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Abstract. In this paper, we investigate the unique existence, general decay and blow-up of solutions of
an initial-boundary value problem for a viscoelastic wave equation with Robin-Dirichlet conditions. The
proof is based on Faedo-Galerkin method associated with a priori estimate, weak convergence and com-
pactness techniques. A numerical example is also given to illustrate the decay property of the solutions.
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1. INTRODUCTION

In this paper, we are concerned with the following initial and boundary value problem
t
Uy — ,u(t)uxx+/ g(t — ) (x,8)ds +Auy = K(x,t)F (u) + f(x,1), 0<x<1,t>0, (1.1)
0

ux(oat)_u(07t):u(1at):07 (12)
u(x,0) = iip(x), u(x,0) =iy (x), (1.3)
where A > 0 is given constant, and u, K, F, f, g, iip and ii; are given functions with some

conditions.
It is well known that the single viscoelastic wave equation of the form

t
Uy —Au—I—/O g(t—s)Auds+h(u) = f(u), (x,1) € QX Ry,

with initial and boundary conditions, where Q C R" is bounded domains with a smooth bound-
ary dQ, has been extensively studied and many results concerning existence, nonexistence,
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exponential decay and blow-up in finite time have been proved (see [1, 2, 3,4, 5,6, 7, 8, 9, 10,
11, 12, 13, 14, 15] and references therein).
In [1], Berrimi and Messaoudi considered the following problem

t
u,,—ALH—/O g(t —s)Auds = |u|"u, (x,t) € Q xRy,

where ¥ > 0 and g is a nonnegative and decaying function. They established a local existence
theorem and proved that, for certain initial data and suitable conditions on g and 7, the solution
is global with energy, which decays exponentially or polynomially depending on the rate of the
decay of the relaxation function g. Later, these results were improved in [11], Messaoudi [11]
established a general decay result.

In [15], Wang studied the nonlinear viscoelastic equation as follows

t
u,,—Au+/O g(t —s)Auds+u; = [ul” ' u, (x,1) € Qx Ry,

and established a blow-up result with positive energy under some appropriate assumptions on g
and initial conditions.
In [10], Messaoudi considered the following problem

t
Uyt —Au+/() g(t — s)Auds + |u;|" 2w, = |ulPu, (x,1) € Qx R,

with initial conditions and Dirichlet boundary conditions. For nonincreasing positive functions
g and for p > m, Messaoudi proved that solutions with positive initial energy blow up in finite
time.

In [8], Long et al. considered the following initial-boundary value problem

gy — Uy + [ ket — $)ieds + |ur| T 21y = f (x,8,u), (x,1) € (0,1) x (0,T),
ux(()at) = u(()?t)a MX(LZ) ‘HT”(IJ) :g(l‘),
u(x,0) = up(x), u(x,0) = u(x),

where 1 > 0, g > 2 are given constants and ug, uy, g, k, f are given functions. The first result
obtained in [8] is the unique existence of a weak solution u(¢). On the other hand, in case of
f(x,t,u) = —|u|P~2u+ F(x,t), the solution u(t) is exponentially decay to zero as t — --oo.

In [6], Li and He considered the nonlinear viscoelastic wave equation with linear damping,
nonlinear damping and source term as follows

t
Uy —Au—l—/o g(t — ) Auds +u, + |u, " up = |u|P 2 u, (x,1) € Qx Ry,

and established a general decay result with m > 1, p > 2 and Q C R”" is bounded domains
with smooth boundary dQ. In [7], Li and He also investigated the nonlinear viscoelastic wave
equation with strong damping of the form

t
M[[—Au_'_/o g(t_S)AudS—Aut+M[ = |u’p72u, (.x,t) eQ XR+,

for relaxation functions satisfying a relation of the form g'(r) < —&(z) g(r), r € R,. They
proved the local existence and global existence theorems and established a general decay rate
estimate. On the other hand, the finite time blow-up result for some solutions with negative
initial energy and positive initial energy was obtained.
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In the absence of the viscoelastic term (that is, g = 0), the above equations reduce to the
following form
U — Au+h(ug) = f(u), (x,1) € QX Ry,

with the damping term %(u;) and the source term f(u). The interaction between the damping
term and the source term was first considered by Levine ([16, 17]) in the case h(u;) = au, and
a polynomial source term of the form f(u) = b|u|’ >u. He showed that the solutions with
negative initial energy blow up in finite time. The main tool used in [16, 17] is the “concav-
ity method”. This method was also used in [18], where Levine and Payne proved the global
nonexistence of the heat equation as follows

u—Au=0, (x,1) € Qx1[0,T],

d

5o = fu), (x.r) € 9@ x [0,7),

n

u(x,0) = up(x).
Recently, Long et al. [19] considered the following nonlinear heat equation with a viscoelastic
term and Robin conditions

= 3l + [ gle—5) 3 [, 5 s

= f(”) +f1(x7t)’ (x7t) S (Ov 1) X (OvT)
and obtained the results relative to existence, blow-up and decay of a weak solution. The main
tools are the Faedo-Galerkin method and a modified energy functional together with the tech-
nique of the Lyapunov functional.

In this paper, motivated by the above works, we consider the viscoelastic wave equation (1.1)-
(1.3) by applying and modifying the methods used in [10, 14, 19]. It consists of five sections.
First, we present preliminaries and state two theorems of the unique existence in Section 2. In
Section 3, we give a sufficient condition to guarantee the global existence and the exponential
decay of weak solutions with the decaying relaxation function g. In Section 4, with f =0, we
prove the blow-up property when the initial energy is negative, null and positive corresponding
the variety conditions of the relaxation function g(r). Here, we first state the blow-up result
when the initial energy is negative based on defining a modified energy functional together with
the technique of the Lyapunov functional. Next, we continue to show that the weak solution
u(t) blows up at finite time when the initial energy is null or positive by using the concavity
method introduced by Levine-Payne [18]. Finally, we present numerical results.

2. EXISTENCE AND UNIQUENESS

Put Q= (0,1), 0r =Qx (0,T), T > 0. Let us denote the usual functions spaces used in this
spaces by C"(Q), WP = W™P(Q), LF = LP(Q) and H" = H™(Q) for 1 < p <eoand m € N.
Let (-,-) be either the scalar product in L? or the scalar product [20] between a Banach space
and its dual. The notation ||-|| stands for the norm of L? and |-||; is denoted for the norm of the
Banach space X.

We call X’ the dual space of X and denote by L”(0,T;X), 1 < p < o, the Banach space of
the function u : (0,7') — X measurable such that

T 1/p
lilorag = [ Wolfar) " <omtor1 < p <
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and

[l = (0,7:x) = esssup [|u(t) ||y for p = oo.
0<t<T

Since the domain of interest is one-dimentional, we let u(t), ' = u;, u”" = uy, Vu = u, and

du d%u au 82
ot’ o2’ &x 82’

Au = uy, denote u(x,1),
We define

respectively.

V:{VEH1 :v(1) =0},
the closed subspace of H!. On V, we shall use the equivalent norms v + ||v|| ;1 and v = [|v]|.
Precisely,

[vell < IIvllpn < V2Ivall, W e V. 2.1)
We put
a(u,v) = (uy,vy) +u(0)v(0), Yu, v eV, (2.2)
and
vlly = va(v,v). (2.3)

The following standard lemmas read as the imbedding H' into C(Q), the equivalence between
the norms ||v||, and ||v,|| and the existence of the Hilbert orthonormal base of V associated with
the binlinear form a(-,-) defined by (2.2).

Lemma 2.1. The imbedding H' — C(Q) is compact and the following inequality holds
HVHc(ﬁ) < \/EHVHHI , Vv e H'.

Lemma 2.2. The symmetric bilinear form a(-,-) defined by (2.2) is continuous on' V XV and
coerciveon'V, i.e,

(i) |a(u,v)| < 2||ux||||vs]| for all u, v €V,
(ii) a(v,v) > ||ve||* forallv e V.

Remark 2.3. We note that on V, three norms ||v|| 1,

vyl and ||v||, are equivalent.

The weak formulation of initial-boundary value problem (1.1)-(1.3) can be given in the fol-
lowing manner:

Find u € Wy = {u € L*(0,T;H>*NV) :u/ € L*(0,T;V), u” € L*(0,T;L?)} such that u sat-
isfies the variational equation

(" (1), v) + p(t)a(u(t),v) + A (' (t),v) — fo &(t = s)a(u(s),v)ds 2.4)
= (K(@)F (u(t),v) + (f(t),v), W eV, '
together with the initial conditions
u(0) = o, u/(()) =1j. (2.5)

We make the following assumptions
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(Hs) F € C'(R);
(He) f, f; € L*(Qr).

Using the standard Faedo-Galerkin method, which is introduced by Lions in [21], we can
prove the following theorem, which implies that problem (1.1)-(1.3) has a unique weak solution.

Theorem 2.4. Let (Hy) — (Hg) hold for T > 0. Then, there exist T € (0,T] and a unique
solution of the problem (2.4)-(2.5) such that u € Wj.

Combining Theorem 2.4 and using the standard arguments of density, we obtain the following
theorem. This theorem indicates that there exists a unique weak solution to (1.1)-(1.3) when i
and #i; belong to larger spaces.

Theorem 2.5. Let (Hy), (Hy) — (Hg) hold for T > 0, iig € V and ity € L*. Then, there exist
T € (0,T] and a unique solution of the problem (2.4)-(2.5such that

ue CH([0,T];V)nc(]o,T];L%). (2.6)

3. GLOBAL EXISTENCE AND DECAY OF SOLUTIONS

To state the theorems relative to the global existence and the general decay, we use assump-
tions on the given datum as follows

(H) peC3(Ry)NL(Ry) and infp(r) = po > 0;
(H3) g:R,; — R, isaC' function satisfying the following conditions

(i) to— Jo™"g(s)ds =L >0,
(if) There exists a positive differentiable function & (¢) such that

g'(t) < —=&(1)g(r) <0, Vr >0.

Furthermore, &(¢) satisfies
E'(1) <0, Vi >0, / £ (5)ds = oo;
0

(Hy) K €C'(]0,1] xR ) and K satisfies two conditions below
(i) 0< K; < K(x,t) <Ky, V(x,7) € [0,1] x R4,
(i) Ki(x,2) >0,V(x,t) €[0,1] x Ry;

(Hs) the source term F (u) satisfies the following conditions

(1) there exist positive constants d;, p; with p; > 2,V j = 1,N such that

N
0<uF(u)<Y djlul’’, VuecR;
j=1
(ii) there exist two positive constants p and g with ¢ > p > 2 such that

p/ F(z)dz < uF (u) Sq/ F(z)dz, Vu € R;
0 0

(Hg) f€L*((0,1) x R, ) and there exist positive constants Cy, ¥ such that
LF()])* < Cee™™, Ve > 0.
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Remark 3.1. There are several functions satisfying the assumption (Hy), such as
K(x,t) =¢(x)(2—e") or K(x,1) =¢(x)[4— (sinzt + 2sintcost +2) e”']

for any ¢ € C'([0,1],Ry). The examples of function g, which satisfy (Hz), can be found in
[11].

Remark 3.2. We represent examples for the functions F satisfying (ﬁ5), that is,
F(u) = ]u\pfzu or F(u)= |u|p72ulnr (e+u2) )

Remark 3.3. In this paper, we shall achieve the decay result stated in Theorem 3.10 below
without using the assumption |E'(7) /& (¢)| < k as in [7], to estimate the Lyapunov functional.

Remark 3.4. Since £’(¢) <0, then &(¢) < &(0) for all 7 > 0.
Let us present the following functionals
1
E(t) = EHM’(I)H2+J(1), 3.1)
1 t , 1 1 u(x,r)
10 = 5 (80~ [ s)ds ) [uOZ+5 gon) 0= [ Keer) [ Fle)ded,

t 1 u(x,r)
10 = (g<>u)(t)+(u(t)— / g(s)ds) oz p [ K [ Fe)dzar

(gou(0)= [ a(t=9) ule) ~u(s)as. (32

Lemma 3.5. Suppose that (iig,it1) € V x L? and the assumptions (Hy) — (Hg) hold. If u is the
solution of (2.4)-(2.5), then the energy functional E(t) satisfies

E0 <~ (1= D) W0l -3¢0 0@ + 5 17O <5 IFOIF, e 0.7), 33
forall 0 < gy < 2A.

Proof. Multiplying (1.1) by «/(¢) and intergrating over Q, we get

E@) = A0+ 10 ]2+ 5 ow)(0) — 5(0) ule) (3.4)
1 u(x,t)
~ [ Kixnar [ F@dz+ (0.0 0)

2 1
< Al @] = 58 @ (g ou)e) + (£(1),u'(1)).
Applying the Young’s inequality for product
ea’> b’

p< & U
W=t

we verify that there exists a positive constant & such that

0 1) < 2]+ 5 0 6.5

Combining (3.4) and (3.5), Lemma 3.5 is proved. ]
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Lemma 3.6. Assume the assumptions (Ho) — (Hg) hold. Additionally, suppose that (i, i) €
V x L? such that

1(0) >0,

Ky N pi2
n=L— ?JE'] de*J > 0, (3.6)

p oo
Iy < (o= Jo"8(s)ds).

p—2)

Proof. By use of the continuity of /(¢) and 7(0) > 0, we have that there exists 7; > 0 such that
I(t) > 0 for all € [0, T1]. We will prove that I(¢) > 0, for all # > 0. Under the definition of the
functional J(¢), we have

10 = 222 lgon 0+ (o)~ [ e0as) W] + 2160 @

2 |
where R, = \/L(—p (E(O) + o I Hf(t)szt). Then, we deduce that I(t) > 0, Vt > 0.
0

2p
p—2 2
> ?LHM(’)HW vt € [0,T1].
Hence,
PO IR = 2 | P+ 22 o] (3)
(p—2)L “ (p—2)L |2 2p ¢ '

2p {1y 2 2p
< ootz [ MO +0| = )

2p 1 /=
< Lip—2) (E(0)+2—80/0 Hf(t)“zdt) —R2, YVt €[0,Ty].

Using (Hs) ;;), we obtain the following inequality
1 u(x,r) 1 1
/ K(x,1)dx / FRd: < / K, 1), 1) F (u(x,1) )dx (3.9)
0 0 0
K ¥ 1 _
—= d~/ u(x,t) P dx
L [ )

K ¥ .
— Y d;llu()|
)

IN

IN

K& 2 2
< =Y &R | u(@)]l;-
P =

Therefore,

1(t) > (gou) (t) + 7 |u()|[2, vt € [0,T3], (3.10)
where
K> Al pi—2
n=L——Y dr;// "~ >0.
p j=1
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Denote Tax = sup{7 > 0:1(r) >0, Vr € [0,T]} and assume Tn,x < +oo. From the continuity
of I(t), we have I(Tax) > 0.

We consider two cases for I(Tax) :

Case I(Tmax) > 0. Using the same arguments as above, we imply that there exists T > Tax
such that I(¢) > 0, V¢ € [0,T]. This is a contradiction.

Case I(Tmax) = 0. By use of (3.10), we obtain (g o u) (Tmax) = ||#(Tmax) ||, = 0, which leads to

fOT'“aX (Tax — 5) ||u(s) |2 ds = 0. From the continuity of function s —s g(Tiax — ) ||u(s) Hfl =0
on [0, Tiax] and g(Tmax —s) > 0, Vs € [0, Thax|, we imply u(s) = 0, Vs € [0, Tmax]. So, 1(0) =
0 < 1(0). This is a contradiction.

Thus, in both cases as above, we have Tnax = +oo, i, I(f) > 0, V# > 0. Lemma 3.6 is
proved. U

Theorem 3.7. Let (Hy) — (Hg) hold. Suppose that (iiy,iiy) € V x L? such that (3.6) holds. Then
the solution u(t) of (2.4)-(2.5) is bounded and global.

Since the proof is similar to that of Theorem 4.3 in [1], we omit it here.
In order to get the decay result, we establish the Lyapunov functional as follows

F(t)=E(t)+0oy(t), (3.11)
where § is a positive constant specified later and w(¢) = (/' (t),u(t)) + = ||u(t)]|".
Lemma 3.8. Assume that (3.6) is satisfied and set

E(e) = ol )] + lu()|z + (gou) () +1(2). (3.12)
Then, there exist positive constants o and 0 such that
aE(t) < Z(t) < mE(t), vt > 0.

Proof. 1t is easy to see from (3.11) that

1—1—5 2 d o(1+A
7o) < 2o+ |22 (w0 [ i) + XD o )
p—2 1
+——(gou)(t)+—1I(t
3 (o) (0) + 1)
146 o | (=2l 5(1+/1)
< W@l + T ()1l
p— 1
+?(g<>u)(t)+—l(t)
S aZE(t)a
where
1486 P=2)ull=@m,y S(1+1)
az—max{ B 2 + 5 .
With similar calculations, we have the following estimate
1-90 > (p=2)L—0dp y» p—2 1
T / —
Z(t)z —— |l 0]+ 2 |W0Hb+—2p @ouXO4-pKO- (3.14)
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Ifé < min{l, Lip=2) }, then

p
F (1) > mE(r), (3.15)
where
. [1-=6 (p—2)L—6p 1 p-2
oy = - :
1 mln{ 5 2p ) p7 2p
This completes the proof of Lemma 3.8. U

Remark 3.9. It is obviously that the energy functional E(¢) is equivalent to £(¢) in the sense
that there exist two positive constants &; and @ such that & E(t) < E(t) < & E(1).

Theorem 3.10. Assume that (Ho) — (Hg) hold. If the initial conditions (iig, i) € V x L? satisfy
(3.6), then there exist positive constants C and 'y such that

[ @I+ )13 < Cexp (v [ s ) v = (316
Proof. Multiplying (1.1) by u(t) and intergrating with respect to x over Q, we obtain
V(1) t
= WO (10~ [ e(51as ) I+ [ el s)au(s)~ o)) s .17
+ /0 K (), O F () x4 (), u(2)).

Combining (3.17) and (1:16)(,-,~), we easily get the following estimate

v < WO - -5 - D] @+ 5 o) Ga8)

1 u(x,t) 1
+q [ Klnds [ F@dz 21O
0 0 2€;

where € is a positive constant. It follows from Lemma 3.5 and (3.18) that

F0) < (-2 8) [0 8 [L— 2 (o~ Lt )] WO+ (g0 (1)

2 2€;
1 u(x,r) 1/1 S 5
1+ 8¢ / K(x,1)dx / F(2)dz+~ <— + —) Tl (3.19)
0 0 2\& &
For &, € (0,1), we note that
1 u(x,t)
5q/ K(x,t)dx/ F(z)dz (3.20)
0 0

-y

= 22 eat) - (gowo) - (00— [ stoyds) ol - 212

p
—0q 2 6q(l—&)

0
—Hgow(®) = =1 (@~ Iulmm,)) )l - == =10,

IN
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We can respectively choose & and € as follows

. 1
o < mm{l,ﬁuuum&)},

2 q
g < wo—L+1 {L+; (8277 - “NHLW(RQ)] :

&
If &) and &, are fixed, then the choice of 6 satisfying 0 < § < A — ?0 make

ﬁl = _3_6>07
&1 q
B = 5[ _3(NO_L+1)+;<82n_H:uHL°°(R+)>] >0,
6q(1 — &)
= ———>0.
B3 p
It follows from (3.19) and (3.20) that
F'(1)
0 1/1 6 )
< =i (z H —Ba lu(t) ||z — Bsl (1) + (gou)(t)+§ P |£()]7 (3.21)
0 &
<

€1
~pE@)+ B8 (L4 <gou><r>+§ (5+2) o
< ~LEO+Bon0 5 (5 + o ) IO

1

where B =min{f,B2,B3},and By =B+ & (% + —) . Combining (3.21) and (3.3), we ob-

2€;
tain
EOF0) < ~LEOB0+BEOGEen0+ (54 2 ) EDLOR 62
< ~LEOEO) 2B W) v
o
where

d, =C, B (810+8])<§( )+ [zﬂ

We consider the functional .Z(r) = & (¢).7 (t) + 2B4E (¢) introduced by [6], which is equivalent
to E(t). From estimate (3.22), we find that there exists a positive constant y < ——— o such that

5(0)
L) < —yE()L(t) +dye ™. (3.23)

Integrating (3.23) with regard to time variable leads to

g(r)<( dyg() )exp( y/g > (3.24)

This completes the proof of Theorem 3.10. U



A VISCOELASTIC WAVE EQUATION WITH ROBIN-DIRICHLET CONDITIONS 11

Remark 3.11. In [1, 6, 11], the functional

x(t) = /Qu'(x,t) /Otg(t —s) (u(x,t) — u(x,s)) dsdx,

was used to obtain general rates of decay. In our result, we establish the general rate decay
without using this functional.

Remark 3.12. It can be obtained exponential decay for & (7) = a, polynomial decay for & (¢) =
a
a(l1+1)~!, and logarit decay for & (¢) = , where a > 0 is a constant. For
(1+1) 8 yfor s () = Ay (T m(1 1)

more details, we have
(i) In case &(t) = a: exp (—7 [y & (s)ds) = exp (—yat) (exponential decay);

(i) In case &(1) = a(1+1) "' rexp (v [y E(s)ds) = 0w (polynomial decay);
a 1

(iii) In case (1) = (0 (I +In(1+0) ONY (—yféé(s)ds) = (1+In(1+1))

7z (logarit

decay).

4. BLOW-UP AT FINITE TIME

This section will prove that the weak solution to problem (1.1)-(1.3) blows up at finite time
with f(x,7) = 0, under some suitable conditions of source term F(u) and relaxation function
g(t). We will consider the blow-up property in three cases of the initial energy, when the initial
energy is negative, null or positive.

Let us state the blow-up result when the initial energy is negative. In this case, we suppose
that source term F'(u) satisfies the following assumption.

(F1) Fisin class C! and satisfies
(i) there exist two positive constants ¥ and k > 2 such that

uF (u) > ylul*, Vu e R;

(i1) there exist two positive constants p > 2 and g such that

u

p/uF(z)dz <uF(u) < q/ F(2)dz, Vu € R. 4.1)
0 0

Theorem 4.1. Assume that the assumptions (Hy), (Hg) and (Hs) hold. Suppose that g : R, —
R such that g'(t) < 0 and satisfies

* ] ‘LL(p—Z) . 1
(Go) 0<Jo g(s)ds<p_02T/p—HO (1—W)-

Then, for any initial conditions (iio, i) € V x L? such that E(0) < 0, the weak solution u(t)
of the problem (1.1)-(1.3) blows up at finite time.
In order to prove Theorem 4.1, we establish a series of lemmas.

Lemma 4.2. If u is the solution of (2.4)-(2.5), then the energy functional E(t) is nonincreasing,
ie E'(t) <0.

From the proof of Lemma 3.5, we can conclude the desired conclusion immediately.
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Lemma 4.3. There exists a positive constant C such that

1 u(x,t)
(s < (u)E+ [ Ko [ Plejdzar ). @

for2 <s<k.

Proof. We consider two cases for [[u(?)]|«.

(i) Case 1: If ||u(r) ||« < 1, then |Ju(t)||7x < ||u(t)||ik < ||u(t)\|§ due to the continuous embed-
ding V < L*,
(ii) Case 2: We consider ||u(t)||;x > 1. From (4.1), we have the following inequalities
1 Y 1
pd () < /0 F(z)dz < FF0) VyeR.

Combining with the assumptions (H4) and (Fy), we obtain

1
lu@)|5 < WAQMW:A u(x,1)[F dx
< %%:MLQFWQJ»dx
q 1 u(x,t)
< & /O K(x,1)dx /0 F(2)dz.

This completes the proof of this lemma. 0
Proof of Theorem 4.1. Put H(t) = —E(t). Then, it follows from Lemma 4.2 that
(x,8)
0 < H(0 / K(x,1)dx / F(2)dz. 4.3)
To prove this theorem, we use the functional in [10] and [14] with a slight modification, that is,
L(t)=H""°(t) + (1), (4.4)

k—2
where 0 < 0 < T Taking the derivative of (4.4) and using equation (1.1), we obtain

L@ = (=0 @+ o)~ (u0)- [[eas) oz @)
t 1
—1—/0 g(t—s)a(u(s)—u(t),u(t))ds+/() K (x,t)u(x,t)F (u(x,t))dx

@I = (1)~ [ e(sas)lato)?

t 1 u(x,t)
~S(gou)) 5 [ edsluZ+p [ Kewnar [* Fz

Y]
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> WP (w0~ [ el ) It

v [+ L@+ (w0 [ etoas) 1]

55 [ sastuiz+ (p-2) [ rtwnas [ P
>

O (1) + (1+§) o 1)+ [(g - 1) (uo— / °°g<s>ds) 5 0°°g<s>ds} Ju(o)]2

u(x,t)

+p-0) [ Keonax [ Rz

for all 6 > 0. According to condition (Gg), we find that there exists a positive number 6, € (2, p)

such that
o 1 1
l——— 1———
o< | g(”"“““( <e*—1>2> <““< <p—1>2)’

(5 1) (o [ et0nts) 5 [ etoras] iz > o,

By choosing 6 = 6., it follows from (4.5) that there exists a positive constant dy such that

1
L'(t) > dy (H(t)+ o' (1)) + ”M(l‘)Hi—f—/o K(x,t)dx/o

which leads to

u(x,r)

F (Z)dz) . (4.6)

Using te Cauchy-Schwarz’s inequality and the continuous imbedding L> < L*, we get the esti-
mate

[ (W (1), u(e))| < || @] )] 25 (4.7)
which implies
1 1 1
[ (1), ()70 < [|u' (0) [ T2 Juo)ll5© - (4.8)

1 1
Applying Young’s inequality for — + — =1, we find that

Pt p2
0. )| 5 < 0|5 + L o7 “9)
u(t),u -0 < —|lu - — ||u .
P P2 Lt
Taking p; =2(1 — o), we find that estimate (4.9) becomes
W)™ <L WO+ T @10
i p2 L
Combining (4.10) and applying Lemma 4.3 for s = ﬁ <k, s= % < k, we investigate that
there exists a positive constant d; such that
1 2
[ (u'(£),u())| =0 + [|u(r)[| -0 (4.11)
, ) 5 1 u(x,t)
< (|| + ||u(t)||a+/0 K(x,t)dx/o F(z)dz) .
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Therefore, we have the following estimate
= -0 / A 2
Lo = (00 + 6 0u0)+ 5 P @1
1 2
< Const (H0)+|(010).0(0) |70+ ()7 )

u(x,r)
< Const <H(t) + Hu'(t)Hz—i— Hu(t)Hg—f—/OlK(x,t)dx/o F(Z)dz) :

Combining (4.12) and (4.6), we refer that there exists a positive constant D such that

1
L'(t) > DLT=0 (1). (4.13)
By integrating (4.13) with respect to ¢ over (0,¢), we deduce that
1 1
L1-0(t) > — . 4.14)
LT3 (0) ~ P2
Therefore, the solution u blows up at finite time given by
- l—0c —°
T = L1-0(0).
Do
This completes the proof. U

In the following part, we prove that the weak solution u(¢) blows up at finite time when the
initial energy is null or positive. In this process, we use the concavity method introduced by
Levine-Payne [18].

Suppose that g : R, — R such that g’(z) < 0 and the following additional assumptions hold

o (P—2)po
(Go) I elonds < 5 L2
(G1) Jov(T) forem;s)g(r —s)v(s)dsdt >0, Vv € C1(R,), Vt > 0.

Remark 4.4. We demonstrate the function g(z) satisfying (Go) — (G1) by the following exam-
ples

A A
g(t)=e % fora > Sior g(t) = e 2'cos?(at), for a > 0.

Moreover, we also assume that the source term F(u) satisfying
(F3) [y F(z)dz>0,VueR;

(F3) There exists a positive constant p such that
p/ F(z)dz < uF(u), Vu € R. (4.15)
0

Remark 4.5. With the examples in Section 3, we can give more examples for the functions F
satisfying conditions (Fj) and (F3) as below

u —u
Fu) = |u|?~2u (e te );orF(u): ulP~2ue®.
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Theorem 4.6. Assume that 2 >0, p >3, 2A% < (p —2)yo and (Hy), (Ha), (Go), (F}), (F3)
hold. If (ity, i) € V x L?* such that E(0) = 0 and (i, i) > 0, then the solution of the problem
(1.1)-(1.3) blows up at finite time.

Proof. It follows from the Lemma 4.2 that the derivative of energy functional is negative, which
implies that E(7) < E(0). We define the auxiliary functional

G(t) = |lu(r)|*. (4.16)

By direct computation, we achieve that

{G’(r) =2 (t),u(1)), . (4.17)
G"(1) = 2(u" (), u(t)) +2 ' (1)||"

Multiplying equation (1.1) to u(z) and integrating over Q, we get the following estimates

360 = WP (wo- [ tg(s)ds) o)~ 360, 0) @19)

+/tg(t_s>a(u(s)_ u(t), u ds+/ (x, 1), 1) F (u(x, 1))dx

> WO - (10 [ s ) o1 - 25017 - 5 )
t u(x,t
L lgou0) g5 [ sas ) +p [ Kesnax [ Pz
> Le—ae ) _K _/Otg(s>ds)+%/ot (s)ds + ]H ol
F2 @]+ () [ slo)ds) Io)E-+ 3 0 2 g0 - pEC)
> S(p+2-28) [0 + 5 (r-E)(gou®)
17 t 1 [t A )
e[ (w0 [ stra5) 1 ["storas 2]t
> (p+2-A8) [W )]+ 5 (p— &) (gou)0)

+% :(p—Z) <uo—/0mg(5)dS) —%/Omg(S)ds—ﬂ lu(®)Ilz-

21
Choose € = p and € = m From the choices of €, € and the assumptions, we obtain that
p —_—
p+2—Ae>p+1>0,
o A
(P—2)(Ho— o ()dS)——fo g(s)ds—— >0, (4.19)
p—&=0.

Combining (4.18) and (4.19), we refer that
G'(1)> (p+1) || ()| (4.20)
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Therefore,
U +1 / / /
"G~ = (G 0) = (p+ 1) (Il | I = [, @)]F) z0. @20
Inequality (4.21) implies that
d G (1)
dr (G(P+l)/4(t)> =0 (422

which leads to

G G

G /A7) = G /4(0) *2)
Integrating (4.23) with respect to time variable from O to ¢, we obtain
4GP+1/4(0)
GP=3)/4(p) > ) 4.24
)2 260~ (p=3)c 0N (29
Inequality (4.24) shows that the solution blows up at finite time
A 4GO) 2wl
(p—3)G'(0)  (p—3)(io, 1)
This completes the proof. 0

Lemma 4.7. Assume that g(t) satisfies (Go), (G1) and h is a twice continuously differentiable
satisfying
{h”(t) F AR (1) > 2 [L gt —s)a(u(s),u(t))ds, 1 € (0,T), 25)
h(0) > 0, #'(0) >0, '
where u(t) is the corresponding solution to (1.1)-(1.3). Then, h is strictly increasing.

Proof. We consider the following ordinary differential equation

{’?”@ + 20 (1) =2 [ gl = s)a(u(s),u(n)ds, 1 € (0,T), (426)
h(0) = h(0), ' (0) = 0.

It is easy to see that (4.26) has unique solution h(t) determined on [0,7]. From (4.26), the
derivative of () can be written as follows

(1) =2 g™ [ g(t—s)a(u(s),u(t))dsdz
=2 [l ME) [To(p - )[fo ux( )ux(x T)dx + u(0, )u((),’[)] dsdt

— e M [l 1 (e e (x ,r)) [ g(r—s) (e%ux(x,s)> dsdtdx (429
e_’ufé <e u(0, ”L’)) o —s) (e%u(O,s)> dsdt >0,
which implies that A(¢) > h(0) = h(0).
We next show that /' (t) > h'(t), for t > 0. It follows from (4.25) and (4.26) that
(W'(r) = h"(1)) +A (W () =N (1)) >0, €[0,T), (4.28)
h(0) —h(0) =0, 1'(0) —#'(0) > 0. '

Inequality (4.28) implies that
W (t)—H(t) > e ™ (K (0)— 1 (0)) >0, Vr € [0, 7). (4.29)
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This shows that #'(¢) > 0, i.e, h(t) is strictly increasing in [0, 7). O

Lemma 4.8. Suppose that (iiy,ii;) € V x L? such that (iig,it;) > 0. If the weak solution u(t)
satisfies I(t) < 0, Vt € [0,T), where the functional I(t) is defined as

I(t) = T(u(r)) = p(e) Ju(o)|2 - /01K(x,t)u(x,t)F(u(xJ))dx, (4.30)

then ||u(t)||? is strictly increasing on [0,T).

Proof. 1t follows from (4.18) that

260 =[O = B0 o) |2~ 2.0 0),0)) + [ (= s)atu(s)ute))ds @31

2
+ /0 KotV F ()
= WO Tt~ AW .0 + [ gl s)aluts) u))ds
> AW (),ult)) + /0 ot — s)a(u(s),u(t))ds

= _%G/(t)+/()tg(t—s)a(u(s),u(t))ds.

Therefore, we obtain that

G'()+AG () > 2 /O ot — s)a(u(s), u(t))ds, 432)
G(0) = a|*>o,
G'(0) = 2(ig, i) > 0.

Applying Lemma 4.7, we conclude that G(t) is strictly increasing. This completes the proof.
O

Theorem 4.9. Assume that p > 2++/2, 2% < (p —2) o and (Hy), (Hs), (Go), (G1), (F}),
(F3) hold. If the initial conditions (iig,i1) €V X L? satisfy the following conditions

(E(0) >0,
1 1\ 2
E(0) < — —Dup—2(p—2+4+- ds| ||io||”,
0 <3 [(0-2m0-2 (p=2+ 1 ) 7 e(o)ts .
(flg, dy) >0,
\i(()) = i(ﬁ()) <0,
then the weak solution u(t) of the problem (1.1)-(1.3) blows up at finite time.
Proof. First, we claim that
I(t)<0,vte|0,T), (4.34)
and 4pE(0)
2 P =
u(t)||” > = , Vt€|0,T). (4.35)
O > =22 —2+ 1/p frgas ™ 07

Let us denote t,,;, > 0 as follow
tmin = inf {t € (0,T]: I(t) = 0}. (4.36)
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Assume that t,,;, < T. By the continuity of the functional I(z), we see that I(t) < 0, Vt € [0, tnin)

and I(t,i») = 0. Consequently, it follows from Lemma 4.8 that
4pE(0)

(P—2)k0—2(p—2+1/p) J5" (s)ds

Moreover, it is obvious that |[u() || is continuous on [0, #,]. Hence, the following inequality
is achieved

2 ~ 112
()7 > [ldo]|” >

, Vit €10, tmin). 4.37)

4pE(0)

2 4

et (p—2)to—2(p—2+1/p) [y g(s)ds
On the other hand, it follows from Lemma 4.2 and [(t,,;,) = O that

EO > 3 (o)~ [ (515 lato) | 439

(4.38)

1 1 “(x:tmin)
+ (80u) (min) — /0 K (X, i) /0 F(2)dzdx

. <u(tmm) - "”""g<s>ds) )12+ 5 (g0 (i)

A%

1 1
- /O K, i )5, i} F (145, £in) )

p—2 . _l/tmin . 2
{—Zp M (tmin) 2 Jo g(s)ds ||”(tmm)||a

v

v

o (=20 [ (5] It

% {(p ~2)kg —2 (p_2+ 1_17) /ooog(s)ds] Jutemn”

4pE(0)

Jaltmin) P < e TP
(P—=2)o—2(p—2+1/p) |y g(s)ds

There is a contradiction between (4.38) and (4.40). This leads to t,;,, = 7. Additionally, this

also employs that ||u(t)||? is strictly increasing on [0, T'). Next, we prove the blow-up result of
the weak solution u(¢). We introduce the funtional

G(1) = [lu(r)||* + A%, (4.41)

where A is a positive constant which, is chosen later. Using the similar computation as in (4.19),
we have the estimate
1~ 1

2G”() > 5(1?—1—2—/18 )||u

v

Therefore,

(4.40)

O]+ 50— E)(gou)(0) 4.42)

+5|0-2 (b= [ etras) - 1 [ etshas— 3] 1+ A~ p(O

<p+z Ae>||u’<r>H2+ (p—&)(gou)(r)

+30-2 (o= [etras) - ["etsras— 2| ol +-A-pE )

/

v
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If we choose € = p and € = , then
Ho(p—2)
1~ p+1 2 1 1 * .
36702 T @)+ 5 |- Dm0 -2 (p 240 [T ato)as] ol + A pECO)
(4.43)
Thus, if A is small enough, then
1 1 o 2
PA< g |p=2m-2(p-2+ ) [ elds| 100l - pE©). @)
From (4.43) and (4.44), we get
G'(t) > (p+1) (Hu’(t)Hz-l-A). (4.45)
As a result, we obtain the following inequality
~ ~ |
G (1)G(t) — % (G (1)’ (4.46)
2 2 2 2
> (p+1) (Alfute) = 1ol @)+ ||af ) Nla(0) | = (1), u(0)) ) = 0.
_ ~ 12
Then, we conclude that the weak solution blows up at finite time 7" = %. Theorem 4.7
is completely proved. 0
5. NUMERICAL RESULTS
Consider the following problem:
tg + Aty — (Ot + [g 8(2 = ) (x,)ds = K (x,) [ul”~ uln” (e +u?)
t),0 1,0<t<T
+f(x,1),0<x<1,0<r<T, 5.1)

uy(0,7) —u(0,¢) =u(1,t) =0,
u(x,0) = iip(x), u(x,0) =iy (x),

5
where p =6, r = > A =1 are constants and the functions u(t), g(¢), K(x,t), f, io and i; are
defined by

uit)=1+e", gt)=e ¥ K(x,t)=(1+x)(2—e7"),
flx,t) =2 (14+e7") - 4_1(1 +x)(2—e e 5w (x)In®/? le+e 2w (x)],

it (x) = w(x), 1 (x) = —w(x),
w(x) = —2x> +x+1.

(5.2)

The exact solution of problem (5.1) with u(z), g(z), K(x,t), f, i and i defined in (5.2) re-
spectively is the function u,, given by

“w(x). (5.3)

Uer(x,1) =€
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In order to solve problem (5.1) numerically, we consider the differential system for the un-

knowns U;(t) = u(xi,t), Vi(t) = %(r), with x; = iAx, Ax = i=0,N+1:

N+1’

i=0,N,
(1) +at) [—(1+ Ax)Uo(t) + Ui (1)]
1

Jo gt —s)[—(1+ Ax)Uo(s) + Ui (s)] ds + Fy (xo,1,Up (1)),

(G0 =Vi(0),
Do (1) = — AVt

(A )2
Bi(t) = —AVi(t) + a(t) (U1 () — 2U;(t) + Uss1 (t))
_ (Al 7 gt — ) (Ui_1(s) = 2U;(s) + Upy1 (s)) ds 54

+F; (x;,t,Ui(t)),i=1,N—1,
DN (1) = AV (1) + a(t) (Un—1(r) — 2Un (1))

—@ (;g(l‘ —S) (UNfl(S) — ZUN(S)>dS—|—FN (XN,Z,UN(I)> ,

U,(O) = ﬁ()(xi), VI(O) = I/~t1 (xi), i: O, y

and

Fi (3,1, Ui() = K (a,t) [UH0)P 2 Us(e) " (e + UR(1)) + £ (31.1), i = O,

5.5
o) = 50 = (V1) )
Then system (5.4) is equivalent to
ax = ——1 ! -5 s)ds
{ (1) =A()X(1) (o) Jog(t —s)BX (s)ds+F(t,X(t)), (5.6)
X(0) = Xo,
where
X() = (Uo(t), -+, Un(),Vo(t), -, Vn(1))T € RAN+2,
F(t,X(t)) = (0, ,0,Fp(t,X (1)), -, Fn(t,X (¢)))" € R2N+2, 5.7)
Fi(t,X(1)) = K(xi,t) [U(t) "2 Uy(t) In" (e + UA(1)) + f(xi,t), i = O,N, '
Xo = (iio(x0), -+ o (xn), i1 (x0), - -+ i1 (xy) ) € R2V+2,

E o
A(t): { OC(I)B _AE } € Mon+2, B= [ B O } € Moy 2, (5.8)
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10 - 0
E= 0 b € My 41,
. '.. '.‘ O
K 0 1
—by 1 0 0 7
1 -2 1 0 0 (5.9)
= & ,
0 0 N+1
: : w1 =2
0 0 - 0 1 -2]

N+2
here by =1+ Ax = ——.
where b + Ax Nl

The nonlinear differential system (5.6) is solved by using the following linear recursive
scheme generated by the nonlinear terms F; (x;,, Ui(¢)) = K (x;, 1) |U; (1) |P > Ui(¢) In” (e+U? (1)) +
f(xi, t ) :

. 1 t m m
2 )(t)=A(t)X(’”)(t)_Wfog(f‘s)BX( (s)ds +F () (5.10)

m m m m r
X6y = (U (), U 0.V 0, @) € RV,
T
FO @) = F (1.X00(1)) = (04,0, R, X D(1)), -+ Fy (1, X"V (1))

T
= (Fl( )(f)f" an(Nj)Lz(t)) e R?V*2, (5.11)
-2
U}""”(r)"’ v () (e+

v ‘2>

| Xo = (dio(x0), -+ , o (xn), iy (x0), -+, iy (xw) ) € RAVH2,
and
0,i=1,N+1,
- Fion—2(t,X" (1))
F™ (1) = TN Ly (5.12)
= Kin-20 [U 50| o o (e+ v h0) )
L +f(xin—2,1), i =N+2,2N+2.
In order to solve problem (5.10) numerically, we will approximate d)gl_(tm) (t;) as follows
(m) (m)
e At (5.13)

X" =X (1), 1; = jAr, At =, j=0,M.

T
M’
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Therefore

(m) _ 5 (m)
X —X; m 1
J+ v J :A(tj)X( ) _

(5.14)

On the other hand, we approximate Z v v 8(tj—s)BX (m)(s)ds as follows

J ty
Z/ i —5)BX "™ (5)ds
v=171v-1

>
._

| B

[g(tj —ty_1)BX™ 4ot — tv)BXém)} (5.15)

zz
& EM*'

I
M\.

B (8(tj-v)X)") + 810X, )

<
Il

B<gj7v+1X( )1+g] VX( )>

<
I
—_

j—1
L giBXo+g0Bx ™ +2 Y gy BXI"|
v=1

I
OB B o
P-

where g; = g(t;). Hence

At)? o (A -] "
X\ = (]I+AtA(t,) ) gOB> x( B0 gy

;

2(Ax)? / (Ax)? V21
(A1) . (5.16)
———L _giBXg+AtF"™ (1)), j=0,M—1,
2(Ax)2gj 0 (), J
| X" =X,
where I the identity matrix of size 2N + 2. We write (5.16) in the form
X" = (1+ AtA(to)) Xo + AtF ™ (0) 51
X\ =7 " x| =TT '
in which
( 2
7 [y wm - pm] _ N Ay, (m)
7 | x ) = (]1+ArA(t,) 2(Ax)2g03> X!
(A[)z J—1 (m)
— BX
(Ax)? gl S s 18
(AI)Z ( . )

BXog+AtF™ (1)), j=T,M—1,
2<Ax)2gj 0 (J) J

F™(0) = F(0,X) = (0,---,0,Fy(0,Xp), -, Fn(0,Xp) ) € R2V+2,
F;(0,X0) = K (x;,0) |itg (xi) [P~ dio (x;) In” (e+!ﬁo(xz)l )+f(xz, 0),i=0,N.
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For fixed N, M, we find (Xf’”),xz(’"), " ,X}j”) by (5.17), (5.18) such that

max ’X(m) —X(m_l)‘ <e=1073,
1<j<M J 1

RZN +2

where |-|; is the norm in the space given as below

X" =X ’_ ,qu (1) = U'(mil)(tJ')‘

1

with

m m m m m m r
X\ =X (1) = (03" 1), - U 1) V" (1), 1)) € RV,

If (5.19) holds, then Xj(m) is chosen as follows

T
Xj(m) EXj = (U()(tj), s ,UN(tj),V()(l‘j),- .- ,VN(lj)) ,
and the following error is obtained

EN,M( ) = lg}iﬂogi)jv‘uex (Xz,t]) — Ui(tj)| .

For the detail, we give the following errors Ey s (1) with respect to N, M

N| M |Eyvu (u)
8 | 110 | 0.0190
9 | 130 | 0.0092
10| 150 | 0.0080
11| 170 | 0.0070
121 200 | 0.0060
13| 230 | 0.0052
14| 260 | 0.0046
151 290 | 0.0041
20| 490 | 0.0024
25| 730 | 0.0016
30 | 1025 | 0.0012

Obviously, the errors is decreasing when M, N are increasing.

23

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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discrete solution

1.2

0.8

1500

FIGURE 1. Approximated solution (N = 30, M = 1025)

exact solution

1.2

0.8

1500

FIGURE 2. Exact solution
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In Fig. 1, we have drawn the approximation solution ug;s(x,?) of problem (5.1) with T =1,
p=6r= %, A =1and u(r), g(t), K(x,t), f, iy, &) given in (5.2), where N = 30, M = 1025,
while Fig. 2 represents the corresponding exact solution uy(x,) given in (5.3). Therefore, in
both cases, we notice the very good decay of these surfaces from 7 =0to T = 1.
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