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PROBLEMS

YAQIN ZHENG1, JINWEI SHI2,∗

1College of Science, Hebei Agricultural University, Baoding 071001, China
2North China Electric Power University, Baoding 071003, China

Abstract. The propose of this paper is to introduce a hybrid forward-backward iterative method for
studying common solutions of a family of equilibrium problem and a family of monotone mappings.
The strong convergence of the hybrid forward-backward iterative method is obtained in the framework
of real Hilbert spaces.
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1. INTRODUCTION

Let H be a real Hilbert space with norm ‖ · ‖ and inner produce 〈·, ·〉. Let C be a convex
and closed nonempty set in H. For any vector x in space H, there exists a unique vector in C,
denoted by PCx, such that

PCx := argmin{‖x− y‖, y ∈C}.

PCx is the nearest vector in C to x and PC is called the metric or nearest point projection of H
onto C. One knows that PC has the following elegant properties:

• 〈x−PCx,y−PCx〉 ≤ 0, ∀y ∈C;
• ‖PCx−PCy‖2 ≤ 〈PCx−PCy,x− y〉 , ∀y ∈ H;
• ‖x−PC(x)‖2 ≤ ‖x− y‖2−‖y−PC(x)‖2 , ∀y ∈C.

If subset C is a half-space Hu,v = {x : 〈u,x〉 ≤ v}, we have the closed projection formula com-
puted by

PHu,v(x) = x−max{[〈u,x〉− v]/‖u‖2,0}u .
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The projection of x onto the intersection of a hyperplane and a box

C = Hu,v∩Box[a,b] =
{

x ∈ Rn : uTx = v,a≤ x≤ b
}

is computed by
PC(x) = PBox[a,b](x−µ

∗u) ,

with µ∗ being a solution of the equation ϕ(µ) = uTPBox[a,b](x−µu)− v.
Let B : C×C→ R be a real bifunction. In this paper, one always assume that bifunction B

satisfies the following restrictions
(R1) B(x,x) = 0, for all x ∈C;
(R2) B(x,y)+B(y,x)≤ 0, for all x,y ∈C;
(R3) limsupt↓0 B(tz+(1− t)x,y)≤ B(x,y), for each x,y,z ∈C;
(R4) y 7→ B(x,y) is convex and weakly lower semi-continuous for each x ∈C.
In this paper, we focus on the equilibrium problem with the bifunction in the sense of Blum

and Oettli [1]
finding x∗ ∈C such that B(x∗,x)≥ 0, ∀x ∈C. (1.1)

This equilibrium problem, which was first considered by Fan [2], is quite general. Indeed,
it includes saddle problems, complementary problems, fixed point problems, and variational
inequality problems. On the other hand, it also finds a number of real applications in machine
learning, economic and finance, traffic network, medical imaging etc; see, e.g., [3, 4, 5, 6, 7, 8]
and the references therein. From Blum and Oettli [1], one can define a resolvent mapping
and transfer the solution problem of the equilibrium problem into a fixed point problem of the
resolvent mapping. Recently, a number of iterative methods have been suggested and analyzed
for the equilibrium problem in Hilbert and Banach spaces; see, e.g., [9, 10, 11, 12, 13, 14] and
the references therein.

Let T : C→ H be a mapping defined by B(x,y) = 〈T x,y−x〉 for all x,y ∈C. We have that x∗

is solution of (1.1) if and only if x∗ is a solution to the variational inequality, which consist of
finding x ∈C such that

〈T x,y− x〉 ≥ 0, ∀y ∈C. (1.2)

Furthermore, one defines a mapping S by S := PC(I−λT ), where λ is a positive real constant.
It is clear that x∗ is a fixed point of mapping S, that is, Sx∗ = x∗ if and only if it is a solution to
variational inequality (1.3). Thus, fixed point methods are applicable to the variational inequal-
ity (and also the equilibrium problem). Recently, a number of fixed point iterative methods
have been suggested for the variational inequality. Various convergence theorems of weak and
strong were established in Hilbert and Banach spaces; see, e.g., [15, 16, 17, 18, 19, 20] and the
references therein.

Let A : C→ H be a single-valued mapping. Recall that A is said to be monotone if and only
if

〈Ax−Ay,x− y〉 ≥ 0, ∀x,y ∈C.

A is said to be ν-inverse-strongly monotone if and only if there exists a constant ν > 0 such that

〈Ax−Ay,x− y〉 ≥ ν‖Ax−Ay‖2, ∀x,y ∈C.

It is easy to see that inverse-strongly monotone mappings are monotone and (Lipschitz) contin-
uous, that is, maximally monotone.
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Let M : H → 2H be multi-valued mapping. One employs Graph(M) = {(x,y) : y ∈Mx} to
denote the graph of M, Dom(M) = {x ∈ H : Mx 6= /0} to denote its domain, and Ran(M) =
{Bx : x ∈ Dom(M)} to denote the range. Mapping M is said to be monotone if and only if
〈x1−x2,y1−y2〉 ≥ 0 for all x1 ∈Dom(M), x2 ∈Dom(M), y1 ∈Mx1 and y2 ∈Mx2. Mapping M
is said to be maximal if its graph Graph(M) is not contained in the graph of any other monotone
mapping properly. From the theory of monotone mappings, one can define a resolvent operator
ResM

r :=(I+rM)−1, where r denotes a positive real number for a maximally monotone mapping
M. One knows that a zero point x∗ to mapping M if and only if it is a fixed point to ResM

r , that
is, ResM

r x∗ = x∗.
Let S be a mapping on H. S is said to be firmly nonexpansive if and only if

‖Sx−Sy‖2 ≤ 〈x− y,Sx−Sy〉,

∀x,y ∈ H. It is known that metric projections, the resolvents of maximal monotone mappings,
and the resolvents of the equilibrium problem (see below) are firmly nonexpansive. Further-
more, S is said to be nonexpansive if and only if

‖Sx−Sy‖ ≤ ‖x− y‖, ∀x,y ∈ H.

It is clear that the class of firmly nonexpansive mappings is a subclass of nonexpansive map-
pings. One knows that every nonexpansive mapping defined on the convex, closed and bounded
subset of C of a Hilbert space H has a nonempty fixed point set and the set is convex and closed.
For recent fixed point methods for dealing with zero points of maximally monotone mappings
in Hilbert spaces, one refers to [21, 22, 23, 24, 25] and the references therein.

Next, we turn our attention to another important problem of maximal monotone mappings.
Recently, finding a zero point of the sum of maximally monotone operators is now under spot-
light. In this paper, we consider the case of the sum of two monotone operators

0 ∈ (A+M)(x), (1.3)

where A and M are two monotone operators. There are number of problems can be remodelled
as the inclusion problem, for example, the initial value problem of the evolution equation{

0 ∈ (A+M)u+ ∂u
∂ t ,

u0 = u(0).

Indeed, (1.3) provides a general framework for a number of problems in nonlinear equations and
engineering optimization. Therefore, solving problem (1.3) is necessary and important from
the viewpoint of theory and applications. Iterative methods are popular to investigate prob-
lem (1.3), in particular, the splitting methods (forward-backward splitting, Douglas–Rachford
splitting and Peaceman–Rachford splitting). A splitting method means an method that involves
individual operators instead of the sum of them. In the setting of infinite dimensional spaces,
the methods of Douglas–Rachford splitting and Peaceman–Rachford splitting are not desirable.
The method of forward-backward splitting recently has received much attention and various
convergent theorems were established; see, e.g., [26, 27, 28, 29] and the references therein.

In this paper, we focus on the following convex feasibility problem, which consists of finding
a common point in the convex sets ∩N

m=1(Sol(Bm)∩ (A+M)−1(0)), where N is some positive
integer. We investigate a forward-backward splitting method and analyze its convergence anal-
ysis in the framework of Hilbert spaces. Our strong convergence theorem does not require any
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compact assumption imposed on the involved mappings and sets. To show our main conver-
gence theorem, we need the following definitions and lemmas.

Lemma 1.1. [26] Let H be a Hilbert space and let C be a convex, closed nonempty subset
of H. Let M : H ⇒ H be a maximally set-valued monotone operator and let A : C→ H be a
single-valued inverse-strongly monotone mapping. Then (M +A)−1(0) = Fix(ResM

µ (I− µA)),
the fixed point set of ResM

µ (I−µA).

Lemma 1.2. [1]Let H be a Hilbert space and let C be a convex, closed nonempty subset of H.
Let B : C×C→ R be a bifunction, which satisfies restrictions (R1)-(R4). For any x ∈ H and
r > 0, there is z ∈C such that

ηB(z,y)+ 〈y− z,z− x〉 ≥ 0, ∀y ∈C.

Further, if we define

ResB
ηx :=

{
z ∈C : ηB(z,y)+ 〈y− z,z− x〉 ≥ 0, ∀y ∈C

}
for any η > 0 and x ∈ H, then Fix(ResB

η) = Sol(B) is convex and closed, where Fix(ResB
η)

denotes the set of fixed points of mapping ResB
η , and ResB

η is single-valued firmly nonexpansive.

Lemma 1.3. [30] Let H be a Hilbert space and let C be a convex, closed nonempty subset of
H. Let T : C→C be a nonexpansive mapping. Then the fixed point set of T , Fix(T ) is convex
and closed.

2. MAIN RESULTS

Theorem 2.1. Let C be a convex, closed nonempty subset of a real Hilbert space H. Let N
be some positive integer. Let Bm : C×C→ R be a bifunction with restrictions (R1)-(R4) for
each 1≤ m≤ N. Let Am : C→ H be a νm-inverse-strongly monotone mapping and let Mm be a
maximally monotone mapping on H for each 1≤ m≤ N. Let {αn} be a real sequence in [a,1),
where a is some real constant in (0,1). Let {ηn,m} be a real sequence with liminfn→∞ ηn,m > 0
for each 1≤ m≤ N. Let {µn,m} be a real sequence in [b,c], where 0 < b and c≤ 2νm for each
1≤ m≤ N. Let {ϕn,m} be real sequence in (d,1), with d is a real in (0,1) for each 1≤ m≤ N
and ∑

N
m=1 ϕn,m = 1. Let {xn} be a vector sequence defined by

x1 ∈ H,

C1 = H,

ηn,mBm(yn,m,y)+ 〈y− yn,m,yn,m− xn〉 ≥ 0, ∀y ∈C,

zn = (1−αn)xn +αn ∑
N
m=1 ϕn,mResMm

µn,m(I−µn,mAm)yn,m,

Cn+1 = {ξ ∈Cn : ‖xn−ξ‖ ≥ ‖zn−ξ‖},
xn+1 = PCn+1x1, n≥ 0.

If Ω := ∩N
m=1(Sol(Bm)∩ (Am +Mm)

−1(0)) 6= /0, then the sequence {xn} generated above con-
verges to PΩx1 in norm.

Proof. From Lemma 1.2, one asserts that ∩N
m=1Sol(Bm) is convex and closed. Since each Mm is

maximally monotone, one has that ResMm
µn,m is nonexpansive for each m and each n. On the other
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hand, one has

‖(I−µn,mAm)x− (I−µn,mAm)y‖2

= ‖x− y‖2−2µn,m〈x− y,Amx−Amy〉+µ
2
n,m‖Amx−Amy‖2

≤ ‖x− y‖2−µn,m(2νm−µn,m)‖Amx−Amy‖2

≤ ‖x− y‖2.

It yields that I−µn,mAm is nonexpansive for each m and each n. From Lemmas 1.1 and 1.3, one
asserts that ∩N

m=1(Am +Mm)
−1(0) is convex and closed. This proves that the metric projection

on Ω is well defined.
Now, we show that Cn is a convex and closed. From the construction of Cn, we conclude that

Cn is closed. Note that C1 = H is a convex set. We now suppose that C j is a convex set. Observe
that C j+1 can be re-written as

C j+1 = {ξ ∈C j : 2〈z j− x j,ξ 〉 ≤ ‖z j‖2−‖x j‖2}.

Let ξ1 and ξ2 be two vectors in C j+1. Let ξ̄ = vξ1 +(1− v)ξ2, where v is a real in (0,1). From
the construction of C j+1, one easily sees that 2〈z j − x j, ξ̄ 〉 ≤ ‖z j‖2−‖x j‖2. This shows that
ξ̄ ∈C j+1. This proves the convexity of Cn. So, the metric projection onto Cn is well defined.

Now, we are in a position to show that Ω lines in Cn. It is clear that Ω⊂C1. Next, we suppose
Ω⊂C j. For the same positive integer j, we aim to show Ω⊂C j+1. For any p∈Ω, we conclude
from Lemmas 1.1 and 1.2, we have

‖z j− p‖ ≤ α j‖
N

∑
m=1

ϕ j,mResMm
µ j,m

(I−µ j,mAm)y j,m− p‖+(1−α j)‖x j− p‖

≤ α j

N

∑
m=1

ϕ j,m‖ResMm
µ j,m

(I−µ j,mAm)y j,m− p‖+(1−α j)‖x j− p‖

≤ α j

N

∑
m=1

ϕ j,m‖ResBm
η j,m

x j− p‖+(1−α j)‖x j− p‖

≤ ‖x j− p‖,

that is, p ∈C j+1. This yields that Ω⊂Cn for each n. Next, we turn our attention to the bound-
edness of {xn}. For any p ∈ Ω, borrowing the fact that xn = PCnx1, we arrive at ‖p− x1‖ ≥
‖xn− x1‖. In particular, we have ‖PΩx1− x1‖ ≥ ‖xn− x1‖ ≥ 0. This proves that {xn} is a
bounded sequence. From the known fact that every bounded sequences in Hilbert spaces has s
weakly convergent subsequence, we denote a subsequence {xn j} of {xn}, which converges to
x∗ weakly. An element equality in Hilbert spaces yields that

‖xn+1− xn‖2

= ‖xn− x1‖2 +2〈xn + x1− xn+1− xn,xn− x1〉+‖xn+1− x1‖2

= ‖xn+1− x1‖2 +2〈xn− xn+1,xn− x1〉−‖xn− x1‖2.

From xn+1 ∈Cn and xn = PCnx1, we arrive at

‖xn+1− xn‖2 ≤ ‖xn+1− x1‖2−‖xn− x1‖2,
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On the other hand,
0≤ 〈x1− xn,xn− xn+1〉
= 〈x1− xn,xn− x1 + x1− xn+1〉

≤ −‖x1− xn‖2 +‖x1− xn‖‖x1− xn+1‖.
It follows that ‖x1 − xn‖ ≤ ‖x1 − xn+1‖. So, limn→∞ ‖xn − x1‖ exists. This further implies
limn→∞ ‖xn−xn+1‖= 0. Thanks to the fact that xn ∈Cn for each n, we assert that limn→∞ ‖xn+1−
zn‖= 0. Due to

‖xn− zn‖ ≤ ‖xn− xn+1‖+‖xn+1− zn‖,
we have limn→∞ ‖xn− zn‖= 0. Put

κn =
N

∑
m=1

ϕn,mResMm
µn,m

(I−µn,mAm)yn,m

and fix p ∈Ω. Since both ResMm
µn,m and I−µn,mAm are nonexpansive, we have

‖zn− p‖2 ≤ αn‖κn− p‖2 +(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m‖ResMm
µn,m

(I−µn,mAm)yn,m− p‖2 +(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m‖yn,m− p‖2 +(1−αn)‖xn− p‖2.

From Lemma 1.2, we have

2‖yn,m− p‖2 = 2‖ResBm
ηn,m

xn−ResBm
ηn,m

p‖2

≤ 2〈,xn− p,ResBm
ηn,m

xn−ResBm
ηn,m

p〉
= 2〈xn− p,yn,m− p〉

= ‖yn,m− p‖2 +‖xn− p‖2−‖yn,m− xn‖2.

Thus,
‖yn,m− p‖2 ≤ ‖xn− p‖2−‖yn,m− xn‖2,

and then

‖zn− p‖2 ≤ αn

N

∑
m=1

ϕn,m(‖xn− p‖2−‖yn,m− xn‖2)+(1−αn)‖xn− p‖2

≤ ‖xn− p‖2−αn

N

∑
m=1

ϕn,m‖yn,m− xn‖2.

It follows that

αn

N

∑
m=1

ϕn,m‖yn,m− xn‖2 ≤ ‖xn− p‖2−‖zn− p‖2

≤ (‖xn− p‖+‖zn− p‖)‖xn− zn‖.
By use of the restrictions on {αn} and {ϕn,m}, we find that limn→∞ ‖yn,m− xn‖ = 0 for each
1≤ m≤ N. For any y ∈C, we have

ηn,mBm(yn,m,y)+ 〈y− yn,m,yn,m− xn〉 ≥ 0.
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By use of the monotonicity of Bm, (R2), we obtain that
1

ηn,m
〈y− yn,m,yn,m− xn〉 ≥ Bm(y,yn,m)

Note that {yn j,m}, which is a subsequence of {yn,m} converges to x∗ weakly. By replacing n by
n j, we find from (R4) that Bm(y,x∗)≤ 0, ∀y ∈C. It follows that

Bm((1−ζ )y+ζ x∗,x∗)≤ 0,

where ζ is a real number in (0,1), and then

Bm((1−ζ )y+ζ x∗,(1−ζ )y+ζ x∗)

≤ ζ Bm((1−ζ )y+ζ x∗,x∗)+(1−ζ )Bm((1−ζ )y+ζ x∗,y)

≤ (1−ζ )Bm((1−ζ )y+ζ x∗,y).

From (R1), we get that Bm((1− ζ )y+ ζ x∗,y) ≥ 0, ∀y ∈ C. Letting c ↑ 1 and using restriction
(R3), we see that Bm(x∗,y)≥ 0, ∀y ∈C. This prove that x∗ ∈ Sol(Bm), for each m.

Next, we prove that x∗ ∈ (Am +Mm)
−1(0) for each m. Setting tn,m = (I + µn,mMm)

−1(I−
µn,mAm)yn,m, we have

Mmtn,m 3
yn,m− tn,m

µn,m
−Amyn,m.

Since, for each 1≤ m≤ N, Bm is maximally monotone, for any (ψm,φm) ∈Mm, we have

〈tn,m−ψm,
yn,m− tn,m

µn,m
−Amyn,m−φm〉 ≥ 0.

It is not hard to see that yn,m− tn,m→ 0 as n→ ∞ for each m. Indeed, since each Am is inverse-
strongly monotone, we have

‖(I−µn,mAm)yn,m− (I−µn,mAm)p‖2

= µ
2
n,m‖Amyn,m−Am p‖2−2µn,m〈yn,m− p,Amyn,m−Am p〉+‖yn,m− p‖2

≤ ‖yn,m− p‖2−µn,m(2νm−µn,m)‖Amyn,m−Am p‖2

≤ ‖xn− p‖2−µn,m(2νm−µn,m)‖Amyn,m−Am p‖2, ∀1≤ m≤ N.

This implies from the convexity of ‖ · ‖2 that

‖zn− p‖2

≤ αn‖κn− p‖2 +(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m‖ResMm
µn,m

(I−µn,mA)yn,m− p‖2 +(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m‖(I−µn,mA)yn,m− (I−µn,mA)yn,m p‖2 +(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m(‖xn− p‖2−µn,m(2νm−µn,m)‖Amyn,m−Am p‖2)+(1−αn)‖xn− p‖2

≤ ‖xn− p‖2−αn

N

∑
m=1

ϕn,m(2νm−µn,m)µn,m‖Amyn,m−Am p‖2.



8 Y. ZHENG, J. SHI

Thus

µn,mϕn,m(2νm−µn,m)αn‖Amyn,m−Am p‖2

≤ ‖xn− p‖2−‖zn− p‖2

≤ (‖xn− p‖+‖zn− p‖)‖xn− zn‖, ∀1≤ m≤ N.

From the boundedness of {xn} and {zn}, and conditions imposed on the real sequences, we have
Amyn,m−Am p→ 0, for each 1≤ m≤ N, as n→ ∞. By use of the firm nonexpansivity, we have

2‖tn,m− p‖2

≤ 2〈(I−µn,mAm)yn,m− (I−µn,mAm)p,ResMm
µn

(I−µn,mAm)yn,m− p〉

= ‖tn,m− p‖2 +‖(I−µn,mAm)yn,m− (I−µn,mAm)p‖2

−‖(tn,m− p)− (I−µn,mAm)yn,m +(I−µn,mAm)p‖2

≤ ‖tn,m− p‖2 +‖yn,m− p‖2−‖tn,m +µn,m(Amyn,m−Am p)− yn,m‖2

≤ ‖tn,m− p‖2 +‖yn,m− p‖2−‖tn,m− yn,m‖2−µ
2
n,m‖Amyn,m−Am p‖2

+2µn,m‖tn,m− yn,m‖‖Amyn,m−Am p‖

≤ ‖tn,m− p‖2 +‖yn,m− p‖2−‖tn,m− yn,m‖2

+2µn,m‖tn,m− yn,m‖‖Amyn,m−Am p‖.

Hence,

‖zn− p‖2 ≤ αn‖κn− p‖2 +(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m‖tn,m− p‖2 +(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m(‖yn,m− p‖2−‖tn,m− yn,m‖2

+2µn,m‖tn,m− yn,m‖‖Amyn,m−Am p‖)+(1−αn)‖xn− p‖2

≤ αn

N

∑
m=1

ϕn,m(‖xn− p‖2−‖tn,m− yn,m‖2

+2µn,m‖tn,m− yn,m‖‖Amyn,m−Am p‖)+(1−αn)‖xn− p‖2

≤ ‖xn− p‖2−αn

N

∑
m=1

ϕn,m‖tn,m− yn,m‖2

+2µn,mαn

N

∑
m=1

ϕn,m‖tn,m− yn,m‖‖Amyn,m−Am p‖,
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and then

αnϕn,m‖tn,m− yn,m‖2 ≤ ‖xn− p‖2−‖zn− p‖2

+2µn,mαn

N

∑
m=1

ϕn,m‖tn,m− yn,m‖‖Amyn,m−Am p‖

≤ (‖xn− p‖+‖zn− p‖)‖xn− zn‖

+2µn,mαn

N

∑
m=1

ϕn,m‖tn,m− yn,m‖‖Amyn,m−Am p‖.

This prove that tn,m− yn,m → 0, for each 1 ≤ m ≤ N, as n→ ∞. This indicates that {tn j,m},
which is the subsequence of {tn,m}, converges to x∗ for each m. Since the graph of maximally
monotone mappings is weakly-strongly closed, we confirm that

〈x∗−ψm,−Amx∗−φm〉 ≥ 0.

This indicates

x∗ ∈ (Am +Bm)
−1(0).

From above, we prove that x∗ ∈Ω. Since norms are weakly lower semi-continuous, we have

‖x1−PΦx1‖ ≤ ‖x1− x∗‖
≤ liminf

j→∞
‖x1− xn j‖ ≤ limsup

j→∞

‖x1− xn j‖

≤ ‖x1−PΦx1‖,

which yields that

‖x1− x∗‖= lim
j→∞
‖x1− xn j‖= ‖x1−PΦx1‖.

In view of the fact that H is a Hilbert space, one concludes that {xn j} converges to PΦx1 in
norm. Therefore, {xn} converges to pΦx1 in norm. The proof is completed. �

Corollary 2.2. Let C be a convex, closed nonempty subset of a real Hilbert space H. Let B :
C×C→ R be a bifunction with restrictions (R1)-(R4). Let A : C→ H be a ν-inverse-strongly
monotone mapping and let M be a maximally monotone mapping on H. Let {αn} be a real
sequence in [a,1), where a is some real constant in (0,1). Let {ηn} be a real sequence with
liminfn→∞ ηn > 0. Let {µn} be a real sequence in [b,c], where 0 < b and c≤ 2ν . Let {xn} be a
vector sequence defined by

x1 ∈ H,

C1 = H,

ηnB(yn,y)+ 〈y− yn,yn− xn〉 ≥ 0, ∀y ∈C,

zn = (1−αn)xn +αnResM
µn
(I−µnA)yn,

Cn+1 = {ξ ∈Cn : ‖xn−ξ‖ ≥ ‖zn−ξ‖},
xn+1 = PCn+1x1, n≥ 0.

If Ω := (Sol(B)∩ (A+M)−1(0) 6= /0, then the sequence {xn} converges to PΩx1 in norm.
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Finally, we give a result on variational inequality (1.3). From now on, we let τ : H →
(−∞,+∞] be a lower semicontinuous, proper, convex function. We use ∂τ to present the subd-
ifferential of τ , which is defined by

∂τ(x) = {y ∈ H : 〈z− x,y〉 ≤ τ(z)− τ(x), z ∈ H}, ∀x ∈ H.

From the celebrated results [31, 32], we find that the subdifferential ∂τ is a maximally monotone
mapping. In addition, τ(x) =miny∈H τ(y) if and only if 0∈ ∂τ(x). Define the indicator function
IC of set C by

IC(x) =

{
0, x ∈C,

+∞, x /∈C.

Since IC is proper, convex, and lower semicontinuous, one finds that the subdifferential ∂ IC of
IC is set-valued maximally monotone. For the maximally monotone mapping, one can define
its resolvent mapping ResIC

µ , i.e., ResIC
µ := (I +µ∂ IC)−1. Letting x = ResIC

µ y, one has

y ∈ x+µ∂ ICx⇐⇒ y ∈ x+µNCx

⇐⇒ 〈z− x,y− x〉 ≤ 0,∀z ∈C

⇐⇒ x = PCy,

where NCx is the normal cone defined by NCx := {e ∈ H : 〈e,z− x〉,∀z ∈C}.

Corollary 2.3. Let C be a convex, closed nonempty subset of a real Hilbert space H. Let N be
some positive integer. Let Bm : C×C→ R be a bifunction with restrictions (R1)-(R4) for each
1≤ m≤ N. Let Am : C→ H be a νm-inverse-strongly monotone mapping for each 1≤ m≤ N.
Let {αn} be a real sequence in [a,1), where a is some real constant in (0,1). Let {ηn,m} be
a real sequence with liminfn→∞ ηn,m > 0 for each 1 ≤ m ≤ N. Let {µn,m} be a real sequence
in [b,c], where 0 < b and c ≤ 2νm for each 1 ≤ m ≤ N. Let {ϕn,m} be real sequence in (d,1),
with d is a real in (0,1) for each 1≤ m≤ N and ∑

N
m=1 ϕn,m = 1. Let {xn} be a vector sequence

defined by 

x1 ∈ H,

C1 = H,

ηn,mBm(yn,m,y)+ 〈y− yn,m,yn,m− xn〉 ≥ 0, ∀y ∈C,

zn = (1−αn)xn +αn ∑
N
m=1 ϕn,mPC(I−µn,mAm)yn,m,

Cn+1 = {ξ ∈Cn : ‖xn−ξ‖ ≥ ‖zn−ξ‖},
xn+1 = PCn+1x1, n≥ 0.

If Ω := ∩N
m=1(Sol(Bm)∩V I(C,Am)) 6= /0, then the sequence {xn} converges to PΩx1 in norm.
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