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GENERAL DECAY AND BLOW-UP RESULTS OF SOLUTIONS FOR A
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Abstract. In this paper, we investigate the unique existence, general decay and blow-up of solutions of
an initial-boundary value problem for a viscoelastic wave equation with Robin-Dirichlet conditions. The
proof is based on Faedo-Galerkin method associated with a priori estimate, weak convergence and com-
pactness techniques. A numerical example is also given to illustrate the decay property of the solutions.
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1. INTRODUCTION

In this paper, we are concerned with the following initial and boundary value problem

utt−µ(t)uxx +
∫ t

0
g(t− s)uxx(x,s)ds+λut = K(x, t)F(u)+ f (x, t), 0 < x < 1, t > 0, (1.1)

ux(0, t)−u(0, t) = u(1, t) = 0, (1.2)

u(x,0) = ũ0(x), ut(x,0) = ũ1(x), (1.3)
where λ > 0 is given constant, and µ, K, F, f , g, ũ0 and ũ1 are given functions with some
conditions.

It is well known that the single viscoelastic wave equation of the form

utt−∆u+
∫ t

0
g(t− s)∆uds+h(ut) = f (u), (x, t) ∈Ω×R+,

with initial and boundary conditions, where Ω⊂Rn is bounded domains with a smooth bound-
ary ∂Ω, has been extensively studied and many results concerning existence, nonexistence,
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exponential decay and blow-up in finite time have been proved (see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15] and references therein).

In [1], Berrimi and Messaoudi considered the following problem

utt−∆u+
∫ t

0
g(t− s)∆uds = |u|γ u, (x, t) ∈Ω×R+,

where γ > 0 and g is a nonnegative and decaying function. They established a local existence
theorem and proved that, for certain initial data and suitable conditions on g and γ , the solution
is global with energy, which decays exponentially or polynomially depending on the rate of the
decay of the relaxation function g. Later, these results were improved in [11], Messaoudi [11]
established a general decay result.

In [15], Wang studied the nonlinear viscoelastic equation as follows

utt−∆u+
∫ t

0
g(t− s)∆uds+ut = |u|p−1 u, (x, t) ∈Ω×R+,

and established a blow-up result with positive energy under some appropriate assumptions on g
and initial conditions.

In [10], Messaoudi considered the following problem

utt−∆u+
∫ t

0
g(t− s)∆uds+ |ut |m−2 ut = |u|p u, (x, t) ∈Ω×R+,

with initial conditions and Dirichlet boundary conditions. For nonincreasing positive functions
g and for p > m, Messaoudi proved that solutions with positive initial energy blow up in finite
time.

In [8], Long et al. considered the following initial-boundary value problem
utt−uxx +

∫ t
0 k(t− s)uxxds+ |ut |q−2 ut = f (x, t,u), (x, t) ∈ (0,1)× (0,T ),

ux(0, t) = u(0, t), ux(1, t)+ηu(1, t) = g(t),
u(x,0) = u0(x), ut(x,0) = u1(x),

where η ≥ 0, q ≥ 2 are given constants and u0, u1, g, k, f are given functions. The first result
obtained in [8] is the unique existence of a weak solution u(t). On the other hand, in case of
f (x, t,u) =−|u|p−2u+F(x, t), the solution u(t) is exponentially decay to zero as t→+∞.

In [6], Li and He considered the nonlinear viscoelastic wave equation with linear damping,
nonlinear damping and source term as follows

utt−∆u+
∫ t

0
g(t− s)∆uds+ut + |ut |m−2 ut = |u|p−2 u, (x, t) ∈Ω×R+,

and established a general decay result with m ≥ 1, p > 2 and Ω ⊂ Rn is bounded domains
with smooth boundary ∂Ω. In [7], Li and He also investigated the nonlinear viscoelastic wave
equation with strong damping of the form

utt−∆u+
∫ t

0
g(t− s)∆uds−∆ut +ut = |u|p−2 u, (x, t) ∈Ω×R+,

for relaxation functions satisfying a relation of the form g′(t) ≤ −ξ (t) g(t), t ∈ R+. They
proved the local existence and global existence theorems and established a general decay rate
estimate. On the other hand, the finite time blow-up result for some solutions with negative
initial energy and positive initial energy was obtained.
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In the absence of the viscoelastic term (that is, g = 0), the above equations reduce to the
following form

utt−∆u+h(ut) = f (u), (x, t) ∈Ω×R+,

with the damping term h(ut) and the source term f (u). The interaction between the damping
term and the source term was first considered by Levine ([16, 17]) in the case h(ut) = aut and
a polynomial source term of the form f (u) = b |u|p−2 u. He showed that the solutions with
negative initial energy blow up in finite time. The main tool used in [16, 17] is the “concav-
ity method”. This method was also used in [18], where Levine and Payne proved the global
nonexistence of the heat equation as follows

ut−∆u = 0, (x, t) ∈Ω× [0,T ],
∂u
∂n

= f (u), (x, t) ∈ ∂Ω× [0,T ],

u(x,0) = u0(x).

Recently, Long et al. [19] considered the following nonlinear heat equation with a viscoelastic
term and Robin conditions

ut−
∂

∂x
[µ1(x, t)ux]+

∫ t

0
g(t− s)

∂

∂x
[µ2(x,s)ux(x,s)]ds

= f (u)+ f1(x, t),(x, t) ∈ (0,1)× (0,T )

and obtained the results relative to existence, blow-up and decay of a weak solution. The main
tools are the Faedo-Galerkin method and a modified energy functional together with the tech-
nique of the Lyapunov functional.

In this paper, motivated by the above works, we consider the viscoelastic wave equation (1.1)-
(1.3) by applying and modifying the methods used in [10, 14, 19]. It consists of five sections.
First, we present preliminaries and state two theorems of the unique existence in Section 2. In
Section 3, we give a sufficient condition to guarantee the global existence and the exponential
decay of weak solutions with the decaying relaxation function g. In Section 4, with f ≡ 0, we
prove the blow-up property when the initial energy is negative, null and positive corresponding
the variety conditions of the relaxation function g(t). Here, we first state the blow-up result
when the initial energy is negative based on defining a modified energy functional together with
the technique of the Lyapunov functional. Next, we continue to show that the weak solution
u(t) blows up at finite time when the initial energy is null or positive by using the concavity
method introduced by Levine-Payne [18]. Finally, we present numerical results.

2. EXISTENCE AND UNIQUENESS

Put Ω = (0,1), QT = Ω× (0,T ), T > 0. Let us denote the usual functions spaces used in this
spaces by Cm(Ω), W m,p =W m,p(Ω), LP = Lp(Ω) and Hm = Hm(Ω) for 1≤ p≤ ∞ and m ∈ N.
Let 〈·, ·〉 be either the scalar product in L2 or the scalar product [20] between a Banach space
and its dual. The notation ‖·‖ stands for the norm of L2 and ‖·‖X is denoted for the norm of the
Banach space X .

We call X ′ the dual space of X and denote by Lp(0,T ;X), 1 ≤ p ≤ ∞, the Banach space of
the function u : (0,T )→ X measurable such that

‖u‖Lp(0,T ;X) =

(∫ T

0
‖u(t)‖p

X dt
)1/p

< ∞ for 1≤ p < ∞,
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and
‖u‖L∞(0,T ;X) = esssup

0<t<T
‖u(t)‖X for p = ∞.

Since the domain of interest is one-dimentional, we let u(t), u′ = ut , u′′ = utt , ∇u = ux and

∆u = uxx denote u(x, t),
∂u
∂ t

,
∂ 2u
∂ t2 ,

∂u
∂x

and
∂ 2u
∂x2 , respectively.

We define
V =

{
v ∈ H1 : v(1) = 0

}
,

the closed subspace of H1. On V , we shall use the equivalent norms v 7→ ‖v‖H1 and v 7→ ‖vx‖.
Precisely,

‖vx‖ ≤ ‖v‖H1 ≤
√

2‖vx‖ , ∀v ∈V. (2.1)
We put

a(u,v) = 〈ux,vx〉+u(0)v(0), ∀u, v ∈V, (2.2)
and

‖v‖a =
√

a(v,v). (2.3)
The following standard lemmas read as the imbedding H1 into C(Ω), the equivalence between

the norms ‖v‖a and ‖vx‖ and the existence of the Hilbert orthonormal base of V associated with
the binlinear form a(·, ·) defined by (2.2).

Lemma 2.1. The imbedding H1 ↪→C(Ω) is compact and the following inequality holds

‖v‖C(Ω) ≤
√

2‖v‖H1 , ∀v ∈ H1.

Lemma 2.2. The symmetric bilinear form a(· , ·) defined by (2.2) is continuous on V ×V and
coercive on V , i.e,

(i) |a(u,v)| ≤ 2‖ux‖‖vx‖ for all u, v ∈V ,

(ii) a(v,v)≥ ‖vx‖2 for all v ∈V .

Remark 2.3. We note that on V , three norms ‖v‖H1 , ‖vx‖ and ‖v‖a are equivalent.

The weak formulation of initial-boundary value problem (1.1)-(1.3) can be given in the fol-
lowing manner:

Find u ∈WT =
{

u ∈ L∞(0,T ;H2∩V ) : u′ ∈ L∞(0,T ;V ), u′′ ∈ L∞(0,T ;L2)
}

such that u sat-
isfies the variational equation

〈u′′(t),v〉+µ(t)a(u(t),v)+λ 〈u′(t),v〉−
∫ t

0 g(t− s)a(u(s),v)ds
= 〈K(t)F(u(t)),v〉+ 〈 f (t),v〉, ∀v ∈V,

(2.4)

together with the initial conditions

u(0) = ũ0, u′(0) = ũ1. (2.5)

We make the following assumptions
(H0) λ > 0;
(H1) ũ0 ∈V ∩H2 and ũ1 ∈V ;
(H2) µ ∈ H2(0,T ) and µ(t)≥ µ0 > 0, ∀t ∈ [0,T ];
(H3) g ∈W 2,1(0,T );
(H4) K ∈C1(QT );
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(H5) F ∈C1(R);
(H6) f , ft ∈ L2(QT ).
Using the standard Faedo-Galerkin method, which is introduced by Lions in [21], we can

prove the following theorem, which implies that problem (1.1)-(1.3) has a unique weak solution.

Theorem 2.4. Let (H0)− (H6) hold for T > 0. Then, there exist T̃ ∈ (0,T ] and a unique
solution of the problem (2.4)-(2.5) such that u ∈WT̃ .

Combining Theorem 2.4 and using the standard arguments of density, we obtain the following
theorem. This theorem indicates that there exists a unique weak solution to (1.1)-(1.3) when ũ0
and ũ1 belong to larger spaces.

Theorem 2.5. Let (H0), (H2)− (H6) hold for T > 0, ũ0 ∈ V and ũ1 ∈ L2. Then, there exist
T̃ ∈ (0,T ] and a unique solution of the problem (2.4)-(2.5such that

u ∈C1([0, T̃ ];V )∩C([0, T̃ ];L2). (2.6)

3. GLOBAL EXISTENCE AND DECAY OF SOLUTIONS

To state the theorems relative to the global existence and the general decay, we use assump-
tions on the given datum as follows

(H̄2) µ ∈C2(R+)∩L∞(R+) and inf
t≥0

µ(t) = µ0 > 0;

(H̄3) g : R+→ R+ is a C1 function satisfying the following conditions
(i) µ0−

∫+∞

0 g(s)ds = L > 0,
(ii) There exists a positive differentiable function ξ (t) such that

g′(t)≤−ξ (t)g(t)< 0, ∀t ≥ 0.

Furthermore, ξ (t) satisfies

ξ
′(t)≤ 0, ∀t ≥ 0,

∫
∞

0
ξ (s)ds =+∞;

(H̄4) K ∈C1([0,1]×R+) and K satisfies two conditions below

(i) 0 < K1 ≤ K(x, t)≤ K2, ∀(x, t) ∈ [0,1]×R+,

(ii) Kt(x, t)≥ 0, ∀(x, t) ∈ [0,1]×R+;
(H̄5) the source term F(u) satisfies the following conditions
(i) there exist positive constants d j, p j with p j > 2, ∀ j = 1,N such that

0≤ uF(u)≤
N

∑
j=1

d j |u|p j , ∀u ∈ R;

(ii) there exist two positive constants p and q with q > p > 2 such that

p
∫ u

0
F(z)dz≤ uF(u)≤ q

∫ u

0
F(z)dz, ∀u ∈ R;

(H̄6) f ∈ L2((0,1)×R+) and there exist positive constants C∗, γ∗ such that

‖ f (t)‖2 ≤C∗e−γ∗t , ∀t ≥ 0.
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Remark 3.1. There are several functions satisfying the assumption (H̄4), such as

K(x, t) = φ(x)(2− e−t) or K(x, t) = φ(x)
[
4−
(
sin2t +2sintcost +2

)
e−t] ,

for any φ ∈ C1([0,1],R+). The examples of function g, which satisfy (H̄3), can be found in
[11].

Remark 3.2. We represent examples for the functions F satisfying (H̄5), that is,

F(u) = |u|p−2 u or F(u) = |u|p−2 u lnr (e+u2) .
Remark 3.3. In this paper, we shall achieve the decay result stated in Theorem 3.10 below
without using the assumption |ξ ′(t)/ξ (t)| ≤ k as in [7], to estimate the Lyapunov functional.

Remark 3.4. Since ξ ′(t)≤ 0, then ξ (t)≤ ξ (0) for all t ≥ 0.
Let us present the following functionals

E(t) =
1
2

∥∥u′(t)
∥∥2

+ J(t), (3.1)

J(t) =
1
2

(
µ(t)−

∫ t

0
g(s)ds

)
‖u(t)‖2

a +
1
2
(g�u)(t)−

∫ 1

0
K(x, t)

∫ u(x,t)

0
F(z)dzdx,

I(t) = (g�u)(t)+
(

µ(t)−
∫ t

0
g(s)ds

)
‖u(t)‖2

a− p
∫ 1

0
K(x, t)

∫ u(x,t)

0
F(z)dzdx,

where

(g�u)(t) =
∫ t

0
g(t− s)‖u(t)−u(s)‖2

a ds. (3.2)

Lemma 3.5. Suppose that (ũ0, ũ1) ∈V ×L2 and the assumptions (H̄2)− (H̄6) hold. If u is the
solution of (2.4)-(2.5), then the energy functional E(t) satisfies

E ′(t)≤−
(

λ − ε0

2

)∥∥u′(t)
∥∥2− 1

2
ξ (t)(g�u)(t)+

1
2ε0
‖ f (t)‖2≤ 1

2ε0
‖ f (t)‖2 , ∀t ∈ [0, T̃ ], (3.3)

for all 0 < ε0 < 2λ .

Proof. Multiplying (1.1) by u′(t) and intergrating over Ω, we get

E ′(t) = −λ
∥∥u′(t)

∥∥2
+µ

′(t)‖u(t)‖2
a +

1
2
(g′ �u)(t)− 1

2
g(t)‖u(t)‖2

a (3.4)

−
∫ 1

0
Kt(x, t)dx

∫ u(x,t)

0
F(z)dz+ 〈 f (t),u′(t)〉

≤ −λ
∥∥u′(t)

∥∥2− 1
2

ξ (t)(g�u)(t)+ 〈 f (t),u′(t)〉.

Applying the Young’s inequality for product

ab≤ εa2

2
+

b2

2ε
,

we verify that there exists a positive constant ε0 such that

〈 f (t),u′(t)〉 ≤ ε0

2

∥∥u′(t)
∥∥2

+
1

2ε0
‖ f (t)‖2 . (3.5)

Combining (3.4) and (3.5), Lemma 3.5 is proved. �
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Lemma 3.6. Assume the assumptions (H̄2)− (H̄6) hold. Additionally, suppose that (ũ0, ũ1) ∈
V ×L2 such that 

I(0)> 0,

η = L− K2

p

N
∑
j=1

d jR
p j−2
∗ > 0,

‖µ‖L∞(R+)
<

p
q
(µ0−

∫
∞

0 g(s)ds) ,

(3.6)

where R∗ =

√
2p

L(p−2)

(
E(0)+

1
2ε0

∫
∞

0 ‖ f (t)‖2 dt
)

. Then, we deduce that I(t)> 0, ∀t ≥ 0.

Proof. By use of the continuity of I(t) and I(0)> 0, we have that there exists T1 > 0 such that
I(t)> 0 for all t ∈ [0,T1]. We will prove that I(t)> 0, for all t ≥ 0. Under the definition of the
functional J(t), we have

J(t) =
p−2
2p

[
(g�u)(t)+

(
µ(t)−

∫ t

0
g(s)ds

)
‖u(t)‖2

a

]
+

1
p

I(t) (3.7)

≥ p−2
2p

L‖u(t)‖2
a , ∀t ∈ [0,T1].

Hence,

p
(p−2)L

∥∥u′(t)
∥∥2

+‖u(t)‖2
a =

2p
(p−2)L

[
1
2

∥∥u′(t)
∥∥2

+
p−2
2p

L‖u(t)‖2
a

]
(3.8)

≤ 2p
(p−2)L

[
1
2

∥∥u′(t)
∥∥2

+ J(t)
]
=

2p
(p−2)L

E(t)

≤ 2p
L(p−2)

(
E(0)+

1
2ε0

∫
∞

0
‖ f (t)‖2dt

)
= R2

∗, ∀t ∈ [0,T1].

Using (H̄5)(ii), we obtain the following inequality∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz ≤ 1

p

∫ 1

0
K(x, t)u(x, t)F(u(x, t))dx (3.9)

≤ K2

p

N

∑
j=1

d j

∫ 1

0
|u(x, t)|p j dx

≤ K2

p

N

∑
j=1

d j ‖u(t)‖p j
a

≤ K2

p

N

∑
j=1

d jR
p j−2
∗ ‖u(t)‖2

a .

Therefore,
I(t)≥ (g�u)(t)+η ‖u(t)‖2

a , ∀t ∈ [0,T1], (3.10)

where

η = L− K2

p

N

∑
j=1

d jR
p j−2
∗ > 0.
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Denote Tmax = sup{T > 0 : I(t)> 0, ∀t ∈ [0,T ]} and assume Tmax <+∞. From the continuity
of I(t), we have I(Tmax)≥ 0.

We consider two cases for I(Tmax) :
Case I(Tmax) > 0. Using the same arguments as above, we imply that there exists T̃ > Tmax

such that I(t)> 0, ∀t ∈ [0, T̃ ]. This is a contradiction.
Case I(Tmax) = 0. By use of (3.10), we obtain (g�u)(Tmax) = ‖u(Tmax)‖a = 0, which leads to∫ Tmax

0 g(Tmax− s)‖u(s)‖2
a ds = 0. From the continuity of function s 7−→ g(Tmax− s)‖u(s)‖2

a = 0
on [0,Tmax] and g(Tmax− s) > 0, ∀s ∈ [0,Tmax], we imply u(s) = 0, ∀s ∈ [0,Tmax]. So, I(0) =
0 < I(0). This is a contradiction.

Thus, in both cases as above, we have Tmax = +∞, i.e, I(t) > 0, ∀t ≥ 0. Lemma 3.6 is
proved. �

Theorem 3.7. Let (H̄2)−(H̄6) hold. Suppose that (ũ0, ũ1)∈V ×L2 such that (3.6) holds. Then
the solution u(t) of (2.4)-(2.5) is bounded and global.

Since the proof is similar to that of Theorem 4.3 in [1], we omit it here.
In order to get the decay result, we establish the Lyapunov functional as follows

F (t) = E(t)+δψ(t), (3.11)

where δ is a positive constant specified later and ψ(t) = 〈u′(t),u(t)〉+ λ

2
‖u(t)‖2.

Lemma 3.8. Assume that (3.6) is satisfied and set

Ẽ(t) =
∥∥u′(t)

∥∥2
+‖u(t)‖2

a +(g�u)(t)+ I(t). (3.12)

Then, there exist positive constants α1 and α2 such that

α1Ẽ(t)≤F (t)≤ α2Ẽ(t), ∀t ≥ 0.

Proof. It is easy to see from (3.11) that

F (t) ≤ 1+δ

2

∥∥u′(t)
∥∥2

+

[
p−2
2p

(
µ(t)−

∫ t

0
g(s)ds

)
+

δ (1+λ )

2

]
‖u(t)‖2

a (3.13)

+
p−2
2p

(g�u)(t)+
1
p

I(t)

≤ 1+δ

2

∥∥u′(t)
∥∥2

+

[
(p−2)‖µ‖L∞(R+)

2p
+

δ (1+λ )

2

]
‖u(t)‖2

a

+
p−2
2p

(g�u)(t)+
1
p

I(t)

≤ α2Ẽ(t),

where

α2 = max

{
1+δ

2
,
(p−2)‖µ‖L∞(R+)

2p
+

δ (1+λ )

2

}
.

With similar calculations, we have the following estimate

F (t)≥ 1−δ

2

∥∥u′(t)
∥∥2

+
(p−2)L−δ p

2p
‖u(t)‖2

a +
p−2
2p

(g�u)(t)+
1
p

I(t). (3.14)
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If δ < min
{

1,
L(p−2)

p

}
, then

F (t)≥ α1Ẽ(t), (3.15)

where

α1 = min
{

1−δ

2
,
(p−2)L−δ p

2p
,

1
p
,

p−2
2p

}
.

This completes the proof of Lemma 3.8. �

Remark 3.9. It is obviously that the energy functional E(t) is equivalent to Ẽ(t) in the sense
that there exist two positive constants α̃1 and α̃2 such that α̃1Ẽ(t)≤ E(t)≤ α̃2Ẽ(t).

Theorem 3.10. Assume that (H̄2)− (H̄6) hold. If the initial conditions (ũ0, ũ1) ∈V ×L2 satisfy
(3.6), then there exist positive constants C and γ such that∥∥u′(t)

∥∥2
+‖u(t)‖2

a ≤C exp
(
−γ

∫ t

0
ξ (s)ds

)
, ∀t ≥ 0. (3.16)

Proof. Multiplying (1.1) by u(t) and intergrating with respect to x over Ω, we obtain

ψ
′(t)

=
∥∥u′(t)

∥∥2−
(

µ(t)−
∫ t

0
g(s)ds

)
‖u(t)‖2

a +
∫ t

0
g(t− s)a(u(s)−u(t),u(t))ds (3.17)

+
∫ 1

0
K(x, t)u(x, t)F(u(x, t))dx+ 〈 f (t),u(t)〉.

Combining (3.17) and (H̄6)(ii), we easily get the following estimate

ψ
′(t) ≤

∥∥u′(t)
∥∥2−

[
L− ε1

2
(µ0−L+1)

]
‖u(t)‖2

a +
1

2ε1
(g�u)(t) (3.18)

+q
∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz+

1
2ε1
‖ f (t)‖2,

where ε1 is a positive constant. It follows from Lemma 3.5 and (3.18) that

F ′(t) ≤ −
(

λ − ε0

2
−δ

)∥∥u′(t)
∥∥2−δ

[
L− ε1

2
(µ0−L+1)

]
‖u(t)‖2

a +
δ

2ε1
(g�u)(t)

+δq
∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz+

1
2

(
1
ε0

+
δ

ε1

)
‖ f (t)‖2. (3.19)

For ε2 ∈ (0,1), we note that

δq
∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz (3.20)

=
−δq

p

[
ε2I(t)− (g�u)(t)−

(
µ(t)−

∫ t

0
g(s)ds

)
‖u(t)‖2

a

]
− δq(1− ε2)

p
I(t)

≤ −δq
p

(g�u)(t)− δq
p

(
ε2η−‖µ‖L∞(R+)

)
‖u(t)‖2

a−
δq(1− ε2)

p
I(t).
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We can respectively choose ε2 and ε1 as follows

ε2 < min
{

1,
1
η
‖µ‖L∞(R+)

}
,

ε1 <
2

µ0−L+1

[
L+

q
p

(
ε2η−‖µ‖L∞(R+)

)]
.

If ε1 and ε2 are fixed, then the choice of δ satisfying 0 < δ < λ − ε0

2
make

β1 = λ − ε0

2
−δ > 0,

β2 = δ

[
L− ε1

2
(µ0−L+1)+

q
p

(
ε2η−‖µ‖L∞(R+)

)]
> 0,

β3 =
δq(1− ε2)

p
> 0.

It follows from (3.19) and (3.20) that

F ′(t)

≤ −β1
∥∥u′(t)

∥∥2−β2 ‖u(t)‖2
a−β3I(t)+

δ

2ε1
(g�u)(t)+

1
2

(
1
ε0

+
δ

ε1

)
‖ f (t)‖2 (3.21)

≤ −β Ẽ(t)+
[

β +δ

(
q
p
+

1
2ε1

)]
(g�u)(t)+

1
2

(
1
ε0

+
δ

ε1

)
‖ f (t)‖2

≤ − β

α̃2
E(t)+β4(g�u)(t)+

1
2

(
1
ε0

+
δ

ε1

)
‖ f (t)‖2 ,

where β = min{β1,β2,β3} , and β4 = β +δ

(
q
p
+

1
2ε1

)
. Combining (3.21) and (3.3), we ob-

tain

ξ (t)F ′(t) ≤ − β

α̃2
ξ (t)E(t)+β4ξ (t)(g�u)(t)+

1
2

(
1
ε0

+
δ

ε1

)
ξ (t)‖ f (t)‖2 (3.22)

≤ − β

α̃2
ξ (t)E(t)−2β4E ′(t)+d∗e−γ∗t ,

where

d∗ =C∗

[
1
2

(
1
ε0

+
δ

ε1

)
ξ (0)+

β4

ε0

]
.

We consider the functional L (t) = ξ (t)F (t)+2β4E(t) introduced by [6], which is equivalent
to E(t). From estimate (3.22), we find that there exists a positive constant γ <

γ∗
ξ (0)

such that

L ′(t)≤−γξ (t)L (t)+d∗e−γ∗t . (3.23)

Integrating (3.23) with regard to time variable leads to

L (t)≤
(

d∗
γ∗− γξ (0)

+L (0)
)

exp
(
−γ

∫ t

0
ξ (s)ds

)
. (3.24)

This completes the proof of Theorem 3.10. �
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Remark 3.11. In [1, 6, 11], the functional

χ(t) =
∫

Ω

u′(x, t)
∫ t

0
g(t− s)(u(x, t)−u(x,s))dsdx,

was used to obtain general rates of decay. In our result, we establish the general rate decay
without using this functional.

Remark 3.12. It can be obtained exponential decay for ξ (t)≡ a, polynomial decay for ξ (t) =
a(1+ t)−1, and logarit decay for ξ (t) =

a
(1+ t)(1+ ln(1+ t))

, where a > 0 is a constant. For

more details, we have
(i) In case ξ (t)≡ a : exp

(
−γ
∫ t

0 ξ (s)ds
)
= exp(−γat) (exponential decay);

(ii) In case ξ (t) = a(1+ t)−1 : exp
(
−γ
∫ t

0 ξ (s)ds
)
=

1
(1+ t)γa (polynomial decay);

(iii) In case ξ (t) =
a

(1+ t)(1+ ln(1+ t))
: exp

(
−γ
∫ t

0 ξ (s)ds
)
=

1
( 1+ ln(1+ t))γa (logarit

decay).

4. BLOW-UP AT FINITE TIME

This section will prove that the weak solution to problem (1.1)-(1.3) blows up at finite time
with f (x, t) ≡ 0, under some suitable conditions of source term F(u) and relaxation function
g(t). We will consider the blow-up property in three cases of the initial energy, when the initial
energy is negative, null or positive.

Let us state the blow-up result when the initial energy is negative. In this case, we suppose
that source term F(u) satisfies the following assumption.

(F1) F is in class C1 and satisfies
(i) there exist two positive constants γ and k > 2 such that

uF(u)≥ γ |u|k , ∀u ∈ R;

(ii) there exist two positive constants p > 2 and q such that

p
∫ u

0
F(z)dz≤ uF(u)≤ q

∫ u

0
F(z)dz, ∀u ∈ R. (4.1)

Theorem 4.1. Assume that the assumptions (H2), (H4) and (H5) hold. Suppose that g : R+→
R+ such that g′(t)≤ 0 and satisfies

(G∗0) 0 <
∫

∞

0 g(s)ds <
µ0(p−2)

p−2+1/p
= µ0

(
1− 1

(p−1)2

)
.

Then, for any initial conditions (ũ0, ũ1) ∈V ×L2 such that E(0)< 0, the weak solution u(t)
of the problem (1.1)-(1.3) blows up at finite time.

In order to prove Theorem 4.1, we establish a series of lemmas.

Lemma 4.2. If u is the solution of (2.4)-(2.5), then the energy functional E(t) is nonincreasing,
i.e, E ′(t)≤ 0.

From the proof of Lemma 3.5, we can conclude the desired conclusion immediately.
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Lemma 4.3. There exists a positive constant C such that

‖u(t)‖s
Lk ≤C

(
‖u(t)‖2

a +
∫ 1

0
K(x, t)

∫ u(x,t)

0
F(z)dzdx

)
, (4.2)

for 2≤ s≤ k.

Proof. We consider two cases for ‖u(t)‖Lk .

(i) Case 1: If ‖u(t)‖Lk ≤ 1, then ‖u(t)‖s
Lk ≤ ‖u(t)‖2

Lk ≤ ‖u(t)‖2
a due to the continuous embed-

ding V ↪→ Lk.
(ii) Case 2: We consider ‖u(t)‖Lk > 1. From (4.1), we have the following inequalities

1
q

yF(y)≤
∫ y

0
F(z)dz≤ 1

p
yF(y), ∀y ∈ R.

Combining with the assumptions (H̄4) and (F1), we obtain

‖u(t)‖s
Lk ≤ ‖u(t)‖k

Lk =
∫ 1

0
|u(x, t)|k dx

≤ 1
γ

∫ 1

0
u(x, t)F(u(x, t))dx

≤ q
K1

∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz.

This completes the proof of this lemma. �

Proof of Theorem 4.1. Put H(t) =−E(t). Then, it follows from Lemma 4.2 that

0 < H(0)≤ H(t)≤
∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz. (4.3)

To prove this theorem, we use the functional in [10] and [14] with a slight modification, that is,

L(t) = H1−σ (t)+ψ(t), (4.4)

where 0 < σ <
k−2

2k
. Taking the derivative of (4.4) and using equation (1.1), we obtain

L′(t) = (1−σ)H−σ (t)H ′(t)+
∥∥u′(t)

∥∥2−
(

µ(t)−
∫ t

0
g(s)ds

)
‖u(t)‖2

a (4.5)

+
∫ t

0
g(t− s)a(u(s)−u(t),u(t))ds+

∫ 1

0
K(x, t)u(x, t)F(u(x, t))dx

≥
∥∥u′(t)

∥∥2−
(

µ(t)−
∫ t

0
g(s)ds

)
‖u(t)‖2

a

−θ

2
(g�u)(t)− 1

2θ

∫ t

0
g(s)ds‖u(t)‖2

a + p
∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz
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≥
∥∥u′(t)

∥∥2−
(

µ(t)−
∫ t

0
g(s)ds

)
‖u(t)‖2

a

+θ

[
H(t)+

1
2

∥∥u′(t)
∥∥2

+
1
2

(
µ(t)−

∫ t

0
g(s)ds

)
‖u(t)‖2

a

]
− 1

2θ

∫ t

0
g(s)ds‖u(t)‖2

a +

(
p− θ

2

)∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz

≥ θH(t)+
(

1+
θ

2

)∥∥u′(t)
∥∥2

+

[(
θ

2
−1
)(

µ0−
∫

∞

0
g(s)ds

)
− 1

2θ

∫
∞

0
g(s)ds

]
‖u(t)‖2

a

+(p−θ)
∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz,

for all θ > 0. According to condition (G∗0), we find that there exists a positive number θ∗ ∈ (2, p)
such that

0 <
∫

∞

0
g(s)ds < µ0

(
1− 1

(θ∗−1)2

)
< µ0

(
1− 1

(p−1)2

)
,

which leads to [(
θ∗
2
−1
)(

µ0−
∫

∞

0
g(s)ds

)
− 1

2θ∗

∫
∞

0
g(s)ds

]
‖u(t)‖2

a > 0.

By choosing θ = θ∗, it follows from (4.5) that there exists a positive constant d0 such that

L′(t)≥ d0

(
H(t)+

∥∥u′(t)
∥∥2

+‖u(t)‖2
a +

∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz

)
. (4.6)

Using te Cauchy-Schwarz’s inequality and the continuous imbedding L2 ↪→ Lk, we get the esti-
mate ∣∣〈u′(t),u(t)〉∣∣≤ ∥∥u′(t)

∥∥‖u(t)‖Lk , (4.7)

which implies ∣∣〈u′(t),u(t)〉∣∣ 1
1−σ ≤

∥∥u′(t)
∥∥ 1

1−σ ‖u(t)‖
1

1−σ

Lk . (4.8)

Applying Young’s inequality for
1
p1

+
1
p2

= 1, we find that

∣∣〈u′(t),u(t)〉∣∣ 1
1−σ ≤ 1

p1

∥∥u′(t)
∥∥ p1

1−σ +
1
p2
‖u(t)‖

p2
1−σ

Lk . (4.9)

Taking p1 = 2(1−σ), we find that estimate (4.9) becomes∣∣〈u′(t),u(t)〉∣∣ 1
1−σ ≤ 1

p1

∥∥u′(t)
∥∥2

+
1
p2
‖u(t)‖

2
1−2σ

Lk . (4.10)

Combining (4.10) and applying Lemma 4.3 for s = 2
1−2σ

≤ k, s = 2
1−σ
≤ k, we investigate that

there exists a positive constant d1 such that∣∣〈u′(t),u(t)〉∣∣ 1
1−σ +‖u(t)‖

2
1−σ (4.11)

≤ d1

(∥∥u′(t)
∥∥2

+‖u(t)‖2
a +

∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz

)
.
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Therefore, we have the following estimate

L
1

1−σ (t) =

(
H1−σ (t)+ 〈u′(t),u(t)〉+ λ

2
‖u(t)‖2

) 1
1−σ

(4.12)

≤ Const
(

H(t)+
∣∣〈u′(t),u(t)〉∣∣ 1

1−σ +‖u(t)‖
2

1−σ

)
≤ Const

(
H(t)+

∥∥u′(t)
∥∥2

+‖u(t)‖2
a +

∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz

)
.

Combining (4.12) and (4.6), we refer that there exists a positive constant D such that

L′(t)≥ DL
1

1−σ (t). (4.13)

By integrating (4.13) with respect to t over (0, t), we deduce that

L
1

1−σ (t)≥ 1

L
−σ

1−σ (0)− Dσt
1−σ

. (4.14)

Therefore, the solution u blows up at finite time given by

T̄ =
1−σ

Dσ
L
−σ

1−σ (0).

This completes the proof. �

In the following part, we prove that the weak solution u(t) blows up at finite time when the
initial energy is null or positive. In this process, we use the concavity method introduced by
Levine-Payne [18].

Suppose that g : R+→R+ such that g′(t)≤ 0 and the following additional assumptions hold

(G0)
∫

∞

0 g(s)ds <
(p−2)µ0

2(p−2+1/p)
;

(G1)
∫ t

0 v(τ)
∫

τ

0 e
λ (τ−s)

2 g(τ− s)v(s)dsdτ ≥ 0, ∀v ∈C1(R+), ∀t ≥ 0.

Remark 4.4. We demonstrate the function g(t) satisfying (G0)− (G1) by the following exam-
ples

g(t) = e−αt , for α ≥ λ

2
; or g(t) = e−

λ

2 t cos2(αt), for α > 0.

Moreover, we also assume that the source term F(u) satisfying

(F∗1)
∫ u

0 F(z)dz≥ 0, ∀u ∈ R;

(F∗2) There exists a positive constant p such that

p
∫ u

0
F(z)dz≤ uF(u), ∀u ∈ R. (4.15)

Remark 4.5. With the examples in Section 3, we can give more examples for the functions F
satisfying conditions (F∗1) and (F∗2) as below

F(u) = |u|p−2u
(

eu + e−u

2

)
; or F(u) = |u|p−2ueu2

.
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Theorem 4.6. Assume that λ > 0, p > 3, 2λ 2 < (p− 2)µ0 and (H̄2), (H̄4), (G0), (F∗1), (F
∗
2)

hold. If (ũ0, ũ1) ∈V ×L2 such that E(0) = 0 and 〈ũ0, ũ1〉> 0, then the solution of the problem
(1.1)-(1.3) blows up at finite time.

Proof. It follows from the Lemma 4.2 that the derivative of energy functional is negative, which
implies that E(t)≤ E(0). We define the auxiliary functional

G(t) = ‖u(t)‖2. (4.16)

By direct computation, we achieve that{
G′(t) = 2〈u′(t),u(t)〉,
G′′(t) = 2〈u′′(t),u(t)〉+2‖u′(t)‖2 .

(4.17)

Multiplying equation (1.1) to u(t) and integrating over Ω, we get the following estimates

1
2

G′′(t) =
∥∥u′(t)

∥∥2−
(

µ(t)−
∫ t

0
g(s)ds

)
‖u(t)‖2

a−λ 〈u′(t),u(t)〉 (4.18)

+
∫ t

0
g(t− s)a(u(s)−u(t),u(t))ds+

∫ 1

0
K(x, t)u(x, t)F(u(x, t))dx

≥
∥∥u′(t)

∥∥2−
(

µ(t)−
∫ t

0
g(s)ds

)
‖u(t)‖2

a−
λε

2
‖u′(t)‖2− λ

2ε
‖u(t)‖2

a

− ε̃

2
(g�u)(t)− 1

2ε̃

∫ t

0
g(s)ds‖u(t)‖2

a + p
∫ 1

0
K(x, t)dx

∫ u(x,t)

0
F(z)dz

≥ 1
2
(2−λε)

∥∥u′(t)
∥∥2−

[(
µ(t)−

∫ t

0
g(s)ds

)
+

1
2ε̃

∫ t

0
g(s)ds+

λ

2ε

]
‖u(t)‖2

a

+
p
2

∥∥u′(t)
∥∥2

+
p
2

(
µ(t)−

∫ t

0
g(s)ds

)
‖u(t)‖2

a +
1
2
(p− ε̃)(g�u)(t)− pE(t)

≥ 1
2
(p+2−λε)

∥∥u′(t)
∥∥2

+
1
2
(p− ε̃)(g�u)(t)

+
1
2

[
(p−2)

(
µ(t)−

∫ t

0
g(s)ds

)
− 1

ε̃

∫ t

0
g(s)ds− λ

ε

]
‖u(t)‖2

a

≥ 1
2
(p+2−λε)

∥∥u′(t)
∥∥2

+
1
2
(p− ε̃)(g�u)(t)

+
1
2

[
(p−2)

(
µ0−

∫
∞

0
g(s)ds

)
− 1

ε̃

∫
∞

0
g(s)ds− λ

ε

]
‖u(t)‖2

a .

Choose ε̃ = p and ε =
2λ

µ0(p−2)
. From the choices of ε , ε̃ and the assumptions, we obtain that

p+2−λε > p+1 > 0,

(p−2)(µ0−
∫

∞

0 g(s)ds)− 1
ε̃

∫
∞

0 g(s)ds− λ

ε
> 0,

p− ε̃ = 0.

(4.19)

Combining (4.18) and (4.19), we refer that

G′′(t)≥ (p+1)
∥∥u′(t)

∥∥2
. (4.20)
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Therefore,

G′′(t)G(t)− p+1
4
(
G′(t)

)2 ≥ (p+1)
(
‖u(t)‖2∥∥u′(t)

∥∥2−
∣∣〈u(t),u′(t)〉∣∣2)≥ 0. (4.21)

Inequality (4.21) implies that
d
dt

(
G′(t)

G(p+1)/4(t)

)
≥ 0, (4.22)

which leads to
G′(t)

G(p+1)/4(t)
≥ G′(0)

G(p+1)/4(0)
. (4.23)

Integrating (4.23) with respect to time variable from 0 to t, we obtain

G(p−3)/4(t)≥ 4G(p+1)/4(0)
4G(0)− (p−3)G′(0)t

. (4.24)

Inequality (4.24) shows that the solution blows up at finite time

T̄ =
4G(0)

(p−3)G′(0)
=

2‖ũ0‖2

(p−3)〈ũ0, ũ1〉
.

This completes the proof. �

Lemma 4.7. Assume that g(t) satisfies (G0), (G1) and h is a twice continuously differentiable
satisfying {

h′′(t)+λh′(t)> 2
∫ t

0 g(t− s)a(u(s),u(t))ds, t ∈ (0, T̃ ),
h(0)> 0, h′(0)> 0,

(4.25)

where u(t) is the corresponding solution to (1.1)-(1.3). Then, h is strictly increasing.

Proof. We consider the following ordinary differential equation{
h̄′′(t)+λ h̄′(t) = 2

∫ t
0 g(t− s)a(u(s),u(t))ds, t ∈ (0, T̃ ),

h̄(0) = h(0), h̄′(0) = 0.
(4.26)

It is easy to see that (4.26) has unique solution h̄(t) determined on [0, T̃ ]. From (4.26), the
derivative of h̄(t) can be written as follows

h̄′(t) = 2
∫ t

0 eλ (τ−t) ∫ τ

0 g(τ− s)a(u(s),u(τ))dsdτ

= 2
∫ t

0 eλ (τ−t) ∫ τ

0 g(τ− s)
[∫ 1

0 ux(x,s)ux(x,τ)dx+u(0,s)u(0,τ)
]

dsdτ

= 2e−λ t ∫ 1
0
∫ t

0

(
e

λτ

2 ux(x,τ)
)∫

τ

0 e
λ (τ−s)

2 g(τ− s)
(

e
λ s
2 ux(x,s)

)
dsdτdx

+2e−λ t ∫ t
0

(
e

λτ

2 u(0,τ)
)∫

τ

0 e
λ (τ−s)

2 g(τ− s)
(

e
λ s
2 u(0,s)

)
dsdτ ≥ 0,

(4.27)

which implies that h̄(t)≥ h̄(0) = h(0).
We next show that h′(t)> h̄′(t), for t ≥ 0. It follows from (4.25) and (4.26) that{(

h′′(t)− h̄′′(t)
)
+λ

(
h′(t)− h̄′(t)

)
> 0, t ∈ [0, T̃ ),

h(0)− h̄(0) = 0, h′(0)− h̄′(0)> 0.
(4.28)

Inequality (4.28) implies that

h′(t)− h̄′(t)≥ e−λ t (h′(0)− h̄′(0)
)
> 0, ∀t ∈ [0, T̃ ). (4.29)
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This shows that h′(t)> 0, i.e, h(t) is strictly increasing in [0, T̃ ). �

Lemma 4.8. Suppose that (ũ0, ũ1) ∈ V ×L2 such that 〈ũ0, ũ1〉 > 0. If the weak solution u(t)
satisfies Ĩ(t)< 0, ∀t ∈ [0, T̃ ), where the functional Ĩ(t) is defined as

Ĩ(t) = Ĩ(u(t)) = µ(t)‖u(t)‖2
a−

∫ 1

0
K(x, t)u(x, t)F(u(x, t))dx, (4.30)

then ‖u(t)‖2 is strictly increasing on [0, T̃ ).

Proof. It follows from (4.18) that
1
2

G′′(t) =
∥∥u′(t)

∥∥2−µ(t)‖u(t)‖2
a−λ 〈u′(t),u(t)〉+

∫ t

0
g(t− s)a(u(s),u(t))ds (4.31)

+
∫ 1

0
K(x, t)u(x, t)F(u(x, t))dx

=
∥∥u′(t)

∥∥2− Ĩ(t)−λ 〈u′(t),u(t)〉+
∫ t

0
g(t− s)a(u(s),u(t))ds

> −λ 〈u′(t),u(t)〉+
∫ t

0
g(t− s)a(u(s),u(t))ds

= −λ

2
G′(t)+

∫ t

0
g(t− s)a(u(s),u(t))ds.

Therefore, we obtain that

G′′(t)+λG′(t) > 2
∫ t

0
g(t− s)a(u(s),u(t))ds, (4.32)

G(0) = ‖ũ1‖2 > 0,

G′(0) = 2〈ũ0, ũ1〉> 0.

Applying Lemma 4.7, we conclude that G(t) is strictly increasing. This completes the proof.
�

Theorem 4.9. Assume that p ≥ 2+
√

2, 2λ 2 < (p− 2)µ0 and (H̄2), (H̄4), (G0), (G1), (F∗1),
(F∗2) hold. If the initial conditions (ũ0, ũ1) ∈V ×L2 satisfy the following conditions

E(0)> 0,

E(0)<
1

4p

[
(p−2)µ0−2

(
p−2+

1
p

)∫
∞

0 g(s)ds
]
‖ũ0‖2 ,

〈ũ0, ũ1〉> 0,
Ĩ(0) = Ĩ(ũ0)< 0,

(4.33)

then the weak solution u(t) of the problem (1.1)-(1.3) blows up at finite time.

Proof. First, we claim that
Ĩ(t)< 0, ∀t ∈ [0, T̃ ), (4.34)

and

‖u(t)‖2 >
4pE(0)

(p−2)µ0−2(p−2+1/p)
∫

∞

0 g(s)ds
, ∀t ∈ [0, T̃ ). (4.35)

Let us denote tmin > 0 as follow

tmin = inf
{

t ∈ (0, T̃ ] : Ĩ(t) = 0
}
. (4.36)
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Assume that tmin < T̃ . By the continuity of the functional Ĩ(t), we see that Ĩ(t)< 0, ∀t ∈ [0, tmin)
and Ĩ(tmin) = 0. Consequently, it follows from Lemma 4.8 that

‖u(t)‖2 > ‖ũ0‖2 >
4pE(0)

(p−2)µ0−2(p−2+1/p)
∫

∞

0 g(s)ds
, ∀t ∈ [0, tmin). (4.37)

Moreover, it is obvious that ‖u(t)‖2 is continuous on [0, tmin]. Hence, the following inequality
is achieved

‖u(tmin)‖2 >
4pE(0)

(p−2)µ0−2(p−2+1/p)
∫

∞

0 g(s)ds
. (4.38)

On the other hand, it follows from Lemma 4.2 and Ĩ(tmin) = 0 that

E(0) ≥ 1
2

(
µ(tmin)−

∫ tmin

0
g(s)ds

)
‖u(tmin)‖2

a (4.39)

+
1
2
(g�u)(tmin)−

∫ 1

0
K(x, tmin)

∫ u(x,tmin)

0
F(z)dzdx

≥ 1
2

(
µ(tmin)−

∫ tmin

0
g(s)ds

)
‖u(tmin)‖2

a +
1
2
(g�u)(tmin)

−1
p

∫ 1

0
K(x, tmin)u(x, tmin)F(u(x, tmin))dx

≥
[

p−2
2p

µ(tmin)−
1
2

∫ tmin

0
g(s)ds

]
‖u(tmin)‖2

a

≥ 1
2p

[
(p−2)µ0− p

∫
∞

0
g(s)ds

]
‖u(tmin)‖2

≥ 1
2p

[
(p−2)µ0−2

(
p−2+

1
p

)∫
∞

0
g(s)ds

]
‖u(tmin)‖2 .

Therefore,

‖u(tmin)‖2 ≤ 4pE(0)
(p−2)µ0−2(p−2+1/p)

∫
∞

0 g(s)ds
. (4.40)

There is a contradiction between (4.38) and (4.40). This leads to tmin = T̃ . Additionally, this
also employs that ‖u(t)‖2 is strictly increasing on [0, T̃ ). Next, we prove the blow-up result of
the weak solution u(t). We introduce the funtional

G̃(t) = ‖u(t)‖2 +Λt2, (4.41)

where Λ is a positive constant which, is chosen later. Using the similar computation as in (4.19),
we have the estimate

1
2

G̃′′(t) ≥ 1
2
(p+2−λε)

∥∥u′(t)
∥∥2

+
1
2
(p− ε̃)(g�u)(t) (4.42)

+
1
2

[
(p−2)

(
µ0−

∫
∞

0
g(s)ds

)
− 1

ε̃

∫
∞

0
g(s)ds− λ

ε

]
‖u(t)‖2

a +Λ− pE(0)

≥ 1
2
(p+2−λε)

∥∥u′(t)
∥∥2

+
1
2
(p− ε̃)(g�u)(t)

+
1
2

[
(p−2)

(
µ0−

∫
∞

0
g(s)ds

)
− 1

ε̃

∫
∞

0
g(s)ds− λ

ε

]
‖ũ0‖2 +Λ− pE(0).
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If we choose ε̃ = p and ε =
2λ

µ0(p−2)
, then

1
2

G̃′′(t)≥ p+1
2

∥∥u′(t)
∥∥2

+
1
4

[
(p−2)µ0−2

(
p−2+

1
p

)∫
∞

0
g(s)ds

]
‖ũ0‖2 +Λ− pE(0).

(4.43)
Thus, if Λ is small enough, then

pΛ≤ 1
4

[
(p−2)µ0−2

(
p−2+

1
p

)∫
∞

0
g(s)ds

]
‖ũ0‖2− pE(0). (4.44)

From (4.43) and (4.44), we get

G̃′′(t)≥ (p+1)
(∥∥u′(t)

∥∥2
+Λ

)
. (4.45)

As a result, we obtain the following inequality

G̃′′(t)G̃(t)− p+1
4
(
G̃′(t)

)2 (4.46)

≥ (p+1)
(

Λ
∥∥u(t)− tu′(t)

∥∥2
+
∥∥u′(t)

∥∥2 ‖u(t)‖2−
∣∣〈u′(t),u(t)〉∣∣2)≥ 0.

Then, we conclude that the weak solution blows up at finite time T̄ = 2‖ũ0‖2

(p−3)〈ũ0,ũ1〉 . Theorem 4.7
is completely proved. �

5. NUMERICAL RESULTS

Consider the following problem:
utt +λut−µ(t)uxx +

∫ t
0 g(t− s)uxx(x,s)ds = K(x, t) |u|p−2 u lnr(e+u2)

+ f (x, t), 0 < x < 1, 0 < t < T,
ux(0, t)−u(0, t) = u(1, t) = 0,
u(x,0) = ũ0(x), ut(x,0) = ũ1(x),

(5.1)

where p = 6, r =
5
2
, λ = 1 are constants and the functions µ(t), g(t), K(x, t), f , ũ0 and ũ1 are

defined by
µ(t) = 1+ e−t , g(t) = e−3t , K(x, t) = (1+ x)(2− e−t),

f (x, t) = 2e−t(1+ e−t)2− 1
4
(1+ x)(2− e−t)e−5tw5(x) ln5/2 [e+ e−2tw2(x)

]
,

ũ0(x) = w(x), ũ1(x) =−w(x),
w(x) =−2x2 + x+1.

(5.2)

The exact solution of problem (5.1) with µ(t), g(t), K(x, t), f , ũ0 and ũ1 defined in (5.2) re-
spectively is the function uex given by

uex(x, t) = e−tw(x). (5.3)
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In order to solve problem (5.1) numerically, we consider the differential system for the un-
knowns Ui(t)≡ u(xi, t), Vi(t) = dUi

dt (t), with xi = i4x,4x = 1
N+1 , i = 0,N +1 :



dUi
dt (t) =Vi(t), i = 0,N,

dV0
dt (t) =−λV0(t)+α(t) [−(1+4x)U0(t)+U1(t)]

− 1

(4x)2

∫ t
0 g(t− s) [−(1+4x)U0(s)+U1(s)]ds+F0 (x0, t,U0(t)) ,

dVi
dt (t) =−λVi(t)+α(t)(Ui−1(t)−2Ui(t)+Ui+1(t))

− 1

(4x)2

∫ t
0 g(t− s)(Ui−1(s)−2Ui(s)+Ui+1(s))ds

+Fi (xi, t,Ui(t)) , i = 1,N−1,
dVN
dt (t) =−λVN(t)+α(t)(UN−1(t)−2UN(t))

− 1

(4x)2

∫ t
0 g(t− s)(UN−1(s)−2UN(s))ds+FN (xN , t,UN(t)) ,

Ui(0) = ũ0(xi), Vi(0) = ũ1(xi), i = 0,N,

(5.4)

and

Fi (xi, t,Ui(t)) = K(xi, t) |Ui(t)|p−2Ui(t) lnr (e+U2
i (t)

)
+ f (xi, t), i = 0,N,

α(t) =
µ(t)

(4x)2 = (N +1)2µ(t).
(5.5)

Then system (5.4) is equivalent to


dX
dt (t) = A(t)X(t)− 1

(4x)2

∫ t
0 g(t− s)BX(s)ds+F(t,X(t)),

X(0) = X0,

(5.6)

where


X(t) = (U0(t), · · · ,UN(t),V0(t), · · · ,VN(t))

T ∈ R2N+2,

F(t,X(t)) = (0, · · · ,0,F0(t,X(t)), · · · ,FN(t,X(t)))T ∈ R2N+2,

Fi(t,X(t)) = K(xi, t) |Ui(t)|p−2Ui(t) lnr (e+U2
i (t)

)
+ f (xi, t), i = 0,N,

X0 = (ũ0(x0), · · · , ũ0(xN), ũ1(x0), · · · , ũ1(xN) )
T ∈ R2N+2,

(5.7)

A(t) =
[

O E
α(t)B̂ −λE

]
∈M2N+2, B =

[
O O
B̂ O

]
∈M2N+2, (5.8)
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E =


1 0 · · · 0

0 1 . . . ...
... . . . . . . 0
0 · · · 0 1

 ∈MN+1,

B̂ =



−b0 1 0 · · · · · · 0
1 −2 1 0 · · · 0

0 . . . . . . . . . . . . ...
... 0 . . . . . . . . . 0
...

... . . . 1 −2 1
0 0 · · · 0 1 −2


∈MN+1,

(5.9)

where b0 = 1+4x =
N +2
N +1

.

The nonlinear differential system (5.6) is solved by using the following linear recursive
scheme generated by the nonlinear terms Fi (xi, t,Ui(t))=K(xi, t) |Ui(t)|p−2Ui(t) lnr (e+U2

i (t)
)
+

f (xi, t) : 
dX (m)

dt (t) = A(t)X (m)(t)− 1

(4x)2

∫ t
0 g(t− s)BX (m)(s)ds+F(m)(t),

X (m)(0) = X0,

(5.10)

where

X (m)(t) =
(

U (m)
0 (t), · · · ,U (m)

N (t),V (m)
0 (t), · · · ,V (m)

N (t)
)T
∈ R2N+2,

F(m)(t)≡ F
(

t,X (m−1)(t)
)
=
(

0, · · · ,0,F0(t,X (m−1)(t)), · · · ,FN(t,X (m−1)(t))
)T

=
(

F(m)
1 (t), · · · ,F(m)

2N+2(t)
)T
∈ R2N+2,

Fi

(
t,X (m−1)(t)

)
= K(xi, t)

∣∣∣U (m−1)
i (t)

∣∣∣p−2
U (m−1)

i (t) lnr
(

e+
∣∣∣U (m−1)

i (t)
∣∣∣2)

+ f (xi, t), i = 0,N,

X0 = (ũ0(x0), · · · , ũ0(xN), ũ1(x0), · · · , ũ1(xN) )
T ∈ R2N+2,

(5.11)

and

F(m)
i (t) =



0, i = 1,N +1,

Fi−N−2(t,X (m−1)(t))

= K(xi−N−2, t)
∣∣∣U (m−1)

i−N−2(t)
∣∣∣p−2

U (m−1)
i−N−2(t) lnr

(
e+
∣∣∣U (m−1)

i−N−2(t)
∣∣∣2)

+ f (xi−N−2, t), i = N +2,2N +2.

(5.12)

In order to solve problem (5.10) numerically, we will approximate dX (m)

dt (t j) as follows

dX (m)

dt (t j)≈
X (m)

j+1−X (m)
j

∆t
,

X (m)
j = X (m)(t j), t j = j∆t, ∆t =

T
M
, j = 0,M.

(5.13)
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Therefore 
X (m)

j+1−X (m)
j

∆t
= A(t j)X

(m)
j − 1

(4x)2

j
∑

ν=1

∫ tν
tν−1

g(t j− s)BX (m)(s)ds

+F(m)(t j), j = 0,M−1,

X (m)
0 = X0.

(5.14)

On the other hand, we approximate ∑
j
ν=1

∫ tν
tν−1

g(t j− s)BX (m)(s)ds as follows

j

∑
ν=1

∫ tν

tν−1

g(t j− s)BX (m)(s)ds ≈
j

∑
ν=1

∆t
2

[
g(t j− tν−1)BX (m)

ν−1 +g(t j− tν)BX (m)
ν

]
(5.15)

=
∆t
2

j

∑
ν=1

B
(

g(t j−ν+1)X
(m)
ν−1 +g(t j−ν)X

(m)
ν

)
=

∆t
2

j

∑
ν=1

B
(

g j−ν+1X (m)
ν−1 +g j−νX (m)

ν

)
=

∆t
2

[
g jBX0 +g0BX (m)

j +2
j−1

∑
ν=1

g j−νBX (m)
ν

]
,

where g j = g(t j). Hence

X (m)
j+1 =

(
I+∆tA(t j)−

(4t)2

2(4x)2 g0B

)
X (m)

j − (4t)2

(4x)2

j−1
∑

ν=1
g j−νBX (m)

ν

− (4t)2

2(4x)2 g jBX0 +∆tF(m)(t j), j = 0,M−1,

X (m)
0 = X0,

(5.16)

where I the identity matrix of size 2N +2. We write (5.16) in the form X (m)
1 = ( I+∆tA(t0))X0 +∆tF(m)(0),

X (m)
j+1 = F j

[
X (m)

1 ,X (m)
2 , · · · ,X (m)

j

]
, j = 1,M−1,

(5.17)

in which

F j

[
X (m)

1 ,X (m)
2 , · · · ,X (m)

j

]
=

(
I+∆tA(t j)−

(4t)2

2(4x)2 g0B

)
X (m)

j

− (4t)2

(4x)2

j−1
∑

ν=1
g j−νBX (m)

ν

− (4t)2

2(4x)2 g jBX0 +∆tF(m)(t j), j = 1,M−1,

F(m)(0) = F(0,X0) = (0, · · · ,0,F0(0,X0), · · · ,FN(0,X0) )
T ∈ R2N+2,

Fi(0,X0) = K(xi,0) |ũ0(xi)|p−2 ũ0(xi) lnr
(

e+ |ũ0(xi)|2
)
+ f (xi,0), i = 0,N.

(5.18)
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For fixed N, M, we find
(

X (m)
1 ,X (m)

2 , · · · ,X (m)
M

)
by (5.17), (5.18) such that

max
1≤ j≤M

∣∣∣X (m)
j −X (m−1)

j

∣∣∣
1
< ε = 10−3, (5.19)

where |·|1 is the norm in the space R2N+2 given as below

∣∣∣X (m)
j −X (m−1)

j

∣∣∣
1
= ∑

N
i=0

(∣∣∣U (m)
i (t j)−U (m−1)

i (t j)
∣∣∣+ ∣∣∣V (m)

i (t j)−V (m−1)
i (t j)

∣∣∣) , (5.20)

with

X (m)
j = X (m)(t j) =

(
U (m)

0 (t j), · · · ,U (m)
N (t j),V

(m)
0 (t j), · · · ,V (m)

N (t j)
)T
∈ R2N+2. (5.21)

If (5.19) holds, then X (m)
j is chosen as follows

X (m)
j ≡ X j =

(
U0(t j), · · · ,UN(t j),V0(t j), · · · ,VN(t j)

)T
,

and the following error is obtained

EN,M (u) = max
1≤ j≤M

max
0≤i≤N

∣∣uex
(
xi, t j

)
−Ui(t j)

∣∣ . (5.22)

For the detail, we give the following errors EN,M (u) with respect to N, M

N M EN,M (u)
8 110 0.0190
9 130 0.0092
10 150 0.0080
11 170 0.0070
12 200 0.0060
13 230 0.0052
14 260 0.0046
15 290 0.0041
20 490 0.0024
25 730 0.0016
30 1025 0.0012

(5.23)

Obviously, the errors is decreasing when M, N are increasing.
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FIGURE 1. Approximated solution (N = 30, M = 1025)

FIGURE 2. Exact solution
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In Fig. 1, we have drawn the approximation solution udis(x, t) of problem (5.1) with T = 1,
p = 6, r = 5

2 , λ = 1 and µ(t), g(t), K(x, t), f , ũ0, ũ1 given in (5.2), where N = 30, M = 1025,
while Fig. 2 represents the corresponding exact solution uex(x, t) given in (5.3). Therefore, in
both cases, we notice the very good decay of these surfaces from T = 0 to T = 1.
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