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INFINITELY MANY FAST HOMOCLINIC ORBITS FOR A CLASS OF
SUPERQUADRATIC DAMPED VIBRATION SYSTEMS

MOHSEN TIMOUMI

Department of Mathematics, Faculty of Sciences, Monastir University, Tunisia

Abstract. In this paper, we consider the following damped vibration system ü(t)+q(t)u̇(t)−L(t)u(t)+
∇W (t,u(t)) = 0, ∀t ∈ R, where q ∈C(R,R), L ∈C(R,RN2

) is a symmetric matrix valued function and
W (t,x) ∈ C1(R×RN ,R). We prove the existence of infinitely many fast homoclinic solutions for the
system when Q(t) =

∫ t
0 q(s)ds→ +∞ as |t| → ∞, L is neither coercive nor uniformly positive definite

and W (t,x) is superquadratic at infinity in the second variable but does not satisfy the well-known su-
perquadratic growth conditions like the Ambrosetti-Rabinowitz or the Fei’s conditions.
Keywords. Damped vibration systems; Fast homoclinic solutions; Variational methods; Variant Foun-
tain Theorem.

1. INTRODUCTION

In this paper, we consider the following damped vibration system

(DV ) ü(t)+q(t)u̇(t)−L(t)u(t)+∇W (t,u(t)) = 0, ∀t ∈ R

where q : R→R is a continuous function, L∈C(R,RN2
) is a symmetric matrix-valued function

and W : R×RN→R is a continuous function, differentiable in the second variable with contin-
uous derivative ∇W (t,x) = ∂W

∂x (t,x). If q(t) = 0 for all t ∈ R, then (DV ) is just the following
second order Hamiltonian system

(H S ) ü(t)−L(t)u(t)+∇W (t,u(t)) = 0, ∀t ∈ R.

As a special case of dynamical systems, Hamiltonian systems play an important role in practical
problems concerning relativistic mechanics, gaz dynamics, nuclear physics, fluid mechanics
and others. A solution u of (H S ) is said to be homoclinic (to 0) if u(t)→ 0 and u̇(t)→ 0
as |t| → ∞. u is nontrivial if u 6= 0. With the aids of variational methods and critical point
theory, the existence and the multiplicity of homoclinic orbits for (H S ) have been extensively
investigated recently. Let us briefly comment some known results on homoclinic solutions for
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(H S ). Under the assumptions that L(t) and W (t,x) are independent of t or T−periodic in t,
the existence of homoclinic solutions for Hamiltonian system (H S ) was extensively studied,
see, for example, [1, 2, 3, 4, 5, 6]. In this case, the existence of homoclinic solutions can
be obtained by taking the limit of 2kT -periodic solutions of approximating problems. The
periodic assumptions are very important in the study of homoclinic orbits for (H S ) since the
periodicity is used to control the lack of compactness due to the fact that (H S ) is set on all
R. If L(t) and W (t,x) are neither autonomous nor periodic in t, the problem of the existence of
homoclinic solutions of (H S ) is quite different from the ones just described because of the
lack of compactness of the Sobolev embedding. In 1991, Rabinowitz and Tanaka [7] introduced
a type of coercive condition on the matix L:

l(t) = inf
|ξ |=1

L(t)ξ ·ξ →+∞ as |t| → ∞, (1.1)

where ” · ” denotes the standard inner product in RN and |·| is the induced norm. They estab-
lished a compactness lemma under the nonperiodic case and obtained the existence of homo-
clinic orbits for system (H S ) under the well-known Ambrosetti-Rabinowitz superquadratic
growth (in short (A R)) condition. Later, Ding [8] strengthened condition (1.1) by the follow-
ing: there exists a constant α > 0 such that

l(t) |t|−α →+∞ as |t| → ∞. (1.2)

Under condition (1.2) and some subquadratic conditions on W (t,x), the author proved the ex-
istence and multiplicity of homoclinic orbits for the system (H S ). Subsequently, conditions
(1.1) and (1.2) have been extensively used, see, e.g., [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]
and the references cited therein. However, it is worth pointing out that all of the assumptions on
L in the works mentioned above indicate that the smallest eigenvalue l(t) = inf|ξ |=1 L(t)ξ ·ξ of
L(t) is coercive, i.e., l(t)→ +∞ as |t| → ∞. The above condition does not seem to be natural.
Recently, Tang [20] showed that it can be dropped. More precisely, he proved the existence of
infinitely many homoclinic solutions for the Hamiltonian system (H S ) when the potential W
satisfies some superquadratic conditions at infinity and the matrix-valued function L is neither
coercive nor uniformly positive definite. More precisely, L is required to satisfy
(L) The smallest eigenvalue l(t) of L(t) is bounded from below;
(L0) There exists a constant r0 > 0 such that

lim
|s|→∞

meas({t ∈]s− r0,s+ r0[/L(t)< bIN}) = 0, ∀b > 0,

where meas denotes the Lebesgue’s measure on R and IN is the N×N identity matrix. Here,
for two N×N symmetric matrices M1 and M2, we say that M1 < M2 if

min
x∈RN ,|x|=1

(M1−M2)x · x < 0,

and M1 ≥M2 if M1 < M2 does not hold. When q 6= 0, some authors have studied homoclinic
orbits of (DV ), see, e.g., [21, 22, 23, 24]. In all these results, the matrix-valued function L(t)
is assumed to be coercive. Recently, Timoumi [23] obtained the existence of infinitely many
fast homoclinic orbits for (DV ) (see Definition 2.1), where L(t) satisfies condition (1.2), and
W (t,x) satisfies the Fei’s superquadratic growth (in short (F )) conditions.
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In this paper, motivated by [20, 23], we will study the existence of infinitely many solutions
for (DV ), which are fast homoclinics, where L is neither coercive nor uniformly positive def-
inite and W (t,x) satisfies some weak superquadratic conditions at infinity with respect to the
second variable and does not check either (A R)-condition or (F )−condition. Before present-
ing our main result, we make our hypotheses:
(Q) ‖q‖

∞
< ∞ and Q(t) =

∫ t
0 q(s)ds→+∞ as |t| → ∞;

(LQ) there exists a constant r0 > 0 such that

lim
|s|→∞

measQ({t ∈]s− r0,s+ r0[/L(t)< bIN}) = 0, ∀b > 0,

where measQ denotes the Lebesgue’s measure on R with density eQ(t), i.e. measQ(A)=
∫

A eQ(t)dt;
(W1) W (t,0) = 0 and there exist constants c > 0 and ν > 2 such that

|∇W (t,x)| ≤ c(|x|+ |x|ν−1), ∀(t,x) ∈ R×RN ;

(W2) W (t,x)≥ 0, ∀(t,x) ∈ R×RN and lim
|x|→∞

W (t,x)

|x|2
=+∞, uni f ormly f or t ∈ R;

(W3) there exists a constant σ ≥ 1 such that

σŴ (t,x)≥ Ŵ (t,sx), ∀(s, t,x) ∈ [0,1]×R×RN ,

where Ŵ (t,x) = ∇W (t,x) · x−2W (t,x);

(W4) W (t,−x) =W (t,x), ∀(t,x) ∈ R×RN .

Our main result reads as follows.

Theorem 1.1. Assume that (Q), (L), (LQ) and (W1)− (W4) are satisfied. Then system (DV )
possesses a sequence of nontrival fast homoclinic orbits (uk) satisfying

1
2

∫
R

eQ(t)[|u̇k|2 +L(t)uk ·uk]dt−
∫
R

eQ(t)W (t,uk)dt→+∞ as k→ ∞.

Remark 1.2. a) In our result, L(t) is unnecassarily required to be either uniformly positive
definite or coercive. For example, let L(t) = (t2cos2t−1)IN . Then L satisfies (L) and (LQ) but
it does’nt satisfy neither (1.1) nor (1.2).
b) Let

W (t,x) = a(t)[|x|2 ln(e+ |x|)− 1
2
|x|2 + e |x|− e2(ln(e+ |x|)−1)],

where a is a continuous bounded function with a positive lower bound. Then an easy computa-
tion shows that W satisfies (W1)− (W4). However, W does not satisfy the (A R)-condition or
the (F )-conditions. The remainder of this paper is organized as follows. In Section 2, some
preliminary results are presented, in particular, a compact lemma. The third Section is devoted
to the proof of our main result.
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2. PRELIMINARIES

In order to introduce the concept of fast homoclinic solutions for (DV ) conveniently, we
firstly describe some properties of the weighted Sobolev space E on which the certain varia-
tional functional associated with (DV ) is defined and the fast homoclinic solutions of (DV )
are the critical points of such functional. We shall use L2

Q(R) to denote the Hilbert space of
measurable functions from R into RN under the inner product

< u,v >L2
Q
=
∫
R

eQ(t)u(t) · v(t)dt

and the induced norm

‖u‖L2
Q
= (
∫
R

eQ(t) |u(t)|2 dt)
1
2 .

Similarly, Lp
Q(R) (1 ≤ p < ∞) denotes the Banach space of functions on R with values in RN

under the norm

‖u‖Lp
Q
= (
∫
R

eQ(t) |u(t)|p dt)
1
p

and L∞
Q(R) denotes the Banach space of functions on R with values in RN under the norm

‖u‖L∞
Q
= esssup

{
e

Q(t)
2 |u(t)|/t ∈ R

}
.

In this section, we assume that L satisfies the following condition instead of condition (L)

(L′) l(t) = inf
|ξ |=1

L(t)ξ ·ξ ≥ 1, ∀t ∈ R

and we introduce the Hilbert space

E =

{
u ∈ H1

Q(R)/
∫
R

eQ(t)L(t)u(t) ·u(t)dt < ∞

}
equipped with the following inner product

< u,v >=
∫
R

eQ(t)[u̇(t) · v̇(t)+L(t)u(t) · v(t)
]
dt

and the induced norm ‖u‖=< u,u >
1
2 . Here, H1

Q(R) denotes the Sobolev space

H1
Q(R) =

{
u ∈ L2

Q(R)/u̇ ∈ L2
Q(R)

}
.

Evidently, E is continuously embedded into Lp
Q(R) for 2≤ p≤ ∞, i.e., for all 2≤ p≤ ∞, there

exists a constant ηp > 0 such that

‖u‖Lp
Q
≤ ηp ‖u‖ , ∀u ∈ E. (2.1)

Definition 2.1. A solution u of (DV ) is called a fast homoclinic orbit if u ∈ E.

Lemma 2.2. Assume that (Q), (L′) and (LQ) are satisfied. Then E is compactly embedded in
Lp

Q(R) for all 2≤ p < ∞.
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Proof. Let (un)⊂ E be a bounded sequence such that un ⇀ u in E. We shall show that un→ u
in Lp

Q(R) for all 2≤ p < ∞.
Step 1. Consider the case p = 2. Suppose, without loss of generality, that un ⇀ 0 in E. For

any s ∈ R, we denote Ir0(s) the open interval in R centered at s with radius r0, i.e., Ir0(s) =
]s− r0,s+ r0[, where r0 is the constant given in (LQ). Let (si)i∈N ⊂ R be a sequence of points
such that R = ∪∞

i=1Ir0(si) and each t ∈ R is contained in at most two such intervals. For any
r > 0 and b > 0, let

C(r,b) = {t ∈ R\]− r,r[/L(t)≥ bIN} ,

D(r,b) = {t ∈ R\]− r,r[/L(t)< bIN} .

Choosing bε >
4
ε

supn∈N ‖un‖2, we have∫
C(r,bε )

eQ(t) |un|2 dt ≤ 1
bε

∫
C(r,bε )

eQ(t)L(t)un(t) ·un(t)dt

≤ 1
bε

∫
R

eQ(t)L(t)un(t) ·un(t)dt ≤ 1
bε

‖un‖2 <
ε

4
.

(2.2)

Now, we have∫
D(r,bε )

eQ(t) |un|2 dt ≤
∞

∑
i=1

∫
D(r,bε )∩Ir0(si)

eQ(t) |un|2 dt

≤
∞

∑
i=1

(
∫

D(r,bε )∩Ir0(si)
eQ(t) |un|4 dt)

1
2 [measQ(D(r,bε)∩ Ir0(si))]

1
2

≤ ar

∞

∑
i=1

(
∫

Ir0(si)
eQ(t) |un|4 dt)

1
2 ,

where ar = supi∈N[measQ(D(r,bε)∩ Ir0(si))]
1
2 . By inequality (2.1), we have

(
∫

Ir0(si)
eQ(t) |un|4 dt)

1
4 = (

∫
R

eQ(t)
∣∣∣χ|Ir0(si)un

∣∣∣4 dt)
1
4

≤ η4

∥∥∥χ|Ir0(si)un

∥∥∥≤ η4 ‖un‖ .

Hence ∫
D(r,bε )

eQ(t) |un|2 dt ≤ η
2
4 ar

∞

∑
i=1

∥∥∥χ|Ir0(si)un

∥∥∥2

= η
2
4 ar

∞

∑
i=1

∫
Ir0(si)

eQ(t)[|u̇n|2 +L(t)un(t) ·un(t)]dt

≤ 2η
2
4 ar sup

n∈N
‖un‖2 .

By an easy computation, we show that ar→ 0 as r→∞. Therefore there exists rε > 0 such that∫
D(rε ,bε )

eQ(t) |un|2 dt <
ε

4
, (2.3)
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which together with (2.2) implies∫
R\]−rε ,rε [

eQ(t) |un|2 dt =
∫

C(rε ,bε )
eQ(t) |un|2 dt +

∫
D(rε ,bε )

eQ(t) |un|2 dt

<
ε

2
.

(2.4)

By Sobolev’s embedding theorem, we have that uk → 0 uniformly on [−rε ,rε ]. Then there
exists k0 > 0 such that ∫

[−rε ,rε ]
eQ(t) |uk|2 dt <

ε

2
, ∀k ≥ k0. (2.5)

Combining (2.4) with (2.5), by the arbitrary of ε , we can obtain that uk→ 0 in L2
Q(R).

Step 2. Case: 2 < p < ∞. By [13, Lemma 2.3], for any v ∈ H1(R), we have

‖v‖L∞ ≤
√

2
2

[
∫
R
(|v̇|2 + |v|2)dt]

1
2 . (2.6)

Let u ∈ E and set v(t) = e
Q(t)

2 u(t). By (L′), one has∫
R
(|v̇|2 + |v|2)dt =

∫
R

eQ(t)(
∣∣∣u̇+ q

2
u
∣∣∣2 + |u|2)dt

≤
∫
R

eQ(t)[2 |u̇|2 +(1+
‖q‖2

∞

2
) |u|2]dt

≤
∫
R

eQ(t)[2 |u̇|2 +(1+
‖q‖2

∞

2
)L(t)u(t) ·u(t)]dt

≤ c2(q)‖u‖2 ,

(2.7)

where c2(q) = max
{

2,(1+ ‖q‖
2
∞

2 )
}

. Combining (2.6) and (2.7) yields

‖u‖L∞
Q
≤
√

2
2

c(q)‖u‖ . (2.8)

Hence

(
∫
R

eQ(t) |u|p dt)
1
p = (

∫
R

eQ(t) |u|2 |u|p−2 dt)
1
p

≤ ‖u‖
p−2

2
L∞ ‖u‖

2
p

L2
Q

≤ (
1

m0
)

p−2
2p ‖u‖

p−2
p

L∞
Q
‖u‖

2
p

L2
Q

≤ (

√
2

2m0
c2(q))

p−2
2p ‖u‖

p−2
p ‖u‖

2
p

L2
Q
,

(2.9)

where m0 = mint∈R eQ(t). By virtue of Step 1 and (2.9), we obtain un→ 0 in Lp
Q(R). The proof

is completed. �

To study the critical points of the variational functional associated with (DV ), we need the
following Variant Fountain Theorem established by Zou [25].
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Let E be a Banach space with the norm ‖.‖ and E = ⊕ j∈NX j with dimX j < ∞ for any j ∈ N.
Set Yk =⊕k

j=1X j and Zk =⊕∞
j=kX j. Consider a family of functionals fλ ∈C1(E,R) of the type

fλ (u) = A(u)−λB(u), u ∈ E, λ ∈ [1,2].

Lemma 2.3. (Variant Fountain Theorem) [25]. Assume that the functionals fλ satisfy
(a) fλ maps bounded sets into bounded sets for all λ ∈ [1,2] and

fλ (−u) = fλ (u) f or all (λ ,u) ∈ [1,2]×E;

(b) B(u)≥ 0 for all u ∈ E and A(u)→+∞ or B(u)→+∞ as ‖u‖→ ∞;
(c) There exist ρk > rk > 0 such that for all λ ∈ [1,2]

αk(λ ) = inf
u∈Zk,‖u‖=rk

fλ (u)> βk(λ ) = max
u∈Yk,‖u‖=ρk

fλ (u).

Then
αk(λ )≤ ξk(λ ) = inf

γ∈Γk
max
u∈Bk

fλ (γ(u)), ∀λ ∈ [1,2],

where

Bk = {u ∈ Yk/‖u‖ ≤ ρk} and Γk =
{

γ ∈C(Bk,E)/γ is odd, γ|∂Bk
= id

}
.

Moreover, for almost every λ ∈ [1,2], there exists a sequence (uk
m(λ ))m∈N such that

sup
m∈N

∥∥∥uk
m(λ )

∥∥∥< ∞, f ′
λ
(uk

m(λ ))→ 0, fλ (u
k
m(λ ))→ ξk(λ ) as m→ ∞.

3. PROOF OF THEOREM 1.1

First, note that (L) implies that there exists a constant a0 > 0 such that L(t)+2a0IN ≥ IN for
all t ∈R. Let L̃(t) = L(t)+2a0IN and W̃ (t,x) =W (t,x)+a0 |x|2. Consider the following system

ü(t)+q(t)u̇(t)− L̃(t)u(t)+∇W̃ (t,u(t)) = 0,∀t ∈ R. (3.1)

Then (3.1) is equivalent to (DV ). Moreover, it is easy to check that the hypotheses (W1)−(W4)

still hold for W̃ (t,x) provided that those hold for W (t,x) and the function L̃ satisfies (L′) and
(LQ). Hence, in what follows, we always assume, without loss of generality, that L satisfies (L′)
and (LQ).

Consider the variational function f associated to the system (DV ):

f (u) =
1
2

∫
R

eQ(t)(|u̇(t)|2 +L(t)u(t) ·u(t))dt−
∫
R

eQ(t)W (t,u(t))dt

defined on the Hilbert space E introduced in Section 2. Set

g(u) =
∫
R

eQ(t)W (t,u)dt, u ∈ E.

Lemma 3.1. Assume that (Q), (L′), (LQ) and (W1) are satisfied. Then g ∈ C1(E,R) and g′ :
E→ E∗ is compact, and f ∈C1(E,R). Moreover, for all u,v ∈ E,

g′(u)v =
∫
R

eQ(t)
∇W (t,u) · vdt (3.2)



8 M. TIMOUMI

and

f ′(u)v =
∫
R

eQ(t)[u̇ · v̇+L(t)u · v]dt−
∫
R

eQ(t)
∇W (t,u) · vdt

=< u,v >−
∫
R

eQ(t)
∇W (t,u) · vdt.

(3.3)

Proof. By (W1), for any s ∈ [0,1] and u,v ∈ E, we have

|∇W (t,u+ sv)v| ≤ c(|u+ sv|+ |u+ sv|ν−1) |v|

≤ c[|u|+ |v|+2ν−2(|u|ν−1 + |v|ν−1)] |v|

≤ c2v−2[|u| |v|+ |v|2 + |u|v−1 |v|+ |v|v].

(3.4)

The Hölder’s inequality implies∫
R

eQ(t)(|u| |v|+ |u|v−1 |v|)dt ≤ ‖u‖L2
Q
‖v‖L2

Q
+‖u‖ν−1

Lν
Q
‖v‖Lν

Q
. (3.5)

Hence, by (3.4), (3.5), the Mean Value Theorem and Lebesgue’s Dominated Convergence The-
orem, we get, for all u,v ∈ E,

lim
s→0

g(u+ sv)−g(u)
s

= lim
s→0

∫
R

∫ 1

0
eQ(t)

∇W (t,u+θsv) · vdθdt

=
∫
R

eQ(t)
∇W (t,u) · vdt

= J(u,v).

(3.6)

Moreover, it follows from (2.1), (W1) and (3.5) that

|J(u,v)| ≤
∫
R

eQ(t) |∇W (t,u)| |v|dt

≤ c
∫
R

eQ(t)(|u| |v|+ |u|ν−1 |v|)dt

≤ c(‖u‖L2
Q
‖v‖L2

Q
+‖u‖ν−1

Lν
Q
‖v‖L2

Q
)

≤ c(η2
2 ‖u‖+η

ν
ν ‖u‖

ν−1)‖v‖ .

Therefore, J(u, .) is linear and bounded, and J(u, .) is the Gâteaux derivative of g at u.
Next, we prove that J(u, .) is weakly continuous in u. To this end, we first claim that if un ⇀ u

in E, then ∇W (t,un)→∇W (t,u) in L2
Q(R). Arguing indirectly, by Lemma 2.2, we may assume

that there exists a subsequence (unk) such that

unk → u in both L2
Q(R) and L2(ν−1)

Q (R) and unk → u a.e. in R as k→ ∞ (3.7)

and ∫
R

eQ(t) |∇W (t,unk)−∇W (t,u)|2 dt ≥ ε0, ∀k ∈ N (3.8)

for some positive constant ε0. By (3.7) and up to a subsequence if necessary, we can assume
that ∑

∞
k=1 ‖unk−u‖L2

Q
< ∞ and ∑

∞
k=1 ‖unk−u‖

L2(ν−1)
Q

< ∞. Let w(t) = ∑
∞
k=1 |unk(t)−u(t)| for all
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t ∈ R. Then w ∈ L2
Q(R)∩L2(ν−1)

Q (R). By (W1), there holds for all k ∈ N and t ∈ R

|∇W (t,unk)−∇W (t,u)|2

≤ (|∇W (t,unk)|+ |∇W (t,u)|)2

≤ 2(|∇W (t,unk)|
2 + |∇W (t,u)|2)

≤ 2c2[(|unk |+ |unk |
ν−1)2 +(|u|+ |u|ν−1)2]

≤ 22c2[|unk |
2 + |unk |

2(ν−1)+ |u|2 + |u|2(ν−1)]

≤ 22c2[(|unk−u|+ |u|)2 +(|unk−u|+ |u|)2(ν−1)+ |u|2 + |u|2(ν−1)]

≤ 22c2[2(|unk−u|2 + |u|2)+22ν−3(|unk−u|2(ν−1)+ |u|2(ν−1))+ |u|2 + |u|2(ν−1)]

≤ c1(|w|2 + |u|2 + |w|2(ν−1)+ |u|2(ν−1)),

where c1 is a positive constant. Combining this with (3.7), Lebesgue’s Dominated Convergence
Theorem implies

lim
k→∞

∫
R

eQ(t) |∇W (t,unk)−∇W (t,u)|2 dt = 0

which contradicts to (3.8). Hence the claim above is true.
Now, we suppose un ⇀ u in E. Then ∇W (t,un)→∇W (t,u) in L2

Q(R). By Hölder’s inequality
and (2.1), we have

‖J(un, .)− J(u, .)‖E∗ = sup
‖v‖=1

∫
R

eQ(t)(∇W (t,un)−∇W (t,u)) · vdt

≤ η2(
∫
R

eQ(t) |∇W (t,un)−∇W (t,u)|2 dt)
1
2 → 0 as n→ ∞.

This means that u 7−→ J(u, .) is weakly continuous and then it is continuous in E. Therefore
g∈C1(E,R) and (3.2) is verified. Furthermore, g′ is compact by the weak continuity of g′ since
E is reflexive. Due to the form of f , (3.3) is also verified and f ∈C1(E,R).

Finally, let u ∈ E be a critical point of f . A standard argument shows that u ∈ C2(R) and
satisfies equation (DV ). The proof is completed. �

In order to apply the Variant Fountain Theorem to prove our main result, we choose an
orthonormal basis (en)n∈N of E and let X j = span

{
e j
}

for all j ∈ N. Define Yk and Zk by

Yk =⊕k
j=1X j, Zk =⊕∞

j=kX j

and the functionals A,B and fλ on our working space E by

A(u) =
1
2
‖u‖2 , B(u) = g(u) =

∫
R

eQ(t)W (t,u)dt, fλ (u) = A(u)−λB(u),

for all (λ ,u) ∈ [1,2]×E.
Assumption (W1) and property (2.1) imply that fλ maps bounded sets into bounded sets uni-

formly for λ ∈ [1,2]. Note that W (t,−x)=W (t,x). So fλ (−u)= fλ (u) for all (λ ,u)∈ [1,2]×E.
Thus condition a) of Lemma 2.3 holds. Since W (t,x)≥ 0 for all (t,x) ∈ R×RN , it is clear that
condition b) is also satisfied. To verify condition c), we need to establish the three following
lemmas.
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Lemma 3.2. Suppose that (Q), (L′) and (LQ) hold. Then, for any p ∈ [2,∞],

lp(k) = sup
u∈Zk,‖u‖=1

‖u‖Lp
Q
→ 0 as k→ ∞. (3.9)

Proof. It is clear that 0 < lp(k+1)≤ lp(k) so that lp(k)→ lp as k→ ∞. For every k ≥ 1, there
exists uk ∈ Zk such that ‖uk‖= 1 and ‖uk‖Lp

Q
> 1

2 lp(k). For any v ∈ E, let v = ∑
∞
i=1 viei. By the

Cauchy-Schartz inequality, one has

|< uk,v >|=

∣∣∣∣∣< uk,
∞

∑
i=1

viei >

∣∣∣∣∣
=

∣∣∣∣∣< uk,
∞

∑
i=k+1

viei >

∣∣∣∣∣
≤ ‖uk‖

∥∥∥∥∥ ∞

∑
i=k+1

viei

∥∥∥∥∥
≤

∞

∑
i=k+1

|vi|‖ei‖→ 0 as k→ ∞,

which implies that uk ⇀ 0. Without loss of generality, Lemma 2.2 implies that uk→ 0 in Lp
Q(R).

Thus we have proved that lp(k) = 0. The proof is completed. �

Lemma 3.3. Assume that (Q), (L′), (LQ), (W1) and (W2) are satisfied. Then there exist a
positive integer k0 and a sequence rk→+∞ as k→ ∞ such that

αk(λ ) = inf
u∈Zk,‖u‖=rk

fλ (u)> 0, ∀k ≥ k0. (3.10)

Proof. From (W1) and the fact that W (t,x)≥ 0, we have

fλ (u)≥
1
2
‖u‖2−2

∫
R

eQ(t)W (t,u)dt

≥ 1
2
‖u‖2−2c(‖u‖2

L2
Q
+‖u‖ν

Lν
Q
),∀(λ ,u) ∈ [1,2]×E.

(3.11)

Combining (3.9) and (3.11) yields

fλ (u)≥
1
2
‖u‖2−2cl2

2(k)‖u‖
2−2clν

ν (k)‖u‖
ν , ∀(λ ,u) ∈ [1,2]×E. (3.12)

In view of (3.9), there exists an integer k0 such that

2cl2
2(k)≤

1
4
,∀k ≥ k0. (3.13)

For any k ≥ k0, let us define
rk = (16clν

ν (k))
1

2−ν . (3.14)
Since ν > 2, we have rk→ +∞ as k→ ∞. From (3.12), (3.13) and (3.14), we deduce that, for
all k ≥ k0,

inf
u∈Zk,‖u‖=rk

fλ (u)≥
1
2

r2
k −

1
4

r2
k −

1
8

r2−ν

k rν
k =

1
8

r2
k > 0, (3.15)

which completes the proof. �
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Lemma 3.4. Assume that (Q), (L′), (LQ), (W1) and (W2) are satisfied. Then, for any k ≥ k0,
there exists ρk > rk such that

βk(λ ) = max
u∈Yk,‖u‖=ρk

fλ (u)< 0,

where k0 is the positive integer obtained in Lemma 3.3.

Proof. Firstly, we claim that for any finite-dimensional subspace F ⊂ E, there exists a constant
ε0 > 0 such that

measQ({t ∈ R/ |u(t)| ≥ ε0 ‖u‖})≥ ε0, ∀u ∈ F\{0} . (3.16)

In not, for any n ∈ N, there exists un ∈ F\{0} such that

measQ
({

t ∈ R/ |un(t)| ≥
1
n
‖un‖

})
<

1
n
.

Let vn =
un
‖un‖ ∈ F . Then ‖vn‖= 1 and

measQ
({

t ∈ R/ |vn(t)| ≥
1
n

})
<

1
n
,∀n ∈ N. (3.17)

Since F is finite-dimensional, then up to a subsequence if necessary, we may assume that vn→ v0
in E for some v0 ∈ F . Evidently, ‖v0‖= 1. Note that, since any two norms on F are equivalent,
we have ∫

R
eQ(t) |vn− v0|dt→ 0 as n→ ∞. (3.18)

The fact that ‖v0‖ = 1 implies ‖v0‖L∞
Q
> 0. By the definition of ‖.‖L∞

Q
, there exists a constant

δ0 > 0 such that

measQ({t ∈ R/ |v0(t)| ≥ δ0})≥ δ0. (3.19)

Otherwise, for each fixed n ∈ N and m > n, we have

measQ
({

t ∈ R/ |v0(t)| ≥
1
n

})
≤ measQ

({
t ∈ R/ |v0(t)| ≥

1
m

})
≤ 1

m
.

Letting m→ ∞, we obtain measQ(
{

t ∈ R/ |v0(t)| ≥ 1
n

}
) = 0. Consequently

0≤ measQ({t ∈ R/ |v0(t)| 6= 0})

= measQ
(
∪∞

n=1

{
t ∈ R/ |v0(t)| ≥

1
n

})
≤

∞

∑
n=1

measQ
({

t ∈ R/ |v0(t)| ≥
1
n

})
= 0,

which yields v0 = 0 and contradicts ‖v0‖= 1. Then (3.19) holds. For any n ∈ N, let

Λn =

{
t ∈ R/ |vn(t)|<

1
n

}
,Λ0 = {t ∈ R/ |v0(t)| ≥ δ0} .
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Then, for n large enough, we have from (3.17) and (3.19) that

measQ(Λn∩Λ0)≥ measQ(Λ0)−measQ(Λ
c
n)

≥ δ0−
1
n

≥ δ0

2
.

Consequently, for n large enough, there holds∫
R

eQ(t) |vn− v0|dt ≥
∫

Λn∩Λ0

eQ(t) |vn− v0|dt

≥
∫

Λn∩Λ0

eQ(t)(|v0|− |vn|)dt

≥ (δ0−
1
n
)measQ(Λn∩Λ0)

≥
δ 2

0
4

> 0.

This contradicts to (3.18). Therefore (3.16) holds.
Now, note that, for any k ∈N, Yk is finite-dimensional. So there exists a constant εk > 0 such

that
measQ(Λ

k
u)≥ εk, ∀u ∈ Yk\{0} , (3.20)

where
Λ

k
u = {t ∈ R/ |u(t)| ≥ εk ‖u‖}

for all k ∈ N and u ∈ Yk\{0}. By (W2), for any k ∈ N, there exists a constant Rk > 0 such that

W (t,x)≥ |x|
2

ε3
k
, ∀t ∈ R and |x| ≥ Rk. (3.21)

Combining (3.20) with (3.21), for any k ∈ N and λ ∈ [1,2], we have

fλ (u)≤
1
2
‖u‖2−

∫
Λk

u

eQ(t)W (t,u)dt

≤ 1
2
‖u‖2−

∫
Λk

u

eQ(t) |u|
2

ε3
k

dt

≤ 1
2
‖u‖2− ε

2
k ‖u‖

2 measQ(Λ
k
u)

1
ε3

k

≤ 1
2
‖u‖2−‖u‖2

=−1
2
‖u‖2

(3.22)

for all u ∈ Yk with ‖u‖ ≥ Rk
εk

. For any k ≥ k0, we choose ρk > max
{

rk,
Rk
εk

}
. It follows from

(3.22) that

ρk(λ ) = max
u∈Yk,‖u‖=ρk

fλ (u)≤−
1
2

ρ
2
k .

The proof is now completed. �
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Consequently, Lemmas 3.3, 3.4 show that condition c) of Lemma 2.3 is satisfied for all k≥ k0.
From the above, all the conditions of Lemma 2.3 hold for all k ≥ k0. Therefore, for any k ≥ k0
and λ ∈ [1,2], there exists a sequence (uk

n(λ ))⊂ E such that

sup
n∈N

∥∥∥uk
n(λ )

∥∥∥< ∞, f ′
λ
(uk

n(λ ))→ 0 and fλ (u
k
n(λ ))→ ξk(λ ) (3.23)

as n→ ∞, where
ξk(λ ) = inf

γ∈Γk
max
u∈Bk

fλ (u), ∀λ ∈ [1,2]

with
Bk = {u ∈ Yk/‖u‖ ≤ ρk} and Γk =

{
γ ∈C(Bk,E)/γ is odd, γ|∂Bk

= id
}
.

From (3.15) and Lemma 2.3, we infer that

ξk(λ ) ∈ [αk,ξ k], ∀k ≥ k0 and λ ∈ [1,2], (3.24)

where ξ k = maxu∈Bk f1(u) and αk =
r2

k
8 → ∞ as k→ ∞.

sup
m∈N

∥∥∥uk
m(λn)

∥∥∥< ∞, f ′
λn
(uk

m(λn))→ 0 and fλn(u
k
m(λn))→ ξk(λn), as m→ ∞. (3.25)

Lemma 3.5. For any n ∈ N and k ≥ k0, there exists uk
n ∈ E such that

lim
m→∞

uk
m(λn) = uk

n in E. (3.26)

Proof. Throughout this proof and for the sake of simplicity, we shall let um = uk
m(λn) for m∈N.

Without loss of generality, we may assume by (3.25) that

um ⇀ u as m→ ∞ (3.27)

for some u ∈ E. Using (3.3), we get

‖um−u‖2 = f ′
λn
(um)(um−u)− f ′

λn
(u)(um−u)

+λn

∫
R

eQ(t)(∇W (t,um)−∇W (t,u)) · (um−u)dt.
(3.28)

By (3.25), one has
f ′
λn
(um)(um−u)→ 0 as m→ ∞. (3.29)

Moreover (3.27) implies
f ′
λn
(u)(um−u)→ 0 as m→ ∞. (3.30)

Now, by (2.1) and Hölder’s inequality, we have∣∣∣∣∫R eQ(t)(∇W (t,um)−∇W (t,u)) · (um−u)dt
∣∣∣∣

≤ (
∫
R

eQ(t) |∇W (t,um)−∇W (t,u)|2 dt)
1
2 (
∫
R

eQ(t) |um−u|2 dt)
1
2

≤ η2(
∫
R

eQ(t) |∇W (t,um)−∇W (t,u)|2 dt)
1
2 ‖um−u‖ .

(3.31)

As in the proof of Lemma 3.1, by passing to a subsequence if necessary, we may assume that∫
R eQ(t) |∇W (t,um)−∇W (t,u)|2 dt→ 0 as m→ ∞. Hence (3.31) implies∫

R
eQ(t)(∇W (t,um)−∇W (t,u)) · (um−u)dt→ 0 as m→ ∞. (3.32)
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Combining (3.28), (3.29), (3.30) and (3.32) yields um→ u as m→ ∞ in E. The proof is now
completed. �

Note that (3.24), (3.25) and (3.26) imply

f ′
λn
(uk

n) = 0, fλn(u
k
n) ∈ [αk,ξ k], ∀n ∈ N and k ≥ k0. (3.33)

Lemma 3.6. For any k ≥ k0, the sequence (uk
n)n∈N obtained above is bounded.

Proof. For notational simplicity, we set un = uk
n for all n ∈ N. Assuming indirectly that (un) is

unbounded. By going to a subsequence if necessary, we may assume

‖un‖→ ∞ and vn =
un

‖un‖
⇀ v as n→ ∞. (3.34)

Without loss of generality, Lemma 2.2 and (3.24) imply

vn→ v both in L2
Q(R) and Lν

Q(R), and vn(t)→ v(t) a.e. t ∈ R as n→ ∞. (3.35)

First case: v = 0. Let (sn) be a sequence such that

fλn(snun) = max
s∈[0,1]

fλn(sun), ∀n ∈ N. (3.36)

For R > 0, let wn = 2
√

Rvn. By (3.35), we have

wn→ 2
√

Rv = 0 both in L2
Q(R) and Lν

Q(R), (3.37)

which together with (W1) implies∣∣∣∣∫R eQ(t)W (t,wn)dt
∣∣∣∣≤ c

∫
R

eQ(t)(|wn|2 + |wn|ν)dt→ 0 as n→ ∞. (3.38)

Note that (3.34) implies that 0 < 2
√

R
‖un‖ < 1 for n large enough. This together with (3.36) and

(3.38) implies

fλn(snun)≥ fλn(wn)

=
1
2
‖un‖2−λn

∫
R

eQ(t)W (t,wn)dt

≥ 2R−2
∫
R

eQ(t)W (t,wn)dt ≥ R

for n large enough. Since R is arbitrarily, it follows that

lim
n→∞

fλn(snun) = +∞. (3.39)

Note that, since fλn(0) = 0 and fλn(un) ∈ [αk,ξ k], then sn ∈]0,1[ in (3.36) for n large enough.
Therefore

0 = sn
d
ds

( fλn)(sun)|s=sn = f ′
λn
(snun)snun. (3.40)
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Combining (3.33), (3.39) and (W3) yields

fλn(un)−
1
2

f ′
λn
(un)un =

λn

2

∫
R

eQ(t)Ŵ (t,wn)dt

≥ λn

2σ

∫
R

eQ(t)Ŵ (t,snwn)dt

=
1
σ
[ fλn(snun)−

1
2

f ′
λn
(snun)snun]

=
1
σ

fλn(snun)→+∞ as n→ ∞,

a contradiction with (3.33).
Second case: v 6= 0. The set Λ = {t ∈ R/v(t) 6= 0} has a positive measure with respect to

measQ. By (3.34), it holds that

|un(t)| → ∞ as n→ ∞, ∀t ∈ Λ. (3.41)

Combining (3.35), (3.41) and (W2), Fatou’s lemma implies

1
2
−

fλn(un)

‖un‖2 = λn

∫
R

eQ(t)W (t,un)

‖un‖2 dt

≥
∫

Λ

eQ(t) |vn|2
W (t,un)

|un|2
dt→ ∞ as n→ ∞,

which provides a contradiction with (3.33) and (3.34). The proof is now completed. �

Finally, using the similar arguments in the proof of Lemma 3.5 and in view of Lemma 3.6 and
(3.33), we can show that, for any k ≥ k0, the sequence (uk

n)n∈N possesses a strong convergent
subsequence with the limit uk being a critical point of f = f1. Since αk → +∞ as k→ ∞ and
f (uk) ∈ [αk,ξ k] for all k≥ k0, we have that f has infinitely many critical points. Consequently,
(DV ) has infinitely many nontrivial fast homoclinic solutions.
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