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INFINITELY MANY FAST HOMOCLINIC SOLUTIONS FOR DIFFERENT
CLASSES OF DAMPED VIBRATION SYSTEMS
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Abstract. In this paper, we study the existence and multiplicity of fast homoclinic orbits for the class
of damped vibration systems ii(t) + (q(t)Iy + B)u(t) + 3q(t)Bu(t) — L(t)u(t) + VW (t,u(t)) = 0, Vt € R,
where L(t) is not required to be either uniformly positive definite or coercive, and W (z,x) is of sub-
quadratic or superquadratic growth as |x| — oo, or satisfies only local conditions near the origin (i.e., it
can be subquadratic, superquadratic or asymptotically quadratic at infinity). To the best of our knowl-
edge, there is no result concerning the existence and multiplicity of homoclinic orbits for the system with
the conditions.
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1. INTRODUCTION

Consider the following damped vibration system
1

(27) ii(t) + (q(t)In + B)u(t) + Eq(t)Bu(t) — L(t)u(t) + VW (t,u(t)) =0, Vi € R,

where g € C(R,R), Iy is the N x N identity matrix, B is an antisymmetric N X N constant
matrix, L € C(R,RY 2) is a symmetric matrix-valued function unnecessary coercive or positive
definite and W : R x RY — R is a continuous function, differentiable in the second variable
with continuous derivative VW (7,x) = %—Vf(t,x). If g(t) =0 forall t € R and B =0, then (27)
is just the following second order Hamiltonian system

(HS). ii(t) — L(t)u(t) + VW (t,u(r)) =0, Vt € R.

As a special case of the dynamical systems, Hamiltonian systems play an important role in prac-
tical problems concerning relativistic mechanics, gaz dynamics, nuclear physics, fluid mechan-
ics and others. A solution u of (¢.%) is called homoclinic (to 0) if u(¢) — 0 and (1) — O as
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|t| — oo. u is nontrivial if u # 0. In the past three decades, the existence and multiplicity of ho-
moclinic solutions for system (.77.%) have been studied via critical point theory and variational
methods. The main difficulty in dealing with system (J#.%) arises from the fact that H'(R)
is not compactly embedded in LP(RR) for p € [2,e0]|. To overcome this difficulty, many authors
have considered the periodic case; see [1, 2, 3, 4] and the references cited therein. In this case,
the existence of homoclinic solutions can be obtained by going to the limit of periodic solutions
of approximating problems. If L(¢) and W (¢,x) are neither autonomous in ¢ nor periodic in ¢,
the existence of homoclinic solutions of (.77.%) is quite different from the ones just described
because of the lack of compactness of the Sobolev embedding; see [5, 6, 7, 8] and the refer-
ences cited therein. In this last case, to study the existence of homoclinic solutions, one needs
some conditions on L to recover the compactness of the Sobolev embedding. As far as the cases
q(t) # 0 or B # 0 are concerned, there are only a few authors who studied homoclinic orbits
for (27'). We refer to [9, 10, 11] for g(t) =0 for all t € R and B # 0, and [12, 13, 14, 15, 16]
for ¢(t) # 0 and B = 0. It is worthy of pointing out that some coercive assumptions on L are
often needed to obtain the existence of homoclinic solutions of (27'). For the general case
q(t) # 0 and B # 0, to our best knowledge, there are only two authors [17, 18] concerning the
existence and multiplicity of homoclinic solutions for (27%'). In [17], the author obtained the
existence of at least one ground state homoclinic orbit for (#7") when L satisfies the Ding’s
coercive condition [7] and W satisfies a kind of superquadratic condition at infinity by using a
variant generalized weak linking theorem. Recently, the authors in [18] obtained the existence
of infinitely many fast homoclinic solutions (see Definition 2.1) for (27") when W is locally
defined and superquadratic near the origin by using the following conditions on ¢ and L:

(Qy) there exists a constant ¥ > 1 such that

t
19|l < oo, O(f) = / q(s)ds — 4o as |t| — oo and ' 20 |17V dr < +oo;
0 t|>1

(L) there exists a constant [y > 0 such that

I(t) = |§i‘nf1L(I)§ &> —ly, YVt €R;

(Lyo) measo({t € R/ 1] TL() < by }) < oo, b > 0,

where measg denotes the Lebesgue’s measure on R with density ¢€) and v is defined in (Qy).
Here, for two N x N symmetric matrices M| and M,, we say that M| < M, if
min (M} —M;)x-x <0
x€RN |x|=1
and M| > M, if M} < M, does not hold.

In this paper, we focus on the study of infinitely many fast nontrivial homoclinic orbits for
(27') when W (t,x) is of subquadratic or superquadratic growth as |x| — oo, or satisfies only
locally subquadratic conditions near the origin (i.e., it can be subquadratic, superquadratic or
asymptotically quadratic at infinity). The remainder of this article consists of four sections. Af-
ter presenting some preliminaries in Section 2, we establish, in Sections 3 and 4, the existence
of fast homoclinic orbits, respectively, for the subquadratic and superquadratic growth condi-
tions at infinity. The last Section, Section 5, is devoted to the case where the nonlinearity still
only satisfies locally conditions near the origin.
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2. PRELIMINARIES

In order to introduce the concept of fast homoclinic solutions for (27) conveniently, we
first describe some properties of the weighted Sobolev space E on which the certain variational

functional associated with (27) is defined and the fast homoclinic solutions of (Z7%') are the

critical points of such functional. We use Lé (R) to denote the Hilbert space of measurable

functions from R into RY under the inner product
<y > = / e2Ou(r) - v(r)dr
Q R
and the induced norm
_ (1) 2 11)3
Jull = ( [ 20 u(0)dr)?.

Similarly, L(R) (1 <5 < o) denotes the Banach space of functions on R with values in RN
under the norm

o |—

- 0() S dt):
g, = ( [ €2 lute)*ar)

and L (R) denotes the Banach space of functions on R with values in RY under the norm

o)
Hﬂhzzemmm{eﬁ*m@n/zem}.

Let A be the self-adjoint extension of the operator —j—; + L(t) with the domain Z(A) C LZQ(R).
Let {&(A)/ —o0 < A < oo} denote the resolution of A, and U =1 — &(0) — &(—0). It is well

known that U commutes with A, |A| and \A\%, and A = |A|U is the polar decomposition of A.
1
Set E = Z(|A|?) and define on E the inner product by

<me:<MﬁmMﬁvﬁ%+<um>%
and the corresponding norm by
lullo =< u,u >¢:
Definition 2.1. A solution u of (Z7) is called a fast homoclinic solution if u € E.

Lemma 2.2. [18] Suppose that L and q satisfy (Qy), (L1) and (Lyg). Then E is compactly
embedded in LP (R) for any p € [1,0].

Define an operator K : E — E by
1
< Ku,v >¢= / LB v+ Eun -v|dt +/ Q) (Iy — L(t))u - vdt
R R

for all u,v € E. Then it is easy to check that K is a bounded self-adjoint linear operator. By
the classical spectral theory, we know that the spectrum o (I — K) of I — K consists of eigenval-
ues numbered in 4; < A < ... — +o0, and a corresponding system of eigenfunctions (e;) jen
(I—K)ej = Aje;) forms an orthonormal basis in LzQ(R). Here, I denotes the identity op-
erator. Let k= = card {k/A; <0}, k® = card {k/A\; =0} and k = k= + k°, where card(S)
denotes the number of elements of set S. Set E~ = span{ey,...,e, }, E° = ker(I — K) and
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Et =span{et,,,...}. Thenone has E =E~ GE*@®E™T. Besides E~ & EV is finite dimensional
since K is compact. Furthermore, we introduce on E the equivalent new inner product

<uyv>=< I —=Ku" v > - <T—-K)u v~ >¢+ <u’° >

foru=u"+u’+ut,v=v-+0+vt ¢ E-@E°®E" and the corresponding norm ||| =<
e >7. In the following, the inner product < .,. > and the norm ||.| will always be used.
By Lemma 2.2, we know that E is compactly embedded in LZ(R) for all p € [1,e0] and as a
consequence, for all p € [1,0], there exists a constant 1My > 0 such that

leell g < np [[ull, Vu € E. (2.1)

By use of the definition of < .,. >, E~ and E*, we have
< (I=K)u,u>==+||u|*, Yu e E*. (2.2)

3. SUBQUADRATIC CASE

In this section, we are interested in the existence of infinitely many fast homoclinic solutions
for system (27") when the potential W (z,x) is subquadratic at infinity with respect to x. More
precisely, we make the following assumptions.

(W) W(t,x) > 0 for all (t,x) € R x RN and there exist constants 0 < g < 2 and R > 0 such
that
VW (t,x) -x < uW(t,x), Vt € R, |x| >R,
and
VW (t,x) -x <2W(t,x), Vt € R, |x| <R;
W‘)(:"zx) = +oo uniformly for ¢ € R;

(W2) limjy

(W3) W(t,0) = 0,Vr € R and there exists a constant ¢ > 0 such that
VW (1,x)| < clx|, Vt €R, |x| <R,

where R is the constant introduced in (W});

(Wy) liminfy, ., W > a, where a is a positive constant.

Our main result in this Section reads as follows.

Theorem 3.1. Suppose that (Qy), (L1), (Ly,0), (W) — (Wa) hold and W (t,x) is even in x for all
t € R. Then (27V') possesses infinitely many nontrivial fast homoclinic solutions.

Example 3.2. Let W (z,x) = a(t) |x|", where 0 < inf,cg a(t) < sup,cga(t) < oo forall € R and
i € [1,2]. Tt is easy to check that W satisfies conditions (W) — (Wy).

Proof of Theorem 3.1. In the following, c,, n € N, denotes some various positive constants.
For system (27'), we associate the following functional defined on the space E introduced in
Section 2 by

Flu) :% /R CONi(e) 2 + Lt )ue) - ue) + B()ulr) - i(r))dr — /R COW (1, u(t))dr.
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From (2.2), we find that f can be rewritten as
1 2 ) _
£l = (P o)~ gta), w=a € E,
where
a(u) = / COW (1, u(t))dr, u € E.
R

It is well known that under assumptions of Theorem 3.1 the functional f is continuously
differentiable on E and its critical points on E are exactly the fast homoclinic solutions of the
system (27). Moreover g’ is compact and for all u,v € E

fl(u)y= /ReQ(t) [t(t) - v(t) 4+ L(t)u(t)-v(t) — Bu(t) - v(t) — %q(l)Bu(t) -v(t)]dt

_/ReQ(l)VW(t,u(t))-v(t)dt.

To prove Theorem 3.1, the following Variant Fountain Theorem developed by Zou [19] will be
needed. Let X be a Banach space with the norm ||.|| and X = &,,,cnX;, With dimX,,, < o for any
m € N. Set

Yi = ®pr X, Zi = By Xon.
Consider a family of functionals f; € C'(X,R) defined by
fa(u)=A(u)—AB(u), uc X, A €[1,2].

Lemma 3.3. [19] Assume that the functionals f) defined previously, satisfy
(T1) f maps bounded sets into bounded sets uniformly for all A € [1,2] and

fa(=u) = fr(u), ¥(A,u) € [1,2] x X;

(T2) B(u) > 0 for all u € X and B(u) — +o0 as ||u|| — oo on any finite dimensional subspace
of X;
(T3) There exist py > ry > 0 such that

ax(A)=_inf  fi(u)=20>b(A)= max f(u)

 uez|ull=px ueY|jull =re
forall A € [1,2] and
de(A)=inf  fy(u) — 0 as k —> o uniformly for A € [1,2].
UEZ, ||ul| <px

Then there exist A, — 1, uy €Y, such that

(Faur) (ua,) =0, fo,(up,) — cx € [di(2),bi(1)].

Particularly, if (uy, ) has a convergent subsequence for every k, then fi has infinitely many non-
trivial critical points u, € X \ {0} satisfying fi(ux) — 0~ as k — co.

For m € N, if X,, = Re,,, where (e,,) is the sequence defined in Section 2, then Y; and Z
are defined as above. In order to apply the above Variant Fountain Theorem, we introduce the
family of functionals

fa(u) =A(u)—AB(u), (A,u) €[1,2] XE,
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where
1 2 1 2
Aw) =5 o B0 = 5 o P+ [ e2OW (r,u0))a,
2 2 R

foru=u"+u’+ut € E=E-®E°®E™. Now, for |x| < R, we have from (W3) and the Mean
Value Theorem that

W(t,x) = /01 VW (t,sx) - xds < g x| < % |x]. (3.1)
For |x| > R, set
o) =W, ETx ,)5 , § €10, 1].
By (W), it holds
I R u u—1
_gn-l ﬁ .ﬂ Rx
EHT -VW (s, ; \x\) T +uw(t, ; |x|)] > 0.
So ¢ is nondecreasing in 0, 1], and since § = ﬁ <1, then
We) (0" W1,

which together with (3.1) yields

and then .
W(t,x) < ERZ_“ ox|M .

In view of (3.1), we have
W(t,x) <ci(jx| + x|"), V(t,x) e R xRV, (3.2)
It follows from (2.1) that, forany A € [1,2] andu € E,

1 1
2 ()] < 5||u||2+261/R€Q(’)(!u|+|ul“)dt < 5l 2ea (] + 1yl

which implies that f; maps bounded sets into bounded sets uniformly for A € [1,2]. Note that
W(t,—x) = W(t,x). Hence, we have f; (—u) = f)(u) for all (1,u) € [1,2] x E. Thus, the
condition (77) of Lemma 3.3 holds.

Lemma 3.4. Assume that (Qy), (L1), (Ly,0), (W1) and (W4) hold. Then B(u) > 0 for all u € E
and B(u) — +o0 as ||u|| — o on any finite-dimensional subspace of E.

Proof. By assumption (W), it is clear that B(u) > O for all u € E. We claim that, for any
finite-dimensional subspace F of E, there exists a constant & > 0 such that

measg({t € R/ |u(t)| > & ||u||}) > &, Yu € F\ {0}. (3.3)
If not, for any k € N, there exists u; € F \ {0} such that

measol {1 € R/u(0)] = ¢l ) < 1
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Letting vy = HZ—’;H € F, we have ||v]| =1 and

1 1
meas({tER/|vk(t)| 2;})<%, Vk e N. (3.4)
Since F is finite dimensional, by taking a subsequence if necessary, we can assume that vy —
vo in F for some vy € F, ||vg]| = 1. Recalling that any two norms on F' are equivalent, one has

L2 ml0) = volo)]dr — 0 as k — . (35)
R

Since ||vg|| = 1, then HV0HL°Q° = SUp,cg % lvo(z)| > 0. Hence there exists a constant 6y > 0
such that
measg({t € R/ |vo(t)| > cp}) > 0p. (3.6)

For any k € N, let
1
Q= {t eR/|w(1)| < %}, Qo ={reR/|v(t)| > 0p}.
From (3.4) and (3.6), for any k € N large enough, it holds

measg(Q0 N Q) = measg(Qo \ Q) > measg(Qo) —measp(Qy) > 6o —

O
> 29
2

x| —

Then, for k large enough,

/ 20 [y (1) — vo (1) | dt > / 20 [y (1) —vo(1)| dt
R

QoM

> /Q o 000 = o)

1 op
> (op — %)measQ(QoﬂQk) > COTO >0

which contradicts (3.5). Therefore (3.3) holds. For the & given in (3.3), we denote
Q,={t €R/|u(t)| > & ||ull}, Yu € F\{0}.

It follows from (3.3) that
measg(y,) > &, Yu € F\ {0}.
From (Wy), there exists a constant Ry > R such that

W(t,x) > a%, Vi € R, |x| > R;. (3.7)

Letting u € F be such that ||u|| > 5—;, we have
u(t)| = &o [|ull = Ry, Vi € Qu,
which together with (3.7) yields, for all u € F, ||u|| > 1;—01,

B(u) = % Hu_||2—|—/ReQ(t)W(t,u)dt > /Q eQ(’)W(t,u)dt

2
& ag,
> co/ eQ(t)a%dt > co%o Jull measo(Qu) = co=0 [u
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This implies that B(u) — oo as ||u|| — oo on any finite-dimensional subspace F of E. The
proof of Lemma 3.4 is completed. U

Lemma 3.5. Suppose that (Qy), (L1) and (Lyg) hold. Then, for any p € [2,00,

Iy(k)y=sup ull;p — 0ask —> oo.
uezp|ul=1 ¢

Proof. It is clear that O < [,(k+ 1) < L,(k). Hence I,(k) —> [, as k — 0. For every k > 1,
there exists u; € Z; such that |lu|| = 1 and ||”k||Lf2 > 11,(k). Forany v € E, let v= Y7 ve;.
By the Cauchy-Schwartz inequality, one has

|< up,v>|= <uk7Zvlel> = |< ug, Z vie; >
i=1 i=k+1
<uell | ¥ viei| < X [villleil] — 0 as k — oo,
i=k+1 i=k+1

which implies that u; — 0. Without loss of generality, Lemma 2.2 implies that uy — 0 in
LZQ(R). Thus, I, = 0. The proof of Lemma 3.5 is completed. O

Lemma 3.6. Assume that (Qy), (L1), (Lyp), (W2) and (W3) are satisfied. Then there exist a
constant kg € N and two sequences 0 < ri, < pry — 0 as k — oo such that

ar(A)=_inf  fr(u) >0, Vk > ko, VA € [1,2], (3.8)
UEZpe||ull=pr
B(h) = _max [l <0,k > ko, YA € [1.2), (39)
ucYy,||ul|=ry
ck(A)=inf  f)(u) — 0as k —> o uniformly ford € [1,2]. (3.10)
UEZp||ul| <px

Proof. For any u € E with |Ju]| < \F , we have that (2.1) implies
1
loell o < NG el < R. (3.11)

Note that Z; C E* for any k > k™ + 1 with k™ is defined in Section 2. It follows from (3.1) and
(3.11) that, for all k > k¥ +1 and [|uf| < %2,

R
X0 —H P —z/ tudt>—HuH —2/ —]u|dt

(3.12)
> 5 ||u|| —cR||u||L1Q, VA € [1,2], Vu € Z.
Let
el
M, =1i(k)= sup , Vk € N. (3.13)
wezevioy llull
It follows that
M, — 0ask —> . (3.14)

Combining (3.12) and (3.13) yields

1
f () > 2 ull” = cRM [u] (3.15)
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for all k > k+1 and u € Z; with ||ul| < RT"/E). For any k > k+ 1, let p; = 4cRMj,. Tt follows

from (3.14) that there exists an integer ko > k + 1 such that

R,/
pr< = DYk > ko. (3.16)
It follows from (3.15) and (3.16) that, for all £ > kg,
) 1 1
ar(A) = inf  f(u) > =p? — cRMypr = ~p? > 0.
MEZk,”uH:pk 2 4

Hence (3.8) is satisfied. Now, for any k > ko, we see that (3.15) implies that, for any u € Z; with
ull < P

Ja(u) > —cRMypy.
Since f; (0) = 0, we deduce that

0> inf  fi(u) > —cRMypx, Vk > ko,
UEZy,||ul| <px

which implies that (3.10) is satisfied. It remains to prove (3.9). Since the two norms ||. | I and

||.|| are equivalent in finite-dimensional space Y, then, for any k € N, there exists a constant
d; > 0 such that

leell ) = i Jull Vue € Y. (3.17)
By (W,), for any k € N, there exists a constant & > 0 such that
2
X
W(t,x) > %, Vx| < & (3.18)

For any k € N and u € E with ||u|| < %FO, one has from (2.1)
1
luall = < 75 el < -

Consequently, for all k € N and u € Y} with ||u|| < %FO, it follows from (3.17) and (3.18) that,
forall A € [1,2],

1
flu) < 5 H”+H2—/ 2OW (t,u)dt
R
1 ) ()|u|2 . (3.19)
+ t
< g | = [0 ar < =5 lulP e 112
For any k € N, choose 0 < r; < min { Pks %%} Then it implies
2
()= max fi(u) < —=X% <0, VkeN.
u€Yy, [[ull=r 2
The proof of Lemma 3.6 is completed. U

It follows from above that there exists a positive integer ko such that, for all k > ko, all
the conditions of Lemma 3.3 are satisfied. Therefore, for all k£ > kg, there exist sequences
O<7Lj—> 1,uj€Yj such that

(fayy;) (ua,) =0, fa,(up;) — 6k € [d(2), bx(1)]- (3.20)
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Lemma 3.7. Under the assumptions of Theorem 3.1, the sequence (u k,-) is bounded in E.

Proof. Set, for j € N,
Ay ={reR/|u, (0| 2R},
where R; is defined in (3.7) and note by (W;) that VW (¢,x) - x < 2W (z,x), V(t,x) € R x RV,
Hence, it holds from (W), (3.7) and (3.20) that
1
_flj(ulj) = E(flj‘Yj)/(u)Lj)ulj _flj(ulj)
1
_ /mj/ReQ@) W (t12,) = 5 VW (t,3,) 0 )
[ COW (g ) — SVW () -y Jde
A A Y M 2 yUA; Aj

+2; ‘eQ(’)[W(t,u%)—%VW(t,u;Lj)-ulj]dt

Aj
> 2 o)y Lyw d
=) A'e [ (tvuﬂ,j>_§ (t,btlj)'ulj] !
J

2—
> AJT'U A.eQ([)W(l,ulj)dl‘
J

> xjw /A 200

J
/ 2
A .

J

For any j € N, let x; : R — R be the indicator of A}, that is,

[l ifteA;
xf(f)_{ 0, if 1 € A",

From the definition of A; and (3.21), we have

ukj’dt, vjeN.

It follows from (3.20) that

ulj‘dt <c¢y VjEN. 3.21)

(1= 2005 < Ro and |, <ea, i€
0

Therefore, from the equivalence of any two norms on finite-dimensional space E~ G E 0 it holds

that
2

— 0 g 0.
u)tj—kulj =< u; +uj7uj >L’é

2

Lo
_ 0 — 0

=<y, iy, (1= 2j)uy, >pp, + <y XUy >

< +

L=

Xjua;

— .0
u u
7LJ+ Aj Lw‘

uljJru’lfHUQH(l_XJ)u’lf L

s ((:3 H(l _Xj)u)“f Lw+c4)’%julf L > Hu;tj—i_u%j
0

,VjeN.
Lg

2
Lo

< (c3R1 +c402) Hu;j +u3j
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Consequently

_ 0 .
HM;LJ.‘FM)Lj z < c3Ry+c402, VjEN,

which together with the fact that E~ @ EY is of finite-dimensional implies that

u;, +u(in <cs, VjeN. (3.22)
From ) 5
HMI]H zzflj(ulj)+)thu;jH -I-Zﬂ,j/ReQ(t)W(t,u;Lj)dt, vVjeN,
we deduce from (2.1), (3.2), (3.10) and (3.22) that
2 H2

oy T, H +

+

2 2
_ 0 _

ufljJru%‘H +2f/*j(”%>+leu%H +2)Lj/ReQ([)W<t’u’lf)dt

u

§C6+C7(H”?Lj’ u
Ly

1+
Lo

u
[l <eoren(fo ). v

Since u < 2, this implies that (u lj) is bounded in E. The proof of Lemma 3.7 is completed. [J

It remains to prove that (u )Lj) has a strongly convergent subsequence in E. Since E~ @ E? is
finite-dimensional, we can assume by Lemma 3.7 that
u)_tj —u , ”(J)Lj — uo, uj{j —u" and uy; —uas Jj— (3.23)
for some u = u~ +u’ +ut € E- ®E°®E™". In virtue of the Riez Representation Theorem,
(fay;) :Y;— Y/ and g’ : E — E* can be viewed as (fy;) :¥; — Y;and ¢ : E — E,
where Y j* and E* are the dual spaces of Y; and E, respectively. Letting P; : E — Y; be the
orthogonal projection for all j € N, we have

0= (fo,,) (uz,) = 2" [y, = Ajuy | = AiPjg'(up,), Vj €N,
that 1s,
uy = Ajluy +e@ VP8 (uy))], Vj € N. (3.24)
Since g’ : E — E is compact, then, without loss of generality, (3.23) implies that the right-hand
side of (3.24) converges strongly in E. So, uj{ — u" in E. This together with (3.23) implies
]
Up; —>u in E. It follows from Lemma 3.3 that f| = f possesses infinitely many nontrivial

critical points, which implies that (27) has infinitely many nontrivial fast homoclinic orbits.
The proof of Theorem 3.1 is completed.

4. SUPERQUADRATIC CASE

In this section, we are interested in the existence of infinitely many fast homoclinic orbits of
(27") when the potential W (¢,x) is superquadratic at infinity with respect to x. More precisely,
we make the following assumptions:

W (t,x)

(W1) P

N — +ooas |x| —> oo, uniformly int € R;
X

(W) VW (t,x)-x > 2W(t,x) >0, V(t,x) e R x RY;
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VW (t,x)]

A v

— 0as |x| — 0, uniformly int € R;

(Wy) there exist constants & > 0 and a > 0 such that
VW (t,x)| < a(]x]* +1), V(t,x) € R x RY;
(Ws) there exist constants § > o, B > 1, b > 0 and r > 0 such that
VW (1,x)-x—2W(t,x) > b|x|P, Vi € R, Vx| > r.
Our main results in this section read as follows.

Theorem 4.1. Assume that (Qy), (L1), (Ly,o) and (Wy) — (Ws) hold. Then the damped vibration
system (V') possesses at least one nontrivial fast homoclinic solution.

Theorem 4.2. Assume that (Qy), (L1), (Lyo) and (Wi) — (Ws) hold and W (t,x) is even in
x €RN. Then (27) has infinitely many distinct fast homoclinic solutions.

Example 4.3. Let
W(t,x) = |x* In(1+ |x]*).

A straightforward computation shows that W satisfies our Theorems 4.1 and 4.2.

Proof of Theorem 4.1. Now we are going to establish the corresponding variational framework
to obtain fast homoclinic solutions for (27). To this end, define the functional f : E — R
as in Section 3. It is well known that the functional f is continuously differentiable on E and
its critical points on E are exactly the fast homoclinic solutions of the system (27%). For the
existence and multiplicity of critical points of f, we appeal to the following abstract critical
lemmas. Let E be a Banach space and f € C!(E,R). As usual, we say that f satisfies the
Palais-Smale condition ((PS) for short) if any sequence (u;) C E for which (f(u)) is bounded
and f'(u) — 0 as k — oo possesses a convergent subsequence.

Lemma 4.4. ([20, Generalized Mountain Pass Theorem]). Let E be an infinite dimensional
Banach space such that E =V ©X, where V is finite dimensional. If f € C'(E,R) and the
following conditions hold
(f1) f satisfies the (PS) condition;
(f2) there are constants p,8 > 0 such that
flo,nx = 6;
where 0By, = {u € E : |[ul]| = p};
(f3) there are constants r > p, M > 0 and e € X with ||e|| = 1 such that
f\al\ §Oandf|,\ SM,
where
A=(B,NV)D{se:0<s<r}.
Then f has a critical point u with f(u) > 6.
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Lemma 4.5. ([20, Symmetric Mountain Pass Theorem]). Let E be an infinite dimensional
Banach space such that E =V ® X, where V is finite dimensional. If f € C'(E,R) is even and

satisfies f(0) = 0, (f1), (f2) and
( fé) for each finite dimensional subspace E C E, there is an R = R(E) > 0 such that f <0 on

E\ Bg.
Then f possesses an unbounded sequence of critical values.

In the following, ¢,, n € N, denotes some various constants.

Lemma 4.6. If (Qy), (L1), (Ly,0), (W2), (W4) and (Ws) hold, then f satisfies the (PS) condition.
Proof. Let (ux) C E be a (PS) sequence. That is, there exists a constant M > 0 such that
|f(w)| <M, VkeNand f'(u) — 0, as k — oo.

We claim that (i) is bounded. If not, passing to a subsequence if necessary, we may assume
that ||ug|| — o0 as k — . By (W;) and (Ws), we have

2f () — f' (i )y = /ReQ(t) (VW (1, ux) - e —2W (¢, uy ) |dt

4.1)
> b 20 |u (1) |P dt
{teR:|u(t)|>r}
for all positive integer k, which implies that
1
2O |u (1)|P dt — 0 (4.2)
ot | S greretunr)=r)
as k — oo. Let
_ Jow), if (@) <7,
w1 = 05 i @3
and
wi(t) = ug(t) —vi(t) (4.4)
for all positive integer k and all ¢ € R. From (4.1) and (4.4), we get
er (14 [lugll) = b wil (4.5)
0

for all positive integer k. It follows from Holder’s inequality, (4.3), (4.4) and the equivalence of
the norms on the finite dimensional subspace E~ @& E? that

Hu_—kuon =< u_+u0 u, >
k k Lé_ k k> Yk Lé
=< uk_~|—u2,vk >+ <uy +u2,wk >12
© © (4.6)

< [l -+ gl vl + o+ gl il g

< ||uk_ —Htg”LzQ (1+ HWkHLg)
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for all positive integer k, where ' = [3 r (B > 1) is the Holder’s conjugate of 3. From the
equivalence of the norms on the finite d1mens10nal subspace E~ @ EY, (4.5) and (4.6), we obtain

e + || < 3 ||ug +ukHL2 < ca(L+[jwll,, )

< es(1+ [lugl|)
for all positive integer k, which implies that
-1 0
g+ 15

—0 (4.7)
o ]|

as k — oo. It follows from (Wy) that
I () = ||uf H —/ OVW (t,uy) - u; dt

> ||u,jH —/Re |VW(t,uk)Hu,j|dt

T R R e ey R e

> [|uf |* - —= ) 14| * it

N [Znaipe /{teR:M (lr

—ar® dt — / d
“ /{ze]R:uk(t)|<r} | R s

12 ||, a—ﬁ/ o) 1,18 4
=8 ey L L U

—ar® [y, o

2 ANwo
1 A ey S T
I

which together with (4.2) implies
Al

[
as k — oo, It follows from (4.7) and (4.8) that

il _ o+l + |
eae]| — [ ||

as k —» oo, which is a contradiction. Hence (u;) must be bounded. Moreover, we have

2
[ —u||" = (f () = (@) (" = u™) + (8 () — ' () (| —u™).
Going to a subsequence if necessary, we may assume, by using Lemma 2.2, that u; — u weakly
in £ and

50 (4.8)

1= —0

up — u in both LZQ(]R) and Ly(R) as k — oo. 4.9)

Since g’ is continuous, we deduce that g’ (ux) — g'(u). Therefore, u;” — u™ in E. From (4.9)
and the equivalence of the norms on the finite dimensional subspace E~ @ E°, we obtain that
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ug — u" and u, — u~ in E as k — oo. Hence (u;) has a convergent subsequence, which
shows that the (PS) condition holds. The proof of Lemma 4.5 is achieved. O

Lemma 4.7. Assume that (Qy), (Li), (Lyo), (W2) and (W3) are satisfied. Then there are
constants p >0 and & > 0 such that fis > 8, where S ={u € E™ : ||lul| = p}.

Proof. By (W3), for all € > 0, there exists v > 0 such that
VW (t,x)| < elx|, Vt e R, Vx| < v,
which with (W) and the Mean Value Theorem gives

! €
W (t,x) :/ VW (t,sx) - xds < 3 x>, Vi €R, Vx| < v.
0

2
,0 = pT_ By Lemma 2.2, we get

/ (1) dt

for all u € S. The proof of Lemma 4.7 1s completed. U

Lemma 4.8. Assume that (Qy), (L1), (Ly,0), (W1), (W2) and (Ws) are satisfied. Let e € E™ with
\le|| = 1. Then there exist ri,ry > 0 such that f(u) <0,Vu € A, where A={se:0<s<r;}®
{ucE-®E": ||ul| <r}.

Proof. Let e € E* with |e|| =1 and F = span{e} ® E~ ® E°. By the proof of Lemma 3.4,
there exists a constant & > 0 such that

measg({t € R u(t)| > & ||lul|}) > &, Yu € F\ {0}. (4.10)
Foru=u +u’+ut €F,let
Q= {t €R/|u(t)| = &olul]}-
By (W), ford = % > 0, there exists R; > 0 such that
0

Choose € = (213) ! and take p = vn:(’

700 = 5l = [ 0w (e,ute))dr >

D

2

82 p_
2 =8

|
> = Ju||”— ul|* = ||M|| =

W(t,x) >d|x|*, V|x| >Ry, Vt € R.

Hence,
W(t,u(t)) > d|u(n)]* > deg ||ul® (4.11)
for all u € F with ||u|| > 1;_; and t € Q. It follows from (W5), (4.10) and (4.11) that

I TRATE N T 2_/ o(r) J
fluy =gl |" =g "= [ 20w @ ul)ar
<5 IP = [ LW uta
Q,
< 5 Hu+H2—d8§ Hu||2measQ(Qu) (4.12)
1
< 5 [l — deg ful?

_l +2_l 2
Mt P = 5 P <o,
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for all u € F with |jul| > 1;_;_ Let ; > 0 and denote

A:{se/Ogsgrl}@{ueE7®EO: [|u| grl}.

Then dA = A1 UA UA3, where
A ={ucE ®E: ||ul| <n},
A2:r1e+{u€E7@E0/||u|| <r},

A3={se/0<s<r}o{ucE” ®EY/ ||ul| = ri}.

It follows from (4.12) that
F(u) <0, Yu € Ay UAs

for all r| > 8%. From (W), we have

f(u)<0,Vuec E-®E°,

which implies that f(u) <0, Vu € Ay. Hence, f(u) <0, Vu € dA, for all r| > max{p, %}’
where p is defined in Lemma 4.7. This completes the proof.

From Lemma 4.4, we find that f has a critical point u satisfying f(u«) > & > 0 where 0 is
given in Lemma 4.8. Since f(0) = 0, then u is nontrivial and (27%") possesses a nontrivial fast
homoclinic solution. The proof of Theorem 4.1 is achieved.

Proof of Theorem 4.2. We have f(0) = 0 and since W (z,x) is even with respect to the second
variable, then f is even. The assumptions (f]) and (f>) are proved above. Let us prove ( fé)
Letting E C E be a finite dimensional subspace of E, we have that there exists m > 1 such that
ECE ®E @®span{wi,....wn} = X", where wy = €, 1041 k > 1. Replacing the subspace
F = span{e} ® E~ @ EY, introduced in the proof of Lemma 4.8, and following the same steps,
we obtain R,, > 0 such that

1 1
F) < 5 [ [P =5 P <0, V€ X", [l = R

Hence ( fé) is verified. Therefore, it follows from Lemma 4.5 that f possesses an unbounded
sequence of critical points. Hence (27) possesses infinitely may fast homoclinic solutions.

5. LOCAL CONDITIONS

In this section, we are interested in a general case where the potential W (¢,x) satisfies only
locally conditions near the origin with respect to x and do not satisfy any additional hypotheses
at infinity. More precisely, we present the following assumptions:

(W) there exist constants r,c > 0 and v €]0, 1| such that

VW (t,x)| < clx|¥, Vt €R, |x| <
(W) there exists p €]0, r] such that
W(t,—x) =W(t,x), and W(t,x) >0, Vt € R |x| < p;

Wt
(W3) lim0|‘(—|’2x>‘ = +oo, uniformly forallt € R.
x|— x

Our main result in this Section reads as follows.



FAST HOMOCLINIC SOLUTIONS FOR DAMPED VIBRATION SYSTEMS 17

Theorem 5.1. Assume that (Qy), (L1), (Ly,o) and (W) — (W3) are satisfied. Then (27") pos-
sesses infinitely many nontrivial fast homoclinic orbits (uy) such that

2/ Mlaig (1) 2+ L g (1) - uk(t)—l-Buk(t)-uk(t)]dt—/ReQ(’)W(t,uk(t))dt—>O

as k — oo,
In the following, we give some examples which satisfy our assumptions.

Example 5.2. (The subquadratic case at infinity). Let W (z,x) = h(t) |x|® In(1 + |x|?), where
(t,x) e Rx RN, 8 €]1,2[ and h € C(R,R) with 0 < inf,cg h(t) < sup,cg h(t) < oo. It is easy to
see that W (¢,x) satisfies the conditions (W;) — (W) and the subquadratic condition at infinity,

Le., lim . W|([|2x) =0.

Example 5.3. (The superquadratic case at infinity). Let W (z,x) = h(¢)(|x|* + |x|® in(1 + |x[*)),
where (t,x) ER xRN, 6 €]1,2[, v €]2,0[ and h € C(R,R) with 0 < inf,cr A(t) < sup,cg h(t) <
. It is easy to see that W(z,x) satisfies the conditions (W;) — (W3) and the superquadratic

condition at infinity, i.e., limy| ., W|)(:| éx) = 400

Example 5.4. (The asymptotically quadratic case at infinity). Let W (¢,x) = 3S(t)x-x+ x| OIn(1+

lx|?), where S : R —» RV is a bounded symmetric N X N matrix-valued function and 6 €]1,2].
It is clear that W (z,x) is asymptotically quadratic at infinity with respect to x and satisfies the
conditions (W;) — (W3).

Proof of Theorem 5.1. Consider the continuously differentiable functional f : E — R intro-
duced in Section 3 whose critical points on E are the fast homoclinic solutions of the system
(27). We shall use the following Variant Symmetric Mountain Pass Lemma due to Kajikiya
[21] to prove our result. We first recall the notion of genus. Let E be a Banach space and let A
be a subset of E. A is said to be symmetric if u € A implies —u € A. For a closed symmetric set
A, which does not contain the origin, we define the genus y(A) of A by the smallest integer k for
which there exists an odd continuous mapping from A to R*\ {0}. If such a k does not exist,
then we define y(A) = +oo. Moreover, we set y(¢) = 0. Let

I'v ={A C E/Ais a closed symmetric subset, 0 ¢ A, y(A) > k}.
The properties of genus used in the proof of Theorem 5.1 are summarized as follows.

Lemma 5.5. [21] Let A and B be closed symmetric subsets of E that do not contain the origin.
Then the following hold.

a) If A C B, then y(A) < y(B).

b) The n—dimensional sphere S" has a genus of n+ 1 by the Borsuk-Ulam theorem.

Lemma 5.6. [21] Let E be an infinite-dimensional Banach space and let f € C'(E,R) satisfy
the following
(f1) f(0) =0, f is even and bounded from below and f satisfies the (PS)—condition;



18 M. TIMOUMI

(f2) For each k € N, there exists Ay C Ty such that sup,c,, f(u) < 0. Then f possesses a
sequence of critical points (uy) such that

f(uk) <0, uy #0, Vk e Nand lim u, =0.
k—>o0
Now, let 8 € C!(RT,R™") satisfying
{ 0(s)=1 forsel0 p\/FO] 0(s) = Oforszpf,

' 2N

5-1) 6()<Oforp\ﬁ<s<p\ﬁ

where p is defined in (Wz) Consider the new functional / defined on E by
) = 5 P — 6l (> + 5 1) "+ [ 0wt uar).

Remark 5.7. Itis clear that h € C' (E,R), h(u) = f(u) for all |jul|| < © ‘F and thus critical points

of h satisfying ||u|| < ‘F are exactly critical points of f. Consequently, to prove Theorem 5.1,
we will apply Lemma 5 6 to the functional / instead of f.

Lemma 5.8. Assume that (Qy), (L1), (Ly,0), (Wi) and (W>) are satisfied. Then h satisfies the
(PS)-condition.

Proof. Let (u,) be a Palais-Smale sequence, that is, (h(u,)) is bounded and /' (u,) — 0 as
n — oo, If u € E with |jul| > p1\1/50’ then we find from the definition of 6 and h that h(u) =

: l|u||*, which implies that

h(u) — +ooas ||lu|| — eo. (5.1)
Since (h(uy,)) is bounded, then (5.1) implies that (u,) is bounded. Thus, passing to a subse-
quence if necessary, we can assume by Lemma 2.2 that u, — u = u~ +u’ +u*, uf — u* and

uf — u" in Ly(R). On the other hand, if [|u,|| > p\ﬁ (tp)uty = ||un|| p;CO
contradicting the fact that 4’ (u,,) — 0 as n — co. Hence, we can assume that [|u, || < ° \ﬁ for
all n € N, which togeher with (2.2) implies that
1 Noo
) < o < —— o < —— <
[un ()] < [Jttn]| = < N ol s < e lunll < p
This, together with (W), implies that
/ CONW (1,up) - (" — u™)dit| < / 20 [VW (1, ) || uF — ™ |dt
R R
< c||un||zm/ 2 |u;r —u+|dt (5.2)
R

<cp¥ | 20 |uf —ut|dt —0
R
as n — oo. Now, we have

W () (s = ™) =< w,uf =t > =0 (Jun])) < —,uf —ut > (% ]| + [l |

_Hn_

[unl]”

+/ W (e, un)dr) — (||un||)/ COVW (£, 1,) - (6 — ),
R
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which together with (5.2) and the fact that 4’ (u,) — 0 implies

1— 0" (l|unll) ( H OH +H fH +/ W (t,u, dtﬂ <yt —ut >—0 (5.3)

Hu I

as n — oo, Since ||u,|| < pf, then |u, ()| < p and W(¢,u,(t)) > 0 foralln € N and t € R by
(W,). Hence, the definition of 6 implies

1 |!tur||| ( H 0” +|| —H _|_/ W (t,uy dz) >1,VneN.

It follows from (5.3) that
<y, u —ut >—0asn— oo,

By virtue of u” — u*t, we have ||u;7|| — |lu™|| and then " — u*. Noting that E~ and E°
are finite dimensional subspaces, we have u; — u~ and u® — u®. Therefore u, — u in E
and & satisfies the (PS)—condition. O

Now, the definitions of # and 6 imply that h(u) = % l[ul|* = h(—u) for all ||ul| > %?0. If ||u|| <

P \F , we have as above |u(r)| < p for all € R, which together with (W) implies W (¢, —u(t)) =
W( u(t)) forall € R and h(—u) = h(u). Thus h is even in E. We claim that / is bounded from
below. If not, there exists a sequence (u,) such that

h(u,) — —o0 as n — oo. (5.4)

By (W;), (W,) and the definitions of & and 6, it is easy to verify that 2 maps bounded sets
into bounded sets. It follows from (5.4) that ||u,|| —> o0 as n — oo. Thus, (5.1) implies that
h(u,) — o0 as n — oo, which contradicts (5.4). Hence the condition (f}) of Lemma 5.6 is
verified.

Finally, we show that / satisfies the condition (f;) of Lemma 5.6. For any positive integer k,
let £y = @ZZIXM, and X, = Re,,, where the sequence (e,,) is defined in Section 2. Since Ej, is
finite dimensional, there exists a positive constant ; such that

leell < Brllull Vi € B (5.5)
By (W3), there exists a constant R > 0 such that
W(r,x) > B2 |x]*, Vr € R, |x| <R. (5.6)

Letting u € E be such that ||u|| < \F , we know that |u(r)| < R for all r € R. It follows from
(5.6) that

W (t,u(t)) > B2 lu(t)]*, Vi € R. (5.7)
Therefore, by (5.5) and (5.7), for all u € Ej with 0 < ||ul| = r; < min{pzf, R%/:T)}, we have

1 1
) =3 | =5 [P = [ e@Ow @)
< S lulP = [ @0 B u) P

1 1 1,
<3 Nl =l = =3l = =372,
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which implies
{u e EN{0}/ |lull = ric} C Ay, (5.8)
where Ay = {u € E/h(u) < —in?}. Thus, Lemma 5.5 and (5.8) imply

v(Ax) = v({u € B0}/ llull = ri} ) = k.

Hence, by the definition of Iy, we have Ay C I'y,. Moreover, the definition of A; implies
SUP,cA, h(u) < —%n,f < 0. All the conditions of Lemma 5.6 hold. This completes the proof.
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