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Abstract. In this paper, we study the Ulam-Hyers and the generalized Ulam-Hyers-Rassias stability
for linear fractional differential equations with hybrid proportional-Caputo derivatives using the Laplace
transform method. The existence and uniqueness of solutions for nonlinear fractional differential equa-
tions with hybrid proportional-Caputo derivatives are established by means of Schaefer’s fixed point
theorem, Banach’s fixed point theorem and the generalized Gronwall’s inequality. Two examples are
also given to illustrate the main results.
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1. INTRODUCTION

Fractional differential equations have been studied extensively in the literature because of
their applications in various fields of engineering and science; see, for example, the monographs
[1, 2,3, 4, 5], and the references therein.

Recently, Khalil et al. [6] introduce a new definition of the fractional derivative, called the
conformable fractional derivative, with an obstacle that it does not tend to the original func-
tion as the order o tends to zero. The new definition is under the spotlight and many authors
established various useful results based on the definition; see, for example, [7, 8, 9, 10, 11].

In control theory, a proportional derivative controller for controller output u at time ¢ with
two tuning parameters has the algorithm u(t) = kp& (t) + ky %&£ (t), where kp and k; are the
proportional control parameter and the derivative control parameter, respectively. The function
& is the error between the state variable and the process variable. This control law enables Ding
et al. [12] to present the control of complex networks models.
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Inspired by the above concept of the proportional derivative controller, Anderson and Ulness
[13] introduced a new way to define the proportional (conformable) derivative of order & by

oD g(t) = ki(a,1)g(t) +ko(at,1)g (1),

where g is differentiable function and ko, k; : [0, 1] x R — [0,0) are continuous functions of the
variable ¢ and the parameter o € [0, 1]. They satisfy the following conditions, for all # € R,

lim ko(ot,t) =0, Lim ko(a,t) =1, ko(ot,t) £ 0, a € (0,1], (1.1)
a—0t a—1-
lim ki (o,t) =1, lim ki(a,t) =0, ki(o,t) £0, a € [0,1). (1.2)
a—0t a—1-

This newly defined local derivative tends to the original function as the order & tends to zero
and hence it improves the conformable derivatives. In [14], Jarad, Abdeljawad and Alzabut
discussed a special case of the proportional derivatives when k;(o,7) = 1 — a and ko(ot,1) =
o. Very recently, Baleanu, Fernandez and Akgiil [15] introduced two new hybrid fractional
operators, denoted by ” %DZO‘ and ¢F %D,"‘ by combining the proportional and Caputo operators
in a new way. The latter is considered as a particular case where the functions ko and k| are
constants with respect to 7, depending only on & and it can be expressed as a linear combination
of the Caputo fractional derivative and the Riemann-Liouville fractional integral (see Definition
2.1).

On the other hand, the stability problem of functional equations was originally raised in 1940
by Ulam. The problem posed by Ulam was the following: under what conditions there exist
an additive mapping near an approximately additive mapping? (for more details, one refers to
[16]). The first answer to the Ulam question was given in 1941 by Hyers in the case of Banach
spaces (see [17]). Thereafter, this type of stability is called the Ulam-Hyers stability. In 1978,
Rassias [18] obtained a remarkable generalization of the Ulam-Hyers stability of mappings by
considering variables. As a matter of fact, the Ulam-Hyers stability and the Ulam-Hyers-Rassias
stability have been taken up by a number of authors and the study of this area has grown to be
one of the central subject in the mathematical analysis. For more details on the recent advances
on the Ulam-Hyers stability and Ulam-Hyers-Rassias stability of differential equations, we refer
to [19, 20, 21, 22, 23, 24].

Motivated by the results in [15], in the frame of the Laplace transform method, we study the
Ulam-Hyers and the generalized Ulam-Hyers-Rassias stability of the following linear fractional
differential equation with hybrid proportional-Caputo derivative:

CPCD%x(1) = g(t), t €[0,T], T <0, 0 < X < 1. (1.3)

We also study the existence and uniqueness of solutions of the following nonlinear fractional
differential equation with hybrid proportional-Caputo derivatives

{P%Dt“x(t):f(t,x(t)), te0,T), T <o, 0<a<l1, (14

x(0) =xp € R,

where ¢ %D,“,P %D,"‘ denote the hybrid proportional-Caputo fractional derivatives of order o
(see Definition 2.1), g : [0,7] — R and f : [0,T] x R — R are given functions will be specified

later.
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Up to the author’s knowledge, there is no result on the existence of solutions as well as
the Ulam stability results for fractional differential equations with hybrid proportional-Caputo
fractional derivatives, which are highlights of this paper.

2. PRELIMINARIES

Let C([0,T],R) be the Banach space of all real-valued continuous functions from J into R
equipped by the norm [[x|| = sup, ¢y 77 [x(2)]-

First, we recall from [25] the definition of the Caputo fractional derivative of order & € (0, 1)
of a differentiable function g(z):

1 1
Cnyo -/
D = — 2.1
and the Riemann-Liouville fractional integral [1]:
RL,B 1 /’ 1-B
I g(t) = —— t—71 T)dr, 2.2

for B > 0, where g(¢) is an integrable function. Clearly, (2.1) and (2.2) yield:
oD e(t) =51~ (1).

Next, we present the definitions, the properties and the lemmas of the new hybrid proportional-
Caputo fractional derivatives.

Definition 2.1. [15] The proportional-Caputo hybrid fractional derivative of order a € (0, 1) of
a differentiable function g(¢) can be defined in one of two possible ways. The following general
way:

1

") = e (s ke, () (=) de

= G (ki (o, 0)g(1) + ko(t, 7)€ (1))
= (k1 (a,7)g(t) +ko(a, T)g'(t)) * (ﬁ) , (2.3)
or the following simpler expression:
e, @) +hofeg )0~ as
= k(o) "G~ %g (1) +ko(@) 5D/ g (1) (2.4)

The latter is a simple linear combination of the Riemann-Liouville integral and the Caputo
derivative. In both of these formulae, the function space domain is given by requiring that g is
differentiable and both g and g’ are locally L' functions on the positive reals.

CPGDZg(t)

Definition 2.2. [15] The inverse operators to the fractional PC and CPC derivatives (2.3)-(2.4)
are given by

e[ i) ) RDL ()

ol: g(t)—/o exp( ; ko(a,s)ds) o(a.u) du, (2.5)
CPC o _ 1 ! k() RLAl—a

5176(0) = o [ exp (— 14D —) ) L) du 26)
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where R’@D}l_o‘ denotes the Riemann-Liouville fractional derivative of order 1 — & given by

1 d (¢
REpl=Cg(u) = ma/o (u—2s)*"g(s) ds. (2.7)

For more details, we refer the reader to [1].

Lemma 2.3. [15] The following inversion relations:
-

1 .

PODE I (1) :g(f)—m}ggl%lf‘g(f)v (2.8)

Tki(o,s
515 GD8s(0) = o) —exp (- [ (L ds) (0 29)

and
r .

LoD I g(1) = g(t) — m}ﬂ%Rglfcg(f)y (2.10)

ki(o,s
P CIGDg(1) = (o)~ exp ({01 ) (0 @1

are satisfied.

Lemma 2.4. [15] The PC and CPC operators are non-local and singular and the Laplace
transform of the CPC operator is given as follows:

kl(OC)

S

L{ODI ()} (s) = [ +ko(06)] s%L{x(t)}(s) — ko(@)s*'x(0). (2.12)

Remark 2.5. [15] In the limiting cases ¢ — 0 and o@ — 1, we recover the following special

cases:
1
lim "5D%e(1) = lim GDEe(r) = [ g(v) ax.
lim “5D7g(r) = lim “"GDg(r) = g(1).

Theorem 2.6. (Schaefer’s fixed point theorem [26]) Let E be a Banach space. Let & : E — E
be a completely continuous operator and let

S(P)={z€E:z=uPz, n€(0,1)}
be a bounded set. Then & has a fixed point in E.

3. ULAM STABILITY RESULTS

In this section, we study the Ulam-Hyers and the generalized Ulam-Hyers-Rassias stability
of (1.3).

Definition 3.1. Let 0 < a < 1 and let g : [0,7] — R be a continuous function. Then, (1.3) is
Ulam-Hyers stable if there exist Q > 0 and € > 0 such that, for each solution x € C([0,T],R) of

(1.3),
| oD x(1) —g(1)| <&, Vi €[0,7T], (3.1)

and there exists a solution y € C([0,T],R) of (1.3) with
|x(t) —y(r)| < Qe, Vi €0, 7).
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Definition 3.2. Let 0 < o < 1, g : [0,7] — R be a continuous function and ¢ : [0,7] — R
be continuous function. Then, (1.3) is generalized Ulam-Hyers-Rassias stable if there exist
C,,9 > 0 such that, for each solution x € C([0,T],R) of (1.3),

| PODIx(t) — g(1)| < 9(1), Vi € [0,T], (3.2)
and there exists a solution y € C([0,7T],R) of (1.3) with
[x(1) = y(t)]| < Cgp 0(2), Vr €10,T].

Theorem 3.3. Let 0 < a < 1 and g(t) be a given real function on [0,T). If a function x : [0,T] —
R satisfies the inequality

| FODIx(1) —g(1)] <&, Vi €[0,7T), (3.3)
foreacht € [0,T] and € > 0, then there exists a solution x* : [0,T] — R of (1.3) such that
|x(1) —x*(1)| < ! e +|B|Tmax {1,e 4T} |e (3.4)
~ lko()| \ JAT (& —2))| ’ ’
_ k(o) _ (k@)
whereA-%andB-(ké(aD .
Proof. Let
h(t) = PEDEX(1) — g(0), 1 € [0,7]. (3.5)
Taking the Laplace transform of (3.5) by Lemma 2.4, we have
H(s) = [kl(a) +ko(a) | s¥X (s) — ko(a)s*1x(0) — G(s)
= ko(a)(s+A)s* X (s) —ko(a)s* 'x(0) — G(s), (3.6)

where H(s) = Z{h(t)}, X(s) = Z{x(¢)} and G(s) = Z{g(r)} denote the Laplace transforms
of the functions &, x and g respectively. From (3.6), we get

1 1

H—Ax(o) * ko(0t)s®~1(s+A) [G@ +H(s)}
1 1 1 B

s+Ax(0) - ko(@) (As“_l i s+A

X(s) =

) [G(s) +H(s)] . 3.7)

Set

x*(t) = x(0)e ™ + ko(la) (AF(;—Z) /Otta_zg(t—f) dT—I—B/O[e_Atg(t—‘L') dr). (3.8)

Taking the Laplace transform of (3.8), we get

X*(s) = siAx(O) +

1
ko(0)s® 1 (s+A)

G(s). (3.9)
Note that
L{PEDIX* (1)} () = ko(e) (s +A)s* 1 X*(5) — ko(r)s* ' x(0). (3.10)
Substituting (3.9) into (3.10), we obtain
LL{PEDER (1)} (5) = G(s) = L{e(1)}(s),
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which implies that x*(¢) is a solution of Equation (1.3) since .Z is one-to-one. From (3.7) and
(3.9), we have

1

X6) =X = @) (Asi—l * sz>H(S)’

which implies that

X0 -x'(1) = 27X -X ()
1 _ 1 B
G ‘{(A—sal +s+—A>H(S)}

_ ! ( ! 1% 2xh(t) +Be ™ « h(t)) .

ko(a) \ AT'(ax —2)
Therefore,
()~ (1) = — 12|+ 1Bl <)
|ko(00)[ \ [AT (e —2)]
< 1 ! /[ ta_th(I r)‘dr+|B|/t A (e r)’dr
— e —
~ [ko(a)| \ |AI' (e —2)] Jo 0
< 1 ! s/l t“‘z‘dr+|B|£/t Al dt
e
~ |ko(a) \ |[Al(a—=2)[ " Jo 0
1 T(xfl
< +[B|T max {1,e 4T} |&.
fofed)] \ [AT (o —2) the
Hence, (1.3) is Ulam-Hyers stable with the constant
1 T(xfl
Q= + |B|Tmax {1,e 4T} |.
|ko<a>|<|Ar<a—z>| ey
O

Remark 3.4. Let 0 < o < 1 and g be a given real function on [0, 7]. If a function x: [0,7] — R
satisfies the inequality

| PEDEx(r) — g(1)] < 9 (1), 3.11)
then
()| < ¢(r),

for each ¢ € [0,T] and some function ¢(z) > 0, where  is defined in (3.5). In view of Theorem
3.3, there exists a solution x* : [0,7] — R of (1.3) such that

x(1) —x* (1) = ko(la> ( AT - 1 () + B *h(r)) ,
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and
1 1

(
[ko ()| AT (a —2)]
1 1 !
< %2 / h(t—1)| dt
= Tro(@] @] o M
t
+\B\max{1,e”}/ (e — )| d)
0
1 TOC—Z
Kol AT (e —2)
1 TOC—Z
< (
[ko(ar)| AT (e —2)]
provided that [} )h(’c)‘ dt < h(t), for any ¢ € [0,T]. Thus, (1.3) is generalized Ulam-Hyers-
Rassias stable with respect to ¢ on [0, 7.

() —x" ()] < 1972 (1) |+ [Blle™"  h(1)))

< 1h(0)| -+ Bmax {1, (o))

—|—|B|max{1,e_AT})¢(t),

4. EXISTENCE AND UNIQUENESS RESULTS

In this section, we study the existence and uniqueness of solutions for (1.4).
The following auxiliary lemma concerns the linear issue of (1.4).

Lemma 4.1. Let 0 < o < 1 and 6 € C([0,T],R). Then the solution of the following linear
fractional differential equation

PC o
D x(t) =0t t 0, T
Otx() ()77 E[a ]7 (41)
x(0) = xo,
is equivalent to the Volterra integral equation:
k(o
x(t) =exp <— Mds) X0
0 k()(OC,S)
4.2)

1 Lo Tky(e,s) |\ (u—1)%2
+—/ / ex (— ds) o(7)drtdu.
Fa=1Jo Jo ®P UL, kol ™) Kotouw) °°
Proof. Applying the operator $1%(-) on both sides of (4.1), we get
PP oDx(t) =51 e ().
Using (2.5) and (2.7) together with Lemma 2.3, we get
() ) [ ( () ) REDL-9o(u)
x(t)—exp| — | ——=ds |x(0)= [ exp| — ds du.
) p( 0 ko(et,s) © 0 P u ko(ot,s) ko(a,u)

In view of the following elementary relation between the Riemann-Liouville fractional deriva-
tive and fractional integral:

D, h(u) = 51y o (u)
_ 1 ! o2
= F(oc—l)/o (u—1)*"“0o(7) dr,

we get the integral equation (4.2). The converse follows by direct computation. This completes
the proof U
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We consider the following assumptions.

(A1) The function f : [0,7] x R — R is continuous.
(A2) There exists a constant L > 0 such that

‘f(l‘,X) _f(tvy)| §L|X—y‘, forall7 € [07T]7 X,y € R.

Theorem 4.2. If the assumptions (A1) — (A2) are satisfied, then (1.4) has a unique solution on
[0, T] provided that

LM T

m < 9 (4.3)
where My = sup,cjo 1 Wéﬁ)\
Proof. We consider the operator & : C([0,T],R) — C([0,T],R) defined by

o . tkl(aas) / / Zkl(avs)
(Zx)(t) = exp < A ko(a,s)d > Tla—1) exp (%S)ds
(u_ ,r)OC—Z
X—ko(oc,u) f(t,x(7)) dt du. (4.4)

By (4.2), finding a solution of (1.4) in C([0,T],R) is equivalent to finding a fixed point of the
operator Z. For any x,y € C([0,T],R) and each ¢ € [0,T], we have

[(£x) (t) — (2y)(1)]

Tki(as)  \ (w—1)*?
_1 // exp ( 1(a s)ds) o (D)~ f(3(0) drdu

o—1) // koo, u)] u| \ffx )= f(z,y(7))| d7 du

< Fa 5 // D% 2lx(t) — y(7)| dt du

_ LMkTO‘
“I'(a+1)

lx—=ll-

In view of (4.3) and Banach’s fixed point, we deduct that &7 is a contraction. Hence, (1.4) has
a unique solution on [0, 7. This completes the proof. 0

Next, we show that the existence of solutions for (1.4) via the Schaefer’s fixed point theorem.

Theorem 4.3. If the assumptions (A1) — (A2) are satisfied, then (1.4) has at least one solution
on [0,T].

Proof. We consider & as in (4.4). The proof will be given in several steps.
Step 1. & is continuous.
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Let {x,} be a sequence such that x, — x in C([0,T],R). For each t € [0,T], we get

L@xn(t) — Px(t)|

_1 // exp ( ’kl( >ds> (bltco—(;)joz(f(f,xn(f))—f(r,x(r))) dt du

ko(a; s)

IN

r(a—fl) [ [ =200 Cm) — x| e d

M, T
INa+1)

IN

1 G2 () = fCx() -

Therefore, the continuity of f implies that || Zx, — Zx|| — 0, as n — 0. Hence Z is continu-
ous.
Step 2. & maps bounded sets into bounded sets of C([0,T],R).

Indeed, we prove that for all r > 0, there exists a p > 0 such that, for every x € %, = {x €
C([0,T],R) : [lx]| < r)}. | 2] < p.

In fact, for any ¢ € [0,T] and set My = sup,co 71 |f(,0)|, we have

’kl(OC,S) ’kl( )
74 < eXp(‘ A ko(a,s)ds> —1 // ( / (oc,s)ds)
A (0~ (5,00 + (5.0 de
topu (g — o—2
< |Xo|++1 I ﬂko%uf(m(r))—f<r,o>|+|f<r,o>|>drdu
< ol et // )< 2(Lix(2)| +|f(7,0)]) dt du
< ol =t // )e2(Lx|| +M;) dt du
< ]xo\—l—ﬂ(LerM),
T(a+1) !
which implies that
125 < ol + g5 (L) = p.

Step 3. &7 maps bounded sets into equicontinuous sets of C([0,T],R).
For each 11,1, € [0,T], t; <1t and x € %, , we have



I

<

Px)(t2) —

(u— r)H
ko(OC,u)

—1

r

—1
_ kl(avé)x
ko(a,&)"°

1
INa—1

_|_

~—

/12

< [ kl(a7€)

+

ko(at,&)™°

where f_ = SUPsc(0,7]x B, ‘f(tax(t)‘a 5 €

(f(7,x

exp| — (o
P 0 ko(o

M.I. ABBAS

(Zx)(11)]
exp ( _ [k (a,s)
0

gl k](OC,S)
(ajs>ds>x0—exp<—/0 ko(0t,s)

(e

ds) X0
5)
s

n k](OC,
ds | — —/ ald,s)
S) exp( 0 ko(o,
f kl(avs)ds
s

)
Ko(a,s) )
)

S)ds> (l‘z—tl)
5k1(a,s)
p(‘ 0 ko(a,s)"
gl kl(Ot,S)
0 k()(OC,S)

kl(“?é)
kg(a, &)

(l‘l,tz).

’)

x(1)) dt du

(1)) dt du

(u—17)*2
ko(OC,I/t)

(f(7,

[on(-

“ki(a, &)
k()OCé

/o exp(—
f
INo+1)

f
INa+1)

t2] (th—t1)+

As t; — tp, the right hand side of the above inequality tends to zero independently of x € %,.

Thus, & is equicontinuous. As a consequence of Step 1-Step 3 with the Arzela-Ascoli theorem,
we deduce that & is completely continuous.
Step 4. The priori bounds.

We show that the set . () = {x € C([0,T],R) : x = uPx, u € (0,1)} is bounded. Let
x € .(Z). Then, x = uPx for some u € (0 1). For each r € [0,T], we have

)] < ol + gy o [ ((5.4(2) — £(2.0) + £(.0)]) e d
< Jrol+ = // )< 2(Lix(x)| +|f(7,0)]) d du
<bol+ | ML// 0 o aes i [ [ s

[ ML a2 MkaTO‘
Mo // u (0)| dudt+ g T

which implies that

< |xo| +

}

I(a)

(1) <a+

[0 w()ar,
0
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where a = |xo| + % and b = M;L.
In view of the generalized Gronwall’s inequality (see Diethelm and Ford [27]), one has

|x(£)| < aEq (bt*) < oo,

where Eq(z) = Y12 F(#kﬂ) is the one-parameter Mittag-Leffler function. Then the set . (%)
is bounded. Hence, Schaefer’s fixed point theorem (Theorem 2.6) guarantees that & has a fixed
point, which is a solution of (1.4). This completes the proof. U

5. EXAMPLES

In this section, we consider two fractional differential equations with hybrid proportional-
Caputo derivatives.

Example 5.1. Consider

1 t 1
CPC 2
D =—+—,1€|0,1 5.1
0™t () \/ﬁ+10’ 6[ ) ] ( )
Here @ = 5,7 = Lko(@) = a = L, k(@) =1 — o= § and g(t) = ﬁ—f—%. Let x(1) = /1.
From (2.4), we get
i 1 A 1 |
CPCpy2 1
D\t = /(—\/f+—)(t—r) 2 dt
P A\ A
- Ly
RVZ 2
Choose & = 3. Observe that x(¢) satisfies:
1 1 t 1
CPC o
Dx(t)—g)| = |—=(t+=)|——=——
8600 5] = |z (1+3) = 7=~ 15
1 1 1 1

>~
—

1(a
k()(OC

l-o
Since x; (O) =0, A= ko(@) — 1 and B = ( ) = 1, we have that (3.8) gives an exact

ky(ox)
solution x*(¢) of (1.3) as:

xX(t) = 2(% Ott§<(’_n + 1 dr+/ 7 110)dr>

3001 1 »
2\/ﬁ(10\/2+2\/%\/—)+2 (—z+7t)

|
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By (3.4), we conclude that

MO -5 0] = V- 5= (35 + 52V ~ 2 (gt 5=r)
3 301 1
= (I—E)\/E—m%—zfz (—H—Tt)
R
3 1
S -

S
= avavi T\

where I (— %) _ 4m is calculated from the well-known formula

3
1 (—1)" 2"
F(_Hz) 135 (2n—1)ﬁ’”:2‘

1 1
17242t = =Qe¢
; )2 ,

Thus, By Theorem 3.3, we have
1 TO(—]

3 1 1
Q= +|B|Tmax{1,e T} | = —T7 2427, e =—
|ko<a>|<\Ar<a—2>| BT max }> 27 2

Hence, (5.1) is Ulam-Hyers stable.
Example 5.2. Consider

1 T
P60 (1) = 77 i 1€ 0,1),
x(0) =0.

Zt‘

Set @ = 5,7 =1and f(1,x) = 71+

- Forany ¢ € [0,1] and x,y € R,

—2t

(5.2)

e | vl
flax _ftay = -
N Tl [(ear A (et

A |

9+ (T D+ yl)
—21

< )l

= O+t

< bl
—|x—yl.

=9 y

Thus, (A2) holds with L = %. If we choose ko(ot,t) = ot' =% and ky (ot,¢) = (1 — @)t%, then
1 1 1
My=sup ———— = sup ———=—=23

rel0 1] |ko(0t,1)] 1€[0,1] =%«
Thus the condition (4.3) of Theorem 4.2 yields
LM T® 3

- =0.3732821739 < 1.
Cla+1) 9xTI'(%)
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Hence, Theorem 4.2 admits a unique solution of (5.2) on [0, 1].

6. THE CONCLUSION

By using the Laplace transform method, the Ulam-Hyers and the generalized Ulam-Hyers-
Rassias stability of linear fractional differential equations with hybrid proportional-Caputo deriva-
tives were investigated. Further, based on a fixed point approach together with a generalized
Gronwall’s inequality, the existence and uniqueness theorems of solution were established. Fi-
nally, two examples were inserted to illustrate the applicability of the theoretical results. In the
first example, we are able to prove that the solution of the considered linear fractional differen-
tial equation with hybrid proportional-Caputo derivative is Ulam-Hyers stable, which supports
the outcomes of Theorem 3.3. As for the second example, the uniqueness result stated in The-
orem 4.2 was verified.
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