω, and |un| 6 |u|, |vn| 6 |v| for all n ∈ N and almost
everywhere in Ω. Since F ∈ A , for all measurable functions u, v : Ω −→ R, the operator de-
fined by (u,v) 7−→ Fu(.,u(.),v(.))+Fv(.,u(.),v(.)) maps Lr(x)(Ω)×Lr(x)(Ω) into Lr̂(x)(Ω). Fix
(ũ, ṽ) ∈ E with ||(ũ, ṽ)||E 6 1. Using Hölder inequality, we get

|
〈
J′(un,vn)− J′(u,v),(ũ, ṽ)

〉
|

=

∣∣∣∣∫
Ω

(Fu(x,un(x),vn(x))−Fu(x,u(x),v(x))) ũ(x)dx
∣∣∣∣

+

∣∣∣∣∫
Ω

(Fv(x,un(x),vn(x))−Fv(x,u(x),v(x))) ṽ(x)dx
∣∣∣∣

6C1 ||Fu(x,un(x),vn(x))−Fu(x,u(x),v(x))| |Lr̂(x)(Ω)||ũ||Lr(x)(Ω)

+C1 ||Fu(x,un(x),vn(x))−Fu(x,u(x),v(x))| |Lr̂(x)(Ω)||ṽ||Lr(x)(Ω)

6C2 ||Fu(x,un(x),vn(x))−Fu(x,u(x),v(x))| |Lr̂(x)(Ω)||ũ||W s,p(x,y)(Ω)

+C2 ||Fu(x,un(x),vn(x))−Fu(x,u(x),v(x))| |Lr̂(x)(Ω)||ṽ||W s,q(x,y)(Ω),

for some constants C1,C2 > 0. Thus, passing to the sup for ||(ũ, ṽ)||6 1, we get

||J′(un,vn)− J′(u,v)||E∗ 6C1 ||Fu(x,un(x),vn(x))−Fu(x,u(x),v(x))| |Lr̂(x)(Ω)

+C1 ||Fv(x,un(x),vn(x))−Fv(x,u(x),v(x))| |Lr̂(x)(Ω).

From the definition of A , for a.e. x ∈Ω, we have

Fu(x,un(x),vn(x)−Fu(x,u(x),v(x)−→ 0 as n→ ∞,
Fv(x,un(x),vn(x)−Fv(x,u(x),v(x)−→ 0 as n→ ∞,

and
|Fu(x,un(x),vn(x))|6C2(1+ |u|r(x)−1 + |v|r(x)−1) a.e. x ∈Ω,

|Fv(x,un(x),vn(x))|6C2(1+ |u|r(x)−1 + |v|r(x)−1) a.e. x ∈Ω.
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Note that the right hand side in the previous relation belongs to Lr̂(x)(Ω). Hence, by applying
the dominate convergence theorem, we get

||Fu(x,un(x),vn(x))−Fu(x,u(x),v(x))| |Lr̂(x)(Ω)→ 0 as n→ ∞,

||Fv(x,un(x),vn(x))−Fv(x,u(x),v(x))| |Lr̂(x)(Ω)→ 0 as n→ ∞.

This proves that J′ is continuous.
Now, in order to verify the compactness of J′, we take {(un,vn)} a bounded sequence in E.

Then there exists a subsequence of {(un,vn)}, still denoted by {(un,vn)}, converging weakly
in E. So, it converges strongly in Lr(x)(Ω)×Lr(x)(Ω). Arguing in the same way as before, we
show that {J′(un,vn)} converges strongly and then the operator J′ is compact. �

Lemma 3.5. Ψ′ satisfies the property:

(S) :
[

Let {(un,vn)} be a sequence that converges weakly to (u,v) in E and

lim
n→∞

Ψ
′(un,vn) = Ψ

′(u,v) in E∗.

Then

(un,vn)→ (u,v) strongly in E.
]

Proof. Put〈
Lp(x,y)(u),ϕ

〉
= M(Is,p(x,y)(u))

[ ∫
Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))(ϕ(x)−ϕ(y))
|x− y|N+sp(x,y)

dxdy

+
∫

Ω

|u(x)|p̄(x)−2u(x)ϕ(x)dx
]
.

Let (un,vn)⇀ (u,v) in E and Ψ′(un,vn)−→Ψ′(u,v). The compact embedding in Theorem 2.7
implies that

un(x)−→ u(x) a.e. x ∈Ω,

and vn(x)−→ v(x) a.e. x ∈Ω.
(3.2)

This together with Fatou’s lemma yields

liminf
n→∞

∫
Ω×Ω

|un(x)−un(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|un(x)|p̄(x)dx

>
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|u(x)|p̄(x)dx,

and liminf
n→∞

∫
Ω×Ω

|vn(x)− vn(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|vn(x)|q̄(x)dx

>
∫

Ω×Ω

|v(x)− v(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|v(x)|q̄(x)dx.

(3.3)
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Now using Young’s inequality, we have

〈
Lp(x,y)(un),un−u

〉
+
〈
Lq(x,y)(vn),vn− v

〉
= M(Is,p(x,y)(un))

(∫
Ω×Ω

|un(x)−un(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|un(x)|p̄(x)dx

−
∫

Ω×Ω

|un(x)−un(y)|p(x,y)−2(un(x)−un(y))(u(x)−u(y))
|x− y|N+sp(x,y)

dxdy

−
∫

Ω

|un(x)|p̄(x)−2un(x)u(x)dx
)
+M(Is,q(x,y)(vn))

(∫
Ω×Ω

|vn(x)− vn(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy

+
∫

Ω

|vn(x)|q̄(x)dx−
∫

Ω×Ω

|vn(x)− vn(y)|q(x,y)−2(vn(x)− vn(y))(v(x)− v(y))
|x− y|N+sq(x,y)

dxdy

−
∫

Ω

|vn(x)|q̄(x)−2vn(x)v(x)dx
)

>M(Is,p(x,y)(un))

(∫
Ω×Ω

|un(x)−un(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|un(x)|p̄(x)dx

−
∫

Ω×Ω

|un(x)−un(y)|p(x,y)−1(u(x)−u(y))
|x− y|N+sp(x,y)

dxdy−
∫

Ω

|un(x)|p̄(x)−1u(x)dx
)

+M(Is,q(x,y)(vn))

(∫
Ω×Ω

|vn(x)− vn(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|vn(x)|q̄(x)dx

−
∫

Ω×Ω

|vn(x)− vn(y)|q(x,y)−1(v(x)− v(y))
|x− y|N+sq(x,y)

dxdy−
∫

Ω

|vn(x)|q̄(x)−1v(x)dx
)

>M(Is,p(x,y)(un))

(
p−+1− p+

p−

∫
Ω×Ω

|un(x)−un(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy

+
p−+1− p+

p−

∫
Ω

|un(x)|p̄(x)dx− 1
p−

∫
Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy

− 1
p−

∫
Ω

|u(x)|p̄(x)dx
)
+M(Is,q(x,y)(vn))

(
q−+1−q+

q−

∫
Ω×Ω

c1
|vn(x)− vn(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy

+
q−+1−q+

q−

∫
Ω

|vn(x)|q̄(x)dx−
∫

Ω×Ω

1
q−
|v(x)− v(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy− 1

q−

∫
Ω

|v(x)|q̄(x)dx
)
.

By passing to liminf, we have

0> m0

(
liminf

n→∞

[∫
Ω×Ω

|un(x)−un(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|un(x)|p̄(x)dx

]

−
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy−

∫
Ω

|u(x)|p̄(x)dx
)
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+m0

(
liminf

n→∞

[∫
Ω×Ω

|vn(x)− vn(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|vn(x)|q̄(x)dx

]

−
∫

Ω×Ω

|v(x)− v(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy−

∫
Ω

|v(x)|q̄(x)dx
)
.

Combining the above inequality with (3.3), we get

liminf
n→∞

[∫
Ω×Ω

|un(x)−un(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|un(x)|p̄(x)dx

]

=
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|u(x)|p̄(x)dx,

and liminf
n→∞

[∫
Ω×Ω

|vn(x)− vn(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|vn(x)|q̄(x)dx

]

=
∫

Ω×Ω

|v(x)− v(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|v(x)|q̄(x)dx.

For a subsequence, we have

lim
n→∞

[∫
Ω×Ω

|un(x)−un(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|un(x)|p̄(x)dx

]

=
∫

Ω×Ω

|u(x)−u(y)|p(x,y)

|x− y|N+sp(x,y)
dxdy+

∫
Ω

|u(x)|p̄(x)dx,

and lim
n→∞

[∫
Ω×Ω

|vn(x)− vn(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|vn(x)|q̄(x)dx

]

=
∫

Ω×Ω

|v(x)− v(y)|q(x,y)

|x− y|N+sq(x,y)
dxdy+

∫
Ω

|v(x)|q̄(x)dx.

That is, limn→∞ ρs,p(x,y)(un) = ρs,p(x,y)(u), and limn→∞ ρs,q(x,y)(vn) = ρs,q(x,y)(v). By virtue of
Proposition 2.6, we conclude that (un,vn)−→ (u,v) in E. �

Lemma 3.6. The following properties hold true
(i) the functional Ψ is sequentially weakly lower semi-continuous and bounded on each

bounded subset of E;
(ii) Ψ′ : E −→ E∗ is a homeomorphism.

Proof. (i) From [18, Lemma 2.4], the operators u 7−→ I′s,p(x,y)(u) and v 7−→ I′s,q(x,y)(v) are strictly
monotone. From [29, Proposition 25.10], Is,p(x,y) and Is,q(x,y) are strictly convex. Let {un,vn} ⊂
E be a sequence such that un ⇀ u in W s,p(x,y)

0 (Ω) and vn ⇀ v in W s,q(x,y)
0 (Ω). Then, by the

convexity of ρs,p(x,y), we have

Is,p(x,y)(un)− Is,p(x,y)(u)>
〈

I′s,p(x,y)(u),un−u
〉
.
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Hence we obtain

Is,p(x,y)(u)6 liminf
n→∞

Is,p(x,y)(un).

So the map u 7−→ Is,p(x,y)(u) is weakly lower semi-continuous. Similarly, the map v 7−→
Is,q(x,y)(v) is weakly lower semi-continuous. On the other hand, since the function t 7−→ M̂(t)
is monotone and continuous, we get

liminf
n→∞

Ψ(un,vn) = liminf
n→∞

M̂
(
Is,p(x,y)(un)

)
+ liminf

n→∞
M̂
(
Is,q(x,y)(vn)

)
> M̂

(
liminf

n→∞
Is,p(x,y)(un)

)
+ M̂

(
liminf

n→∞
Is,q(x,y)(vn)

)
> M̂

(
Is,p(x,y)(u)

)
+ M̂

(
Is,q(x,y)(v)

)
= Ψ(u,v).

Thus, the functional Ψ is sequentially weakly lower semi-continuous. Now, we prove that Ψ is
bounded. Let {(un,vn)} be a bounded sequence in E. By Proposition 2.5, there exists positive
constants C1,C2 such that Is,p(x,y)(un)6C1 and Is,q(x,y)(vn)6C2. Since M̂ is monotone, by the
definition of Ψ, we can write

Ψ(un,vn) = M̂
(
Is,p(x,y)(un)

)
+ M̂

(
Is,q(x,y)(vn)

)
6 M̂ (C1)+ M̂ (C2) .

Hence, Ψ is bounded on each bounded subset of E.
(ii) It is easy to see that the functional Ψ ∈C1(E,R) and its derivative is given by

〈
Ψ
′(u,v),(ϕ,ψ)

〉
= M

(
Is,p(x,y)(u)

)[∫
Ω×Ω

|u(x)−u(y)|p(x,y)−2(u(x)−u(y))(ϕ(x)−ϕ(y))
|x− y|N+sp(x,y)

dxdy

+
∫

Ω

|u(x)|p̄(x)−2u(x)ϕ(x)dx
]

+M
(
Is,q(x,y)(v)

)[∫
Ω×Ω

|v(x)− v(y)|q(x,y)−2(v(x)− v(y))(ψ(x)−ψ(y))
|x− y|N+sq(x,y)

dxdy

+
∫

Ω

|v(x)|q̄(x)−2v(x)ψ(x)dx
]
,

for all (u,v),(ϕ,ψ) ∈ E. Moreover, for each (u,v) ∈ E, Ψ′(u,v) ∈ E∗.
Ψ′ is strictly monotone Let us first show that M̂ is strictly convex. Note that ρs,p(x,y) is

strictly convex and M̂ is increasing. If (ϕ,ψ) ∈ E with ϕ 6= ψ and λ ,µ ∈ [0,1] with λ +µ = 1,
we have

M̂(Is,p(x,y)(λϕ +µψ))< M̂
(
λ Is,p(x,y)(ϕ)+µIs,p(x,y)(ψ)

)
6 λM̂

(
Is,p(x,y)(ϕ)

)
+µM̂

(
Is,p(x,y)(ψ)

)
.

(3.4)
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Now, let (u1,v1),(u2,v2)∈ E with (u1,v1) 6= (u2,v2) and λ ,µ ∈ [0,1] with λ +µ = 1. From the
strict convexity of M̂, we have

Ψ(λ (u1,v1)+µ(u2,v2)) = Ψ(λu1 +µu2,λv1 +µv2)

= M̂
(
Is,p(x,y)(λu1 +µu2)

)
+ M̂

(
Is,q(x,y)(λv1 +µv2)

)
< λM̂

(
Is,p(x,y)(u1)

)
+µM̂

(
Is,p(x,y)(u2)

)
+λM̂

(
Is,q(x,y)(v1)

)
+µM̂

(
Is,q(x,y)(v2)

)
= λ

[
M̂
(
Is,p(x,y)(u1)

)
+ M̂

(
Is,q(x,y)(v1)

)]
+µ

[
M̂
(
Is,p(x,y)(u2)

)
+ M̂

(
Is,q(x,y)(v2)

)]
= λΨ(u1,v1)+µΨ(u2,v2).

Thus Ψ is strictly convex. From [29, Proposition 25.10], we have that Ψ′ is strictly monotone.
Ψ′ is coercive Let (u,v) ∈ E be such that ‖(u,v)‖E > 1. By use of (M0), we have〈

Ψ
′(u,v),(u,v)

〉
= M(Is,p(x,y)(u))ρs,p(x,y)(u)+M(Is,q(x,y)(v))ρs,q(x,y)(v)

> m0
(
ρs,p(x,y)(u)+ρs,q(x,y)(v)

)
> m0

(
||u||p

±

s,p(x,y)+ ||v||
q±

s,q(x,y)

)

> m0
(
||u||s,p(x,y)+ ||v||s,q(x,y)

)min{p±,q±}

= m0||(u,v)||
min{p±,q±}
E ,

where p± =

{
p− i f ‖u‖s,p(x,y) > 1
p+ i f ‖u‖s,p(x,y) < 1

, and q± =

{
q− i f ‖v‖s,q(x,y) > 1
q+ i f ‖v‖s,q(x,y) < 1

.

Thus

lim
||(u,v)||E→+∞

〈Ψ′(u,v),(u,v)〉
||(u,v)||E

=+∞.

Hence Ψ′ is coercive. Thanks to the Munty-Browder theorem see [29], the operator Ψ′ is
surjective. Because of its monotonicity, Ψ′ is an injection. So (Ψ′)−1 exists. It remains to show
that (Ψ′)−1 is continuous. Let (ũn, ṽn) be a sequence that converges strongly to (ũ, ṽ) in E∗ and
let un = L −1

p(x,y)(ũn), vn = L −1
q(x,y)(ṽn), u = L −1

p(x,y)(ũ) and v = L −1
q(x,y)(ṽ). Since Ψ′ is coercive,

we have that {(un,vn)} is bounded in E. We may assume that it converges weakly to a certain
(u0,v0) ∈ E. Since (ũn, ṽn) converges strongly to (ũ, ṽ), we have

lim
n→∞

〈
Ψ
′(un,vn)−Ψ

′(u0,v0),(un,vn)− (u0,v0)
〉
= lim

n→∞
〈(ũn, ṽn),(un,vn)− (u0,v0)〉= 0.
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The fact that ψ ′ is of type (S) (see Lemma3.5) implies that (un,vn) −→ (u0,v0). By the conti-
nuity of Ψ′ we have

Ψ
′(un,vn)−→Ψ

′(u0,v0). (3.5)

On the other hand, since

ũn = Lp(x,y)(un)−→ ũ = Lp(x,y)(u),

and ṽn = Lq(x,y)(vn)−→ ṽ = Lq(x,y)(v),

it follows that
Ψ
′(un,vn)−→Ψ

′(u,v). (3.6)

From (3.5), (3.6) and the fact that ψ ′ is an injection, we conclude that (u0,v0) = (u,v). This
achieves the proof. �

Proof of Theorem 3.3. In order to apply Theorem 2.8, we take X = E, Ψ and J as before. By
Lemma 3.4, the functional J is of class C1 with compact derivative. By Lemma 3.6, Ψ is a
sequentially weakly lower semi-continuous, of class C1 and belongs to WE and the operator Ψ′

admits a continuous inverse Ψ′ : E∗ −→ E. Moreover

lim
||(u,v)||→∞

(Ψ(u,v)−λJ(u,v)) = +∞.

for all λ > 0. Indeed, from Proposition 2.5, if ||u||s,p(x,y) > 1, then

1
p+
||u||p

−

s,p(x,y) 6 Is,p(x,y)(u)6
1

p−
||u||p

+

s,p(x,y),

and if ||u||s,p(x,y) < 1, then

1
p+
||u||p

+

s,p(x,y) 6 Is,p(x,y)(u)6
1

p−
||u||p

−

s,p(x,y).

In fact, when ||u||s,p(x,y) < 1, we can set C0 >
1

p+ ||u||
p−

s,p(x,y)−
1

p+ ||u||
p+

s,p(x,y) > 0. It follows that

Is,p(x,y)(u)>
1

p+
||u||p

−

s,p(x,y)−C0.

Hence,

Is,p(x,y)(u)>
1

p+
||u||p

−

s,p(x,y)−C0, ∀u ∈W s,p(x,y)(Ω).

So, there exists a constant C1 > 0 such that

Ψ(u,v) = M̂
(
Is,p(x,y)(u)

)
+ M̂

(
Is,q(x,y)(v)

)
>

m0

p+
ρs,p(x,y)(u)+

m0

q+
ρs,q(x,y)(v)

> m0 min{ 1
p+

,
1

q+
}
(
||u||p

−

s,p(x,y)+ ||v||
q−

s,q(x,y)−C1

)
,

(3.7)

for all (u,v) ∈ E.
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On the other hand, for all λ > 0, according to the condition (F4), there exists a constant
C2 > 0 such that

−λJ(u,v) =−λ

∫
Ω

F(x,u,v)dx>−λC2(1+ ||u||α
+

s,p(x,y)+ ||v||
β+

s,p(x,y)). (3.8)

By (3.7) and (3.8), it follows that

Ψ(u,v)−λJ(u,v)> m0 min{ 1
p+

,
1

q+
}
(
||u||p

−

s,p(x,y)+ ||v||
q−

s,q(x,y)−C1

)
−λC2

(
1+ ||u||α

+

s,p(x,y)+ ||v||
β+

s,p(x,y)

)
.

Since α+ < p− and β+ < q−, we conclude that

lim
||(u,v)||→∞

(Ψ(u,v)−λJ(u,v)) = +∞.

Let x0 ∈Ω, r2 > r1 > 0 and put

w(x) =


0, x ∈ Ω̄\B(x0,r2),

d
r2−r1

(r2−|x− x0|), x ∈ B(x0,r2)\B(x0,r1),

d, x ∈ B(x0,r1).

From (F2), we have J(w,w) =
∫

Ω
F(x,w,w)dx> 0. From (F3), we have that there exist η ∈ [0,1]

and C0 such that

F(x, t,ξ )<C0(|t|p1(x)+ |ξ |q1(x))<C0(|t|p
−
1 + |ξ |q

−
1 ), (3.9)

for all (t,ξ ) ∈ [−η ,η ]× [−η ,η ] a.e x ∈ Ω. From (F3) and (F4), there are positive numbers
Ci(i = 1,2, ...,9) according to |t| and |ξ | larger or smaller than η and 1. For example, for
|t|< η and |ξ |< η , we take

C1 = sup
|t|<η ,|ξ |<η

C
(

1+ |t|α+
+ |ξ |β+

)
|t|p−1 + |ξ |q−1

.

For |t|< η and η < |ξ |< 1, we take

C2 = sup
|t|<η ,η<|ξ |<1

C
(

1+ |t|α+
+ |ξ |β+

)
|t|p−1 + |ξ |q−1

.

Let C = max{C0, C1, ..., C9}. Then F(x, t,ξ )<C(|t|p−1 + |ξ |q−1 ), ∀(t,ξ ) ∈ R2 a.e x ∈Ω. Fix γ

such that 0 < γ < 1. If

m0 min{ 1
p+

,
1

q+
}
(
||u||p

+

s,p(x,y)+ ||v||
q+

s,q(x,y)

)
< λ < 1,

due to the continuous embedding of W s,p(x,y)
0 in Lp−1 (Ω) and of W s,q(x,y)

0 in Lq−1 (Ω), we have

J(u,v) =
∫

Ω
F(x,u,v)dx 6C0

∫
Ω
(|t|p−1 + |ξ |q−1 )dx

6C10||u||
p−1
s,p(x,y)+ ||v||

q−1
s,q(x,y)

6C11

(
γ

p−1
p+ + γ

q−1
q+

)
,
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for some positive constants C10, C11. Since p−1 > p+ and q−1 > q+, we get

lim
γ→0

sup
m0 min{ 1

p+
, 1

q+
}
(
||u||p

+

s,p(x,y)+||v||
q+
s,q(x,y)

)
<γ

J(u,v)

γ
= 0. (3.10)

Choose w as before and fix γ0 > 0 such that

0 < γ < γ0

< m0 min{ 1
p+

,
1

q+
}min{||w||p

−

s,p(x,y)+ ||w||
q−

s,q(x,y), ||w||
p+

s,q(x,y)+ ||w||
q+

s,q(x,y),1}.

Then we divide the proof into two cases.

• If ||w||E < 1, then

Ψ(w,w) = M̂
(
Is,p(x,y)(w)

)
+ M̂

(
Is,q(x,y)(w)

)
> m0

(
Is,p(x,y)(w)+ Is,q(x,y)(w)

)
> m0

(∫
Ω×Ω

1
p(x,y)

|w(x)−w(y)|p(x,y)
|x−y|N+sp(x,y) dxdy+

∫
Ω

|w(x)|p̄(x)
p̄(x) dx

)
+m0

(∫
Ω×Ω

1
q(x,y)

|w(x)−w(y)|q(x,y)
|x−y|N+sq(x,y) dxdy+

∫
Ω

|w(x)|q̄(x)
q̄(x) dx

)
> m0 min{ 1

p+ ,
1

q+}
(
ρs,p(x,y)(w)+ρs,q(x,y)(w)

)
> m0 min{ 1

p+ ,
1

q+}
(
||w||p

+

s,p(x,y)+ ||w||
q+

s,q(x,y)

)
> γ0 > γ.

From (3.10), we have

sup
m0 min{ 1

p+
, 1

q+
}
(
||u||p

+

s,p(x,y)+||v||
q+
s,q(x,y)

)
<γ

J(u,v)

6
γ

2
J(w,w)

m0 max{ 1
p− ,

1
q−}
(
||w||p

−

s,p(x,y)+ ||w||
q−
s,q(x,y)

)

6
γ

2
J(w,w)
Ψ(w,w)

6 γ
J(w,w)
Ψ(w,w)

.

• If||w||E > 1, then

Ψ(w,w) = M̂
(
Is,p(x,y)(w)

)
+ M̂

(
Is,q(x,y)(w)

)
> m0

(
Is,p(x,y)(w)+ Is,q(x,y)(w)

)
> m0

(∫
Ω×Ω

1
p(x,y)

|w(x)−w(y)|p(x,y)
|x−y|N+sp(x,y) dxdy+

∫
Ω

|w(x)|p̄(x)
p̄(x) dx

)
+m0

(∫
Ω×Ω

1
q(x,y)

|w(x)−w(y)|q(x,y)
|x−y|N+sq(x,y) dxdy+

∫
Ω

|w(x)|q̄(x)
q̄(x) dx

)
> m0 min{ 1

p+ ,
1

q+}
(
ρs,p(x,y)(w)+ρs,q(x,y)(w)

)
> m0 min{ 1

p+ ,
1

q+}
(
||w||p

−

s,p(x,y)+ ||w||
q−

s,q(x,y)

)
> γ0 > γ.
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From (3.10), we have

sup
m0 min{ 1

p+
, 1

q+
}
(
||u||p

+

s,p(x,y)+||v||
q+
s,q(x,y)

)
<γ

J(u,v)

6
γ

2
J(w,w)

m0 max{ 1
p− ,

1
q−}
(
||w||p

+

s,p(x,y)+ ||w||
q+
s,q(x,y)

)

6
γ

2
J(w,w)
Ψ(w,w)

6 γ
J(w,w)
Ψ(w,w)

.

For any (u,v) ∈Ψ−1(−∞,γ), we obtain

Ψ(u,v) = M̂
(
Is,p(x,y)(u)

)
+ M̂

(
Is,q(x,y)(v)

)
6 γ.

So, we have

m0 min{ 1
p+

,
1

q+
}
(
ρs,p(x,y)(u)+ρs,q(x,y)(v)

)
6 γ.

This implies that

ρs,p(x,y)(u)+ρs,q(x,y)(v)6
γ

m0 min{ 1
p+ ,

1
q+}

<
γ0

m0 min{ 1
p+ ,

1
q+}

< 1.

Then
ρs,p(x,y)(u)< 1, ρs,q(x,y)(v)< 1.

It follows that ||u||s,p(x,y) < 1, and ||v||s,q(x,y) < 1. Therefore, we have

m0 min{ 1
p+

,
1

q+
}
(
||u||p

+

s,p(x,y)+ ||v||
q+

s,q(x,y)

)
6 γ.

Hence, we conclude that

Ψ
−1(−∞,γ)⊂

{
(u,v) ∈ E/m0 min{ 1

p+
,

1
q+
}
(
||u||p

+

s,p(x,y)+ ||v||
q+

s,q(x,y)

)
6 γ

}
.

Then

sup
(u,v)∈Ψ−1(−∞,γ)

J(u,v)6 sup
m0 min{ 1

p+
, 1

q+
}
(
||u||p

+

s,p(x,y)+||v||
q+
s,q(x,y)

)
<γ

J(u,v)6 γ
J(w,w)
Ψ(w,w)

.

Hence, we can find γ > 0, u1 = v1 = w and Ψ(w,w) < γ satisfying (2.4). Also we can find δ

satisfying

sup
(u,v)∈Ψ−1(−∞,γ)

J(u,v)6 δ 6 γ
J(w,w)
Ψ(w,w)

.

Hence, all assumptions of Theorem 2.8 are satisfied. So, there exist a nonempy open set Λ⊂ I
and a positive real number r with the property described in the conclusion of Theorem 2.8. Fix
λ ∈ Λ and G ∈A . Put

Γ(u,v) =
∫

Ω

G(x,u,v)dx,
〈
Γ
′(u,v),(ϕ,ψ)

〉
=
∫

Ω

Gu(x,u,v)ϕ +
∫

Ω

Gv(x,u,v)ψdx,
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for all (u,v),(ϕ,ψ) ∈ E. Then, Γ is a C1 functional on E with compact derivative. Hence, there
exists µ∗ > 0 such that, for each µ ∈ [0,µ∗], the equation

Ψ
′(u)−λJ′(u)+µΓ

′(u) = 0

has at least three solutions whose norms are less than δ . Moreover, theses solutions are exactly
the weak solutions of problem (P1). Thus, the proof of Theorem 3.3 is complete.
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