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Abstract. In this paper, we establish an existence result and a global attractivity result for the mild
solutions of a nonlinear quadratic hybrid fractional differential equation with the Caputo derivative on
the unbounded intervals of the real line with the mixed arguments of anticipation and retardation. The
hybrid fixed point theorem of Dhage is used in the analysis of our nonlinear differential problem. A
positivity result is also obtained under some usual conditions.
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1. INTRODUCTION

Let tp € R be a fixed real number and let J.. = [fy,0) be a closed but unbounded interval in
R. Let %% (J-) denote the class of pulling functions a : Jo — (0,0) satisfying the following
properties:

(i) a is continuous, and
(i1) tlgga(t) = oo,

The notion of the pulling function was introduced in Dhage [1, 2] and Dhage, Dhage and
Sarkate [3]. There do exist functions a : Jo — (0,o0) satisfying the above two conditions. In
fact, if ay (1) = |t| + 1, and ax (t) = el’l, then ay,ay € €RPB(J.). Again, the class of continuous
and strictly monotone functions a : J.. — (0,°0) going to o satisfy the above criteria. Note that
ifa € €% % (J), then the reciprocal function @ : J. — R defined by a(r) = ﬁ is continuous

and lima(¢) = 0. It was shown in Dhage [1, 2] and Dhage, Dhage and Sarkate [3] that the

f—>o0
pulling functions are useful in proving different asymptotic characterizations of the solutions of

nonlinear differential and integral equations on unbounded interval of the real line R.
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In this paper, we employ the pulling functions for characterizing the solutions of a nonlinear
hybrid fractional differential equation when the value of independent variable is large. The
frequent use of fractional calculus in the resolution of some anomalous problems of engineering
and physical sciences (see, e.g., [4, 5, 6] and references therein) prompted the development of
the subject of fractional differential equations a lot. Nowadays, this is the vast growing most
active area of research in the subject of nonlinear analysis. Therefore, the study of fractional
versions of ordinary differential equations is vigorously started with a good pace. The fractional
versions of ordinary hybrid differential equations is also desirable for different aspects of the
solutions. Sometimes, it may happen that a dynamic system runs for a long period of time and
one is interested in the behavior of the system in the long duration of time. These and other
similar problems form the motivation for this paper. We discuss the behavior of the solution of
a certain hybrid fractional differential equation on the unbounded interval of the real line in this
paper.

We need the following fundamental definitions from fractional calculus (see [4, 5] and the
references therein) in what follows.

Definition 1.1. Let J.. = [fp,o0) be an interval of the real line R for some 79 € R with 75 > 0.
Then, for any x € L' (J..,R), the Riemann-Liouville fractional integral of fractional order g > 0
is defined as

t_x(s)

1
Ix(t) = / ds, t € Joo,
)= g Sy Gosyra 1€

provided the right hand side is pointwise defined on (fy,0), where I is the Euler’s gamma
function defined by T'(q) — / e 19 dr.
0

Definition 1.2. Let x € C"(J.., R). Then the Caputo fractional derivative “D{ x of x of fractional
order ¢ is defined as

t
DI a(r) = [=syaas, re .

I(n—q) Jiy
where n—1 < g <n,n=[q]+ 1, [g] denotes the integer part of the real number ¢, and I is the
Euler’s gamma function. Here C"(J., R) denotes the space of real valued functions x(z) which
have continuous derivatives up to order (n— 1) on J., and that x") € C(J.., R).

Given a pulling function a € €% %(J.)(C'(J.,R), we consider the following nonlinear
hybrid fractional differential equation (in short HFRDE) involving the Caputo fractional deriv-

ative,
Cpd a(t)x(t) ot x(t) x
Dl |ty ) ~ OO 1

X(l()) =x9 € R,

(1.1)

where CD% is the Caputo fractional derivative of fractional order 0 < g < 1,I"is a Euler’s gamma
function, f : Jo X R xR — R\ {0} is continuous, g : Jo x R xR — R is Carathéodory and
0,7 :J. — J are continuous functions, which are, respectively, anticipatory and retardatory,
that is, 6(¢) >t and y(¢t) <t for all t € J, with 0(ty) = to.

Definition 1.3. By a solution for the functional differential equation (1.1), we mean a function
x € C!(Jw, R) such that
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a(t)x
f(r,x,y)
a(t)x()
f(t,x(1),x(6(1)))

(ii1) x satisfies the equations in (1.1) on J,

(i) the map (x,y) — is well defined for each 7 € J.,

(i1) the map ¢ —

= z(t) is differentiable on J. and 7’ € C(Jw, R), and

where C'(J..,R) is the space of continuous real-valued functions defined on J.. whose first
derivative x’ exist and x’ € C(Jo,R).

As the functions 6 and 7y in the HFRDE (1.1) are respectively anticipatory and retardatory,
the arguments in problem (1.1) are deviating over the unbounded interval J... Therefore, the
behaviour of the dynamic system modelled on the HFRDE (1.1) depends both on back history
and future data. As a result, the existence analysis of HFRDE (1.1) involves both anticipation
and retardation information of the state variable.

The HFRDE (1.1) is a mixed quadratic perturbation of second type obtained by multiplying
the unknown function under the Caputo derivative with a scalar function a and dividing by a
nonlinearity f. The classification of the different types of perturbations of a differential equation
was given in Dhage [7]. If f(¢,x,y) = 1 and g(¢,x,y) = g(¢,x) for all (¢,x,y) € Jo X R X R, then
the following fractional differential equation holds

CDg) la(t)x(t)] = g(t,x(t)), t € Jo, (1.2)
x(to) =xp €R. |

This equation was studied in Dhage [2] for the existence and the asymptotic attractivity, and the
stability of solutions. If ¢ = 1, then HFRDE (1.2) reduces to the nonlinear functional ordinary
differential equation

d

—la(0)x(t)] = g(t,x(1)), t € Joo,

dt (1.3)

X(t()) =x9 € R,
which was studied in Dhage [1] for different characterizations of the solutions on J.. If ¢ =1,
then HFRDE (1.1) reduces to the nonlinear quadratic functional ordinary differential equation
d a(t)x(r)

dr | f(t,x(t),x(0(¢

)))] = g(t,x(0) X(¥(0), 1 € Jen

(1.4)
x(t)) =x0 € R,
which again includes the class of the nonlinear quadratic differential equations
d [ x(t) ] [ x(1) }
— || +k | ——— | =g(t,x(t)), t € Joo,
3o R e RG] 15)

x(l‘o) = X0,

as special cases, where a(t) = e, k > 0. HFDE (1.4) was studied in Dhage, Dhage and Sarkate
[3] whereas the equation (1.5) was studied in Dhage [8] for the existence and the attractivity of
the solutions on the unbounded interval J., of R.

Now we state a useful lemma, which is helpful in transforming the fractional Caputo differ-
ential equations into the Riemann-Liouville fractional integral equations.
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Lemma 1.4. [4, p. 96] Let x € C"(J,R) and g > 0. Then,

n—1 x(k) n—l
B (00) =0~ T 010 =0+ T a1
k=0 "* k=0

forallt € J=[a,b], wheren—1<q<n, n=|[q]+1andco,...,c,—1 are constants.

The converse of the above lemma is not true. It was mentioned in Kilbas, Srivastava and
Trujillo [4, page 95] that if ¢ > 0 and x € C(J, R), then €D, <I,%x(t)> — x(r) forallr € J = [a, b].
It has been proved recently in Cohen and Salem [9, 10] that this is not true for any continuous
functions on J.

Remark 1.5. The conclusion of Lemma 1.4 also remains true if we replace the function spaces
C"([a,b],R) and C([a,b],R) with the function spaces BC"(J,R) and BC(J,R), respectively.

2. AUXILIARY RESULTS

Let X be a non-empty set and let 7 : X — X. An invariant point under .7 in X is called a
fixed point of .7, that is, the fixed points are the solutions of the functional equation .7 x = x.
Any statement asserting the existence of fixed points of a mapping .7 is called a fixed point
theorem for the mapping 7 in X. The fixed point theorems are obtained by imposing the
conditions on T or on X or on both .7 and X. Usually, if spaces or mappings are better, then we
have better fixed point principles. As we go on adding more structures to the non-empty set, we
derive more fixed point theorems, which are useful in applications to nonlinear differential and
integral equations. Below, we give some fixed point theorems, which are useful in establishing
the attractivity and ultimate positivity of the solutions for HFRDE (1.1) on unbounded intervals.
Before stating these results, we give some tools.

Definition 2.1. Let X be an infinite dimensional Banach space with norm |- ||. A mapping
J : X — X is called Z-Lipschitz if there is an upper semi-continuous and nondecreasing
function Y7 : Ry — R satisfying

|7x= Ty < wa(lx—yl) (2.1)
for all x,y € X, where y#(0) = 0. The function y 7 is called a Z-function of .7 on X.

If wo(r) =kr, k>0, then 7 is said to be Lipschitz with the Lipschitz constant k. In
particular, if k < 1, then .7 is said to be a contraction on X with the contraction constant k.
Further, if w5 (r) < r for r > 0, then .7 is called a nonlinear Z-contraction on X. There do
exist several Z-functions in the literature and the commonly used Z-functions are W (r) = kr

and 7 (r) =

1 :_ , etc. (see Banas and Dhage [11] and the references therein).

r
Definition 2.2. An operator .7 on a Banach space X into itself is said to be totally bounded if,
for any bounded subset S of X, .7(S) is a relatively compact subset of X. If .7 is continuous
and totally bounded, then it is said to be completely continuous on X.

The fixed point technique is a powerful method often used in the study of nonlinear equations.
Our essential tool used in this paper is the following hybrid fixed point theorem of Dhage
[12, 13] for a quadratic operator equation involving two operators in a Banach algebra X. We
refer to Dhage [7, 12, 13, 14] for some related results and applications.
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Theorem 2.3 (Dhage fixed point theorem [7, 12, 13]). Let S be a non-empty, closed convex and
bounded subset of the Banach algebra X and let o : X — X and B : S — X be two operators
such that

(a) of is D-Lipschitz with P-function Y,

(b) A is completely continuous,

(¢) Mp Wy (r) < rwhere Mg = || B(S)|| = sup{||Bx|| : x € S}, and

(d) x=dxBy=—=xecSforallycsS.

Then the operator equation o/ x Bx = x has a solution in S.

Recently, the above hybrid fixed point theorem of Dhage played an important role in the
subject of nonlinear analysis. The nonlinear alternatives related to Dhage fixed point theorem,
Theorem 2.3 on the lines of Leray-Schauder and Schafer are also available in the literature (see
Dhage [15] and the references therein). However, the present version is more convenient to
apply in the theory of nonlinear hybrid differential equations. A collection of applicable fixed
point theorems can be found in the monographs of Granas and Dugundji [16], Deimling [17],
Dhage [13] and the references therein. Next, we give different types of characterizations of the
solutions for nonlinear fractional differential equations on the unbounded intervals of the real
line.

3. CHARACTERIZATIONS OF SOLUTIONS

We seek solutions of the HFRDE in the space BC(J,R) of continuous and bounded real-
valued functions defined on J... Define a standard supremum norm || - || and a multiplication ““-”
in BC(Jw,R) by

[Ix[| = sup [x(z)|

te)e
and
(- y)(1) = () (1) = x()y(2), 1 € Jeo.
Clearly, BC(J,R) becomes a Banach algebra w.r.t. the above norm and the multiplication in
it. Let o7, % : BC(Jw,R) — BC(Jw,R) be two continuous operators and consider the following
operator equation in the Banach algebra BC(J., R)

A x(t) Bx(t) = x(t) (3.1)
for all t € J.. Below we give different characterizations of the solutions for operator equation

(3.1) in space BC(Jw,R).

Definition 3.1. We say that the solutions of operator equation (3.1) are locally attractive if there
exists a closed ball B, (x) in space BC(Jw,R) for some xg € BC(Jw,R) such that, for arbitrary
solutions x = x(¢) and y = y(¢) of equation (3.1) belonging to B, (xo),

lim (x(1) — y()) = 0. (3.2)

In the case when limit (3.2) is uniform with respect to set E,(xo), i.e., for each € > 0, there
exists 7 > 0 such that
x(r) —y(r)| < & (3.3)
for all x,y € F,(xo) being the solutions of (3.1) and for + > T, we say that the solutions of
equation (3.1) uniformly locally attractive on Je.
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Definition 3.2. A solution x = x(¢) of equation (3.1) is said to be globally attractive if (3.2) holds
for each solution y = y(¢) of (3.1) in BC(Jw,R). In other words, we say that the solutions of
equation (3.1) are globally attractive if, for arbitrary solutions x(¢) and y(¢) of (3.1) in BC(Je,R),
condition (3.2) s satisfied. In the case that condition (3.2) is satisfied uniformly with respect to
space BC(J,R), i.e., if, for every € > 0, there exists 7 > 0 such that inequality (3.2) is satisfied
for all x,y € BC(J,R) being the solutions of (3.1) and for r > T, we say that the solutions of
equation (3.1) are uniformly globally attractive on J.

Remark 3.3. We mention here that the details of the global attractivity of solutions can be found
in a recent paper of Hu and Yan [18] while the concepts of uniform local and global attractivity
(in the above sense) can be found in Banas and Dhage [11], Dhage [8, 19] and the references
therein.

Now, we introduce the new concept of local and global ultimate positivity of the solutions for
the operator equation (3.1) in space BC(Jw,R).

Definition 3.4. [20] A solution x of equation (3.1) is said to be locally ultimately positive if
there exists a closed ball B,(x() in € BC(Jw, R) for some xy € BC(Jw, R) such that x € B,(0) and

kgjh@ﬂ—ﬂﬂ]zo- (3.4)
In the case that (3.4) is uniform with respect to the solution set of the operator equation (3.1)
in BC(J~,R), i.e., for each € > 0, there exists 7 > 0 such that

[[x(0)| = x(r)| < & (3.5)

for all x being solutions of (3.1) in BC(J., R) and for t > T, we say that the solutions of equation
(3.1) are uniformly locally ultimately positive on Je.

Definition 3.5. [20] A solution x € BC(J,R) of equation (3.1) is said to be globally ultimately
positive if (3.4) is satisfied. In the case that (3.5) is uniform with respect to the solution set of
the operator equation (3.1) in BC(J«,R), i.e., for each € > 0, there exists 7 > 0 such that (3.5)
is satisfied for all x being solutions of (3.1) in BC(J«,R) and for t > T, we say that the solutions
of equation (3.1) are uniformly globally ultimately positive on Je.

Finally, we have the following characterization of the asymptotic stability of the solutions of
the equation (3.1) on J.

Definition 3.6. A solution of equation (3.1) is said to be asymptotically stable to #-axis or zero
if lim,_, x(¢#) = 0. Again, x is said to be uniformly asymptotically stable to zero if, for € > 0,
there exists a real number 7 > 1y such that |x(¢)| < e forallt > T.

Remark 3.7. We remark here that global attractivity implies the local attractivity and the uni-
form global attractivity implies the uniform local attractivity of the solutions for the operator
equation (3.1) on J... Similarly, the global ultimate positivity implies the local ultimate positiv-
ity of the solutions for the operator equation (3.1) on unbounded intervals. However, the inverse
of the above two statements may not be true.
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4. ATTRACTIVITY AND POSITIVITY RESULTS

In this section, we discuss the attractivity results for the ordinary hybrid fractional differential
equation (1.1) on J.. We need the following definition in the sequel.

Definition 4.1. A function 8 : J X R xR — R is called Carathéodory if

(i) the map ¢ — B (t,x,y) is measurable for each x,y € R, and
(ii) the map (x,y) — B(¢,x,y) is jointly continuous for each ¢ € J.

The following lemma is often used in the study of nonlinear differential equations (see
Granas, Guenther and Lee [21] and the references therein).

Lemma 4.2 (Carathéodory). Let B : Jo X R x R — R be a Carathéodory function. Then the
map (t,x,y) — B(t,x,y) is jointly measurable. In particular, the map t — B(t,x(t),y(t)) is
measurable on Jo, for all x,y € C(Jo,R).

We need the following hypotheses in what follows.

(A1) The function ¢ — f(f9,0,0) is continuous and bounded on J. with bound Fj.
(A2) The function f is continuous and there exist a function ¢ € BC(J.,R ) and a constant
K > 0 such that

[ Fltxt,32) — f(tct,)| < D) maxtin =], bz = al)

K +max{|x; —x2|,[x2 — y2|}

for all € J, and x1,x2,y1,y> € R. Moreover, sup £(¢) = L.
t€Jw
(B1) The function g is bounded on J. x R x R with the bound M,.

(B2) The function g is Carathéodory on J, x R x R.
(B3) The pulling function a satisfies the condition [11_>rn a(t)r? =0.

Remark 4.3. If a € %% (J), then a € BC(J., R, ). Hence, the number ||a| = sup,.,_a(t)
exists. Again, since hypothesis (H3) holds, the function w : R, — R defined by the expression
w(t) =a(r)t? is continuous on J., and satisfies the relation tli_>m w(t) = 0. So, the number W =

sup,>,, w(t) exists.
The following lemma is useful in the sequel.

Lemma 4.4. Assume that hypothesis (A1) is satisfied. Furthermore, for any integrable function
h € L' (Joo,R), if function x € BC(Jw,R) is a solution of the HFRDE

C a()x(r) } _
Dl | sy ) =< D
and
x(0) = xo, 4.2)
then x satisfies the hybrid fractional integral equation (HFRIE)
+(0) = 0,30, 3(600)] (comt0)+ T [0 5)0 hts) s ) @3
Lg Ji
forallt € Jo, where co = alto)Xo and xo # 0.

f(to,x0,x0)
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Proof. Let h € L'(J.,R,). Assume that x is a solution of the HFRDE (4.1)-(4.2). We apply
the Reimann-Liouville fractional integration I,’(]) of fractional order g from #; to ¢ to both sides of
(4.1). Then, by using Lemma 1.4, we obtain the HFRIE (4.3) on J. 0

Definition 4.5. A solution x € BC(J~,R) of the FRIE (4.3) is called a mild solution of the
HFRDE (4.1)-(4.2) defined on J...

In the following, we deal with the mild solution of the HFRDE (1.1) on unbounded interval
Js of the real line. Our main existence and global attractivity result is as follows.

Theorem 4.6. Assume that the hypotheses (A1) - (A2) and (B1) - (B3) hold. Further, assume

that VW
I
L(‘M |]a||+L> <K. (4.4)
(20, x0,%0) I'q
Then the HFRDE (1.1) has a mild solution and mild solutions are uniformly globally attractive
defined on J.

Proof. Now, using hypotheses (B1) and (B»), it can be shown that the mild solution x of the
HFRDE (1.1) is equivalent to the functional fractional integral equation

()= 030,360 (o) + T2 [ 1= s ahxtroas) . @3)

LI'q Ji
for all € Jo. Set X = BC(Jw,R) and define a closed ball B,(0) in X centered at origin of radius

r given by
1o )Xo
= ) (| + 2 ).

Define two operators .7 on X and % on B,(0) by

Ax(t) = f(t,x(t),x(0(t))), t € Joo (4.6)
and B
PBx(t) = coa(t) + % /tt(t — )7 g(s,x(5),x(y(s))) ds, t € Juo. 4.7)
Then the FIE ((4.5)) is transformed intoothe operator equation as
Ix(t) Bx(t) =x(t), t € Jo. (4.8)

We show that <7 and Z satisfy all the conditions of Theorem 2.3 on BC(J«,R). First, we show
that the operators .27 and % define the mappings ./ : X — X and % : B,(0) — X. Letx € X
be arbitrary. Obviously, ./x is a continuous function on J... We show that .c7x is bounded on
Jw. Thus, if t € J., then

(1) = |£(0.x(0),x(0(1)))
< [F(x(0)x(6(1))) — £(1,0,0)] +]£(1,0,0)
max {Jx(1)], (6(1))]}
< e max (RO (0 () T

<L+ Fp.

Therefore, taking the supremum over ¢, ||&7x|| < L+ Fy = N. Thus, </x is continuous and
bounded on J.. As a result, o/x € X. Similarly, it can be shown that Zx € X. In particular,
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o : X — X and % : B,(0) — X. We show that ./ is a Lipschitz on X. Let x,y € X be arbitrary.
Then, by hypothesis (H3z), we have

Jofx a7 = supl () /(1)
e max{lx(r) — y(0)]. x(8(0)) ~(8(0)]}
< S ) e max (x (1) — Y], (00 — 36 ()]}

Lilx—yll
~ K+ x—y

= Y (lx—yll)

L
for all x,y € X. This shows that <7 is a Z-Lipschitz on X with Z-function Yy, (r) = K—: .
r
Next we show that 4 is a completely continuous operator on B,(0). First, we show that 2 is
continuous on B,(0). To do this, let us fix arbitrarily € > 0 and let {x, } be a sequence of points

in B,(0) converging to a point x € B,(0). Then

|(Bxa) (1) — (%) (1)]

< F<_;> [ 6= lgls.0() 0 ((5))) — 5.x(5) x(r(5)) s

< r(_;)/ (t =) g (s, xn(8), 25 ((9))) | + 8 (5,x(s), x(¥(5))) | ds

Io

N
Ql

Ql

() gt
gzMg%])/t (t—s)4ds
0

= —w(t), (4.9)

where, w(t) = a(t)#9. Hence, by virtue of hypothesis (H3), we infer that there exists a T > 0
such that w(z) < € fort > T. Thus, for t > T, from estimate (3.3), we derive that

|(,%’xn)(t)—(,%’x)(t)|§2r—]vc[]g8 as 1 — oo,

Furthermore, let us assume that ¢t € [f,7]|. Then, from dominated convergence theorem, we
obtain the following estimate
: . oy al) -1
lim ABx,(t) = lim |coa(r) + —/ (t—5)T""g(s,xn(5),x2(y(s))) ds
To

n—oo n—oo Fq

= cqa(t)+ 0 (1 5y tim (s, 05), 50 ()] s

Fq to n—yoo

= coa(t) + ?tq) /[O[ (t—s5)7 g(s,x(s),x((s))) ds = Bx(t) (4.10)
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forall 7 € [tg, T]. Moreover, it can be shown as below that { Zx, } is an equicontinuous sequence
of functions in X. Now, following the arguments similar to that given in Granas and Dugundji
[16], it is proved that 48 is a a continuous operator on B, (0).

Next, we show that % is a compact operator on B,(0). To this end, it is enough to show
that every sequence {%x,} in %(B,(0)) has a Cauchy subsequence. Now, proceeding with the
earlier arguments, we prove || ZBx,|| < |co| ||a|| + M'FLZ/ = r for all n € N. This shows that { Zx, }

is a uniformly bounded sequence in %Z(B,(0)).
Next, we show that {%x,} is also a equicontinuous sequence in %(B,(0)). Let € > 0 be

iven. Since li «W(t) =0, there i 1 ber 71 > ty > 0 such that (w(t)| < ———=—
given. Since limy ;. w(r) ere is a real number 77 >ty > 0 such that |w(z)| 8M,/T1q)

for all ¢+ > T;. Similarly, since tlbm a(t) =0, for above € > 0, there is a real number 75 > 1y > 0

such that [a(r)| < 8|8 ‘ for all t > T5. Thus, if T = max{T}, >}, then
€0
w(t)] < ——— and  [a(t)] < = (.11)
W — a —— .
8My/T'(q) 8]col

forallt > T. Lett, T € Jo be arbitrary. If z, T € [tp, T], then

| B (1) — PBxn(7T)]
< |col[a(r) —a(7)]

* %/,(,t@—s)qlf(s,x@»ds— @/,f(f—s)q 'f(s,x(s)) ds
< leol [a(t) ~a(x)|

% /,:<r =57 fsxto)ds = T2 [ (2597 s.x) ds

+

* %/,:w—s)qlf(s,x(s))ds— T2 [ =9 p(sux(s) s

< laolla(t)~a(o) + £ [ fae) =" ~a(e)(z =51 ds

M
LMy

. a(r)(r—s)q-ljds

My |al|

Cat -0 —a(m)(c— 5o ds+ M1 v

<lcolla(t) —a(r)|+ == —1)4|.
|col |a(r) —a(7)] T )y (T —1)]
Since the functions ¢ ~ @(t) and ¢ — @(t)(¢t — )9~ are continuous on compact [to, T], they are
uniformly continuous. Therefore, by the uniform continuity, for the above €, we have the real

numbers 0; > 0 and &, > 0 depending on € only such that

€
9|co|

lt—1| < 6 = |a(t) —a(7)| <

and
€

=1 < & = |a(t)(t — )" —a(r)(r—5)7| < T TTa
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1/q
Similarly, choose the real number 63 = (4) > 0 such that
oMy[al| /T (q)

&
9My|all /T(q)

Let 8, = min{J;, 52,03 }. Then |t — 7| < &y == [Bx,(t) — Bxa(7)| < § for all n € N. Again, if
t,7> T, then 85 > 0 depends on € only with

[t—1| < &= |(t—1) <

| Bxn(t) — Bxn(T)] < |co| |a(t) —a(T)| + a(r)

/to (= )91 f(s,20(s)) ds

I'q
% /t(f(T_S)q_lf(S,xn(S))dS
< |eo[[a(t)] + [a(z)[] + % [w(t) +w(7)]

< €
for all n € N whenever |f — 7| < 5. Similarly, if 7,7 € Ry witht < T < 7, then
| Bxn (1) — Bxn(T)| < | By (t) — Bxn(T)| + | Bxn(T) — Bxp(7)|.

Take & = min{ds, 85} > 0 depending only on €. Therefore, from the above obtained estimates,
it follows that |Zx, (1) — Bx,(T)| < § and |Bx,(T) — HBx,(7)| < § for all n € N whenever
|t — 7| < 0. As aresult, | Bx,(t) — Bx,(7)| < € for all t,7 € J and for all n € N whenever
|t — 7| < 0. This shows that {Z%x,} is a equicontinuous sequence in X. Now an application
of Arzela-Ascoli theorem yields that {%x,} has a uniformly convergent subsequence on the
compact subset [fy, 7] of J... Without loss of generality, we consider the subsequence to be the
sequence itself. We show that {%x, } is Cauchy in X. Now | ZBx,(t) — Bx(t)| — 0 as n — oo for
allt € [tp, T]. Then, for given € > 0, there exists an ng € N such that
5(l ) ! q—1
sup —/to(t—s) {f(s,xm(s))—f(s,xn(s))’ds<

1h<t<T I'q

&
2
for all m,n > ng. Therefore, if m,n > ng, then

| Bxm — By ||
a() [ -1
S =9 F(s.m(5)) = fls.30() | s

Iq Jy

% /tot(t —s)q—l }f(s,xm(S» _f(svxn(s))|ds

= sup
to<t<oo

< sup
to<t<T

+sup %)/mr(t_s)q1[‘f(s,xm(sm+\f(s,xn(s))\]ds

t>T

<E.

This shows that {%x,} C Z(B,(0)) C X is Cauchy. Since X is complete, { %x;, } converges to a
pointin X. As %(B,(0)) is closed, we have that { x;,} converges to a point in %(B,(0)). Hence
%(B,(0)) is relatively compact and consequently 2 is a continuous and compact operator on
B,(0) into itself.
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Next, we estimate the value of the constant My of the hypothesis (c) of Theorem 2.3. From
definition of M4, one has

128 (B, (0))]]
= sup{[|#x|| : x€B(0)}

:sup{sup|%x(t)| : xEI_Br(O)}

1€
< sup {sup | 00+ - sup )] o5 o) 200D s
xcB,(0) \rel f(t0,x0,x0)
(fo)xo oM /t -
§— all+—=="-sup a(z t—s)1""ds
f(to,x0,%0) I I'q teJE ) to( )
a(lo)xo _ Mg _
< |———————||la||+=="-sup a(t)t?
Fltorsorso) |11 g 2P A0)
t MW
< M ||a =M.
f(t0,x0,%o) I'q
Thus,
MW
Bx <’—‘ — M,
85 < | e S s |l + = M
for all x € B,(0). Hence,
(l‘() X0 M w
L(‘f(l‘o X0 X() ‘H H+ I'q "
M < ) )
BV (1) < KLr <r
for r > 0 due to
l() X0
(| + 2 ) < k.
(),XO,)C()
Therefore, hypothesis (c) of Theorem 2.3 is satisfied.
Next, let x,y € X be arbitrary. Then,
x(0)] < [/ x(1)] | By (2)]
< ||« x[| || 2y
< |l X)|[%2(B0))]|
< (L+Fo) M
l‘o X0
< (L+F ‘ ‘
< (1) (| 200 o 2
for all t € J.. Therefore,
t() X0
<(L+F ‘ ‘ =r
Il = (2 ) (| 22 ) =

This shows that x € B,(0) and the hypothesis (c) of Theorem 2.3 is satisfied. Now, we apply
Theorem 2.3 to the operator equation .o/x #x = x to yield that the HFRDE (1.1 ) has a mild
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solution on J... Moreover, the mild solutions of the HFRDE (1.1) are in F,(O). Hence, mild
solutions are global in nature.
Finally, let x,y € B,(0) be any two mild solutions of the HFRDE (1.1) on J... Then

e(t) =y < | [ £(2,x(2),x(8())) | %
a(to)xoa(t) a(t)
: (f i

(to,x0,x0) I'q

/tot(t — )47 g(s5,x(s),x(y(s))) ds>

LAy 00)) ] (“(“’)x"a(’) LT t(r—s>q-1g<s,y<s>,y<y<s>>>ds)

f(to,x0,x0) TIq

<

[ f(t,x(2),x(0(1))) — f(2,3(2),5(6(1))) ]
5 (a(to)xoa(t) a(t)
f

_|._
(IO,XQ,XO) rq

+ | f(e,y(1),(8(n))) | x
x (% /tot(l —5)77 [g(s,x(5),x(¥(s))) ds — g(s,¥(s), ¥(7(5)))] dS)

/tot(t —s)q—lg(s,x(s),x(}/(s)))ds) ‘

< |F(t,x(0),x(0(0))) — F(2.x(1).9(8(1))) | %
a(to)xo _ M w
% (‘f(l‘(),xO,xO)“a(t)|+ Fq)
2[|f(t,y(t),y(9(t)))—f(t7070)|+|f(t,0,0)|]%W(I)

KO =0 (| alo)
< e R =0 <‘ et By )

2, [t max ()1, OGN} ]
Tg |K+max{p@)], po@)y o[ "®
(l‘() X0 M w
([ el + 25 ) ) -5
f(l » X0, Xl Fq 2M,
< 0:20 IO<+\x() ol + Fqg(L+F0)w(t). 4.12)

Taking the limit superior as ¢ — oo in the above inequality (4.12) yields lim,_,c |x(¢) — y(¢)| = 0.
Therefore, there is a real number 7 > 0 such that |x(z) — y(¢)| < € for all # > T. Consequently,
the mild solutions of HFRDE (1.1) are uniformly globally attractive on J... This completes the
proof. UJ

Theorem 4.7. Assume that the hypotheses (A1) - (A3) and (B1) - (By) hold. Then the HFRDE
(1.1) has a mild solution and mild solutions are uniformly globally attractive and ultimately
positive defined on Jw.
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Proof. By Theorem 4.6, the HFRDE (1.1) has a global mild solution in the closed ball E(O),
where the radius r is given as in the proof of Theorem 4.6, and the mild solutions are uniformly
globally attractive on J... We know that, for any x,y € R,

| xy| = (o) | < Il {1yl = | =+ [1x] = x| [y] (4.13)

for all x,y € R. Now, for any mild solution x € B,(0), one has from the above inequality (4.13)
that

1) (e
= |ttt (e

)
(lo,xo,xo)

T [ (=51 (o) x(ro)) s )|

— [f(@t,x(t),x(6(1)))] (a(m)xoa(t) +a(t) /to t(t—s)q Lo (s,x(s), x(y(s)))ds)‘

f(to,x0,x0) Tqg

a(to)xo )a(t)

a(t())X() ‘_
10,%0,X0) | f(to,x0,X0)

f(t,x(t%x(e(t)))‘ (‘f(

+ |50, x(01))

% [0’<t_s>q1g<s,x<s>,x<y<s>>>ds

_ %) / (1 — )7 g(5,x(5), ¥(1(5))) ds

|1 x(0),2(8(0)))| = £ (2,500, x(00)))|

alto)xoa(r) , a) /t:u — ) (s, (5), x((5))) ds

(to,x0,x0) TI'q

a(to)xo

L F —_—
{ +Fo) f(to,x0,x0)

M
” a(t)+ {4(L+Fo) r_ﬂ w(t), (4.14)
forall € Je.
Taking the limit superior as t — oo in inequality (4.14), we obtain the estimate that tlim | |x(2)| —
—>00
x(t)| = 0. Therefore, there is a real number T > 0 such that | |x(¢)| — x(t)| < € for all # > 7.

Hence, the mild solutions of the HFRDE (1.1) are uniformly globally attractive as well as uni-
formly ultimately positive defined on J... This completes the proof. 0

Theorem 4.8. Assume that the hypotheses (A1) - (A2) and (By) - (B2) hold. Then the HFRDE
(1.1) has a mild solution and mild solutions are uniformly globally attractive, uniformly ulti-
mately positive and uniformly asymptotically stable to zero defined on J.

Proof. From Theorems 4.6 and 4.7, we have that the HFRDE (1.1) has a global mild solution in
the closed ball B,(0), where the radius r is given as in the proof of Theorem 4.6, and the mild
solutions are uniformly globally attractive and uniformly ultimately positive on J... Now, for
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any mild solution x € B,(0), we have from (4.12) that

()| < (L+Fo) (\ AR a4 %w(r)) |

Taking the limit superior as # — oo in the above inequality yields that lim;_,c |x(¢)| = 0. There-
fore, for € > 0, there exists a real number T > # such that |x(¢)| < € whenever t > T. Con-
sequently, the mild solution x is a uniformly asymptotically stable to zero defined on J... This
completes the proof. U

Remark 4.9. The conclusions of Theorems 4.6, 4.7 and 4.8 also remain true under the following
new modified conditions
(i) the hypothesis (A) is replaced with
(A}) the function f is bounded on J., x R x R with bound My, and
(i1) the hypothesis (Aj) is replaced with
(A%) the function f is continuous and there exist a Z-function yy € © such that

|f(f,xl,x2) —f(t,yl,yz)\ < y/f(max{|x1 —y1l, %2 —y2|})
for all t € J, and x1,x2,y1,y2 € R. Moreover,

<‘ to,t(a)co),cio ‘H I+ )fo()

Remark 4.10. We remark that the existence, attractivity, positivity and asymptotic stability
results in Theorems 4.6 4.7 and 4.8 of the HFRDE (1.1) include the existence, attractivity,
positivity and asymptotic stability results for the nonlinear differential equations (1.2) through
(1.5) as special cases which were studied earlier in Dhage [1, 2, 13, 19] and Dhage, Dhage and
Sarkate [3] via the fixed point techniques from nonlinear functional analysis.

Example 4.11. Let J. = Ry = [0,00) C R. Given a pulling function a(r) = ¢ € € ZB(R),
consider the following nonlinear hybrid fractional Caputo differential equation with the mixed
arguments of anticipation and retardation,

for all » > 0.

Cpd e'x(r) _ ¢ 'log (1+ ()] + x(t/2)])
I ‘ ( ()] + [x(21)] ) 2+ x(0)| + x(1/2)] 7 4.15)
21\ 2+ |x(1)] + |x(21)] ‘

x(0) =0,

J

for all t € R, where D4 is the Caputo fractional derivative of fractional order 0 < g < 1. Here,
t

a(t) =¢€, 0(r) =2t, y(t) = 3 for t € R, and the functions f: Ry x Rx R — Ry \ {0} and

g: Ry xR xR — R are defined by

flt,x,y) =1+

t { [ + Iyl }
24+ 124 x| +1yl

and .
e " log(|x| +|y])
1+ |x[ + y]

g(t,x,y) =
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Clearly, the function f is a continuous and bounded real function on R x R x R with bound
My = 2. In particular, we have Fy = 1. Now, it can be shown as in Banas and Dhage [11] that

t
the function f satisfies the hypothesis (A;) with £(z) = L Furthermore, L =1 and K = 1.

g satisfies the hypotheses (B1)-(B;) with M, = 1. We also have

lima(t) =lime" =0 and limw(¢)=lime 't?=0.
f—o0 t—ro0 f—o0 t—roo

So, hypothesis (B3) is satisfied. Consequently, ||@|| = sup,cg, e " =1and W =sup,cp, e 't =
1. Finally, it is verified that functions a, f and g satisfy the condition (4.4) of Theorem 4.6.
Hence, the HFRDE (4.15) has a mild solution and mild solutions are globally uniformly at-
tractive, uniformly ultimately positive and uniformly asymptotically stable to zero defined on
R;.

Remark 4.12. We remark that the ideas of this paper could be extended with appropriate mod-
ifications to a more general hybrid fractional differential equations with the Caputo fractional
derivative,

Cpa a(t)x(t) N
o f(t7x(91(t))7"' 7x(9n(t)))
:g(t7x(7/1(t))7"' 7X(Yn(t))), t € Jw, (4.16)
x(to) =Xp € R, )

where CDg is the Caputo fractional derivative of fractional order 0 < ¢ < 1,I"is a Euler’s gamma
function, f : Jo X R x ...(ntimes) x R — R\ {0} is continuous, g : Je X R X ...(n times) X
R — R is Carathéodory and 6;,7; : Jo — J are continuous functions which are respectively
anticipatory and retardatory, that is, 0;(r) >t and ¥(z) <t for all t € J with 6;(t9) = 1y for

i =1,...,n. The results obtained are useful to prove the existence and attractivity theorems for
the HFRDE of the form
3
- 0 e tlog (14X x(e/i)])
L A Y ()] 2EL BT L

2+1 n+yr, |x(it)|

x(0) =0.
forallr e Ry.

Remark 4.13. If g is assumed to be a continuous function on J., X R x R, then the existence
and the global uniform attractivity, the uniform positivity and the uniform asymptotic stability
results for the HFRDE (1.1) can be obtained via the measure of noncompactness. We refer to
Banas and Dhage [11], Hu and Yan [18], Dhage [8, 19] and the references therein.

5. THE CONCLUSION

From the foregoing discussion, we observe that the pulling functions and the hybrid fixed
point theorems are useful for proving the existence theorems as well as for characterizing the
mild solutions of several nonlinear hybrid fractional differential equations of the type (1.1) on
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unbounded intervals J.. of the real line. We also notice that the pulling function involved (1.1)
controls the behaviour of the mild solutions under suitable conditions and the obtained results,
Theorems 4.6, 4.7 and 4.8 are useful in determining the asymptotic stability and the positivity
of the anomalous problems of dynamic systems modelled on (1.1). The choice of the pulling
function and the fixed point theorems in the abstract algebraic spaces depend on the situations
and the circumstances of the nonlinearities involved in the nonlinear problem. An appropri-
ate selection of fixed point theorems can yield powerful existence results as well as different
characterizations of the nonlinear hybrid fractional differential equations (see [22]). In this pa-
per, we proved the existence as well as the global attractivity and the ultimate positivity of the
mild solutions for the HFRDE (1.1) on the unbounded interval J.., however, other characteriza-
tions, such as, the monotonic global attractivity, the monotonic asymptotic attractivity and the
monotonic ultimate positivity of the mild solutions can also be treated similarly with appropri-
ate modifications. It is of interest to further discuss the global asymptotic and the monotonic
attractivity of the solutions for nonlinear hybrid fractional differential equations involving three
nonlinearities via classical and applicable hybrid fixed point theorems.
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