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Abstract. The paper investigates the existence of positive periodic solutions for a kind of fourth-order
singular differential equation with time-dependent deviating argument. Based on the coincidence degree
theory, we prove that there is at least one positive periodic solution to the quation. Two examples are
given to support the applications of main theorems.
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1. INTRODUCTION

The Liénard equation [1]
K+ f(x)x +g(x) =0, (1.1)
has been intensively studied during the first half of 20th century as it can be used to model
oscillating circuits or simple pendulums. For example, Van der Pol oscillator

X —p(1=x*)x +x=0,

is a Liénard equation. Recently, the existence of periodic solutions for Liénard equation was
extensively studied (see [2]-[14]). In 2002, Wang [4] studed the following Liénard equation

() + £ (x(0)x' (1) + 8(x(t)) = p(t), (1.2)
by using of the Poincaré-Birkhoff fixed point theorem. Wang obtained that the existence and

the multiplicity of 27-periodic solutions for (1.2). In 2005, Cheung and Ren [7] investigated a
kind of p-Laplacian Liénard equation, that is,

(0p(x'(1))) + £ (x(0)x' (1) + g(x(t = 8(1))) = e(t),
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where ¢, : R — R is given by ¢, (s) = |s|?~2s, p > 1 is a constant, e € C(R,R) is a T-periodic so-
lution, and fOT e(t)dt = 0. Their results are based on the celebrated coincidence degree method.
In 2008, with the aid of the coincidence degree theory, Liu [9] established the existence and the
uniqueness of periodic solutions for the following p-Laplacian Liénard equation

(@p(x'(1))) + £ (x(0))x' (1) + 8(x(1)) = e(r).

Indeed, most of early works concentrated on second-order Liénard equations without singu-
larity. For recent results on singular Liénard equations, we refer to [15, 16, 17, 18]. By using
the coincidence degree theory, Wang [17] investigated the existence of positive 7-periodic so-
lutions for a Liénard equation with a singularity of repulsive type and a deviating argument as
follows

(1) + f (x(2))x' (1) + 8(t,x(t — 8)) = 0, (1.3)
where 0 is a constant and § € [0,7), and g is unbounded as x — 07 In 2016, Xin and Cheng
[18] investigated the existence of periodic solutions of a p-Laplacian Liénard equation with
singularity

(0p(x'(1)))" + f(x(0)x'(2) + g(t,x(t = 8)) = O, (1.4)
where g has a singularity at x = 0. They proved that equation (1.4) has at least one positive
T -periodic solution.

In this paper, inspired by the results in [7, 16, 17, 18], we consider the following fourth-order
p-Laplacian singular Rayleigh equation with time-dependent deviating argument

(0p(x"(1))" + f (x(t))x' (£) + g(t,x(t = 5(¢))) = e(t), (1.5)
where f: R — R is a continuous function, ¢ : R — R is continuous periodic function with e(r +
T)=e(t), § € C'(R,R) is a T-periodic function, g : R x (0,40) — R is an L2-Carathéodory
function defined on R?, and g(¢,-) = g(t +T,-). Equation (1.5) is singularity of attractive type
(resp. repulsive type) if g(t,x) — +oo (resp. g(t,x) — —oo) as x — 01 for € R. Based on
the coincidence degree theory, we prove that equation (1.5) has at least one positive 7-periodic
solution.

Remark 1.1. From the equations (1.3) and (1.4) in [17, 18], the nonlinear function g has a
deviating argument (i.e., 0 is a positive constant and 0 < 6 < T'). In our paper, the nonlinear
function g satisfies time-dependent deviating argument. For example, let 0(z) = A—Itcos 2t. It is
easy to see that estimating a lower bound of positive T-periodic solutions for equation (1.5)
is more difficult than the estimation for equations (1.3) and (1.4). From [7, 9, 17, 18], the
condition composed on e(t) is f{ e(r)dt = 0 or e(t) = 0. It is redundant in this paper. Indeed,

: in2 in2 .
letting e(t) = ¢*™ % we have fOT ¢S 2 -£ 0. This shows that our results are more general.

2. PRELIMINARIES

Lemma 2.1. (Gaines and Mawhin [19]) Let X and Y be two Banach spaces, and let L : D(L) C
X — Y be a Fredholm operator with index zero. Let Q C X be an open bounded set and
N :Q — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx # ANx,V x € dQND(L), A € (0,1);

(2) Nx¢ Im LY x € dQNKer L;

(3) deg{JON,QNKer L,0} #0, where J : Im Q — Ker L is an isomorphism.
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Then the equation Lx = Nx has a solution in QN D(L).
Lemma 2.2. [20] If ® € C'(R,R) and ®(0) = &(T) =0, then

(f |w<r>|Pdr)’l’ < (nl) (f |w'<z>|sz)’]’,

p ds _ 2n(p—1)'/r
(1=2=)l/e — psin(z/p) ”

where 1 < p < oo, T, :2fO(P_1)/

In order to apply the topological degree theorem to study the existence of positive periodic
solutions for (1.5), we rewrite (1.5) in the form:

(1) = (04 xa(4), o
Xy (1) = = f(x1(1)x (1) — g(t,x1 (1 = 6(2))) +e(1),
where 1—17+ é = 1. Clearly, if x(t) = (x1(¢),x2(¢)) " is an T-periodic solution to (2.1), then x;(¢)
must be an T-periodic solution to (1.5). Thus, the problem of finding an T -periodic solution to
(1.5) is reduced to the problem of finding solutions to (2.1).
Let
X :={x=(x1(t),x(t)) € C*(R,R?) : x(t + T) — x(t) = 0}
be a space with norm ||x|| := max{||x1||,||x2]| }, and
Y= {x=(x1(t),x2(t)) € C*(R,R?) : x(t + T) — x(t) = 0}

a space with norm ||x||e := max{||x||,||x||}. Clearly, both X and Y are Banach spaces. We also
define

X (1)
L:DIL)CX—Y, by (Lx)(t)= i , (2.2)
where
D(L) = {x= (x1,x2)" € C*(R,R?): x(t+T)—x(r)=0,r € R},
and a nonlinear operator N : X — Y by

_ ¢q(x2<t))
(Nx)(0) = ( PO () — gl — 8(1))) +e(t) > ' 3)

Then (2.1) can be converted to the abstract equation Lx = Nx.
From the definition of L, one can easily see that

Ker L~R?, ImL= {er:/OT @;8) ds = (8)}

So, L is a Fredholm operator with index zero. Let P: X — Ker Land Q:Y — Im Q C R? be

defined by )
o (10): 0t [ ()

Then Im P=Ker L, and Ker O=Im L. Let K denote the inverse of L|Kerme(L)' It is easy to see
that Ker L =ImQ = R? and

K1) = col ( [ Giwomeas, [ Gz(t>S)Y2(S)dS) ,
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where

i=1,2. (2.4)

3. MAIN RESULTS

In this section, we study that existence of positive T-periodic solutions of (1.5) with the
singularity of repulsive type.

Theorem 3.1. Assume that the following conditions hold:

(H\) there exist two positive constants Dy, D> with Dy < D, such that g(t,x) —e(t) < O for
all (t,x) €[0,T] x (0,Dy), and g(t,x) —e(t) > 0 for all (t,x) € [0,T] x (D3, +9).

(H,) there exist positive constants a, b such that

g(t,x) <axP '+ b, forall (t,x) €[0,T] x (0,+oo).

(H3) g(t,x) = go(x) + g1(,x), where gy € C((0,00);R) and g; : [0,T] x [0,00) — R is an
L?-Carathéodory function.
(Hy) (singularity of repulsive type)

/01 go(x)dx = —oo.

Then equation (1.5) has at least one positive T-periodic solution if

2p—1
T T
O<—1a 5 (ﬂ_) <1,
- P
where 8’ =: max |8(1)].
t€[0,T]

Proof. Consider the operator equation
Lx=ANx, A€(0,1),
where L and N are defined by equations (2.2) and (2.3). Set
Q ={x:Lx=ANx,A € (0,1)}.
If x(t) = (x1(t),x2(¢)) " € Qy, then

{x’{(r) = 1y(02(0)), o)
X (1) = =Af(x1(0))x) (1) = Ag(t,x1 (1 = 8(1))) + Ae(t).
Setting x,(¢) = #((pp(xl)”(t)), we have
9p(XY (1))" () + AP f(x1 (1)) (1) + APg(t,x1(t — 0)) = APe(t). (3.2)
Integrating both side of equation (3.2) over [0, 7|, we have
[} (atex1te - 8(0) ~ et =0, (33)

From condition (H, ), there exist two point &, 1 € (0,T) such that
x1(§—6(8)) =Dy,  xi(n) < Da. (3.4)
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From equation (3.4), we have
(3.5)

Multiplying both sides of equation (3.2) by x; (#) and integrating over the interval [0, T], we get

T
/¢p Vi, (1 dt+7L"/fx1 )x]()xl()dt—l-/l”/ gt (t — (1)) )x ()t
(3.6)
Y /O e(t)x (1)dt.

Substituting [ ¢, ()" x1(¢)dt = [) |x](t)|Pdt and [ £(x1(2))x, (t)x1(r)de = O into (3.6),
we get

/ (o, (e = 8(0))) [ (1) + / o)l (1) @)
<l [ g o~ S0l + el

where e(1) := tgg);} le(t)]. Using condition (H,) and equation (3.3), we obtain that

[ e = [ etente-so)a [ -8

g1(t,x1)<0
T
_2/ 2(t,x, t—5(t)))dt—/0 e(t)di
X T
§2a/0 xi(t—8(0)P 1dt+2bT+/O le(t)|dt (3.8)

T
:2a/ w1 (7 — 8(1)|P~dt + 26T + ||e||T
0

2a (T -1
<% | @267+ e

In view of
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we have 8’ < 1. Substituting (3.5) and (3.8) into (3.7), we find from the Holder inequality that

T

| mwar

0
2a 1T, r » 1T,

< 2 D2+—/ ¥, (1)|dr / 1 (1)~ di + (2bT +2e|IT) Dz—l——/ ¥, (1)|dt
1-6 2 Jo 0 2 Jo

p—1 1 r—1

1
aT r e 7 2aD,T» r C
< ' (£)|P P P
<5 (/O X (1)) dr) (/0 1 (1)) dr) + 2 (/0 x1 (1)) dr)

1 1
GiTe [ (T Z
+ ( /0 |x’1(z)v’dt) +GiDs,

(3.9
where G| = 2(b+ |le||)T. Let w(t) = x;(t + 1) —x1(n), where x;(n) < D,. Then ®(0) =
®(T) = 0. From Lemma 2.2 and the Minkowski’s inequality [21], we have

(£ o)’ ([ o cnea)’
< ([ 1otorar) g (f mimiear) :
< (D)([10wpa) par
= (E) ([ vopar) ot

On the other hand, in view of x; (0) = x;(T'), there exists a point #; € (0, T) such that x/ (z;) = 0.
Letting @, (t) = x| (t +11), we see that ®,(0) = @.(T) = 0 for @, € C'(R,R). From Lemma
2.2, we have that

(3.10)

</0T |x,1(t>‘pdt>}7 = (/OT \w*(rﬂ”d;);
(%) (/lei(t)lpdt)'l’ (3.11)
(ﬂp> </ EAG Ipdt)

IN

Substituting (3.11) into (3.10), we have

T 5 T\Z/ (T 5 |
( / \xl(mpdt) g(—) ( / yx’{(t)v’dz) DT (3.12)
0 n.p 0
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Substituting (3.11) and (3.12) into (3.9), we have

[y e
75 (5 (

25 ((5) (o) vort)
g (2) [ o) o

p—1
al [T\ D,T¥ T
- (?) 1+ e . /0 X} () |Pde
’ (Z) (5T lear)?

p—1

[ wopra) % <<ﬂ1) 2 ([ wora) % +D2Té)

+
+

(3.13)

p—1

2aD,Tv [ T\ 22 DT o
+ N 1+ /’u )\Pdt
1-0" \m, ( T )2 (

1
1§ ¥y pr)”

1
-
Lo q( )(/ 1 (¢ |pdt) 1+ G\Ds.
Tp

Next, we introduce a classical inequality. There exists a k(p) > 0, which is dependent on p
only, such that

S|
=

(1+x)? <1+ (1+p)x, for xel0,k(p). (3.14)
Next, we consider the following two cases.
Case 1. If 1
Dol T~ k(p),
(Z) (1T wolvar)”
then

(/OT (1 |pdt) DzT” (ﬂp)z.

From equations (3.5) and (3.11), we deduce

T T ,
T "D (3.15)
p)(A u(n|m>
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Case 2. If
1
D,T»
> T <k(p),
T
(£) (K W @wear)”
we obtain from equations (3.13) and (3.14) that
T
| 1wy wrar
0
2p—1 1 T
T T D,T
sl(n) || ) e
” (&) (& wwpa)’

==

I ¥y ) e )
1
G T 1 T (NP
T <ﬂp) (/O Wn)Pdr )" +GiDs
2p—1 1+ 2p—2
_a )P aDzT Z 1
_1—5’( ) / Fald+ =5 — & (Tp+2<7r T,
p—1 p—2

T o2 DZT = *
([ore) 285 2" ([ors)
0 —6 Tp
1
G\ T4 ’
+ 12 | <7r ) (/ i |pdt)p+G1D2'
P

al [T 2”*1<1
1_6/ np ’

it is easy to see that there exists a positive constant M/ such that

1 2p-2 1 p=1
2aD,T? ( T\ DyT?p ro, P
— 1 t)|Pdt
+1_3,(%) +( 7 | ol

(3.16)

<=

Since

/ W (1) |Pde < M.,
From equation (3.5) and Lemma 2.2, we see that

1 T
x1(1) <Da+ = / ¥, (1) dt

<Dy 4 174 (—) ( / e \”dt) (3.17)

<D +1T5 d (M’)%-—M
L7 ) 7, 1 e
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From equation (3.5), we obtain

1
P 1 1 /L
1| < X (1) + /| ldr < 3 Lri (/ W (1 \d) < STIM) =M, (3.18)

due to x| (t;) = 0. Form x»(0) = x»(T'), we know that there exists a point #, € (0,7') such that
x5(t2) = 0. From equations (3.8), (3.17) and (3.18), we deduce

i<y [ 1ol

([ 1ol [ snt-olars [ eiar) 619

<Z (|l fsr, |MaT 4+ 2aTMP ™" + 26T 42T ||e])) := AMs3,

| /\

N|>>

where || fy, || = | n‘laX £ (x1)|. Tt follows that [] xa(¢)dr = [] ¢,(x"(¢))dt = 0, which implies
x| <M
that there is a point #3 € (0,7') such that x,(#3) = 0. Hence,

1 T
2] < 5/0 5 (1) |dt < ATM3 := AM,. (3.20)

On the other hand, it follow from equation (3.2) and condition (H3) that

(0p(x7(1)))" + AP f (x1(1))x1 (1) + AP (g0 (x1(r = 8(1))) + g1.(t,x1.(t = 8(1))) = APe(t). (3.21)

Let & € [0,T] be as in equation (3.4), for any # € [§,T]. Multiplying both sides of equation
(3.21) by x| (t — 6)(1 — 8'(¢)) and integrating on [&, ], we arrive at

x1(t—0(1))

M/xlé s SO

—M/ 20(x1 (s = 8(5)) ), (s = 8) (1 = &'(s))ds

= /5(%(751( $)))'x (s —8)(1—38'(s)) s—lp/étf(xl(s))xll(s—&(l—5'(s))ds (3.22)
—lp/;gl(s,xl(s—5(s)))x/1(s—5)(1—5'(s))ds

+lp/§te(s)x/1 (s— 8)(1—&8'(s))ds.
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Furthermore, by use of (3.16), (3.17), (3.18) and (3.19), we have

/x1<z—6<r>> "
go(u)du
A (E=5(E)

= \— [ 0060545~ 8)(1 = 8'(6))ds =27 [ o ()45 - 6)(1 = )

AP

—l”/lgl(s,xl(s— 8(5)))xy(s—8)(1— 5’(s))ds+lp/;e(s)x'1 (s—8)(1—6'(s))ds

<+ [ 10yt (5) s + 271+ S [ e (5)las (3.23)
FA7(1+ 8| /0 15,0 (s () lds + 22(1+ &)1 [ els)lds

<AP(1+8)M, (/OT |f(x’(s)))|ds—|—/0T |g(s,x1(s))|ds—|—/0T |e(s)|ds>
+AP(1+8") (MoT || funy || + Mzllga, |IT +Molle||T)
< AP(1+ 8 )Mo(Ms + || fun, (T + |l gan, [IT + [[e]| T).
where gy, = Omax |g1(t,x)| € L?(0,T) is as in condition (H3). From singular condition (Hj),
we know that there exists a positive constant M5 such that
xi(t—=96(t)) >Ms, YV relg,T]. (3.24)

The case t € [0,&] (i.e., x1(t — (7)) € [-6(0),& — 8(E)]) can be treated similarly. From equa-
tions (3.16), (3.17), (3.18), (3.19) and (3.24), we let

Q={x=(x1,%2)" 1 E; <x1(t) < Ey, |¥|| < E3, |x2|| < E4 and ||x5|| < Es, Y1 €[0,T]},

where 0 < £} < Illil’l(]\/[57 D1>, E, > max(Ml, Dz), E3s > M>, E4 > My and E5 > M3, and
Q ={x:x€dQNKerL}. Then,VxecdQnNKerlL,

) / ( . x1¢q(x2§()l)x1)+e(t)>dt.

If ONx =0, then x,(¢) =0, x; = E; or E}. If x;(t) = E», then

0= [ (0,52) —ele))ar

From condition (H,), we have x| (t) < D, < Ej, which yields a contradiction. Similarly, we
have the case that x; = E;. We also have QNx # 0, i.e., Vx € dQNKer L, x & Im L. Hence,
assumptions (1) and (2) of Lemma 2.1 are satisfied. Define the isomorphism J : Im Q — Ker L
as follows

J(x1,%2) T = (32, —x1) "
Letting H(u,x) = —ux+ (1 — w)JONx, (u,x) € [0,1] x Q, we have, V (u,x) € (0,1) x (dQN

Ker L),
= —pxy — 22 5 (g(t,x1) —e(t))dt
i )_( (1 )6y () )
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From condition (H,), we get x " H(u,x) # 0,V (1,x) € (0,1) x (dQNKer L). Hence
deg{JON,QNKer L,0} =deg{H(0,x),QNKer L,0}
=deg{H(1,x),QNKer L,0}
=deg{l,QNKer L,0} #0.
So assumption (3) of Lemma 2.1 is satisfied. Hence, we conclude that equation Lx = Nx has a

solution x = (x1,x2) " on QN D(L), i.e., equation (2.1) has a T-periodic solution x (z). O

Remark 3.2. If equation (1.5) satisfies the singularity of attractive type, i.e., fol go(x)dx = +oo.
Obviously, the attractive condition, and (H), (H,) and (Hy) are contradictive. Therefore, the
above method and conditions cannot be applicable to the existence of positive periodic solutions
of equation (1.5) with the singularity of attractive type. Next, we will give another conditions
to prove the existence of positive T-periodic solutions.

Theorem 3.3. Let condition (H3) hold. In addition, assume that the following conditions hold:
(Hs) there exist two positive constants D3, Dy with D3 < Dy such that g(t,x) —e(t) > 0 for
all (t,x) € [0,T] x (0,D3), and g(t,x) —e(t) < 0 for all (t,x) € [0,T] x (Dg,+o0);
(Hg) there exist positive constants a’', b’ such that

—g(t,x) <dxP7' b, forall (t,x) €[0,T] x (0,+oo).
(H7) (singularity of attractive type)

1
/0 go(x)dx = oo,

Then equation (1.5) has at least one positive T-periodic solution if
dT ([ T\*!
0< — < 1.
1 - 6/ np

Proof. We follow the same strategy as in the proof of Theorem 3.1. From equation (3.3) and
condition (Hs), we know that there are points 7, v € (0,T) such that

x1(t—0(7)) > D3, x1(v) < Dy. (3.25)

Next, we consider [ |g(z,x1 (¢ — 8(¢)))|dz. From equation (3.8) and condition (Hg), we obtain

T
|, lsn—s@plar=[  gxs0Na [ gltn-56)ar

t,.x1)<0

)
T
e(t)dt

_ —2/ gt (t — 8()))drt +
g(t.x1)<0 0

T T
<2d / ANt — (1)) dr + 26T + / le(t)|dt
0 0

T
:2a//0 1 (6 = 8(0))|7 i +26'T + ||e|| T

< 24’
—1-¢

The proof left is as same as Theorem 3.1. This completes the proof. U

T
/ 1 ()P + 26T + ||| T,
0
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4. EXAMPLES
In this section, we present two examples to illustrate Theorems 3.1 and 3.3.

Example 4.1. Consider the fourth-order Liénard equation with the singularity of repulsive type
and time-dependent deviating argument:

" " / L. 1 1
(@p(x7(1))" + f(x(2))x'(2) + m(stt +3)x <t — g cos ZI) = (—Teo2r) = Ccos2t
@.1)

where K > land p =4, f is a continuous function.
It is clear that T = &, g(t,x) = ﬁ(sinZt—l—S)x— %, 8(t) = Lcos2t, e(t) = cos2t, a= %,
1

» ! 1
§ =1 g, =2 _ 2nd-DF _ oo (3)*. It is obvious that (H;) — (Hs) hold. Now we

-2 psin(n/p) 4,§
consider
2p—1 ! 7
T T\P~ 2 2 4\ 4
y mx(3)*

By use of Theorem 3.1, we know (4.1) has at least one positive 7-periodic solution.

Example 4.2. Consider the fourth-order Liénard equation with the singularity of attractive type:

1 1 5 2
4) N A a2 __ cos°(2t)
Xt x(t)x (¢ cosdt+5)x |t sin“2t | + —; =e , (4.2
(6)~ Fxle ) 5 (1 goindar) + T 42)
where ¥’ > 1, p=2, and f is a continuous function. Itis clear tlhat T=7, gl(t,x) = —%(cos4t+
5 0§12 _ cos?(2 _ 1 _ 2a(p—1)P _ 272(2-1)2 _ —2
She 3.8 = fsin2n, e(r) =), 8/ = | o = P = MO — rand /= 21

is obvious that (H3), (Hs) — (H7) hold. Now we consider

dT (TN _4 7 13_1<1
1-68 \m, ro27\2) 47

From Theorem 3.3, we know that (4.2) has at least one positive %-periodic solution.
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