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Abstract. The purpose of this paper is to introduce an inertial-type iterative algorithm for approximating solutions
of a split general system of variational inequalities, minimization problems and fixed point problems of a finite
family of quasi-nonexpansive mappings. We prove a strong convergence theorem in the framework of real Hilbert
spaces. An application to split feasibility problems is also presented. A numerical example is provided to show the
applicability of our main results.
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1. INTRODUCTION

Let C and Q be nonempty, closed and convex subset of real Hilbert spaces H; and H;, respec-
tively. The Split Feasibility Problem (SFP) is formulated as:

finding x* € C such that Ax* € Q, (1.1)

where A : Hy — H, is a bounded linear operator. In 1994, Censor and Elfving [1] introduced
the SFP for modeling inverse problems, which arise from phase retrievals and in medical re-
construction; see [2]. Indeed, the SFP arises in many fields such as signal processing, computer
tomography and radiation therapy treatment planning; see, e.g., [1, 3, 4]. Let C be a nonempty,
closed and convex subset of a real Hilbert space H. A point p € C is called a fixed point of a
mapping T : C — C if Tp = p. We denote by F(T) the set of all fixed points of 7. A nonlinear
mapping 7 : C — C is said to be

(1) nonexpansive if
I Tx=Ty|[ < |[x—y[|, Vx,y € C;
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(i1) averaged if it can be written as the average of the identity mapping / and a nonexpan-
sive operator, i.e., T := S+ (1 — B)I, where B € (0,1) is a real number and S is a
nonexpansive mapping. More precisely, we say that T is -averaged;

(iii) quasi-nonexpansive if F(T') # 0 and

[ Tx=Tpl| <|lx—pll, VxeC,pe F(T);
(iv) monotone if
(Tx—Ty,x—y) >0, Vx,y€ C,
(v) o-strongly monotone if there exists a constant & > 0 such that
(Tx—Ty,x—y) > a|lx—y||%, Vx,y € C;
(vi) a-inverse strongly monotone if there exists a constant & > 0 such that
(Tx—Ty,x—y) > a||Tx—Ty|]*>, Vx,y € C.

Let Q be a convex subset of a vector space X and f : Q — RU {400} be a mapping. Then,
(i) f is said to be convex if, for each A € [0, 1] and x,y € Q,

FAx+(1=2A)y) SAf(x)+(1=2)f(y);
(11) f 1is said to be proper if there exists at least one x € Q such that
f(x) # +oe;
(ii1) f is said to be a lower semicontinuous at xg € Q if

f(x0) < liminf £ (x).

Let C be a nonempty, closed and convex subset of a real Hilbert space H. For every point
x € H, there exists a unique nearest point in C, denoted by Pcx, such that

e = Pex|| < |lx =y, Vy e C,

Fc is called the metric projection of H onto C and it is known that Pc is nonexpansive and
satisfies

||Pex — Feyl| < (x—y, Pex — Fey).
In addition, Pcx can also be characterized via the following properties:
(x—Pex,y — Pex) <0,
and
[lx =11 = [[x = Pex|[* + ||y — Pex||, Vx € H, y € C.

For all x,y € H, it is known that every nonexpansive operator 7 : H — H satisfies the inequality
below

(=T ),y =TH),TH) -Tx)) < %H(T(X) —x) = (T(y) =)l

Further, one has, forallx € H and y € F(T),

e 7).y~ () < 51I7()



AN INERTIAL FORWARD-BACKWARD SPLITTING METHOD 3

It is clear that every Hilbert space H satisfies the Opial’s condition [5], that is, for any sequence
{xn} C H with x,, — x, the inequality

liminf||x, — x|| < liminf ||x, — y||,
n—oco n—o0

holds for every y € H with x # y.

Recently, several iterative methods have been devised for solving equilibrium problems, vari-
ational inequality problems, monotone inclusion problems, minimization problems and their re-
lated optimization problems; see, e.g., [6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16]) and the references
therein.

Let T : C — H be a mapping, the Variational Inequality Problem (VIP) which was introduced
by Lions and Stampacchia [17] is to find u € C such that

(Tx,v—u) >0, VveC. (1.2)

We denote by VI(C,T) the solution set of variational inequality (1.2). The VIP is known to
cover various branches of mathematical and engineering sciences with a wide range of applica-
tions in industry, finance, optimization and mechanics. Another important problem in optimiza-
tion theory and nonlinear analysis is the problem of approximating solutions of a Minimization
Problem (MP), which is to find x € H such that

Flx) = minf(y), (1.3)
where f: H — (—oo, 40| is a proper, convex and lower semicontinuous function. We denote by
argminyey f(y) the set of all minimizers of f on H. The importance of the MP in optimization
theory has made it of interest to many researchers who used different iterative algorithms to
solve (1.3) successfully. For instance, Martinet [18] introduced the Proximal Point Algorithm
(PPA), which is a powerful tool to approximate solution of (1.3). Since then, many authors have
used different iterative algorithms to approximate solutions of (1.3); see, e.g, [19, 20, 21] and
the references therein.

For A > 0, the Moreau-Yosida resolvent J{ : H — H in real Hilbert space H is defined by

f_ : L 2
I3, = argmin{f(y) + 2o-{ly — |} (14)

In 2008, Ceng, Wang and Yao [22] introduced a general system of variational inequalities,
which consists of finding (x*,y*) € C x C such that

(AAY* +x" —y*  x—x") >0,Vx€e C,

(UBx" +y* —x"x—y")>0,Vxe C, (1.5)
where A, B : C — H are two mappings and A, u > 0 are two positive constants.

Reently, Siriyan and Kangtunyakarn [15] introduced a split general system of variational

inequalities, which consists of finding (x*,y*) € C x C such that

(AAY* +x" —y* x—x") >0,Vxe C,

(UBx" +y* —x"x—y")>0,Vxe C, (1.6)
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and finding (¥* = Dx*,7* = Dy*) € Q x Q such that
(0AY* + 5 -7, x—X) >0,Vxe Q,
(YBX* +y* —x*,x—7)>0,Vxe Q, (1.7)

where C, Q are nonempty, closed and subset of real Hilbert spaces H; and Hy, A,B : C — H;
and A,B : Q — H, are four mappings, A,u, o,y > 0 and D : Hy — H, is a bounded linear
operator. We denote €24 g and € A B the solution sets of (1.6) and (1.7), respectively. The set of
all solutions of the system is denoted by Q = {(x*,y*) € Q4 5 : (¥*,5") € Q; 3}, where ¥* = Dx*
and y* = Dy*. ’

Remark 1.1. If weputA=B=A=B=0, =7y and ¥ = 7" in (1.6) and (1.7), the split general
system of variational inequalities is reduced to (1.1).

Siriyan and Kangtunyakarn [15] proved the following theorem in the framework of real
Hilbert spaces.

Theorem 1.2. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H
and H, respectively. Let A,B : C — H| be a,b-inverse strongly monotone mappings with d =
min{@,b} and D : H| — H, be a bounded linear operator with adjoint D*. Define the mappings
Gc:C— CbyGe(x) =Pc(I—AA)Pc(I—uB)x, forallx € Cand Gg : Q — Q by Goxt = Po(I —
aA)Py(I — yB)R, for all £ € Q. Let G : C — C be defined as G(x) = G¢(x —nD*(I — Gg)Dx)
forall x € Cand let T : C — C be a nonexpansive mapping. Assume P :=F(G)NF(T) # 0.
For given u,x € C, the sequence {x,} is generated iteratively by

Yn = Gc(xn — T]D>’< (I — GQ)I))CH)7
X1 = O+ (1 — ) Typ,

where {0, } C [0,1], A,u € (0,2d), o,y € (0,2d), n € (0, %) with L being the spectral radius
of the operator D*D. Suppose that the following conditions hold:

@) 1i_r>n 0, =0andy ;" | 04 = oo

(i) Yoy [0 — Q| < oo
Then, the sequence {x,} converges strongly to an element in P.

Constructing iterative schemes with a faster rate of convergence is usually of great inter-
est. The inertial-type algorithm, which was originated from the equation for an oscillator with
damping and conservative restoring force, has been an important tool employed in improving
the performance of algorithms and has some nice convergence characteristics. In general, the
main feature of inertial-type algorithms is that we can use the previous iterates to construct
the next one. Since the introduction of inertial-like algorithms, many authors have combined
the inertial term [6,(x, — x,—1)] into different kinds of iterative algorithms, such as, Mann,
Kranoselski, Halpern, Viscosity, etc to find solutions of fixed point problems and optimization
problems. Polyak [23] was the first author to propose the heavy ball method. Alvarez and At-
touch [24] employed this to the setting of a proximal point algorithm (PPA), which is called the
inertial PPA:

{yn:xn—l-en(xn_xn—l)? (1.8)

Xpi1 = (I +7,B) lyp,n> 1.
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They proved that if {r,} is non-decreasing and {6,} C [0,1) with

Y 00 — 301 ||* < oo, (1.9)

n=1
then Algorithm (1.8) converges weakly to a zero of B. More precisely, condition (1.9) is
true for 6, < % Here 6, is an extrapolation factor. Also, Hieu [16] introduced the follow-
ing Krasnoselski-Mann iterative scheme together with an inertial-like algorithm to approximate
the solution of the equilibrium problem in real Hilbert spaces, xo = x| € H,

Wy = Xp + en(xn _xn—l)a
f(Zn7)’> + )Tln<zn - Wnay_zn> > —6,, Vy,z, € C.
Xn+l1 = (1 - an)wn + 02y,
where {A4,,} C (0,+e0), {o,} C (0,420), {6,} C [0,+e0) and {5,} C [0,+e). He proved that
his iterative scheme converges weakly to a solution of equilibrium problem.
Recently, Cholamjiak, Pholasa and Suantai [25] also studied a modified inertial and forward-
backward splitting method for solving the fixed point problem of a quasi-nonexpansive multi-

valued mapping and a inclusion problem. With their iterative scheme, they proved the following
weak convergence theorem.

Theorem 1.3. Let H be real Hilbert space and T : H — CB(H) be a quasi-nonexpansive map-
ping. Let A : H — H be an a-inverse strongly monotone operator and B : H — 21 a maximal
monotone operator. Assume that S = (A+B) " (0)NF(T) # 0 and I — T s demiclosed at 0. Let
{xn}, {yn} and {z,} be sequences generated by xo, x| € H and

Yn =X+ en(xn _xn—l)a
Xnt1 = Pnzn+ (1 _BH)JZU_ nA)zn, n > 1,
where J8 = (I+r,B)~', {r,} C (0,2a), {6,} C [0,6] for some 6 € [0,1) and {a,}, {Bn} are
sequences in [0, 1]. Assume that the following conditions hold:
(1) 220:1 en“xn _xn—l|| < oo,
(i1) 0 < liminf, e 0, < limsup,_,., 0, <1,

(iii) limsup,,_,., B < 1,
(iv) 0 <liminf, o7, < limsup,_ .. 1, <20.

Then, the sequence {x,} converges weakly to q € S.
Furthermore, Khan, Cholamjiak and Kazmi [26] introduced the following inertial forward-
backward algorithm to approximate a common solution of the equilibrium problem, fixed points

of an infinite family of nonexpansive mappings and the modified inclusion problem. For xg, x| €
H,let {x,}, {yn} and {u,} be sequences be generated by

Yn =X+ en(xn _xn—1>7
Zi'vzlaiﬁ(umy) + %n<y_un7un _yn> >0, ‘v’y e C,
Xnt1 = OpXn + BuKnttn + VB (I = SN biA; ) uy,

where {a, }, {B,} and {y,} C [0,1] with a, + B, + 7, = 1 foralln > 1, {6,} C [0,6], 0 €[0,1),
and liminf, .7, > 0, 0 < s < 21, where n = min; .. y{o}, F; : C x C — R is a bifunction
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satisfying Assumption 2.1 in [26], K, is the K-mapping generated by 7,7, - -, where {7},
is an infinite family of nonexpansive mappings, A; : H — H is an ¢;-inverse strongly mono-
tone mapping and B; : H — 2/ is a maximal monotone mapping. Suppose that the following
conditions hold:
(1) X1 Onllxn — xn—1|] < oo
(i) Y7 Oy < oo, ’}1_2}0 o, =0;
(i) Yoy [rn1 — 1l < oo Xy Bt — Bul <003 Loy Y1 — Tl < oo
Then the sequence {x, } converges weakly to g € Y, (A;+B;) "' (0) NN~y F(T) NN, EP(F).
Motivated by the ongoing interest on inertial-type algorithms and the results of Siriyan and
Kangtunyakarn [15], Hieu [16], Cholamjiak, Pholasa and Suantai [25], Khan, Cholamjiak and
Kazmi [26], Cheawchan and Kangtunyakarn [27], we introduce an inertial forward-backward
splitting iterative algorithm for finding a common solution of a split general system of varia-
tional inequalities, the minimization problem and the fixed point problem of a finite family of
quasi-nonexpansive mappings. We prove a strong convergence result in the framework of real
Hilbert spaces and give some numerical examples for our main result.

2. PRELIMINARIES
In the sequel, we need the following important lemmas to establish our main results.

Lemma 2.1. Let H be a real Hilbert space and o, € (0,1). Then
) IIOCX+(1—062)y||22205||X||2+(12—06)Hy2||2—06(21—a)||x—y|!2,
(i) 20x,y) = []xl | + Y17 = [l = y[[* = [I«l|* = [I¥l|%, Vx,y € H.

Lemma 2.2. [27] Let C be a nonempty, closed and convex subset of real Hilbert space H. Let
{T;}Y., : C — H be a finite family of quasi-nonexpansive mappings with (X, F(T;) # 0 and let
0<a; < lwithxé\’:lai: 1. Then

éF(ﬂ) = VI(c,gai(l—m) :F(Pc(l—/l<ga,-(1—Ti)>>,

Lemma 2.3. [28] Let H be a real Hilbert space and T : H — H be a nonlinear mapping. Then
the following results hold:
(1) f is nonexpansive if and only if the complement [ — f is %-ism,
(i) if f is v-ism and r > 0, then rf is *-ism,
(ii1) f is averaged if and only if the complement I — f is v-ism for some v > % Indeed, for
some B € (0,1), f is B-averaged if and only if [ — f is ﬁ-ism,
(iv) if f1, is Pi-averaged and f is By-averaged, where By, By € (0,1), then the composite
f1f2 is B-averaged, where B = By + B> — B1 2.

Lemma 2.4. [29] Let H| and H, be real Hilbert spaces. Let A : Hi — Hj be a bounded linear
operator with A # 0, and S : Hy — H, be a nonexpansive mapping. Then A*(I — S)A is m-
ism.

Lemma 2.5. [15] Let C and Q be nonempty, subsets of Hy and H,, respectively. Let A, B :
C — Hy be a,b-inverse strongly monotone mappings with A, i € (0,2d), where d = min{a,b}.
Let A, B: Q — H; be a, b-inverse strongly monotone mappings with o, v € (O,Zdw, where
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d= min{a,b}. Let D : H — H, be a bounded linear operator with its adjoint D*. Define
Gc:C—CbyGe(x) =Pc(I—AA)Pc(I—uB)x, for all x € C and define Go : Q — Q by Gp(%) =
Po(I — aA)Py(I —yB), for all % € Q. Assume Q = {(x*,y") €Qup _(x_*,y_*) € QA@} # 0. Then
(x*,y*) € Q, where y* = Pc(I — uB)x* and y* = Pc(I — yB)x* with x* = Dx* and y* = Dy*.
Lemma 2.6. [27] let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
{Ti}é\’:] : C — C be a finite family of quasi-nonexpansive mappings with ﬂfvzl F(T;) # 0. Then

Jre(o-2(Loa-m))s—e|] < e-ar

foralleC,where0<k,-<lwith):fy:]kizland0<5t< 1.

Lemma 2.7. [30] Let H be as real Hilbert space and f : H — (—o0,00| be a proper, convex and
lower semi-continuous function. Then, for all x,y € H and A > 0,

1 2 1 2 1 2
_ — — — |lx= P < )
S a1 = Sl =3I P 5l gl P+ £ ) < £)
Lemma 2.8. [31] Let {s,,} be a sequence of non negative real numbers satisfying
Sn+1 < (1 - OC,,)S,Z + 04, V>0,

where {0y, } is a sequence in (0,1) and {,} is a sequence such that

oo 6 [e]
(i) ) ot =0, (ii)limsupa—" <0o0r Y [8,] <oo.
n=1 n n=1

n—soo

Then lim,_eo 5, = 0.

3. MAIN RESULTS

Theorem 3.1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H,
and H,, respectively. Let D : Hy — H, be a bounded linear operator with D* its adjoint and
{Ti}ﬁ.\':l be a finite family of quasi nonexpansive mappings of C into itself. Let A,B:C — H;
be a, b-inverse strongly monotone mappings with d = min{a,b} and A, B: Q — H, be a,b-
inverse strongly monotone mappings with d = min{a, b} respectively. Suppose that G¢ : C — C
and Gg : Q — Q are defined as stated in Lemma 2.5 with G(x) = G¢(x —nD*(I — Go)Dx) for
all x € C. Let f: H| — (—o0,00| be a proper, convex and lower semi-continuous function and
let T =Y, F(T) ﬁQﬁF(J[L) # 0. Given xj,u € C, let {x,}, {u,} and {y,} be sequences
generated by

¥n =T (0 + 6 (%n = x2-1)),
un = Gc(yn — MaD* (I — Gg)Dyn), (3.1)
X1 = Ot + Bxn + YPo(I — Ay (TN ki(I = T))Jun, Vn € N,
where 0 < ki < 1withYN ki =1, {0}, {Bu}, {1} are sequences in [0,1] with o, + B, + Y =
1, N, C [e, g] for some e, g € (0, W)for alln e N, {6,} C [0,0] with 6 € [0,1). Suppose the
following conditions hold:
6)) r}l_r}l(}o 0, =0and ;" | 04 = oo,
(i) ¥ A = o0, and 0 < A, < 1,
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(i11) 0 < liminfy, <limsupy, <1,
Av) Yo Onl|xn —xp—1]] < oo.
Then, the sequence {x,} converges strongly to p = Pru.

Proof. Let p €T, and y, = Jﬁwn. It follows that p = G(p) = G¢c(p — NuD*(I — Gg))Dp. Since
G is nonexpansive, we see from Lemma 2.4 that D*(I — Gg)D is W—ism. Using Lemma 2.3
(iii), one has that I — 1,D*(I — Go)D is n,||D||*-averaged. Therefore, it follows from Lemma

2
2.3 (iv) that G¢(I — n,D*(1 — Gg)D) is % is averaged. We then can rewrite u, as

Uy = (1 _tn)yn + 4 Suyn, (3.2)

1+41,||D|]?
2

where § is nonexpansive and t, = . From (3.1) and Lemma 2.1 (i), we have

Hun—sz = (1 —ta)[yn —P"2+tn”Snyn—P"2 —ta(1—12)|[yn _Sn)’nHz

< lyn =PI = ta(1 = 1) [[yn — Suyall?
7 5 (3.3)
= |[Juwn — pl|
< |lwn = pl|*.
Hence,
|[un — pl| < [|lwn—pl|
= ||(xn_P)+9n(xn_xn—l)||
<% = pl| =+ On| |0 — 201 (3.4)

Using (3.1), (3.4) and Lemma 2.6, we obtain that
[Pens1 = pl| < 0| = pl[ + Bal[xa = pll + ul[n — pl]
< O|[u = pl[ + Bullxa = pll + Wllxn = Pll + 120l [0 — x0-1]|
< Afu = |+ (1 = o) [0 = pl| + %l ben — Xn1|
< max{|[u—pll, [|xn = pl[} + 6nl[x0 — xn1]
< max{max{||u— pl[, [ = pl[} + On—1|lxa—1 —xn-2ll, [t = pl|} + Oul b — 01|
= max{||u—pl|, [[xn = p|[} + Ou—1|[xu—1 = Xn—2|| + O] [ — 25—1][.
Letting M =Y | 6;||x; —x;_1]|| < oo, we obtain
o= pll < maxl—pll, Il pll} M.
Therefore, {x,} is bounded. Consequently, {y,}, {u,} and {w,} are all bounded. From (3.3),
we have that
[[yn = pIP* < [lwn = plI®
= s pIP +20u050— 3 — 30 1) + 02— 31
R N | [ AR W [P
R Y X et 6:5)
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Substituting (3.5) into (3.3), we obtain that
[ln = P> < {10 = plI> + 6u(lxn = pII* = |01 = pII*)
+29n||xn_xn—l||2_tn(1_tn)H)’n n}’n||2~ (3.6)
Using (3.1), (3.6) and Lemma 2.6, we have that

(a1 = pI* < ol — pl|> + 1l [Pe (T — Zk (I =T:))un — plI?

+ Bul b = pII* = Baalln — Pe(l i )))unl[*
§ocnllu—p||2+ﬁnllxn—pH2+7’nHun— ||2

— Bu¥nl|xn — P Zk (I—=T))))un|)?

< an\|u—1?|!2+ﬁn|!xn—PH2+YnHXn—PH2+Yn9 (Il = pII* = [Pon—1 = pII?)
+2%.60,|1%0 — Xn—1||* — Bua|xn — Po(I Zkl 7))t |?

_Ynln(l _tn)Hyn nyn||2 (3.7)

We now consider two cases to show that {x, } converges strongly to p.
Case 1. Assume that {||x, — p||} is monotonically decreasing. Then {x,} is convergent and

. 2 . 2
i [[3, — p| = Tim [[x,41 — pl

From (3.7), we obtain that

17 < 0= p|[* + (1 = o) x4 — pII* = | %nr1 = pl|?

+ ¥ Ou (| [0 — P |2 — [Jxn—1 _PHZ) + 2% 0n [0 — X1 |2- (3.3)

Using conditions (1), (ii1) and (iv) of (3.1), we have that

Yntn(l _tn)Hyn Snyn

lim Hyn - Snyn|| =0. (3.9)
n—soo

From (3.7), we have
N
B ¥allxn — Fc Z ”n|| < aoylfu— p||2 (1_O‘n)||xn_p||2+||xn+l_p||2

+ %030 — pII* = [[xn-1 = PII*) + 270l s — 201 ||

— Yutn (1 — 1) [ _SnynH .
Thus, we have from conditions (1), (iii) and (iv) of (3.1) that

Tim ||, — P Zkl T)))un|)* = (3.10)

From Lemma (2 7), we obtain that

—wal[*+ fn) < f(p).

- pl*+

2un ||yn —
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Since f(p) < f(yn) for all n > 1, we have that

[y =PI < 1w = pII* = [yn —wal[>.

On substituting (3.11) into (3.5), we have
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[1ya = pII* < 120 =PI + 6|30 — pII* = [1xa—1 = pII*)

+2On||xn_xnfl||2_ ||yn_Wn||2~

From (3.7) and (3.12), we have that

a1 = pII?

< || = pI? + Bulbxn = pII* + %l bn = pI* + 908l — pII* — |1 — pII)

+ 2701 xn — X1 |2

which implies that
Yl [yn _WnH2

< ayllu—pl* +

(1 - O‘n)Hxn

= pII? + [P

Yallyn — Wn||2 BnYl %0 — Pe(I

- ||xn71 —p||2) +27n9n||xn _xnle2 - Bn}’onn -

From condition (i) and (iv) of (3.1) and (3.10), we obtain that

Since wy, = x, + 0 (xy,

lim ||y, —wy|| =0

n—yoo

[|Wn — xa|| = Onl|xn —xp—1]| = 0, as n — eo.

From (3.14) and (3.15), we have that

From the definition of u,, i.e, u, = (1

[1yn = Xall < [y

||un_)’n|| < tn||Snyn—yn|| — 0, asn — oo.

From (3.15) and (3.16), we obtain that

|t — xn|| < |1t

Using (3.8) and (3.16), we obtain that

|utn —

<ty — x| | + [0 —

2

~.

From (3.1), we have that

| |xn+1

an < O [t = xu || 4+ VP (I

A (Y1 -

NS

i

1

= pII* + %6 (len—sz

Zle

—Xu—1), it can be seen from condition (iv) of (3.1) that

—wull + W —xa|| = 0, as n — eo.

—1n)Yn + t2Snyn, we have from (3.9) that

_YnH‘I‘Hyn—an — 0, as n — oo,

)))un|| = 0asn — oo.

H”n_an

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Hence, we obtain from condition (i) of (3.1) and (3.18) that lim, e ||X;1+1 — x| = 0. Since
{xn} is bounded, there exists a subsequence {x,,} of {x,} such that {x,;} converges weakly
to X € H. By (3.14) and (3.16), we have that {yn} and {u,} converges weakly to X and by the
demiclosedness principle of I —T7; for i = 1,2,...N, at O, Lemma 2.2 and (3.8), we have that
x € N F(T;). Since {y,} and {w,} are bounded there exist subsequences {y,;} and {wy, }
such that {¥n,;} and {wy,} converges weakly to x € H. Using (3.14) and (3.16), we have that
XeF(J})andx € F(G).

Finally, we show that the sequence {x,} converges strongly to p = Pru. We first show that
limsup,, .. (# — p,x,+1 — p) < 0. Choose a subsequence {x,, } of {x,} such that

limsup(u — p, X1 — p) = lim (4 — p,x,, 41— p).
n—»oo J—ree ’

Since x,; — wand ||x, 1 — xn|| — 0, we have
limsup(u— p,xp41— p) = lim (u — p,xy; 41 — p) = (u—p,w—p) <0.

n—yoo J—roe

From Lemma 2.6 and (3.5), we have that

a1 = plI?

=

< ||O‘n(”_p>+ﬁn(xn_l7)""YH(PC(I_)W!(

]ki(l— T))un — p) |

<ﬁonn_sz‘*‘?’nH”n_PHz‘Fz(l_O‘n)an< U—D, Xny1—P)
< Ballxn — p||2+'}’n||xn P||2+7n (||xn p||2—||xn 1_P||>+27’n9 |20 — X 1||
+206n(1—06n)<u—p, xn+1_p>

Y.6 2Y,6n
S(l_an)||xn_p||2+an[ nan(Hxn_PHz_Hxnfl—P||2) = | — 1||
n n

+2(1 - an><u_pa Xn+1 _pﬂ-
Applying condition (i) and (iv) of (3.1) and Lemma 2.8, we can conclude that {x,} converges
strongly to p = Pru, where §, = y"a—f”(Hxn —plF = lxa—1 = plI?) + %Hxn — X1 |2 +2(1 -
an)<u_p7 Xn+1 _p>-

Case 2. Assume that {||x, — p||*} is not monotone decreasing. Set Y, := ||x, — p||*> and let
7 : N — N be a mapping defined for n > ng (for some large ng) by

t(n) :=max{k e N:k<n Y <Y}
Clearly, 7 is a non-decreasing sequence such that 7(n) — oo, as n — oo and

Yoy < Yegnys1, 12> no.
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From (3.8), we have that

ki(1 = T;)) )iz ()|

==

BuYul ey — Po(I = Ay (

i=1

< Oty —= I+ (1 = ()| Feeim) =PI + %oy 41— I
+ V() Oc(n) (1 Xe() — PP = 1xe(ay—1 — PII?)
+ 292 () Oz () | X2 () — Xe ()1
Hence, using condition (1), (iii) and (iv) of (3.1), we obtain that
N
T(Li)nlm |z (n) — Pl — Ag(ny (l; ki(I = T;)) gy ||> = 0.

Following the same argument in Case 1, we have that ({x;(, }) converges weakly to p. Now,
for all n > ng, one has

0< HX‘L'(n)+1 _pH2 - fo(n) _pH2
< (1= 0t ) 152() — PUI> + Qe [y 10— PII> 420y (1 = o)) (= P Xg(uy1 — P)]
+ Vo) Oz () (| 1x2 () — PP = Pey—1 = PIIZ) + 2%2(m) O ) e () — Xe (-1 17 = ey — 2II-

Therefore, we have that

[x2(n) = PIIP < Oginy e — plI* 420 () (1 = ) (4 — Py Xg(uy1 — P)
+ Ye(n) Oz ) ([[Xe(y — PP + | xe(ny—1 — PII7).
Thus,
. 2
1v_(}ll)rgw||x7:(n) —P|| =0,

and

Jim Yo = m Yoo
Furthermore, for n > no, it is observed that Y (,) < Y;(,) 41 if n# 7(n) (that is, 7(n) < n) because
Yy > Yy for 7(n) + 1 < k < n. Consequently, for all n > ny,

0< Yn S maX{YT(n),YT<n)+1} = YT(V!)+] .
Therefore, lim,,_,. Y, = 0. This completes the proof. O
The following results can be obtained from theorem 3.1 immediately.

Corollary 3.2. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H,
and H,, respectively. Let D : Hy — H, be a bounded linear operator with D* its adjoint and
{T,}ﬁ\': | be a finite family of quasi nonexpansive mappings of C into itself with ﬂivzl F(T;) # 0.
Let A,B : C — Hj be a, b-inverse strongly monotone mappings with d = min{a,b} and A, B :
Q — H, be a,b-inverse strongly monotone mappings with d = min{a, b}, respectively. Let G¢ :
C—CandGg: Q — Q be defined as stated in Lemma 2.4 with G(x) = G¢(x—nD*(I1 —Gg)Dx)
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forallx € CandT =Y, F(T;) NQ # 0. Given x1,u € C, let {x,}, {u,} and {y,} be sequences
generated by

Yn :xn+9n(xn_xn—l)7
up = Gc(Yn — MuD* (I — Go)Dyn),
Xn+1 = anu‘f’ﬁnxn""}/nPC(I_ln( i'vzlki(l_Ti)))un; VneN;

where 0 < k; < 1 with YN ki=1, {0}, {Bu}, { W} are sequences in [0,1] with o, + B, + Yo =
1, n, € (0, HDle)for alln € N, {6,} C [0,0] with 0 € [0,1). Suppose the following conditions
hold:
6)) r}l_r}lolo 0, =0and ;" | 04 = oo,

Qi) Y2 Ay =0, and 0 < A, < 1,

(i11) 0 < liminfy, <limsupy, <1,

Av) Yo Onl|xn — xp—1]] < oo.
Then, the sequence {x,} converges strongly to p = Pru.

Corollary 3.3. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy
and Hj, respectively. Let D : Hy — Hj be a bounded linear operator with D* its adjoint and T be
a nonexpansive mappings of C into itself. Let A,B: C — H| be a, b-inverse strongly monotone
mappings with d = min{a,b} and A, B : Q — H, be a,b-inverse strongly monotone mappings
with d = min{a, b}, respectively. Let G¢ : C — C and Go : QO — Q be defined as stated in Lemma
2.4 with G(x) = Ge(x —nD*(I — Gg)Dx) for all x € C and f : H — (—o0,00| be a proper,
convex and lower semi-continuous function. Suppose that T = Y. F(T;)NQNF (Jﬁ) # 0.
Given xj,u € C, let {x,}, {u,} and {y,} be sequences generated by

Yn = J;]:(xn + en(xn _xnfl))a
un = Gc(yn — MuD* (I — Gg)Dyn),
Xp1 = Ouu+ (1 — o) Tuy,

where {ay,} is a sequence in (0,1), 0, € (0, W)for alln e N, {6,} C [0,0] with 6 € [0,1).
Suppose the following conditions hold:
(1) nlgrolo 0, =0andy,’ | 04 = oo,
(i) Yo jAp=0o0,and 0 < A, < 1,
(ii1) 0 < liminfy, <limsupy, <1,
(V) X0 Onl|xn —xn—1]] < oo.
Then, the sequence {x,} converges strongly to p = Pru.

4. THE APPLICATION AND NUMERICAL EXAMPLES

4.1. The split feasibility problem. We assume that SFP (1.1) is consistent and denote by IT the
solution set of (1.1). It is easy to see that x € C solves SFP (1.1) if and only if it solves the fixed
point problem x = Pc(x — nD*(I — Py)Dx), for all x € C, where Pc and Py are the orthogonal
projections onto C and Q, respectively, and 11 > 0. To solve (1.1), Bryne [2] introduced the CQ
algorithm for solving the SFP (1.1) as follows:

Xn1 = Pc(xy —ND*(I — Py)Dxy), ¥ n € N,
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where 1 € (0, %) with L being the spectral radius of the operator DD*.

Theorem 4.1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H
and H,, respectively. Let D : Hy — Hy be a bounded linear operator with D* its adjoint and
{T,}f\’: | be a finite family of quasi-nonexpansive mappings of C into itself with ﬂﬁvz F(T;) #0.
Let f : H — (—o0, 0| be a proper, convex and lower semi-continuous function and I" := F (T;) N
I1 ﬂF(JZ:) # 0. Given x1,u € C, let {x,},{u,} and {y,} be sequences generated by

Yn = J/,]Z(xn + 6n(xn _anl))7
un = Pc(yn — NnD* (I — Pg)Dyn),
X1 = Ot + Buxn + YuPo(l — )Ln(zgvzl ki(I =T;)))un, ¥ n €N,
where 0 < k; < 1with YN ki=1, {0}, {Bu}, { W} are sequences in [0,1] with o, + B, + Y =
1, n, € (0, HDle)for alln € N, {6,} C [0,0] with 6 € [0,1). Suppose the following conditions
hold:
(i) lim oy, =0and ;| 0t = oo,
n—yoo
(i) Y Ay =o0,and 0 < A, < 1,
(ii1) 0 < liminfy, <limsupy, < 1,
(iv) Z:lozl eonn _xn—lH < oo,
Then, the sequence {x,} converges strongly to p = Pru.

Proof. If weput A=B=A=B=0,x*=y* and x* = y* in Theorem 3.1, we obtain the desired
conclusion immediately. 0

Remark 4.2. The iterative scheme in Corollary 3.3 can be reduced to the one in [15, Theorem 1]
if Jﬁ and the inertial term is removed. This shows that the iterative algorithm used in Corollary
3.2 and 3.3 generalizes the one in [15, Theorem 1].

4.2. The numerical examples.

Example4.3. Let H; = R3 and H, = R>,C = [-10,10] x [~ 10, 10] x [~10, 10] and Q = [-20,20]
x[=20,20] x [—20,20] x [—20,20] x [—20,20]. Let A, B be mappings from C to R* defined by

-6
Ax = <)ﬂ xz,x3—>, Vx € C,

27 3
and
3XIXQX3—3
Bx=|—,2=2_") VxeC.
X <5,7, 5 ), X e

Also, let A, B be mappings from Q to R’ defined by

— X2 X3 X5 — 3X1—1 4X2 X3 X4—1 2x5
Ax = —=.=,0,—= d Bx = — =, —,— |V .
X (x17 372703 S)an X ( 5 Y 5 777 9 ) 5 er

Clearly, A, B,A, B are 1-inverse strongly monotone. Define the mappings D : R® — R> by

Dx = (2x1 4+ x3 +4x3,x1 +4xp — 2x3,3x1] — 2xp — 2x3, X1 + X2 + Sx3, —2x1 +2x3 + 3x3).
Let
Gc(x) = Pc(I—AA)PCu— ‘LLB)X,VX eC,
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TABLE 1. Table showing computation results for Example 4.3.

Alg (3.1) Alg (3.1)
with 6, =0
Case I(a) CPU time 0.0288 0.0508
(sec)
No. of Iter. 5 8
Case I(b) CPU time 0.0067 0.0405
(sec)
No. of Iter. 6 8
Case Il(a) CPU time 0.0098 0.0307
(sec)
No. of Iter. 8 7
Case II(b) CPU time 0.0032 0.0178
(sec)
No. of Iter. 4 8

Go(x) = Po(I — aA)Py(I — YB)x, x € Q,
and
G(x) =Gc(x—nD*(I—Gg)Dx), VxeC.

Also, f:C — RU{+o} and T : C — C is defined by f(x) = ||x|| and Tix = 5:,i = 1,2,...,N
and x € C. We choose k; = %,Ocn = 4(nl+1)’9" = (n+11)2’;L” = ﬁ,ﬁn = 4(3nt"1),yn = 4(311)1 =
0.5, u=0.2, ¢ =0.8, y=0.25 and 1 = 0.9. We choose the following initial points and plot
the graph of errors against the number of iterations for Algorithm 3.1

Case I(a): u = (1,3,4)7,x; = (=5,5,10)7, xg = (=2, -2, 1)T;

Case I(b): u = (—1,-6,5)T ,x; = (3,9, 1), xg = (—4,6,8)7;

Case II(a): u = (9,0,-9)7  x; = (—4,5,10)7, xo = (3,1,2)7;

Case II(b): u = (7,1,3)" ,x; = (—4,9,-2)T, xo = (1,3,9).
The stopping criterion used is w < 107>, In each case, we compare the output of
Algorithm 3.1 with the output of non-inertial algorithm (i.e., by taking 6, = 0). The numerical

results can be seen in Table 4.3 and Figure 1.

1

Example 4.4. Let H; = H, = L*([ot, B]) with norm ||x||,2 := (fol? |x(t)|2dt> * and inner product
(x,y) := [Bx(¢)y(t)dt, Vx,y € H. Take

C:={xeL*(la,B]): {a.x) < b},

where a # 0 € L*([a, B]) and b € R. Then
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T T T T T T
—*—Alg. (3.1) —*—Alg. (3.1)
—x—Alg. 31) with 3 =0 —%—Alg. 1) with 3 =0

6 7 8 5 6 7 8
Iteration number (n) Iteration number (n)
5 T T T 14 T T T
—*—Alg. (3.1) —*—Alg. (3.1)
—x—Alg. 31 with 3 =0 —x—Alg. 31) with 3 =0

5 6 7 8 5 6 7 8
Iteration number (n) Iteration number (n)

FIGURE 1. Example 4.4, Top Left: Case I(a); Top Right: Case I(b); Bottom
Left Case II(a); Bottom Right: Case II(b).

Also, let Q = {x € L*([a,B]) : ||x —d||;2 < r} be a closed ball with d € L?([a, 8]) and radius
r > 0. Then

—d
ppim {4 T T X
X, xeQ.

Now, define A,B : C — L?*([a, B]) by Ax = x and Bx = max{0,x}, respectively. Also, let A, B :
Q — L*([o, B]) be defined by Ax = 2x and Bx = 3. It can easily be verified that A,B,A,B
are inverse strongly monotone with @, 8,,1 € (0,2]. Define an operator D : L*([0,27]) —
L?([0,27]) by Dx(t) = @ for all x € L*([0,27]), t € [0,27]. Then, it can be verified that D is
continuous and bounded operator. Now we suppose

C= {x e 12((0,27]) /0 7 exp(t)x(t)ds < 1},
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TABLE 2. Table showing computation results for Example 4.3.

Alg (3.1) Alg (3.1)
with 6, =0
Case I(a) CPU time 0.2394 3.1164
(sec)
No. of Iter. 6 8
Case I(b) CPU time 0.2071 0.3396
(sec)
No. of Iter. 6 8
Case I1(a) CPU time 0.6303 1.5877
(sec)
No. of Iter. 6 8
Case II(b) CPU time 2.4650 7.1351
(sec)
No. of Iter. 6 8

and
21

0= {x € L*([0,27]) : / x(1) —sin(r)|> < 16}.
0
Let f = &c, the indicator function of C, then Jﬂ =Pcand Tx = 02” x(t)dt. Let

Ge(x) =Pc(I—AA)Pc(I — uB)x,V x € C,

Go(x) = Po(I — aA)Py(I —yB)x, x € Q,

and

G(x) = Ge(x—nD*(I —Gg)Dx), Vx e C.
We choose oy, = nLH B = 32(2—:;')7 Yo = %+n+r17 0, = m and A, = % u = exp(3t)cos(—2t).
We also choose the parameters u = 0.2,0c = 0.9,A =1,y =0.5,1 = 0.4. Using orei=xall

[lxo—x1]
10~* as stopping criterion, we plot the graphs of error ||x,; | — x,|| against number of iterations
using the following as the initial points

Case Ta x; = 2¢cos(3t) and xg = 3(£> — 1) exp(—2¢);

Case Ib x; = 2¢sin(5¢) and xo = ¢%sin(27t);

Case ITa x; = 2¢2exp(3t) and xo = > + 2¢;

Case ITb x| = £3 +2¢ — 4 and xo = 4t exp(2t).

The numerical results can be seen in Table 4.4 and Figure 2.

Remark 4.5. By considering Case I (a)-(b) and Case II (a)-(b), we compare our inertial Al-
gorithm (3.1) with its corresponding unaccelerated algorithm. It is obvious from Example 4.3
and 4.4 that our accelerated algorithm converges faster than its corresponding unaccelerated
algorithm.
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T T T
—w—Alg. (31) with 3 =0
—*—Alg. (3.1)

0.

3

T T T
—w—Alg. (31 with 3 =0
—#*—Alg. (3.1)

0.2F

N

‘4015
7

lix,

01F

0.05F

Iteration number (n)

T T T
—w—Alg. (31 with 3 =0
—#—Alg. (3.1)

Iteration number (n)

T T T
—w—Alg. (31 with 3 =0
—#—Alg. (3.1)

0.12

0.1

0.02F

5 6 7 8
Iteration number (n)

Iteration number (n)

FIGURE 2. Example 4.4, Top Left: Case I(a); Top Right: Case I(b); Bottom
Left Case II(a); Bottom Right: Case II(b).

Remark 4.6. The iterative algorithm introduced in our article to approximate solutions of split
general system of variational inequalities, minimization and fixed point problems of finite fam-
ily of quasi-nonexpansive mapping yielded a strong convergence result which is desirable to the
weak convergence result obtained in [16] and [26].

5. CONCLUSION

In this paper, we proposed an Halpern type iterative algorithm with an inertial term for solv-
ing a split general system of variational inequalities, a minimization problem and a fixed point
problem of finite family of quasi-nonexpansive mappings. We proved a strong convergence
theorem in real Hilbert spaces. The iterative algorithm introduced in this paper does not require
metric projections which are computationally expensive if the sets cannot be expressed explic-
itly. We further state some consequences of our main results and give an application of our



AN INERTIAL FORWARD-BACKWARD SPLITTING METHOD 19

main convergence theorem. Numerical examples are provided to show the effectiveness of our
algorithm.
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