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AN INERTIAL FORWARD-BACKWARD SPLITTING METHOD FOR
APPROXIMATING SOLUTIONS OF CERTAIN OPTIMIZATION PROBLEMS

H.A. ABASS, K.O. AREMU, L.O. JOLAOSO, O.T. MEWOMO∗

School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal, Durban, South Africa

Abstract. The purpose of this paper is to introduce an inertial-type iterative algorithm for approximating solutions
of a split general system of variational inequalities, minimization problems and fixed point problems of a finite
family of quasi-nonexpansive mappings. We prove a strong convergence theorem in the framework of real Hilbert
spaces. An application to split feasibility problems is also presented. A numerical example is provided to show the
applicability of our main results.
Keywords. Split general system of variational inequalities; Minimization problem; Inertial iterative scheme; Fixed
point problem.

1. INTRODUCTION

Let C and Q be nonempty, closed and convex subset of real Hilbert spaces H1 and H2, respec-
tively. The Split Feasibility Problem (SFP) is formulated as:

finding x∗ ∈C such that Ax∗ ∈ Q, (1.1)

where A : H1→ H2 is a bounded linear operator. In 1994, Censor and Elfving [1] introduced
the SFP for modeling inverse problems, which arise from phase retrievals and in medical re-
construction; see [2]. Indeed, the SFP arises in many fields such as signal processing, computer
tomography and radiation therapy treatment planning; see, e.g., [1, 3, 4]. Let C be a nonempty,
closed and convex subset of a real Hilbert space H. A point p ∈ C is called a fixed point of a
mapping T : C→C if T p = p. We denote by F(T ) the set of all fixed points of T . A nonlinear
mapping T : C→C is said to be

(i) nonexpansive if
||T x−Ty|| ≤ ||x− y||, ∀ x,y ∈C;
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(ii) averaged if it can be written as the average of the identity mapping I and a nonexpan-
sive operator, i.e., T := βS+ (1− β )I, where β ∈ (0,1) is a real number and S is a
nonexpansive mapping. More precisely, we say that T is β -averaged;

(iii) quasi-nonexpansive if F(T ) 6= /0 and

||T x−T p|| ≤ ||x− p||, ∀ x ∈C, p ∈ F(T );

(iv) monotone if
〈T x−Ty,x− y〉 ≥ 0, ∀ x,y ∈ C;

(v) α-strongly monotone if there exists a constant α > 0 such that

〈T x−Ty,x− y〉 ≥ α||x− y||2, ∀ x,y ∈ C;

(vi) α-inverse strongly monotone if there exists a constant α > 0 such that

〈T x−Ty,x− y〉 ≥ α||T x−Ty||2, ∀ x,y ∈ C.

Let Q be a convex subset of a vector space X and f : Q→ R∪{+∞} be a mapping. Then,
(i) f is said to be convex if, for each λ ∈ [0,1] and x,y ∈ Q,

f (λx+(1−λ )y)≤ λ f (x)+(1−λ ) f (y);

(ii) f is said to be proper if there exists at least one x ∈ Q such that

f (x) 6=+∞;

(iii) f is said to be a lower semicontinuous at x0 ∈ Q if

f (x0)≤ liminf
x→x0

f (x).

Let C be a nonempty, closed and convex subset of a real Hilbert space H. For every point
x ∈ H, there exists a unique nearest point in C, denoted by PCx, such that

||x−PCx|| ≤ ||x− y||, ∀ y ∈C.

PC is called the metric projection of H onto C and it is known that PC is nonexpansive and
satisfies

||PCx−PCy|| ≤ 〈x− y,PCx−PCy〉.

In addition, PCx can also be characterized via the following properties:

〈x−PCx,y−PCx〉 ≤ 0,

and

||x− y||2 ≥ ||x−PCx||2 + ||y−PCx||2, ∀ x ∈ H, y ∈C.

For all x,y ∈H, it is known that every nonexpansive operator T : H→H satisfies the inequality
below

〈(x−T (x)),(y−T (y)),T (y)−T (x)〉 ≤ 1
2
||(T (x)− x)− (T (y)− y)||2.

Further, one has, for all x ∈ H and y ∈ F(T ),

〈x−T (x),y−T (x)〉 ≤ 1
2
||T (x)− x||2.
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It is clear that every Hilbert space H satisfies the Opial’s condition [5], that is, for any sequence
{xn} ⊂ H with xn ⇀ x, the inequality

liminf
n→∞

||xn− x||< liminf
n→∞

||xn− y||,

holds for every y ∈ H with x 6= y.
Recently, several iterative methods have been devised for solving equilibrium problems, vari-

ational inequality problems, monotone inclusion problems, minimization problems and their re-
lated optimization problems; see, e.g., [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]) and the references
therein.

Let T : C→H be a mapping, the Variational Inequality Problem (VIP) which was introduced
by Lions and Stampacchia [17] is to find u ∈C such that

〈T x,v−u〉 ≥ 0, ∀v ∈C. (1.2)

We denote by V I(C,T ) the solution set of variational inequality (1.2). The VIP is known to
cover various branches of mathematical and engineering sciences with a wide range of applica-
tions in industry, finance, optimization and mechanics. Another important problem in optimiza-
tion theory and nonlinear analysis is the problem of approximating solutions of a Minimization
Problem (MP), which is to find x ∈ H such that

f (x) = min
y∈H

f (y), (1.3)

where f : H→ (−∞,+∞] is a proper, convex and lower semicontinuous function. We denote by
argminy∈H f (y) the set of all minimizers of f on H. The importance of the MP in optimization
theory has made it of interest to many researchers who used different iterative algorithms to
solve (1.3) successfully. For instance, Martinet [18] introduced the Proximal Point Algorithm
(PPA), which is a powerful tool to approximate solution of (1.3). Since then, many authors have
used different iterative algorithms to approximate solutions of (1.3); see, e.g, [19, 20, 21] and
the references therein.

For λ > 0, the Moreau-Yosida resolvent J f
λ

: H→ H in real Hilbert space H is defined by

J f
λ
= argmin

y∈H
{ f (y)+

1
2λ
||y− x||2}. (1.4)

In 2008, Ceng, Wang and Yao [22] introduced a general system of variational inequalities,
which consists of finding (x∗,y∗) ∈ C× C such that

〈λAy∗+ x∗− y∗,x− x∗〉 ≥ 0, ∀ x ∈ C,

〈µBx∗+ y∗− x∗,x− y∗〉 ≥ 0, ∀ x ∈ C, (1.5)

where A,B : C→ H are two mappings and λ ,µ > 0 are two positive constants.
Reently, Siriyan and Kangtunyakarn [15] introduced a split general system of variational

inequalities, which consists of finding (x∗,y∗) ∈ C×C such that

〈λAy∗+ x∗− y∗,x− x∗〉 ≥ 0, ∀ x ∈ C,

〈µBx∗+ y∗− x∗,x− y∗〉 ≥ 0, ∀ x ∈ C, (1.6)



4 H.A. ABASS, K.O. AREMU, L.O. JOLAOSO, O.T. MEWOMO

and finding (x̄∗ = Dx∗, ȳ∗ = Dy∗) ∈ Q×Q such that

〈αĀȳ∗+ x̄∗− ȳ∗, x̄− x̄∗〉 ≥ 0, ∀ x̄ ∈ Q,

〈γB̄x̄∗+ ȳ∗− x̄∗, x̄− ȳ∗〉 ≥ 0, ∀ x̄ ∈ Q, (1.7)

where C, Q are nonempty, closed and subset of real Hilbert spaces H1 and H2, A,B : C→ H1
and Ā, B̄ : Q→ H2 are four mappings, λ ,µ,α,γ > 0 and D : H1 → H2 is a bounded linear
operator. We denote ΩA,B and ΩĀ,B̄ the solution sets of (1.6) and (1.7), respectively. The set of
all solutions of the system is denoted by Ω= {(x∗,y∗)∈ΩA,B : (x̄∗, ȳ∗)∈ΩĀ,B̄}, where x̄∗=Dx̄∗

and ȳ∗ = Dȳ∗.

Remark 1.1. If we put A≡B≡ Ā≡ B̄≡ 0, x̄= ȳ and x̄∗= ȳ∗ in (1.6) and (1.7), the split general
system of variational inequalities is reduced to (1.1).

Siriyan and Kangtunyakarn [15] proved the following theorem in the framework of real
Hilbert spaces.

Theorem 1.2. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H1
and H2 respectively. Let A,B : C→ H1 be a,b-inverse strongly monotone mappings with d =
min{ā, b̄} and D : H1→H2 be a bounded linear operator with adjoint D∗. Define the mappings
GC : C→C by GC(x) = PC(I−λA)PC(I−µB)x, for all x∈C and GQ : Q→Q by GQx̂ = PQ(I−
αĀ)PQ(I− γB̄)x̂, for all x̂ ∈ Q. Let G : C→C be defined as G(x) = GC(x−ηD∗(I−GQ)Dx)
for all x ∈ C and let T : C→ C be a nonexpansive mapping. Assume P := F(G)∩F(T ) 6= /0.
For given u,x ∈C, the sequence {xn} is generated iteratively by

yn = GC(xn−ηD∗(I−GQ)Dxn),

xn+1 = αnu+(1−αn)Tyn,

where {αn} ⊂ [0,1], λ ,µ ∈ (0,2d), α,γ ∈ (0,2d̄), η ∈ (0, 1
L) with L being the spectral radius

of the operator D∗D. Suppose that the following conditions hold:
(i) lim

n→∞
αn = 0 and ∑

∞
n=1 αn = ∞;

(ii) ∑
∞
n=1 |αn+1−αn|< ∞.

Then, the sequence {xn} converges strongly to an element in P.

Constructing iterative schemes with a faster rate of convergence is usually of great inter-
est. The inertial-type algorithm, which was originated from the equation for an oscillator with
damping and conservative restoring force, has been an important tool employed in improving
the performance of algorithms and has some nice convergence characteristics. In general, the
main feature of inertial-type algorithms is that we can use the previous iterates to construct
the next one. Since the introduction of inertial-like algorithms, many authors have combined
the inertial term [θn(xn− xn−1)] into different kinds of iterative algorithms, such as, Mann,
Kranoselski, Halpern, Viscosity, etc to find solutions of fixed point problems and optimization
problems. Polyak [23] was the first author to propose the heavy ball method. Alvarez and At-
touch [24] employed this to the setting of a proximal point algorithm (PPA), which is called the
inertial PPA: {

yn = xn +θn(xn− xn−1),

xn+1 = (I + rnB)−1yn,n > 1.
(1.8)
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They proved that if {rn} is non-decreasing and {θn} ⊂ [0,1) with
∞

∑
n=1

θn||xn− xn−1||2 < ∞, (1.9)

then Algorithm (1.8) converges weakly to a zero of B. More precisely, condition (1.9) is
true for θn < 1

3 . Here θn is an extrapolation factor. Also, Hieu [16] introduced the follow-
ing Krasnoselski-Mann iterative scheme together with an inertial-like algorithm to approximate
the solution of the equilibrium problem in real Hilbert spaces, x0 = x1 ∈ H,

wn = xn +θn(xn− xn−1),

f (zn,y)+ 1
λn
〈zn−wn,y− zn〉 ≥ −δn, ∀y,zn ∈C.

xn+1 = (1−αn)wn +αnzn,

where {λn} ⊂ (0,+∞), {αn} ⊂ (0,+∞), {θn} ⊂ [0,+∞) and {δn} ⊂ [0,+∞). He proved that
his iterative scheme converges weakly to a solution of equilibrium problem.

Recently, Cholamjiak, Pholasa and Suantai [25] also studied a modified inertial and forward-
backward splitting method for solving the fixed point problem of a quasi-nonexpansive multi-
valued mapping and a inclusion problem. With their iterative scheme, they proved the following
weak convergence theorem.

Theorem 1.3. Let H be real Hilbert space and T : H→CB(H) be a quasi-nonexpansive map-
ping. Let A : H → H be an α-inverse strongly monotone operator and B : H → 2H a maximal
monotone operator. Assume that S = (A+B)−1(0)∩F(T ) 6= /0 and I−T s demiclosed at 0. Let
{xn}, {yn} and {zn} be sequences generated by x0, x1 ∈ H and

yn = xn +θn(xn− xn−1),

zn = αnyn +(1−αn)Tyn,

xn+1 = βnzn +(1−βn)JB
rn
(I− rnA)zn, n≥ 1,

where JB
rn
= (I + rnB)−1, {rn} ⊂ (0,2α), {θn} ⊂ [0,θ ] for some θ ∈ [0,1) and {αn}, {βn} are

sequences in [0,1]. Assume that the following conditions hold:
(i) ∑

∞
n=1 θn||xn− xn−1||< ∞,

(ii) 0 < liminfn→∞ αn ≤ limsupn→∞ αn < 1,
(iii) limsupn→∞ βn < 1,
(iv) 0 < liminfn→∞ rn ≤ limsupn→∞ rn < 2α.

Then, the sequence {xn} converges weakly to q ∈ S.

Furthermore, Khan, Cholamjiak and Kazmi [26] introduced the following inertial forward-
backward algorithm to approximate a common solution of the equilibrium problem, fixed points
of an infinite family of nonexpansive mappings and the modified inclusion problem. For x0, x1 ∈
H, let {xn}, {yn} and {un} be sequences be generated by

yn = xn +θn(xn− xn−1),

∑
N
i=1 aiFi(un,y)+ 1

rn
〈y−un,un− yn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αnxn +βnKnun + γnJB
S (I−S∑

N
i=1 biAi)un,

where {αn}, {βn} and {γn} ⊂ [0,1] with αn+βn+γn = 1 for all n≥ 1, {θn} ⊂ [0,θ ], θ ∈ [0,1),
and liminfn→∞ γn > 0, 0 < s < 2η , where η = min1,··· ,N{αi}, Fi : C×C→ R is a bifunction
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satisfying Assumption 2.1 in [26], Kn is the K-mapping generated by T1,T2, · · · , where {Ti}∞
i=1

is an infinite family of nonexpansive mappings, Ai : H → H is an αi-inverse strongly mono-
tone mapping and Bi : H → 2H is a maximal monotone mapping. Suppose that the following
conditions hold:

(i) ∑
∞
n=1 θn||xn− xn−1||< ∞;

(ii) ∑
∞
n=1 αn < ∞, lim

n→∞
αn = 0;

(iii) ∑
∞
n=1 |rn+1− rn|< ∞; ∑

∞
n=1 |βn+1−βn|< ∞; ∑

∞
n=1 |γn+1− γn|< ∞.

Then the sequence {xn} converges weakly to q∈
⋂N

i=1(Ai+Bi)
−1(0)∩

⋂
∞
i=1 F(Ti)∩

⋂N
i=1 EP(Fi).

Motivated by the ongoing interest on inertial-type algorithms and the results of Siriyan and
Kangtunyakarn [15], Hieu [16], Cholamjiak, Pholasa and Suantai [25], Khan, Cholamjiak and
Kazmi [26], Cheawchan and Kangtunyakarn [27], we introduce an inertial forward-backward
splitting iterative algorithm for finding a common solution of a split general system of varia-
tional inequalities, the minimization problem and the fixed point problem of a finite family of
quasi-nonexpansive mappings. We prove a strong convergence result in the framework of real
Hilbert spaces and give some numerical examples for our main result.

2. PRELIMINARIES

In the sequel, we need the following important lemmas to establish our main results.

Lemma 2.1. Let H be a real Hilbert space and α ∈ (0,1). Then
(i) ||αx+(1−α)y||2 = α||x||2 +(1−α)||y||2−α(1−α)||x− y||2,

(ii) 2〈x,y〉= ||x||2 + ||y||2−||x− y||2 = ||x||2−||y||2, ∀ x,y ∈ H.

Lemma 2.2. [27] Let C be a nonempty, closed and convex subset of real Hilbert space H. Let
{Ti}N

i=1 : C→ H be a finite family of quasi-nonexpansive mappings with
⋂N

i=1 F(Ti) 6= /0 and let
0 < ai < 1 with ∑

N
i=1 ai = 1. Then

N⋂
i=1

F(Ti) =V I
(

C,
N

∑
i=1

ai(I−Ti)
)
= F

(
PC(I−λ

( N

∑
i=1

ai(I−Ti)
))

.

Lemma 2.3. [28] Let H be a real Hilbert space and T : H→ H be a nonlinear mapping. Then
the following results hold:

(i) f is nonexpansive if and only if the complement I− f is 1
2 -ism,

(ii) if f is v-ism and r > 0, then r f is v
r -ism,

(iii) f is averaged if and only if the complement I− f is v-ism for some v > 1
2 . Indeed, for

some β ∈ (0,1), f is β -averaged if and only if I− f is 1
2β

-ism,
(iv) if f1, is β1-averaged and f2 is β2-averaged, where β1, β2 ∈ (0,1), then the composite

f1 f2 is β -averaged, where β = β1 +β2−β1β2.

Lemma 2.4. [29] Let H1 and H2 be real Hilbert spaces. Let A : H1→ H2 be a bounded linear
operator with A 6= 0, and S : H2→ H2 be a nonexpansive mapping. Then A∗(I−S)A is 1

2||A||2 -
ism.

Lemma 2.5. [15] Let C and Q be nonempty, subsets of H1 and H2, respectively. Let A, B :
C→H1 be a,b-inverse strongly monotone mappings with λ , µ ∈ (0,2d̄), where d̄ = min{a,b}.
Let Ā, B̄ : Q→ H2 be ā, b̄-inverse strongly monotone mappings with α, γ ∈ (0,2d̂), where
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d̂ = min{ā, b̄}. Let D : H1 → H2 be a bounded linear operator with its adjoint D∗. Define
GC :C→C by GC(x)=PC(I−λA)PC(I−µB)x, for all x∈C and define GQ : Q→Q by GQ(x̂)=
PQ(I−αĀ)PQ(I− γB̄), for all x̂ ∈ Q. Assume Ω = {(x∗,y∗) ∈ΩA,B (x̄∗, ȳ∗) ∈ΩĀ,B̄} 6= /0. Then
(x∗,y∗) ∈Ω, where y∗ = PC(I−µB)x∗ and ȳ∗ = PC(I− γB)x̄∗ with x̄∗ = Dx∗ and ȳ∗ = Dy∗.

Lemma 2.6. [27] let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
{Ti}N

i=1 : C→C be a finite family of quasi-nonexpansive mappings with
⋂N

i=1 F(Ti) 6= /0. Then∣∣∣∣∣∣PC

(
I− λ̄

( N

∑
i=1

ki(I−Ti)
))

x− z
∣∣∣∣∣∣2 ≤ ||x− z||2,

for all x ∈C, where 0 < ki < 1 with ∑
N
i=1 ki = 1 and 0 < λ̄ < 1.

Lemma 2.7. [30] Let H be as real Hilbert space and f : H→ (−∞,∞] be a proper, convex and
lower semi-continuous function. Then, for all x,y ∈ H and λ > 0,

1
2λ
||Jλ x− y||2− 1

2λ
||x− y||2 + 1

2λ
||x− Jλ y||2 + f (Jλ x)≤ f (y).

Lemma 2.8. [31] Let {sn} be a sequence of non negative real numbers satisfying

sn+1 ≤ (1−αn)sn +δn, ∀ n≥ 0,

where {αn} is a sequence in (0,1) and {δn} is a sequence such that

(i)
∞

∑
n=1

αn = ∞, (ii) limsup
n→∞

δn

αn
≤ 0 or

∞

∑
n=1
|δn|< ∞.

Then limn→∞ sn = 0.

3. MAIN RESULTS

Theorem 3.1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H1
and H2, respectively. Let D : H1 → H2 be a bounded linear operator with D∗ its adjoint and
{Ti}N

i=1 be a finite family of quasi nonexpansive mappings of C into itself. Let A,B : C→ H1
be a, b-inverse strongly monotone mappings with d = min{a,b} and Ā, B̄ : Q→ H2 be ā, b̄-
inverse strongly monotone mappings with d̄ = min{ā, b̄} respectively. Suppose that GC : C→C
and GQ : Q→ Q are defined as stated in Lemma 2.5 with G(x) = GC(x−ηD∗(I−GQ)Dx) for
all x ∈C. Let f : H1→ (−∞,∞] be a proper, convex and lower semi-continuous function and
let Γ =

⋂N
i=1 F(Ti)∩Ω∩F(J f

µ) 6= /0. Given x1,u ∈ C, let {xn}, {un} and {yn} be sequences
generated by 

yn = J f
µ(xn +θn(xn− xn−1)),

un = GC(yn−ηnD∗(I−GQ)Dyn),

xn+1 = αnu+βnxn + γnPC(I−λn(∑
N
i=1 ki(I−Ti)))un, ∀ n ∈ N,

(3.1)

where 0 < ki < 1 with ∑
N
i=1 ki = 1, {αn}, {βn}, {γn} are sequences in [0,1] with αn+βn+γn =

1, ηn ⊂ [e,g] for some e,g ∈ (0, 1
||D||2 ) for all n ∈ N, {θn} ⊂ [0,θ ] with θ ∈ [0,1). Suppose the

following conditions hold:
(i) lim

n→∞
αn = 0 and ∑

∞
n=1 αn = ∞,

(ii) ∑
∞
n=1 λn = ∞, and 0 < λn < 1,
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(iii) 0 < liminfγn ≤ limsupγn < 1,
(iv) ∑

∞
n=1 θn||xn− xn−1||< ∞.

Then, the sequence {xn} converges strongly to p = PΓu.

Proof. Let p ∈ Γ, and yn = J f
µwn. It follows that p = G(p) = GC(p−ηnD∗(I−GQ))Dp. Since

GQ is nonexpansive, we see from Lemma 2.4 that D∗(I−GQ)D is 1
2||D||2 -ism. Using Lemma 2.3

(iii), one has that I−ηnD∗(I−GQ)D is ηn||D||2-averaged. Therefore, it follows from Lemma

2.3 (iv) that GC(I−ηnD∗(I−GQ)D) is 1+ηn||D||2
2 is averaged. We then can rewrite un as

un = (1− tn)yn + tnSnyn, (3.2)

where S is nonexpansive and tn =
1+ηn||D||2

2 . From (3.1) and Lemma 2.1 (i), we have

||un− p||2 = (1− tn)||yn− p||2 + tn||Snyn− p||2− tn(1− tn)||yn−Snyn||2

≤ ||yn− p||2− tn(1− tn)||yn−Snyn||2

= ||J f
µwn− p||2

≤ ||wn− p||2.

(3.3)

Hence,

||un− p|| ≤ ||wn− p||
= ||(xn− p)+θn(xn− xn−1)||
≤ ||xn− p||+θn||xn− xn−1||. (3.4)

Using (3.1), (3.4) and Lemma 2.6, we obtain that

||xn+1− p|| ≤ αn||u− p||+βn||xn− p||+ γn||un− p||
≤ αn||u− p||+βn||xn− p||+ γn||xn− p||+ γnθn||xn− xn−1||
≤ αn||u− p||+(1−αn)||xn− p||+ γnθn||xn− xn−1||
≤max{||u− p||, ||xn− p||}+θn||xn− xn−1||
≤max{max{||u− p||, ||xn− p||}+θn−1||xn−1− xn−2||, ||u− p||}+θn||xn− xn−1||
= max{||u− p||, ||xn− p||}+θn−1||xn−1− xn−2||+θn||xn− xn−1||.

Letting M = ∑
n
i=1 θi||xi− xi−1||< ∞, we obtain

||xn+1− p|| ≤max{||u− p||, ||xn− p||}+M.

Therefore, {xn} is bounded. Consequently, {yn}, {un} and {wn} are all bounded. From (3.3),
we have that

||yn− p||2 ≤ ||wn− p||2

= ||xn− p||2 +2θn〈xn− p,xn− xn−1〉+θ
2
n ||xn− xn−1||2

= ||xn− p||2 +θn(−||xn−1− p||2 + ||xn− p||+ ||xn− xn−1||2)+θ
2
n ||xn− xn−1||2

≤ ||xn− p||2 +θn(||xn− p||2−||xn−1− p||2)+2θn||xn− xn−1||2. (3.5)



AN INERTIAL FORWARD-BACKWARD SPLITTING METHOD 9

Substituting (3.5) into (3.3), we obtain that

||un− p||2 ≤ ||xn− p||2 +θn(||xn− p||2−||xn−1− p||2)

+2θn||xn− xn−1||2− tn(1− tn)||yn−Snyn||2. (3.6)

Using (3.1), (3.6) and Lemma 2.6, we have that

||xn+1− p||2 ≤ αn||u− p||2 + γn||PC(I−λn(
N

∑
i=1

ki(I−Ti)))un− p||2

+βn||xn− p||2−βnγn||xn−PC(I−λn(
N

∑
i=1

ki(I−Ti)))un||2

≤ αn||u− p||2 +βn||xn− p||2 + γn||un− p||2

−βnγn||xn−PC(I−λn(
N

∑
i=1

ki(I−Ti)))un||2

≤ αn||u− p||2 +βn||xn− p||2 + γn||xn− p||2 + γnθn(||xn− p||2−||xn−1− p||2)

+2γnθn||xn− xn−1||2−βnγn||xn−PC(I−λn(
N

∑
i=1

ki(I−Ti)))un||2

− γntn(1− tn)||yn−Snyn||2. (3.7)

We now consider two cases to show that {xn} converges strongly to p.
Case 1. Assume that {||xn− p||} is monotonically decreasing. Then {xn} is convergent and

lim
n→∞
||xn− p||2 = lim

n→∞
||xn+1− p||2.

From (3.7), we obtain that

γntn(1− tn)||yn−Snyn||2 ≤ αn||u− p||2 +(1−αn)||xn− p||2−||xn+1− p||2

+ γnθn(||xn− p||2−||xn−1− p||2)+2γnθn||xn− xn−1||2. (3.8)

Using conditions (i), (iii) and (iv) of (3.1), we have that

lim
n→∞
||yn−Snyn||= 0. (3.9)

From (3.7), we have

βnγn||xn−PC(I−λn(
N

∑
i=1

ki(I−Ti)))un||2 ≤ αn||u− p||2 +(1−αn)||xn− p||2 + ||xn+1− p||2

+ γnθn(||xn− p||2−||xn−1− p||2)+2γnθn||xn− xn−1||2

− γntn(1− tn)||yn−Snyn||2.
Thus, we have from conditions (i), (iii) and (iv) of (3.1) that

lim
n→∞
||xn−PC(I−λn(

N

∑
i=1

ki(I−Ti)))un||2 = 0. (3.10)

From Lemma (2.7), we obtain that
1

2µn
||yn− p||2− 1

2µn
||wn− p||2 + 1

2µn
||yn−wn||2 + f (yn)≤ f (p).
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Since f (p)≤ f (yn) for all n≥ 1, we have that

||yn− p||2 ≤ ||wn− p||2−||yn−wn||2. (3.11)

On substituting (3.11) into (3.5), we have

||yn− p||2 ≤ ||xn− p||2 +θn(||xn− p||2−||xn−1− p||2)

+2θn||xn− xn−1||2−||yn−wn||2. (3.12)

From (3.7) and (3.12), we have that

||xn+1− p||2

≤ αn||u− p||2 +βn||xn− p||2 + γn||xn− p||2 + γnθn(||xn− p||2−||xn−1− p||2)

+2γnθn||xn− xn−1||2− γn||yn−wn||2−βnγn||xn−PC(I−λn(
N

∑
i=1

ki(I−Ti)))un||2, (3.13)

which implies that

γn||yn−wn||2

≤ αn||u− p||2 +(1−αn)||xn− p||2 + ||xn+1− p||2 + γnθn(||xn− p||2

−||xn−1− p||2)+2γnθn||xn− xn−1||2−βnγn||xn−PC(I−λn(
N

∑
i=1

ki(I−Ti)))un||2.

From condition (i) and (iv) of (3.1) and (3.10), we obtain that

lim
n→∞
||yn−wn||= 0. (3.14)

Since wn = xn +θ(xn− xn−1), it can be seen from condition (iv) of (3.1) that

||wn− xn||= θn||xn− xn−1|| → 0, as n→ ∞. (3.15)

From (3.14) and (3.15), we have that

||yn− xn|| ≤ ||yn−wn||+ ||wn− xn|| → 0, as n→ ∞. (3.16)

From the definition of un, i.e, un = (1− tn)yn + tnSnyn, we have from (3.9) that

||un− yn|| ≤ tn||Snyn− yn|| → 0, as n→ ∞. (3.17)

From (3.15) and (3.16), we obtain that

||un− xn|| ≤ ||un− yn||+ ||yn− xn|| → 0, as n→ ∞. (3.18)

Using (3.8) and (3.16), we obtain that

||un−PC(I−λn(
N

∑
i=1

(I−Ti)))un||

≤ ||un− xn||+ ||xn−PC(I−λn(
N

∑
i=1

(I−Ti)))un|| → 0 as n→ ∞.

From (3.1), we have that

||xn+1− xn|| ≤ αn||u− xn||+ γnPC(I−λn(
N

∑
i=1

(I−Ti)))||un− xn||.
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Hence, we obtain from condition (i) of (3.1) and (3.18) that limn→∞ ||xn+1− xn|| = 0. Since
{xn} is bounded, there exists a subsequence {xn j} of {xn} such that {xn j} converges weakly
to x ∈ H. By (3.14) and (3.16), we have that {yn} and {un} converges weakly to x and by the
demiclosedness principle of I−Ti for i = 1,2, ...N, at O, Lemma 2.2 and (3.8), we have that
x ∈ ∩N

i=1F(Ti). Since {yn} and {wn} are bounded, there exist subsequences {yn j} and {wn j}
such that {yn j} and {wn j} converges weakly to x ∈ H. Using (3.14) and (3.16), we have that
x ∈ F(J f

µ) and x ∈ F(G).
Finally, we show that the sequence {xn} converges strongly to p = PΓu. We first show that

limsupn→∞〈u− p,xn+1− p〉 ≤ 0. Choose a subsequence {xn j} of {xn} such that

limsup
n→∞

〈u− p,xn+1− p〉= lim
j→∞
〈u− p,xn j+1− p〉.

Since xn j → w and ||xn+1− xn|| → 0, we have

limsup
n→∞

〈u− p,xn+1− p〉= lim
j→∞
〈u− p,xn j+1− p〉= 〈u− p,w− p〉 ≤ 0.

From Lemma 2.6 and (3.5), we have that

||xn+1− p||2

≤ ||αn(u− p)+βn(xn− p)+ γn
(
PC(I−λn(

N

∑
i=1

ki(I−Ti)))un− p
)
||2

≤ βn||xn− p||2 + γn||un− p||2 +2(1−αn)αn〈u− p, xn+1− p〉

≤ βn||xn− p||2 + γn||xn− p||2 + γnθn
(
||xn− p||2−||xn−1− p||

)
+2γnθn||xn− xn−1||2

+2αn(1−αn)〈u− p, xn+1− p〉

≤ (1−αn)||xn− p||2 +αn
[γnθn

αn

(
||xn− p||2−||xn−1− p||2

)
+

2γnθn

αn
||xn− xn−1||2

+2(1−αn)〈u− p, xn+1− p〉
]
.

Applying condition (i) and (iv) of (3.1) and Lemma 2.8, we can conclude that {xn} converges
strongly to p = PΓu, where δn =

γnθn
αn

(
||xn− p||2− ||xn−1− p||2

)
+ 2γnθn

αn
||xn− xn−1||2 + 2(1−

αn)〈u− p, xn+1− p〉.
Case 2. Assume that {||xn− p||2} is not monotone decreasing. Set ϒn := ||xn− p||2 and let

τ : N→ N be a mapping defined for n≥ n0 (for some large n0) by

τ(n) := max{k ∈ N : k ≤ n,ϒ≤ ϒk+1}.

Clearly, τ is a non-decreasing sequence such that τ(n)→ ∞, as n→ ∞ and

ϒτ(n) ≤ ϒτ(n)+1, n≥ n0.
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From (3.8), we have that

βnγn||xτ(n)−PC(I−λτ(n)
( N

∑
i=1

ki(I−Ti)))uτ(n)||2

≤ ατ(n)||u− p||2 +(1−ατ(n))||xτ(n)− p||2 + ||xτ(n)+1− p||2

+ γτ(n)θτ(n)
(
||xτ(n)− p||2−||xτ(n)−1− p||2

)
+2γτ(n)θτ(n)||xτ(n)− xτ(n)−1||2

Hence, using condition (i), (iii) and (iv) of (3.1), we obtain that

lim
τ(n)→∞

||xτ(n)−PC(I−λτ(n)
( N

∑
i=1

ki(I−Ti)))uτ(n)||2 = 0.

Following the same argument in Case 1, we have that ({xτ(n)}) converges weakly to p. Now,
for all n≥ n0, one has

0≤ ||xτ(n)+1− p||2−||xτ(n)− p||2

≤ (1−ατ(n))||xτ(n)− p||2 +ατ(n)
[
ατ(n)||u− p||2 +2ατ(n)(1−ατ(n))〈u− p,xτ(n)+1− p〉]

+ γτ(n)θτ(n)
(
||xτ(n)− p||2−||xτ(n)−1− p||2

)
+2γτ(n)θτ(n)||xτ(n)− xτ(n)−1||2−||xτ(n)− p||2.

Therefore, we have that

||xτ(n)− p||2 ≤ ατ(n)||u− p||2 +2ατ(n)(1−ατ(n))〈u− p,xτ(n)+1− p〉

+ γτ(n)θτ(n)
(
||xτ(n)− p||2 + ||xτ(n)−1− p||2

)
.

Thus,

lim
τ(n)→∞

||xτ(n)− p||2 = 0,

and

lim
n→∞

ϒτ(n) = lim
τ(n)→∞

ϒτ(n)+1.

Furthermore, for n≥ n0, it is observed that ϒτ(n)≤ϒτ(n)+1 if n 6= τ(n) (that is, τ(n)< n) because
ϒk > ϒk+1 for τ(n)+1≤ k ≤ n. Consequently, for all n≥ n0,

0 < ϒn ≤max{ϒτ(n),ϒτ(n)+1
}= ϒτ(n)+1.

Therefore, limn→∞ ϒn = 0. This completes the proof. �

The following results can be obtained from theorem 3.1 immediately.

Corollary 3.2. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H1
and H2, respectively. Let D : H1 → H2 be a bounded linear operator with D∗ its adjoint and
{Ti}N

i=1 be a finite family of quasi nonexpansive mappings of C into itself with
⋂N

i=1 F(Ti) 6= /0.
Let A,B : C→ H1 be a, b-inverse strongly monotone mappings with d = min{a,b} and Ā, B̄ :
Q→H2 be ā, b̄-inverse strongly monotone mappings with d̄ = min{ā, b̄}, respectively. Let GC :
C→C and GQ : Q→Q be defined as stated in Lemma 2.4 with G(x) =GC(x−ηD∗(I−GQ)Dx)



AN INERTIAL FORWARD-BACKWARD SPLITTING METHOD 13

for all x∈C and Γ =
⋂N

i=1 F(Ti)∩Ω 6= /0. Given x1,u∈C, let {xn}, {un} and {yn} be sequences
generated by 

yn = xn +θn(xn− xn−1),

un = GC(yn−ηnD∗(I−GQ)Dyn),

xn+1 = αnu+βnxn + γnPC(I−λn(∑
N
i=1 ki(I−Ti)))un, ∀ n ∈ N;

where 0 < ki < 1 with ∑
N
i=1 ki = 1, {αn}, {βn}, {γn} are sequences in [0,1] with αn+βn+γn =

1, ηn ∈ (0, 1
||D||2 ) for all n ∈ N, {θn} ⊂ [0,θ ] with θ ∈ [0,1). Suppose the following conditions

hold:
(i) lim

n→∞
αn = 0 and ∑

∞
n=1 αn = ∞,

(ii) ∑
∞
n=1 λn = ∞, and 0 < λn < 1,

(iii) 0 < liminfγn ≤ limsupγn < 1,
(iv) ∑

∞
n=1 θn||xn− xn−1||< ∞.

Then, the sequence {xn} converges strongly to p = PΓu.

Corollary 3.3. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H1
and H2, respectively. Let D : H1→H2 be a bounded linear operator with D∗ its adjoint and T be
a nonexpansive mappings of C into itself. Let A,B : C→ H1 be a, b-inverse strongly monotone
mappings with d = min{a,b} and Ā, B̄ : Q→ H2 be ā, b̄-inverse strongly monotone mappings
with d̄ =min{ā, b̄}, respectively. Let GC : C→C and GQ : Q→Q be defined as stated in Lemma
2.4 with G(x) = GC(x− ηD∗(I −GQ)Dx) for all x ∈ C and f : H1 → (−∞,∞] be a proper,
convex and lower semi-continuous function. Suppose that Γ =

⋂N
i=1 F(Ti)∩Ω∩F(J f

µ) 6= /0.
Given x1,u ∈C, let {xn}, {un} and {yn} be sequences generated by

yn = J f
µ(xn +θn(xn− xn−1)),

un = GC(yn−ηnD∗(I−GQ)Dyn),

xn+1 = αnu+(1−αn)Tun,

where {αn} is a sequence in (0,1), ηn ∈ (0, 1
||D||2 ) for all n ∈ N, {θn} ⊂ [0,θ ] with θ ∈ [0,1).

Suppose the following conditions hold:
(i) lim

n→∞
αn = 0 and ∑

∞
n=1 αn = ∞,

(ii) ∑
∞
n=1 λn = ∞, and 0 < λn < 1,

(iii) 0 < liminfγn ≤ limsupγn < 1,
(iv) ∑

∞
n=1 θn||xn− xn−1||< ∞.

Then, the sequence {xn} converges strongly to p = PΓu.

4. THE APPLICATION AND NUMERICAL EXAMPLES

4.1. The split feasibility problem. We assume that SFP (1.1) is consistent and denote by Π the
solution set of (1.1). It is easy to see that x ∈C solves SFP (1.1) if and only if it solves the fixed
point problem x = PC(x−ηD∗(I−PQ)Dx), for all x ∈C, where PC and PQ are the orthogonal
projections onto C and Q, respectively, and η > 0. To solve (1.1), Bryne [2] introduced the CQ
algorithm for solving the SFP (1.1) as follows:

xn+1 = PC(xn−ηD∗(I−PQ)Dxn), ∀ n ∈ N,
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where η ∈ (0, 2
L) with L being the spectral radius of the operator DD∗.

Theorem 4.1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H1
and H2, respectively. Let D : H1 → H2 be a bounded linear operator with D∗ its adjoint and
{Ti}N

i=1 be a finite family of quasi-nonexpansive mappings of C into itself with ∩N
i=1F(Ti) 6= /0.

Let f : H1→ (−∞,∞] be a proper, convex and lower semi-continuous function and Γ := F(Ti)∩
Π∩F(J f

µ) 6= /0. Given x1,u ∈C, let {xn},{un} and {yn} be sequences generated by
yn = J f

µ(xn +θn(xn− xn−1)),

un = PC(yn−ηnD∗(I−PQ)Dyn),

xn+1 = αnu+βnxn + γnPC(I−λn(∑
N
i=1 ki(I−Ti)))un, ∀ n ∈ N,

where 0 < ki < 1 with ∑
N
i=1 ki = 1, {αn}, {βn}, {γn} are sequences in [0,1] with αn+βn+γn =

1, ηn ∈ (0, 1
||D||2 ) for all n ∈ N, {θn} ⊂ [0,θ ] with θ ∈ [0,1). Suppose the following conditions

hold:
(i) lim

n→∞
αn = 0 and ∑

∞
n=1 αn = ∞,

(ii) ∑
∞
n=1 λn = ∞, and 0 < λn < 1,

(iii) 0 < liminfγn ≤ limsupγn < 1,
(iv) ∑

∞
n=1 θn||xn− xn−1||< ∞.

Then, the sequence {xn} converges strongly to p = PΓu.

Proof. If we put A≡ B≡ A≡ B≡ 0,x∗ = y∗ and x∗ = y∗ in Theorem 3.1, we obtain the desired
conclusion immediately. �

Remark 4.2. The iterative scheme in Corollary 3.3 can be reduced to the one in [15, Theorem 1]
if J f

µ and the inertial term is removed. This shows that the iterative algorithm used in Corollary
3.2 and 3.3 generalizes the one in [15, Theorem 1].

4.2. The numerical examples.

Example 4.3. Let H1 =R3 and H2 =R5,C = [−10,10]×[−10,10]×[−10,10] and Q= [−20,20]
×[−20,20]× [−20,20]× [−20,20]× [−20,20]. Let A,B be mappings from C to R3 defined by

Ax =
(

x1

2
,x2,

x3−6
3

)
, ∀x ∈C,

and

Bx =
(

3x1

5
,
x2

7
,
x3−3

2

)
, ∀ x ∈C.

Also, let A,B be mappings from Q to R5 defined by

Ax =
(

x1,
x2

3
,
x3

2
,0,

x5

3

)
and Bx =

(
3x1−1

5
,
4x2

5
,
x3

7
,
x4−1

9
,
2x5

5

)
∀ x ∈ Q.

Clearly, A,B,A,B are 1-inverse strongly monotone. Define the mappings D : R3→ R5 by

Dx = (2x1 + x2 +4x3,x1 +4x2−2x3,3x1−2x2−2x3,x1 + x2 +5x3,−2x1 +2x3 +3x3).

Let

GC(x) = PC(I−λA)PC(I−µB)x,∀ x ∈C,



AN INERTIAL FORWARD-BACKWARD SPLITTING METHOD 15

TABLE 1. Table showing computation results for Example 4.3.

Alg (3.1) Alg (3.1)
with θn = 0

Case I(a) CPU time
(sec)

0.0288 0.0508

No. of Iter. 5 8
Case I(b) CPU time

(sec)
0.0067 0.0405

No. of Iter. 6 8
Case II(a) CPU time

(sec)
0.0098 0.0307

No. of Iter. 8 7
Case II(b) CPU time

(sec)
0.0032 0.0178

No. of Iter. 4 8

GQ(x) = PQ(I−αA)PQ(I− γB)x, x ∈ Q,

and

G(x) = GC(x−ηD∗(I−GQ)Dx), ∀ x ∈C.

Also, f : C→ R∪{+∞} and T : C→ C is defined by f (x) = ||x|| and Tix = x
2i , i = 1,2, ...,N

and x ∈C. We choose ki =
1
N ,αn =

1
4(n+1) ,θn =

1
(n+1)2 ,λn =

1
n+5 ,βn =

3+n
4(n+1) ,γn =

3n
4(n+1)λ =

0.5, µ = 0.2, α = 0.8, γ = 0.25 and η = 0.9. We choose the following initial points and plot
the graph of errors against the number of iterations for Algorithm 3.1

Case I(a): u = (1,3,4)T ,x1 = (−5,5,10)T , x0 = (−2,−2,1)T ;
Case I(b): u = (−1,−6,5)T ,x1 = (3,9,1)T , x0 = (−4,6,8)T ;
Case II(a): u = (9,0,−9)T ,x1 = (−4,5,10)T , x0 = (3,1,2)T ;
Case II(b): u = (7,1,3)T ,x1 = (−4,9,−2)T , x0 = (1,3,9)T .

The stopping criterion used is ||xn+1−xn||
||x2−x1|| < 10−5. In each case, we compare the output of

Algorithm 3.1 with the output of non-inertial algorithm (i.e., by taking θn = 0). The numerical
results can be seen in Table 4.3 and Figure 1.

Example 4.4. Let H1 = H2 = L2([α,β ]) with norm ||x||L2 :=
(∫

β

α
|x(t)|2dt

) 1
2 and inner product

〈x,y〉 :=
∫

β

α
x(t)y(t)dt, ∀x,y ∈ H. Take

C := {x ∈ L2([α,β ]) : 〈a,x〉 ≤ b},

where a 6= 0 ∈ L2([α,β ]) and b ∈ R. Then

PC :=

{b−〈a,x〉
||a||L2

a+ x, i f 〈a,x〉> b,

x, i f 〈a,x〉 ≤ b.
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FIGURE 1. Example 4.4, Top Left: Case I(a); Top Right: Case I(b); Bottom
Left Case II(a); Bottom Right: Case II(b).

Also, let Q = {x ∈ L2([α,β ]) : ||x− d||L2 ≤ r} be a closed ball with d ∈ L2([α,β ]) and radius
r > 0. Then

PQ :=

{
d + r x−d

||x−d|| , x /∈ Q,

x, x ∈ Q.

Now, define A,B : C→ L2([α,β ]) by Ax = x and Bx = max{0,x}, respectively. Also, let Ā, B̄ :
Q→ L2([α,β ]) be defined by Āx = 2x and B̄x = x

2 . It can easily be verified that A,B, Ā, B̄
are inverse strongly monotone with α,β ,γ,η ∈ (0,2]. Define an operator D : L2([0,2π])→
L2([0,2π]) by Dx(t) = x(t)

2 for all x ∈ L2([0,2π]), t ∈ [0,2π]. Then, it can be verified that D is
continuous and bounded operator. Now we suppose

C =

{
x ∈ L2([0,2π]) :

∫ 2π

0
exp(t)x(t)ds≤ 1

}
,
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TABLE 2. Table showing computation results for Example 4.3.

Alg (3.1) Alg (3.1)
with θn = 0

Case I(a) CPU time
(sec)

0.2394 3.1164

No. of Iter. 6 8
Case I(b) CPU time

(sec)
0.2071 0.3396

No. of Iter. 6 8
Case II(a) CPU time

(sec)
0.6303 1.5877

No. of Iter. 6 8
Case II(b) CPU time

(sec)
2.4650 7.1351

No. of Iter. 6 8

and

Q =

{
x ∈ L2([0,2π]) :

∫ 2π

0
|x(t)− sin(t)|2 ≤ 16

}
.

Let f = δC, the indicator function of C, then J f
µ = PC and T x =

∫ 2π

0 x(t)dt. Let

GC(x) = PC(I−λA)PC(I−µB)x,∀ x ∈C,

GQ(x) = PQ(I−αA)PQ(I− γB)x, x ∈ Q,

and

G(x) = GC(x−ηD∗(I−GQ)Dx), ∀ x ∈C.

We choose αn =
1

n+1 , βn =
2n−4

3(n+1) , γn =
1
3 +

1
n+1 , θn =

1
(n+1)2 , and λn =

1
2 , u= exp(3t)cos(−2t).

We also choose the parameters µ = 0.2,α = 0.9,λ = 1,γ = 0.5,η = 0.4. Using ||xn+1−xn||
||x2−x1|| <

10−4 as stopping criterion, we plot the graphs of error ||xn+1−xn|| against number of iterations
using the following as the initial points

Case Ia x1 = 2t cos(3t) and x0 = 3(t3−1)exp(−2t);
Case Ib x1 = 2t sin(5t) and x0 = t2 sin(2πt);
Case IIa x1 = 2t2 exp(3t) and x0 = t3 +2t;
Case IIb x1 = t3 +2t−4 and x0 = 4t exp(2t).
The numerical results can be seen in Table 4.4 and Figure 2.

Remark 4.5. By considering Case I (a)-(b) and Case II (a)-(b), we compare our inertial Al-
gorithm (3.1) with its corresponding unaccelerated algorithm. It is obvious from Example 4.3
and 4.4 that our accelerated algorithm converges faster than its corresponding unaccelerated
algorithm.
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FIGURE 2. Example 4.4, Top Left: Case I(a); Top Right: Case I(b); Bottom
Left Case II(a); Bottom Right: Case II(b).

Remark 4.6. The iterative algorithm introduced in our article to approximate solutions of split
general system of variational inequalities, minimization and fixed point problems of finite fam-
ily of quasi-nonexpansive mapping yielded a strong convergence result which is desirable to the
weak convergence result obtained in [16] and [26].

5. CONCLUSION

In this paper, we proposed an Halpern type iterative algorithm with an inertial term for solv-
ing a split general system of variational inequalities, a minimization problem and a fixed point
problem of finite family of quasi-nonexpansive mappings. We proved a strong convergence
theorem in real Hilbert spaces. The iterative algorithm introduced in this paper does not require
metric projections which are computationally expensive if the sets cannot be expressed explic-
itly. We further state some consequences of our main results and give an application of our
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main convergence theorem. Numerical examples are provided to show the effectiveness of our
algorithm.
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