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Abstract. The propose of this paper is to introduce a hybrid forward-backward iterative method for
studying common solutions of a family of equilibrium problem and a family of monotone mappings.
The strong convergence of the hybrid forward-backward iterative method is obtained in the framework
of real Hilbert spaces.
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1. INTRODUCTION

Let H be a real Hilbert space with norm || - || and inner produce (-,-). Let C be a convex
and closed nonempty set in H. For any vector x in space H, there exists a unique vector in C,
denoted by Pcx, such that

Pcx ;= argmin{||x—y||,y € C}.

Fcx is the nearest vector in C to x and F¢ is called the metric or nearest point projection of H
onto C. One knows that Pc has the following elegant properties:

o (x—Pcx,y—Pcx) <0,VyeC;

o ||Pex—Pey||? < (Pex— Pey,x—y),Vy € H;

o |x—Pe)® < x =yl =y —Pe@)|*, vy e C.

If subset C is a half-space H,, = {x: (u,x) < v}, we have the closed projection formula com-
puted by

Py,

2
o (%) = x — max{[(u, x) =] /|ul|*,0}u.
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The projection of x onto the intersection of a hyperplane and a box
C =H,,NBox[a,b] = {x ER":u'x=va<x< b}

is computed by
Pe(x) = Pyoxjap) (X — 17u)

with u* being a solution of the equation @ (i) = uTPBOX[aJ,] (x — uu) —v.

Let B: C x C — R be a real bifunction. In this paper, one always assume that bifunction B
satisfies the following restrictions

(R1) B(x,x) =0, for all x € C;

(R2) B(x,y) + B(y,x) <0, for all x,y € C;

(R3) limsup, o B(tz+ (1 —t)x,y) < B(x,y), for each x,y,z € C;

(R4) y — B(x,y) is convex and weakly lower semi-continuous for each x € C.

In this paper, we focus on the equilibrium problem with the bifunction in the sense of Blum
and Oettli [1]

finding x* € C such that B(x*,x) >0, VxeC. (1.1)

This equilibrium problem, which was first considered by Fan [2], is quite general. Indeed,
it includes saddle problems, complementary problems, fixed point problems, and variational
inequality problems. On the other hand, it also finds a number of real applications in machine
learning, economic and finance, traffic network, medical imaging etc; see, e.g., [3, 4, 5, 6, 7, 8]
and the references therein. From Blum and Oettli [1], one can define a resolvent mapping
and transfer the solution problem of the equilibrium problem into a fixed point problem of the
resolvent mapping. Recently, a number of iterative methods have been suggested and analyzed
for the equilibrium problem in Hilbert and Banach spaces; see, e.g., [9, 10, 11, 12, 13, 14] and
the references therein.

Let T : C — H be a mapping defined by B(x,y) = (Tx,y —x) for all x,y € C. We have that x*
is solution of (1.1) if and only if x* is a solution to the variational inequality, which consist of
finding x € C such that

(Tx,y—x) >0, VyeC. (1.2)
Furthermore, one defines a mapping S by S := Pc(I — AT ), where A is a positive real constant.
It is clear that x* is a fixed point of mapping S, that is, Sx* = x* if and only if it is a solution to
variational inequality (1.3). Thus, fixed point methods are applicable to the variational inequal-
ity (and also the equilibrium problem). Recently, a number of fixed point iterative methods
have been suggested for the variational inequality. Various convergence theorems of weak and
strong were established in Hilbert and Banach spaces; see, e.g., [15, 16, 17, 18, 19, 20] and the
references therein.
Let A : C — H be a single-valued mapping. Recall that A is said to be monotone if and only
if
(Ax—Ay,x—y) >0, Vx,yeC.
A is said to be v-inverse-strongly monotone if and only if there exists a constant v > 0 such that
<AX—Ay,)C—y> ZVHAX_Asza VX,)’GC-

It is easy to see that inverse-strongly monotone mappings are monotone and (Lipschitz) contin-
uous, that is, maximally monotone.
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Let M : H — 2" be multi-valued mapping. One employs Graph(M) = {(x,y) : y € Mx} to
denote the graph of M, Dom(M) = {x € H : Mx # 0} to denote its domain, and Ran(M) =
{Bx : x € Dom(M)} to denote the range. Mapping M is said to be monotone if and only if
(x] —x2,y1 —y2) > 0 for all x; € Dom(M), x, € Dom(M), y; € Mx, and y, € Mx,. Mapping M
is said to be maximal if its graph Graph(M) is not contained in the graph of any other monotone
mapping properly. From the theory of monotone mappings, one can define a resolvent operator
ResM := (I+rM)~!, where r denotes a positive real number for a maximally monotone mapping
M. One knows that a zero point x* to mapping M if and only if it is a fixed point to Res¥, that
is, ResMx* = x*.

Let S be a mapping on H. S is said to be firmly nonexpansive if and only if

1Sx — Sy||* < (x—y,Sx — Sy),

Vx,y € H. It is known that metric projections, the resolvents of maximal monotone mappings,
and the resolvents of the equilibrium problem (see below) are firmly nonexpansive. Further-
more, S is said to be nonexpansive if and only if

[Sx =Syl < [lx—=yll, Vx,y€H.

It is clear that the class of firmly nonexpansive mappings is a subclass of nonexpansive map-
pings. One knows that every nonexpansive mapping defined on the convex, closed and bounded
subset of C of a Hilbert space H has a nonempty fixed point set and the set is convex and closed.
For recent fixed point methods for dealing with zero points of maximally monotone mappings
in Hilbert spaces, one refers to [21, 22, 23, 24, 25] and the references therein.

Next, we turn our attention to another important problem of maximal monotone mappings.
Recently, finding a zero point of the sum of maximally monotone operators is now under spot-
light. In this paper, we consider the case of the sum of two monotone operators

0 (A+M)(x), (1.3)

where A and M are two monotone operators. There are number of problems can be remodelled
as the inclusion problem, for example, the initial value problem of the evolution equation

0€ (A+Mu+9,
ug = u(0).

Indeed, (1.3) provides a general framework for a number of problems in nonlinear equations and
engineering optimization. Therefore, solving problem (1.3) is necessary and important from
the viewpoint of theory and applications. Iterative methods are popular to investigate prob-
lem (1.3), in particular, the splitting methods (forward-backward splitting, Douglas—Rachford
splitting and Peaceman—Rachford splitting). A splitting method means an method that involves
individual operators instead of the sum of them. In the setting of infinite dimensional spaces,
the methods of Douglas—Rachford splitting and Peaceman—Rachford splitting are not desirable.
The method of forward-backward splitting recently has received much attention and various
convergent theorems were established; see, e.g., [26, 27, 28, 29] and the references therein.

In this paper, we focus on the following convex feasibility problem, which consists of finding
a common point in the convex sets MY _, (Sol(By,) N (A +M)~1(0)), where N is some positive
integer. We investigate a forward-backward splitting method and analyze its convergence anal-
ysis in the framework of Hilbert spaces. Our strong convergence theorem does not require any
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compact assumption imposed on the involved mappings and sets. To show our main conver-
gence theorem, we need the following definitions and lemmas.

Lemma 1.1. [26] Let H be a Hilbert space and let C be a convex, closed nonempty subset
of H. Let M : H = H be a maximally set-valued monotone operator and let A : C — H be a
single-valued inverse-strongly monotone mapping. Then (M +A)~'(0) = F ix(ResﬁI (I —uA)),
the fixed point set of Resﬁ[ (I —uA).

Lemma 1.2. [1]Let H be a Hilbert space and let C be a convex, closed nonempty subset of H.
Let B : C X C — R be a bifunction, which satisfies restrictions (R1)-(R4). For any x € H and
r >0, there is z € C such that

NB(z,y)+ (y—z,z—x) >0, VyeC.
Further, if we define

Resﬁx = {z €C:nB(z,y)+(y—2zz2—x) >0, Vye C}

forany n >0 and x € H, then F ix(Resg) = Sol(B) is convex and closed, where F ix(Resg )
denotes the set of fixed points of mapping Resg , and Resg is single-valued firmly nonexpansive.

Lemma 1.3. [30] Let H be a Hilbert space and let C be a convex, closed nonempty subset of
H. Let T : C — C be a nonexpansive mapping. Then the fixed point set of T, Fix(T) is convex
and closed.

2. MAIN RESULTS

Theorem 2.1. Let C be a convex, closed nonempty subset of a real Hilbert space H. Let N
be some positive integer. Let B, : C x C — R be a bifunction with restrictions (R1)-(R4) for
eachl1 <m < N. Let Ay, : C — H be a vy,-inverse-strongly monotone mapping and let M, be a
maximally monotone mapping on H for each 1 <m < N. Let {a,,} be a real sequence in |a,1),
where a is some real constant in (0,1). Let {nn’m} be a real sequence with liminf,, .o 1y, > 0
foreach 1 <m < N. Let {ll, n} be a real sequence in [b,c], where 0 < b and ¢ < 2v,, for each
1 <m < N. Let {@y } be real sequence in (d,1), with d is a real in (0,1) for each 1 <m <N
and Z%:] Onm = 1. Let {x,} be a vector sequence defined by

(
X1 €H,

Ci=H,

nn,mBm(yn,m7)’) + <y — Yn,my>Yn,m _xn> >0, VyeC,

in = (1 - an)xn + o ZI;X:I (Pn,mReS%:lm (I_ .un7mAm)yn7ma
Cor1 =1{E €Cy: [xn =&l = [zn— S},

Xn+1 = Fe, . x1, n=>0.

\
If Q= 0N_,(Sol(By) N (Am + M) 1(0)) # 0, then the sequence {x,} generated above con-

verges to Pox| in norm.

Proof. From Lemma 1.2, one asserts that ﬂlmvzlSol (Bm) is convex and closed. Since each M,, is
maximally monotone, one has that Res%’f’m is nonexpansive for each m and each n. On the other
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hand, one has

17— FonAm)x = (I = P )|

= [ = Y11 — 28t (x = Y Ax = Ay) + 3 [ Amx — Ay
< =31 = Han(2Vin =t ) | Amx = Ay |®

< Jlr =yl

It yields that I — u,, ,,A,, is nonexpansive for each m and each n. From Lemmas 1.1 and 1.3, one
asserts that N¥_, (A, +M,,) ~1(0) is convex and closed. This proves that the metric projection
on  is well defined.

Now, we show that C,, is a convex and closed. From the construction of C,,, we conclude that
C, is closed. Note that C; = H is a convex set. We now suppose that C; is a convex set. Observe

that C; | can be re-written as

Civi={E€C;:2(z;—x;,&) < |lzjlI* = IIx;I1*}-

Let &; and & be two vectors in Cj . Let € = v&; + (1 —v)&, where v is a real in (0, 1). From
the construction of Cj; 1, one easily sees that 2(z; —x;,&) < ||zj||> — ||x;||*- This shows that
é_ € Cjy1. This proves the convexity of C,. So, the metric projection onto C, is well defined.

Now, we are in a position to show that Q lines in C,,. It is clear that Q C C;. Next, we suppose
Q C C;. For the same positive integer j, we aim to show Q C C; 1. For any p € Q, we conclude
from Lemmas 1.1 and 1.2, we have

N
lzj =PIl < 0l Y @jmResy (1= WjmAm)yjm — pll + (1= &) |lx; = p|

m=1

N
< a; Z Qjm”ReS%Tm(I_/ijAm)yjm _pH + (1 o aj)HXj _pH

m=1
al B
< ;Y @jmllResin x;— pll+ (1 - a)lx; — pl
m=1

< |lxj=pl;

that is, p € C; . This yields that Q C C, for each n. Next, we turn our attention to the bound-
edness of {x,}. For any p € Q, borrowing the fact that x, = Pc x|, we arrive at ||p — x;|| >
||, — x1]|- In particular, we have ||Pox; — x1|| > ||x, — x1|| > 0. This proves that {x,} is a
bounded sequence. From the known fact that every bounded sequences in Hilbert spaces has s
weakly convergent subsequence, we denote a subsequence {x, j} of {x,}, which converges to
x* weakly. An element equality in Hilbert spaces yields that

[ _an2

= [l = 1|7 4+ 20 4 X1 = Xn 1 — 20, X = x1) + [0 11 — 21|

= Hxn—l—l — X1 ||2 + 2<xn — Xn+1,%Xn —X1> - Hxn — X1 H2

From x,,+1 € C, and x,, = FPc,x1, we arrive at

Pt 1 = xall® < vt =212 = [l = xa 12,
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On the other hand,
0 < (X1 — X, X0 — Xnt1)

= (X1 — X, X — X1 + X1 — Xpp1)

< et =2l * 4 [l =[x = n 1 |-
It follows that ||x; — x,|| < ||x1 — xpt1]]. So, lim,_ye [, — x1|| exists. This further implies
limy, e ||X — X1 || = 0. Thanks to the fact that x,, € C,, for each n, we assert that lim,, . ||x,+1 —
Zu|| = 0. Due to

%0 — znll < [0 — X1 | + X0t 1 — 2zalls
we have limy,_e || X, — z,|| = 0. Put

N
Kn = Z (Pn,mReS%ﬁn (I_ .un,mAm)yn,m

m=1

and fix p € Q. Since both Res%fm and I — U, »A, are nonexpansive, we have

Iz — pII* < aull 60— pII* + (1 a)bxn — >

N
S Oy Z (Pmm”ReSft/{fm (I_ .ummAm)ymm - sz + (1 - an) ”xn _pH2

m=1

Y = pI? + (1= a) | — pl>.

N
< oy Z On,m

m=1
From Lemma 1.2, we have
2|[Ynm — p|I* = 2||ResBn x, — ResEm pl|?
nm— P MmN NP

<2(,xp— p,Resﬁmen - Resg::m p)

= 2<xn — D Ynm _p>

= [[ynm =PI+ 1160 =PI = [[Ynm — xal*.
Thus,

lynm— P“2 < ||xn _pH2 — lynm —xn||2,

and then

N
2 = pII* < 0 Y, @un(bn = PP = ymm =25 ll?) + (1 = eta) lbxw =

m=1

N
< lxn =PI = o Y @usmllyinm — x|

m=1

It follows that

N
G Y, Puamllyam —xal® < |l = plI* = llzn — pII?

m=1
< ([ = pll =+ lza = PID llxn — zn |-

By use of the restrictions on {a,} and {¢,,,}, we find that lim, . ||ysm — X,|| = O for each
1 <m < N.Foranyye C, we have

nn,mBm(yn,M7y) + <y — Yn,msYn,m _xn> > 0.
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By use of the monotonicity of B,,, (R2), we obtain that
1
nn,m

Note that {y,, »}, which is a subsequence of {y,,} converges to x* weakly. By replacing n by
n;j, we find from (R4) that B,,(y,x*) <0, Vy € C. It follows that

Bu((1—¢)y+8x",x") <0,
where { is a real number in (0, 1), and then
Bu((1= Oy G, (1= Oy + &)
< EBn((1=Q)y+8x",x") + (1= E)Bu((1 - &)y +Ex"y)
< (1=8)Bu((1=C)y+Ex"y).

From (R1), we get that B,,,((1 — {)y+ {x*,y) > 0, ¥y € C. Letting ¢ 1 1 and using restriction
(R3), we see that B, (x*,y) > 0, Vy € C. This prove that x* € Sol(B,,), for each m.

Next, we prove that x* € (A,, + M,,)~'(0) for each m. Setting tam = (I + ,un,mM,,,)_1 (I—
Un.mAm)Yn,m, We have

<y — Ynm>Ynm _xn> > Bm(yayn,m)

Ynm — 1

n,m
_Amymm-

Mmtn7m 9

n,m

Since, for each 1 < m < N, B, is maximally monotone, for any (Y,,,, §,) € M,,,, we have

y ki _t )
<tn,m - Wm; M _Amyn,m - ¢m> 2 0

n,m

It is not hard to see that y, ,, — t,» — 0 as n — oo for each m. Indeed, since each A, is inverse-
strongly monotone, we have

17—t mAm)ynn = (I = thnnAm) P
= 1yl AmYnn — AmP|1* = 2tnm Gnm — P, Am¥nm — Amp) + | ynm — Pl
< Y =PI = Han(2Vin = B | AmYnn — Amp ||
< [l = pI* = s (2Vin = ) [Amynm = Amp|[*, - Y1 <m <N.
This implies from the convexity of || - ||* that
|z — pI?
< [k — plI* + (1= &) |xa — p|®

N
< 0 Y, Puml[Resy”, (I =t mA)Ynm — Pl + (1= ) s — plI?

m=1

N
<oy Z (Pn,mH(I_ .un,mA))’n,m —(I— .’an,mA))’n,mpH2 + (1 —a) | xn — PH2

m=1

N
< Y PumllPon =PI = a2V — L) [AmYnn = Amp|1*) + (1= @) [l — p|®
m=1

N
< _P||2 — Oy Z O (2Vin — Unm) B | AmYnm —Amsz-

m=1
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Thus

Hn.mPn,m (va - .un,m)an HAmyn,m _AmpH2

2 2
< ||xn_P|| - ||Zn_P||
< (Ixn = pll +llzn = PID X0 — zall, V1 <m<N.

From the boundedness of {x, } and {z,}, and conditions imposed on the real sequences, we have
AmYnm —Amp — 0, foreach 1 <m <N, as n — o. By use of the firm nonexpansivity, we have

2[|tnm— plI?
< 2((I = tnmAm)Ynm — (I = tnmAm) P, Resy (I = U mAm)Ynm — P)
= [ltnn — PI* + 11T = tnmAm)Ynm — (I — BnmAm) P|)?

— [ (tnn = P) = (I = o nAm) Y+ (I = o mAm) P
< tugn =PI+ ynm — I = ltngn + tn (AmYnm — Amp) = Ynm|*
12— w2 ol AmYnm — Ampl*

< ||tn7m _p||2 + Hyn,m - p||2 - th,m —Ynm
+ 2 ||t m — Ynml| |AmYnm — Amp||

<t =PI+ 1Ynm = P> = tnim = Ynum
+ 2 mltnm — Ynm || |AmYnm — Amp)|.

| 2

Hence,

120 = pII* < @l — pII> + (1 = )| — pI|>
N
< o/ Z (Pn,m|

m=1
N 2
<0 Y Gum(l[ynm—pl*—|

m=1

+ 2y m

tnn = P||> + (1= ) | — p||?

tn,m _yn,mH2

|tn,m _)’n,mH ||Am)’n,m —Anp||) + (1= 04) 1%, —p||2

N
< Y Gun[Pn =PI = ltngn — Ynml|?

m=1

+ 2t m | tnn = Yl [ AmYnm = Amp ) + (1 = o) P = p|?

| 2

N
< ||xn _p||2 — Oy Z gon,m“tn,m — Yn,m

m=1

N
+2.un,man Z Onm ’tn,m _yn,mH HAmyn,m —AmPH,
m=1
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and then

O Q| m _)’n,mH2 < _P||2 —|zn _P||2

N
+ 2,un,mocn Z (Pn,mHtmm — Yn,m ’ ”Am)’n,m _AmpH

m=1

< (ben =PIl + Iz = PIDI1x0 = 2]l

N
+ 2 m Oy Z (Pn,mHtmm _yn,m” HAmyn,m _AmpH-

m=1

This prove that #, , — y,m — 0, for each 1 <m < N, as n — co. This indicates that {t,,j,m},
which is the subsequence of {t,,,}, converges to x* for each m. Since the graph of maximally
monotone mappings is weakly-strongly closed, we confirm that

(X" — Yy, —Apx™ — @) > 0.
This indicates
X* € (A +Bm)~1(0).
From above, we prove that x* € Q. Since norms are weakly lower semi-continuous, we have

1 — Poxy || < [l —x*|

< liminf [|x; — Xy, || < limsup []x; — Xy, ||

< [Jx1 — Pox1 |,

which yields that

ey =" = }glgollxl —Xn;|| = |lx1 — Poxy ||

In view of the fact that H is a Hilbert space, one concludes that {x,lj} converges to Ppx| in
norm. Therefore, {x,} converges to pepx; in norm. The proof is completed. U

Corollary 2.2. Let C be a convex, closed nonempty subset of a real Hilbert space H. Let B :
C x C — R be a bifunction with restrictions (RI1)-(R4). Let A : C — H be a v-inverse-strongly
monotone mapping and let M be a maximally monotone mapping on H. Let {0y} be a real
sequence in |a,1), where a is some real constant in (0,1). Let {n,} be a real sequence with
liminf, N, > 0. Let {y,} be a real sequence in [b,c|, where 0 < b and ¢ < 2v. Let {x,} be a
vector sequence defined by

(Xl €EH,
Ci=H,
MuB(Yn,Y) 4 (V= Yn, Y0 —Xn) 20, Vy€C,
Zn = (1= 04)xy + anRes%, (I — UA)yn,
Cor1 ={8 €Cu: [Jxn =&l = llzn =S|I},

[ Xn+1 = Fe, %1, n>0.

IfQ:= (Sol(B)N(A+M)~1(0) # 0, then the sequence {x,} converges to Pox; in norm.
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Finally, we give a result on variational inequality (1.3). From now on, we let 7: H —
(—o0,+00] be a lower semicontinuous, proper, convex function. We use d7 to present the subd-
ifferential of 7, which is defined by

dt(x)={yeH: (z—x,y) <t(z)—7(x), z€H}, Vx€eH.

From the celebrated results [31, 32], we find that the subdifferential dT is a maximally monotone
mapping. In addition, 7(x) = minyecy 7(y) if and only if 0 € d7(x). Define the indicator function

Ic of set C by
0, xeC,
Ic(x) :{
+oo, x¢C.

Since I¢ is proper, convex, and lower semicontinuous, one finds that the subdifferential dI¢ of
Ic 1s set-valued maximally monotone. For the maximally monotone mapping, one can define
its resolvent mapping Resif, ie., Resif := (I+udlc)~'. Letting x = Resify, one has

yEx+Udlcx <y € x+ UNcx
— (z—x,y—x)<0,VzeC
<= x = Py,

where N¢x is the normal cone defined by Nex :={e € H : {e,z—x),Vz € C}.

Corollary 2.3. Let C be a convex, closed nonempty subset of a real Hilbert space H. Let N be
some positive integer. Let By, : C x C — R be a bifunction with restrictions (R1)-(R4) for each
1<m<N. Let Ay, : C — H be a vy-inverse-strongly monotone mapping for each 1 < m < N.
Let {a,} be a real sequence in |a,1), where a is some real constant in (0,1). Let {N,n} be
a real sequence with liminfy, e 1y, > 0 for each 1 <m < N. Let {ll, n} be a real sequence
in [b,c|, where 0 < b and ¢ < 2Vy, for each 1 <m < N. Let {@, n} be real sequence in (d,1),
with d is a real in (0, 1) for each 1 <m < N and Zln\;:l Onm = 1. Let {x,} be a vector sequence
defined by

p
X1 €H,

Ci=H,
M Bin (Ynms Y) + (Y = Yngns Yam — %n) >0, ¥y € C,
Zn = (1= 04)x, + Oy Z%:l OnmPc(I — UnmAm)Ynm,
Cor1 ={8 €Cu: [lxn =&l = llzn —S|[},

[ Xnt+1 = Fe,.,x1, n=>0.

IfQ:=nN_,(Sol(By) NVI(C,An)) # 0, then the sequence {x,} converges to Pox; in norm.
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