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Abstract. This paper deals with the existence of periodic mild solutions for a class of functional evolution equa-
tions. The techniques used are a generalization of the classical Darbo fixed point theorem in Banach spaces. We
show that the Poincaré operator is a condensing operator with respect to Kuratowski’s measure of noncompactness
in a determined phase space, and then derive periodic solutions from bounded solutions by using Sadovskii’s fixed
point theorem.
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1. INTRODUCTION

There has been a significant development in functional evolution equations in recent years;
see the monographs [1, 2, 3, 4] and the papers [5, 6, 7]. In [8], an iterative method was used for
the existence of mild solutions of evolution equations and inclusions. Using Tichonov’s fixed
point theorem, Olszowy and Wedrychowicz [9] considered a class of evolution equations on
unbounded intervals. However, in previous papers some restrictions like the compactness of the
semigroup, Lipschitz conditions on the nonlinear term, or the boundedness of the obtained mild
solutions, were assumed.

Most of the earlier research papers deal with the existence of solutions for differential equa-
tions with instantaneous impulsive conditions (see [10, 11, 12, 13, 14]). But many times it is
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known that certain dynamics of evolution processes cannot be describe by instantaneous im-
pulses. For example, in pharmacotherapy, high or low levels of glucose can be interpreted as
an impulsive action that start abruptly at a certain point in time and continue for a finite time
interval. Such types of systems are known as non-instantaneous impulsive systems and these
are more suitable in the study of the dynamics of evolution processes [15].

This theory of a new class of impulsive differential equation was initiated by Hernandez et al.
[16]. Pierri et al. [17] continued the work in this field and extended the theory of [16] to a PCy
normed Banach space. The existence of solutions for non-instantaneous impulsive differential
equations had also been discussed in [18].

In this paper, we discuss the existence of periodic mild solutions to the class of functional
differential equations with infinite delay and non-instantaneous impulses

u (1) +Au(t) = f(t,u(t),u), iftel, k=0,1,...,
u(t) =gi(t,u(t,)), ift €y, k=1,2,..., (1.1)
(1) =9(1), if1 €R_:= (0,0,

u

where Iy = [O,II], I, := (Sk,tk+1], Ji = (tk,sk], O=s50<t1 <51 <H < <Sp1 <ty <s <
tmi1 =T < Spy1 <tmpo < ... < +oo, (E,||-||g) is a real Banach space, f : [y X E x B — E,
k=0,...,gc: ki xE —E,k=1,2,..., are given functions T —periodic inz, T > 0, A is an
abstract phase space to be specified later, and ¢ : R_ — E is a given function. Here, {A(¢) };~0
is a T —periodic family of unbounded operators from E into E that generate an evolution system
of operators {U (t,5)} 1 s)er, xr, for (,5) € A:={(t,s) ER{ xR :0 <5 <t < oo}, where
R+ = [0,00)

For any continuous function u# and any ¢ € R, we denote by u, the element of & defined by
u;(0) =u(t+0) for 6 € R_ := (—o0,0]. Here, u(-) represents the history of the state up to the
present time 7. We assume that the histories u; belong to %.

In [19, 20], the existence of periodic mild solution of delay evolution equations subject to
instantaneous impulse was considered. In this paper, we consider the existence of periodic mild
solutions for evolution equations with infinite delay and non-instantaneous impulses, which are
a more general class of impulsive evolution equations. We use the classical Darbo fixed point
theorem, the Poincaré operator, and the concept of a measure of noncompactness in Banach
spaces.

The paper is organized as follows. In Section 2, some preliminary results are introduced.
The main results is presented in Section 3, while the last section, Section 4 is devoted to an
illustrative example.

2. PRELIMINARIES

Let I :=[0,7], T > 0. A measurable function u : I — E is Bochner integrable if and only
if ||u|| is Lebesgue integrable. For properties of the Bochner integral, see, for instance, Yosida
[21].

By B(E) we mean the Banach space of all bounded linear operators from E into E with the
norm

INllgE) = sup [[N(u)].

[uf|=1
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As usual, L'(I, E) denotes the Banach space of measurable functions u : I — E that are Bochner
integrable and normed by

T
fallr = [ o).

By @ := C(I) we denote the Banach space of all continuous functions from 7 into E with the
norm || - || defined by

[[ulloo = sup [[u(z)]-
tel
We consider the space
C((—o0,0],E) = {u: (—o0,0] — E | u is continuous and there exist T; € (—oo,0),
k=1,...,m, such that u(t,) and u(7) exist with u(7, ) = u(%)},
and the Banach space
PC={u:(—,T| > E |ulp € B, ulj, =g, k=1,....m, ulj, k=1,....,m,
is continuous, and u(s; ), u(s;"), u(t;) and u(f;") exist
with u(s;) = gr(se,u(sy ) and u(t, ) = gi(t,u(ry)) }

with the norm

lullpc = max{]jul« [|¢]l2}-
In what follows, for the family {A(r), t > 0} of closed densely defined linear unbounded

operators on Banach space E, we assume that it satisfies the following assumptions (see [2], p.
158).

(P;) The domain D(A(t)) is independent of ¢ and is dense in E.
(Py) Fort > 0, the resolvent R(A,A(t)) = (A1 —A(t)) ! exists for all A with ReA < 0, and
there is a constant K independent of A and ¢ such that

IR(t,A(1))]| < K(1+|A|)~!, for ReA < 0.
(P3) There exist constants L > 0 and 0 < a < 1 such that
I(A(r) —A(6)A™ L (7)|| < L|t —1|%, fort,0,T €.
Lemma 2.1. ([2, 22]) Under assumptions (Py) — (P3), the Cauchy problem
u'(t) —A()u(t) =0, t €1, u(0) = yo,

has a unique evolution system U(t,s), (t,s) € A:={(t,s) € I xJ:0 <5 <t < T} satisfying the
following properties:

(1) U(t,t) = I where I is the identity operator in E;

(2) U(t,s)U(s,t)=U(t,7t) for0<t<s<t<T;

(3) U(t,s) € B(E) the space of bounded linear operators on E, where for every (t,s) € A
and for each u € E, the mapping (t,s) — U (t,s)u is continuous.

More details on evolution systems and their properties can be found in the books of Ahmed
[2] and Pazy [22].

In this paper, we assume that the state space (4, ] - ||#) is a seminormed linear space of
functions mapping R_ into E that satisfy the following fundamental axioms introduced by Hale
and Kato in [23].
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(A1): If u € PC and uy € A, then, for every ¢ € I, the following conditions hold:
() u; € A,
Gi) el oo < K1) J3 uCs) s+ M(0) 9]
(i) ||u(7)|| < H||u;|| 2, where H > 0 is a constant, K : [ — R is continuous, M : Ry —
R is locally bounded, and H, K, M, are independent of u(-).
(A2): For the function u(-) in (A}), u, is a #-valued continuous function on 1.
(A3): The space & is complete.
Denote
Ky =sup{K(t) :t € I} and My = sup{M(t) : t € I}.

Remark 2.2. Axiom (A)(ii) is equivalent to ||¢(0)|| < H||¢||, for every ¢ € ZB. From this
equivalence, we can see that for all ¢, y € % such that [|¢ — ||z =0, ¢(0) = y(0).

Lemma 2.3. (Lemma 2.1 in [20]) There exists an integer ko > 1 such that

= M<1
(a) wen

where M = sup ||U(t,s)| () is finite, and there exists a function h on (—eo,0] such that h(0) =
(t,8)EA

h
1, h(—e0) = oo, h is decreasing on (—eo,0|, and for d > wy := £, we have ~ sup (s) <
0 §E€(—00,0] h(S - d)

1
>
Next we give two examples of phase spaces.

Example 2.4. For the function 4 given in Lemma 2.3, we define the spaces Cj := {(]) €

~ 0
C(R_,E): % is bounded on R_} and Cg = {¢ eCy: eg@w% = 0}, endowed with

Joll =sup{ 122 0 <o,

Then the spaces Cj, and C}) satisfy condition (43). Also, C, and C! satisfy conditions (A;) and
(A2) if

the uniform norm

o(t+0)
Su Su
e S S

Example 2.5. For any real positive constant ¥, we define the space
Cy:={¢ € C((—=,0)),E) : elim e’ 9(0) exist in E}
— —00

endowed with the norm
9] = sup{e™[|9(8)] : 6 <0}
Then in the space Cy the axioms (A1) — (A3) are satisfied.

In all that follows, we consider the phase space

o el
#:= {9 € C((~==,0)),E) s < o},
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where : R_ — R is the function given in Lemma 2.3. Then %4 endowed with the norm

19llz=sup w

$€(—00,0]

is a Banach space [24].
Next, we define the Kuratowski measure of noncompactness and give some of its basic prop-
erties.

Definition 2.6. ([25, 26]) Let X be a Banach space and let Qx be the set of all bounded subsets
of X. The Kuratowski measure of noncompactness is the map « : Qx — [0, 0] defined by
o(B) =inf{e > 0: B C U B, and diam(B;) < €},
where B € Qg and
diam(B;) = sup{||u —v||g : u,v € B;}.
The Kuratowski measure of noncompactness satisfies the following properties.

Lemma 2.7. ([25, 27]) Let A and B be bounded sets.
(a) o(B) = 0 if and only if B is compact (i.e., B is relatively compact), where B denotes the
closure of B.
(b) nonsingularity: o is equal to zero on every one element set.
(c) If B is a finite set, then o.(B) = 0.
(d) a(B) = o(B) = a(convB), where convB is the convex hull of B.
(e) monotonicity: A C B implies o.(A) < a/(B).
(f) algebraic semi-additivity: a(A+B) < ot(A) + a(B), where A+ B={x+y:x €A, y€
B}.
(g) semi-homogencity: a(AB) = |A|o(B), A € R, where A(B) = {Ax:x € B}.
(h) semi-additivity: a(A|JB) = max{a(A),o(B)}.
(i) a(ANB) =min{a(A),x(B)}.
(j) invariance under translations: o.(B+ xo) = o.(B) for any xo € X.
Lemma 2.8. ([28]) Let V C C(I,E) be a bounded and equicontinuous set. Then
(i) the functiont — o (V (t)) is continuous on I, and
0 (V) = supa(V(1)).

tel

i) « (/OTu(s)ds ue v) < /OT a(V(s))ds,

where
V(t)={u(t) :ueV} tel.

Lemma 2.9. ([29]) IfY is a bounded subset of a Banach space 2, then, for each € > 0, there
is a sequence {yy};>_, C Y such that

a(Y) <20({y}ili) + e
Lemma 2.10. ([30]) If {ux};>, C L'(I) is uniformly integrable, then « ({ur}y_,) is measurable

" « ({ A uk<s>ds}:_l) <2 [ alfuc(s) Vs
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For our purposes here, we will need the following fixed point theorem.

Theorem 2.11. (Darbo’s Fixed Point Theorem, [31, 32]) Let X be a Banach space and C be a
bounded, closed, convex, and nonempty subset of X. Let N : C — C be a continuous mapping
such that for all closed subsets D of C,

(T (D)) < ka(D), 2.1)

where 0 < k < 1 and o is the Kuratowski measure of noncompactness. Then T has a fixed point

inC.

Remark 2.12. Mappings satisfying the Darbo-condition (2.1) have subsequently been called
k-set contractions.

Definition 2.13. Let X be a Banach space and & be a measure of noncompactness. An operator
P : X — X is said to be condensing if P is continuous, takes bounded sets into bounded sets, and
o(P(B)) < a(B) for every bounded set B C X with &t(B) > 0.

Theorem 2.14. (Sadovskii’s fixed point theorem, [20]) Let X be a Banach space, o be a mea-
sure of noncompactness, and P : X — X be a condensing operator. If P(H) C H for a convex,
closed, and bounded set H of X, then P has a fixed point in H.

3. PERIODIC MILD SOLUTIONS

Definition 3.1. By a periodic mild solution of problem (1.1), we mean a measurable and T-
periodic function u that satisfies

U(t,O —|—/ (t,8) f(s,u(s),us)ds, ift € Iy,

u(t) = J U s0gilseou(sy ))+/S Ult,s) Fls,u(s),us)ds, ift €l k=1,....m

gi(t,u(t,)), ift €y, k=1,....m,
L o(t), ifreR_.

The following hypotheses will be used in the sequel.

(H;) The functions f and g are continuous and they map bounded sets into bounded sets.

(Hy) The functiont — f(f,u,v) is measurable on Iy, k =0,...,m, for each u, v € E x 4, and
the functions u — f(¢,u,v) and v — f(t,u,v) are continuous on E x A for a.e. t € I,
k=0,....m

(Hz) There is a constant 7 > 0 such that f(r +T,u,v) = f(t,u,v), At +T) = A(t), t € I,
k=0,....mu,veEX%RB, and g (t+T,2) = g(t,2), t €Jy, k=1,....m,z € E.

(H4) There exist continuous functions p : Iy — R and ¢ : Jy — R such that

lf(t,u,v)| < p(t), fora.e. t €I, k=0,...,m, and each u,v € E X A,
and
\gk(t,2)| < q(t), fora.e.t €Jy, and eachz € E, k=0,....m
(Hs) For bounded and measurable sets B(t) C E, t € Ry, and By C %, t € R, such that
B(t) =A{u(t):uecC()} and By = {u; : u; € B},
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we have

o(f(t,B(t),B;)) < p(t)ax(B) forae.t €ly, k=0,...,m
and
o(gr(t,B)) < q(t)o(B) forae t€Jy, k=1,....m
where ¢ is a measure of noncompactness on the Banach space E.
Set

M = sup [[U(t,s)|gE), p* =supp(t), and q" = supq(r).
(I,S)EA lEIk l‘EJk

We shall prove our main result on the existence of periodic mild solutions to problem (1.1).

Theorem 3.2. Assume that conditions (Hy)—(Hs) hold. If AMT p* < 1, then problem (1.1) has
at least one T-periodic mild solution defined on R.

Proof. The proof will be given in two parts; we will first show the existence of a mild solution
and then show that it is periodic. Consider the problem

W (t)+A@)u(t) = f(t,u(t),u), ift €, k=0,....m
u(t) =gi(t,u(t,)), ift €y, k=1,....m, (3.1)
u(t) = 9(1), ifr €R_:= (—o0,0],

Part 1. We begin by showing that (3.1) has a mild solution u € PC with ||u||pc < R, where

(e )|+ p7), M(q" + p")}-
Consider the operator N : PC — PC defined by

(1,0)0(0) + /O "Ult,s) F(s,uls),us)ds, it € o,
(

(Nu)(1) = U(t,sk)8k(sk,u(s _))+/tU(t,s) f(s,u(s),ug)ds, iftel, k=1,....m

Sk

gr(t,ut,)), ifte i, k=1,...,m
o), ifreR_.

U

(3.2)
Clearly, the fixed points of the operator N are mild solutions of problem (3.1).
For any u € PC and each r € [, we have

[(Nu) ()] < M||<P(0)||+M/OlIIf(Svu(S),us)llds
< M[j¢(0)[|+Mp" <R.

Next, for any u € PC and eacht € I}, k= 1,...,m, we have

t
[(Nu)(0)|| < Mq*+M/s 1/ (s,u(s), us)||ds
k
< Mgq*+Mp* <R.

Also, for any u € PC and eacht € Ji, k= 1,...,m, we have
[(Nu)(®)[| < q" <R,
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and for any u € PC and eachr € R_, we have

[(Nu) (D) = [|#]l < R.

This proves that N transforms the ball Bg := {w € PC : |w||pc < R} into itself. We shall now
show that the operator N : B — Bpg satisfies all the assumptions of Theorem 2.11. The proof
will be given in two steps.
Step 1. N : Bg — Bg is continuous.
Let {uy, },en be a sequence such that u, — u in Bg. Foreacht €e R_UJ;, k=1,...,m, we
have
|(Nup)(t) — (Nu)(#)|| =0—0 asn — oo,

and, foreacht € I, k =0, ..., m, we have

[(Nun)(2) = (Nu)(1)]] < M/Ol 1f (s, tn(s), tsn) = f (5, u(s), us)|ds. (3.3)

Since u,, — u as n— oo and f is continuous, by the Lebesgue dominated convergence theorem,
inequality (3.3) implies

|(Nup) (1) — (Nu)(£)|| = 0 as n — oo,
Hence,
IN(un) —N(u)||pc -0 asn— oo.

Step 2. For each closed subset D of C(I), a(N(D)) < {a(D).
From Lemmas 2.9 and 2.10, for any D C Bg and any & > 0, there exists a sequence {u };-_, C
D, such that, forallt € I, k=0,....,m

a(@D)0) = a({U.000)+ [[Uts) sisus)wdss we D} )

(o)

< 20 <{/OtU(t,s)f(s,uk(s),uks)ds}k:1> ‘e

< 4/0 o([|U(r,s) B(E) LS (55 k() ks }k 1>ds+8
< M | o ({f(sels) ) g ds+ e

< 4M/ o ({u(s) 12y ) ds + €

<

iy’ [ (o)) ds+e
< 4MTp*o(D)+e.

Forallt € Iy, k=1,...,m, we have

o((ND)(1)) = « ({U(t,sk)gk(sk,u(sk))+/tU(t,s) f(s,u(s),ug)ds; u GD})

Sk
oo

< 2({/ ’U<z,s>f<s,uk<s>,uks>ds}k_l) e

< 4MTp*o(D)+ €.
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Since € > 0 is arbitrary, we have
o((ND)(t)) <4MTp*o(D).

As a consequence of these two steps together with Theorem 2.11, we can conclude that N has a
fixed point in u € By that in turn is a mild solution of problem (1.1).

Part 2. Periodic mild solutions.

A standard approach in deriving 7 —periodic solutions is to define the Poincaré operator
P: P — A given by P(¢) = ur(¢) such that

(PO)(s) =ur(s,¢) =u(T +s,9), se R,

which maps an initial function (or value) ¢ along the unique mild solution u(¢) to our problem
(1.1) by T— units (i.e., T units along the unique solution u(-, ¢) determined by the initial func-
tion ¢). We shall show that P is a condensing operator with respect to Kuratowski’s measure of
non-compactness in the phase space % and that the other conditions of Theorem 2.14 hold. We
do this in two steps.

Step 1. The fixed points of P give rise to periodic mild solutions of (1.1).

Let ¢ € % be such that p(¢) = ¢. Then for the solution u(-) = u(-,9) with ug(-,¢) = ¢, we
can define v(r) = u(t + T). Now, for r > 0, we can use known properties of U(z,s) in Lemma
2.1, and the fact that A, f, and g; are T-periodic in ¢ to obtain that v is also a solution with
vo(-,0) =ur (@) =u(-,¢). That is, we can obtain that

U(t,O +/ Ult,s) f(s,v(s),vs)ds, ift €I,

()= U085 60))+ [ U00) F5v()vo)ds. 60D k=Toooom
gkt v(t, ), ift €y, k=1,....m,

(o), ifreR_.

Then, the uniqueness of {U(#,s)}(sca implies that v(t) = u(z), so u(t) = u(t+7T) is a T-
periodic solution.

Step 2. P is condensing.

To prove that the operator P : 4 — 2 is condensing, let D C % be bounded with ¢ (D) > 0.
From Theorem 4.1 in [20], we obtain

ko—1
a(P(D)) < (%) Ma(D) < a(D).

Thus, from Theorem 2.14, P has a fixed point that gives rise to a periodic mild solution of
problem (1.1). ]
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4. AN EXAMPLE

Consider the functional evolution problem

(dz 0%z

EO’X): a(t,x )a 2(tx)+Q(tz(tx) z(,x)), xelO,x|,t€l, k=0,---,
z(t,x) = gi(t,x), teRy, xe0,n], t €Jg, k=1,--,
z(t,0) = z(t,m) =0, teRy,

2(0,x) = ®(x), x € [0, ],

Lz(t,x) = ¢ (t,x), reR_, xe€l0,m],

(4.1)
where a(z,x) : Ry x [0,7] — R is a continuous function and is uniformly Holder continuous in
LO:RyxXRxCp,— R, ®:[0,7] >R, and ¢ : R_ x [0, 7] — R are continuous functions such
that ®(x) = ¢(0,x), x € [0, x|, and C, is the phase space defined in Example 2.4.

Consider E = L*([0, 7], R) and define A(¢) by A(t)w = a(t,x)w” with domain

D(A) = {w € E : w,w are absolutely continuous,w” € E, w(0) = w(r) = 0}.

Then A(r) generates an evolution system U (z,s) (see [33]).
For x € [0, ], we have

y(t)(x):z(t,x), te Ry,
ftu(t),u,x)=0(t,z(t,x),z(-,x)), te€R,,
uo(x) = ®(t,x), xe€][0,nr],
and
u(t,x) = ¢(t,x), x € [0, 7.
Thus, under the above definitions of f, ug, and A, system (4.1) can be represented by the
functional evolution problem (1.1). Furthermore, additional conditions on Q ensure that condi-

tions (H;)—(Hs) hold. Consequently, Theorem 3.2 implies that the evolution problem (4.1) has
at least one periodic mild solution.
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