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Abstract. In this paper, we study the problem of finding common solutions of equilibrium problems,
variational inclusion problems and fixed point problems for an infinite family of strict pseudocontractive
mappings. We propose an iterative algorithm, which combines inertial methods with viscosity methods,
for approximating common solutions of the above problems. Under mild conditions, we prove a strong
theorem in Hilbert spaces and apply our result to optimization problems. Finally, we present a numerical
example to demonstrate the efficiency of our algorithm in comparison with other existing methods in the
literature.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||. Let A: H — H
be a single-valued operator, and let B : H — 2/ be a multi-valued operator. The Variational
Inclusion Problem (VIP) is formulated as finding a point X € H such that

0 (A+B)s. (1.1)

The solution set of VIP (1.1) is denoted by (A + B)~!(0) and referred to as the set of zero
points of A+ B. The VIP (1.1) includes, as special cases, convex programming, split feasibility
problems, variational inequalities and minimization problems. More precisely, some concrete
problems in machine learning, image processing and linear inverse problems can be modeled
mathematically as VIP (1.1) [1, 2, 3, 4]. There are several methods for solving VIP (1.1).
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Among them, the forward-backward splitting method introduced in [35, 6] is efficient. Specifi-
cally, the forward-backward splitting method is presented as follows:

Xpp1 = (I + AnB)il(I_)LnA)(xn)a

where A, is a positive parameter, (I — A,A) is the so-called forward operator and (14 A,B) ! is
the resolvent operator, which was introduced in [7] and is often referred to as the backward op-
erator. Recently, several authors studied and extended the forward-backward splitting method;
see, e.g., [8, 9, 10] and the references therein.

Let C be a nonempty closed convex subset of a real Hilbert space H and let F : C x C — R
be a bifunction. The Equilibrium Problem (shortly, EP) in the sense of Blum and Oettli [11] is
to find £ € C such that

F(%,y) >0, VyeC. (1.2)
The solution set of EP (1.2) is denoted by EP(F). The EP attracts considerable research ef-
forts and serves as a unifying framework for studying many well-known problems, such as,
the Nonlinear Complementarity Problems (NCPs), Optimization Problems (OPs), Variational
Inequality Problems (VIPs), Saddle Point Problems (SPPs), the Fixed Point Problem (FPP), the
Nash equilibria and many others, and has many applications in physics and economics, (see,
for example, [12, 13, 14] and the references therein). Several authors have studied and pro-
posed various iterative algorithms for solving EPs and related Optimitization Problems; see,
e.g., [15, 16, 17, 18] and the references therein.

LetS: H — H be a nonlinear mapping. A point X € H is called a fixed point of S if SX = £. We
denote by F(S), the set of all fixed points of S, i.e., F(S) = {x* € H : S = £}. Many problems
in sciences and engineering can be formulated as finding solutions of the FPP of a nonlinear
mapping. Recently, several authors have studied OPs dealing with finding a common solution
of the set of fixed points of a nonlinear mapping and the set of solutions of variational inclusion
problem/equilibrium problem. The motivation for studying such a common solution problem
lies in its potential application to mathematical models whose constraints can be expressed
as fixed point problem, variational inclusion problem and/equilibrium problem. This arises
in practical problems such as signal processing, network resource allocation, image recovery.
A scenario is in network bandwidth allocation problem for two services in a heterogeneous
wireless access networks in which the bandwidth of the services are mathematically related
(see, for instance, [19]).

In [20], Liu introduced the following algorithm for finding a common element of the set
of solutions of the EP and set of fixed points of a k-strictly pseudocontractive mapping in the
setting of real Hilbert spaces.

Algorithm 1.1.

I
F(un,y)+r—(y—un,un—xn) >0, VyeC,

n
Yn = Buttn + (I — Pn) Sun,
X1 = O Yf(xn)+ (I —ayD)y,, VneN,
where S : C — H is a k-strictly pseudocontractive mapping, f : H — H is a contraction with
constant p € (0,1) and D is a strongly positive bounded linear operator on H with coefficient
Yand 0 < ¥y < %7. Under some conditions on the control parameters, the author proved that
the sequence generated by the algorithm converges strongly to an element in the solution set,
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which also solves certain variational inequality. In 2011, Wang proposed the following general
composite iterative method for approximating a common solution of an infinite family strict
pseudo-contractions in Hilbert spaces:

Algorithm 1.2.

x1€C
Y = Buxn + (1 — Bn) Wax,
X1 = O Yf (Xn) + (I — H0uD)yn, Vn > 1,

where W, is a mapping defined by (2.1), f is a contraction with constant p € (0,1),D is a
k-Lipschitzian and 7 - strongly monotone operator with 0 < u < 21 /k?. Under appropriate
conditions on the control parameters, they proved that the sequence generated by Algorithm
1.2 converges strongly to a common element of the fixed points of an infinite family of strict
pseudo-contractions, which is a also a unique solution of certain variational inequality problem.

Based on the heavy ball methods of a two-order time dynamical system, Polyak [21] first
proposed an inertial extrapolation as an acceleration process to solve the smooth convex mini-
mization problem. The inertial algorithm is a two-step iteration where the next iterate is defined
by making use of the previous two iterates. Recently, several researchers have constructed
some fast iterative algorithms by using inertial extrapolation (see, e.g., [22, 23, 24]). In 2018,
Cholamjiak et al. [25] introduced the following inertial forward-backward splitting algorithm,
which combines Halpern and Mann iteration methods for solving inclusion problems in Hilbert
spaces:

Algorithm 1.3.

Yn = Xp+ (xn(xn _xn—l)a

Xn+1 :ﬁnu+§nyn+“njfn(yn_A'nAyn)7 n= 17

where A : H — H is a k-inverse strongly monotone operator and B : H — 27 is a maximal
monotone operator, J} = (I+4,B)~",0 < A, <2k, {ot,} C [0, a] with &t € [0, 1) and {B,}, {&}
and {u,} are sequences in [0, 1] with 8, + &, + u, = 1. Under the following conditions on the
control parameters:

(1) Loy Onlxn — xXp—1] < oo

(2) limy, 50 B, = 0,71 B = oo

(3) 0 < liminf, e A, < limsup,_,., A, < 2k;
(4) liminf, . i, > 0,

they proved that the sequence generated by Algorithm 1.3 converges strongly to an element in
the solution set. However, authors pointed out that the summability condition (1) of Algorithm
1.3 is a drawback in its implementation (see [26]). More recently, Thong and Vinh [27] stud-
ied the problem of finding a common element of the set of solutions of variational inclusion
problems and the fixed points set of a nonexpansive mapping. They introduced the following
modified inertial forward-backward splitting algorithm combined with viscosity techniques for
finding a common solution of the problems in Hilbert spaces.

Algorithm 1.4.
Initialization: Select xo,x; € H and set n :=1.
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Step 1. Compute

Wp = Xp + OCn(xn _anl)y

2= (I +AB) "I —2A)w,.

If z, = wy, then stop (z, is a solution to (1.1)). Otherwise, go to Step 2.
Step 2. Compute
Xpt+1 = an(xn) + (1 - Bn)Tzn-

Let n :=n+ 1 and return to Step 1.

where T : H — H is a nonexpansive mapping, f : H — H is a contraction with constant p €
[0,1),A: H— H is a k-inverse strongly monotone operator, B : H — 27 is a maximal monotone
operator and A € (0, 2k) is the step size of the algorithm. Under the following conditions on the
control sequences:

(1) {Ba} € (0,1),1imy seo By = 0,557, By = o0, limy, oo Bt = 15
@) {0} € [0,c), 0 > 0, limy o0 % |1y — x5 1]| =0,

the authors proved that the sequence generated by Algorithm (1.4) converges strongly to an
element in the solution set. We observe that the summability condition in Algorithm 1.3 has
been dispensed in Algorithm 1.4. However, we point out that the step size of Algorithm 1.4 is
a constant and hence admits the same value for each iteration. Moreover, additional restriction
was imposed on the control parameter f3,, that is, lim, . B E;' = 1. Therefore, from the above
review it is natural to ask the following research question:

Question. Can we construct an inertial iterative scheme for finding solution of the VIP in which
the conditions on the control parameters in Algorithm 1.3 and Algorithm 1.4 are relaxed and the
step size is a sequence, and which gives a strong convergence result. We provide an affirmative
answer to this question.

Motivated and inspired by the above results and the ongoing research in this direction, in this
paper, we propose an inertial algorithm for approximating common solutions of the EP, VIP and
FPP for an infinite family of strict pseudocontractive mappings in Hilbert spaces. We obtain
strong convergence results for the proposed algorithm and apply our results to split feasibility
problems and variationl inequality problems. A numerical example is provided to demonstrate
the efficiency of our algorithm in comparison with other existing methods in the literature. The
remaining sections of this paper are organized as follows. In Section 2, we recall some defini-
tions and preliminary results employed in the convergence analysis of the proposed algorithm.
We prove and analyze the convergence of the algorithm in Section 3. In Section 4, we apply our
results to optimization problems. In Section 5, a numerical example is provided to illustrate the
efficiency of our algorithm in comparison with other existing results in the literature. Finally,
we give a concluding remark in Section 6, the last section.

2. PRELIMINARIES

In this section, we recall some useful definitions and lemmas required for establishing our main
results. Let H be a real Hibert space with inner product (-, -) and norm || - ||. Let C be a nonempty
closed convex subset of H. The weak and strong convergence of the sequence {x,}_, to x as
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n — oo is denoted by x, — x and x,, — x, respectively. For any x € H, there exists a unique
closest point in C denoted by Pcx such that

e —Fex|| < [lx—yll, VyeC,
and the mapping Fc is called the metric projection of H onto C. It is known that F¢ is nonex-
pansive and has the following properties:
(i) forxe Handz€C,z=Pex < (x—2z,2—y) <0,VyeC,
(i) forx € H,and y € C, ||y — Pcx||*> + ||x — Pex||? < [|x —y||?,
(iii) (x —y,Pex—Pcy) > ||Pex—Pey||>, Vx,y€H.

Lemma 2.1. Let H be a real Hilbert space, A € (0,1), then Vx,y € H, we have

(i) [+ yI1* = x> 4+ 2, 9) + Iy 11

(if) [Px =yl = []xl|* = 2(x,3) + [IlI*;
(iii) [Jx+y[* < [lxl]* +2(y,x + ).

Lemma 2.2. [28] For each x,...,.xp € Hand oy, ..., 0, € [0, 1] with Y7 | a; = 1, the following
holds:

m
lowxi+ . 4 x| * = Y aillxilP = Y aiyllx— x|
i=1 1<i<j<m

Lemma 2.3. [29] Let {a,},{c,} C Ry, {0,} C (0,1) and {b,} C R be sequences such that
ant1 < (1 —0n)an+by+cp, for all n > 0. Assume Y7 |cn| < . Then the following results
hold:

(1) Ifb, < Bo,for some B >0, then {a,} is a bounded sequence.

(2) Ifwe have Y, 0, = and limsup, _,,, g—’; <0, then lim,_..a, = 0.

Lemma 2.4. [30] Let {a, } be a sequence of non-negative real numbers, {0y, } be a sequence in
(0,1) with Y| &, = oo and {b, } be a sequence of real numbers. Assume that

any1 < (1 - an>an+anbn7 Vn>1,

iflimsupy ... by, <0 forevery subsequence {ay, } of {a,} satisfying liminfy_,.(a,, , —an) >0,
then lim,,_.a, = 0.

Definition 2.5. Let H be a real Hilbert space H. A mapping 7 : H — H is said to be:
(1) L-Lipschitz continuous, where L > 0, if
1 Tx =Tyl <L|x—yl|, VxyeH;

if L€ [0,1), then T is called a contraction mapping;
(2) nonexpansive if T is 1—Lipschitz continuous;
(3) k-strictly pseudo-contractive if there exists a constant k € [0, 1) such that

1Tx—=Ty|[* < |Jx—y|[? +kl|(I = T)x—= (I =TP|P, VxyeH;

(4) monotone if
(Tx—Ty,x—y)>0, Vxy€EH,
(5) k-inverse-strongly monotone (k-ism) if there exists a constant k > 0 such that

(Ax — Ay,x —y) > k|Ax — Ay|?, V x,y € H;
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(6) firmly nonexpansive if
ITx—Ty|> < (Tx—Ty,x—y), Vx,y €H,
or equivalently,
ITx—Ty|]2 < Jx—yIP = (1 = T)x— (1= T)y|]%, Vx,y € A.

Observe that the class of k-strict pseudo-contractive mappings properly contains the class of
nonexpansive mappings. That is, T is nonexpansive if and only if 7 is O-strict pseudo-contractive.
It is known that if T is a k-strict pseudo-contractiion and F (T) # 0, then F(T') is a closed convex
subset of H (see [31]). Strict pseudo-contractions have many applications, due to their ties with
inverse strongly monotone operators. It is known that, if B is a strongly monotone operator,
then 7 = I — B is a strict pseudo-contraction, and so we can recast a problem of zeros for B as
a fixed point problem for 7.

Lemma 2.6. [31] Let C be a nonempty closed convex subset of a real Hilbert space H and
S : C — C be a k-strict pseudo-contractive mapping. Define a mapping T : C — C by Tx = ax+
(1—a)Sxforallx € Cand o € [k,1). Then T is a nonexpansive mapping with F(T) = F(S).

Definition 2.7. [32] Let {S,} be a sequence of k,-strict pseudo-contractions. Define S, =
tnl + (1 —1,)Sn, ty € [kn, 1). Then, by Lemma 2.6, S, is nonexpansive. In this paper, we consider
the mapping W, defined by

p
Un,n+1 =1,

Un,n = CnS;lUn,nnLl + (1 - Cn)la
Un,n—l = Cn—lS:,_lUn,n + (1 - Cn—l)L
Upj = GSiUp 1 + (1= G, (2.1)
Uni—1 = G—18,_ Ui+ (1= 1)1,
Un2 = 0S5Uns + (1= 51,
kW” =Uy1 = C1S’1Un72 +(1=8)I.
where {{;} is a sequence of real numbers such that 0 < {; <1 forall i > 1. For each n > 1, such
a mapping W, is nonexpansive.

We have the following lemmas relating to the mapping W,,, which are needed in proving our
main results.

Lemma 2.8. [33] Ler {S'} be an infinite family of nonexpansive mappings on a Hilbert space
H such that N2, F(S}) # 0 and {{;} be a real sequence such that 0 < §; <b < 1 forall i > 1.
Then we have the following:
(1) W, is nonexpansive and F(W,) = (_, F(S}) for each n > 1;
(2) for each x € H and for each positive integer k, the lim;, o Uy, ;x exists;
(3) the mapping W defined by
Wx:= lim Wyx = 1i_r>n Upix forallx € H (2.2)

n—oo
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is a nonexpansive mapping satisfying F(W) = (i~ F(S}), which is called the modified
W -mapping generated by S1,S3,-+-,81,8,-++ and ty,tp,--- .

By combining Lemma 2.6 and Lemma 2.8, it follows that F(W) = "=, F(S)) = N2 F(Si).

Lemma 2.9. [16] Let {S'} be an infinite family of nonexpansive mappings on a Hilbert space H
such that N2 F (S}) # 0 and {{;} be a real sequence such that0 < §; <b < 1 foralli> 1, where
b is a positive real number. If K is any bounded subset of H, then lim,,_. SUp,cg ||[Wx —W,x|| =
0.

Lemma 2.10. [34] Each Hilbert space H satisfies the Opial condition, that is, for any sequence
{xn} with x,, — x, the inequality liminf, . ||x, —x|| < liminf, . ||x, —y|| holds for everyy € H
with y # Xx.

Lemma 2.11. [31] If S is a k-strict pseudo-contraction on closed convex subset C of a real
Hilbert space H, then I — S is demiclosed at any pointy € H.

Lemma 2.12. [35] Let A : H — H be a k-inverse-strongly monotone mapping. Then

(1) Ais %—Lipschitz continuous and monotone mapping;
(2) if A is any constant in (0,2], then the mapping I — AA is nonexpansive , where I is the
identity mapping on H.

Definition 2.13. A multi-valued mapping B : H — 2 is called monotone if, for all x,y € H,
u € Bx and v € By implies that (u —v,x —y) > 0. A multi-valued mapping B : H — 2/ is called
maximal monotone if it is monotone and for any (x,u) € H x H, (u—v,x—y) > 0 for every
(y,v) € Graph (B) (the graph of mapping B) implies that u € Bx.

Definition 2.14. Let B : H — 2¥ be a multi-valued maximal monotone mapping. Then the
resolvent mapping J% : H — H associated with B is defined by J%(x) = (I+ AB)~'(x), Vx € H,
for some A > 0, where [ is the identity operator on H.

It is well known that if B : H — 2¥ is a multi-valued maximal monotone mapping and A > 0,
then Dom(]f ) =H, and Jf is single-valued and firmly nonexpansive mapping.

Assumption 2.15. For solving the EP, we assume that the bifunction F : C X C — R satisfies
the following conditions:
(Al) F(x,x) =0 forall x € C,
(A2) F is monotone, that is, F(x,y) + F(y,x) <0 for all x,y € C;
(A3) F is upper hemicontinuous, that is, for all x,y,z € C, lim,wF(tz—k (1 —t)x,y) < F(x,y);
(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.16. [36] Let C be a nonempty closed convex subset of a Hilbert space H and F :
C x C — R be a bifunction satisfying Assumption 2.15. For r > 0 and x € H, define a mapping
TF . H — C as follows:

1
T (x) = {z€C: F(z,y) + ~y-zz-2)20,VyeC} (2.3)
Then TF is well defined and the following hold:

(1) for each x € H,TF (x) # 0;



8 M.A OLONA, T.O ALAKOYA, A.O.-E. OWOLABI, O.T. MEWOMO

(2) TrF is single-valued;

(3) TrF is firmly nonexpansive, that is, for any x,y € H,
HTrFx_ TrFyH2 < <TrFx_ TrFyax_y>;

(4) F(T]) = EP(F);

(5) EP(F) is closed and convex.

Lemma 2.17. [37] Let E be a real Banach space. Let B : E — 2F maximal monotone operator
and A : E — E be a k-inverse strongly monotone mapping on E. Define Ty = (I+AB)~'(I —
AA), A > 0. Then
(i) F(Ty) = (A+B)~(0);
(ii) for 0 <s < A and x € E,

x— Tox|| < 2flx = Tyx]].

Lemma 2.18. [38] Let B : H — 2 be a set-valued maximal monotone mapping and A > 0.
Then J)lf is a single-valued and firmly nonexapansive mapping.

3. MAIN RESULTS

In this section, we present the proposed algorithm and investigate its convergence. Let C
be a nonempty closed convex subset of a real Hilbert space H. Let A: H — H be a k—ism
and B : H — 2" be a maximal monotone mapping. Let f : H — H be a contraction mapping
with coefficient p € (0,1). Let {W,} be a sequence defined by (2.1) and let F : C xC — R
be a bifunction satisfying Assumption 2.15. Suppose that the solution set denoted by I' =
(A+B)"Y(0)NEP(F)NNZ, F(S;) is nonempty, where S; : H — H is an infinite family of ;-
strict pseudo-contractions. We establish the convergence of the algorithm under the following
conditions on the control parameters:

(C1) Let {8,},{&:}, {un} € (0,1),{Bs} C (0,1) such that lim, .. B, =0 and Y, B, = oo;
(C2) Let a > 0,{6,} be a positive sequence such that lim,, e % =0;

(C3) 0 < liminf,_e A, < limsup, ., A, < 2k,{r,} C (0,e0) such that liminf, e r, > 0.
Now, the proposed algorithm is presented as follows:

Algorithm 3.1.
Step 0 : Select initial data xg,x; € H and setn = 1.

Step 1. Given the (n — 1)th and nth iterates, choose o, such that 0 < o, < &, with &, defined

by
. 0, .
G, — Mﬂ@wazj&’ﬁ“%“*’ (3.1)
a, otherwise.

Step 2: Compute
Wi = Xy + O (X — Xp—1)-

Step 3: Compute

1

n

Step 4: Compute
Vi = Owp + (1 — 8,)uy.
Step 5: Compute
Zn = I+ 2,B) "I — L,A)v,.
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Step 6: Compute
Xn+l1 = ﬁnf(xn) + énxn + .uanZn-
Setn :=n + 1 and return to Step 1.

Remark 3.2. By conditions (C1) and (C2), one can easily verify from (3.1) that

Q
lim o, ||x, —x,_1|| =0and lim —"||x, —x,_1|| = 0. (3.2)
n—soo n—eo 3,

B

Now, we state the strong convergence theorem as follows:

Theorem 3.3. Suppose that {x,} is a sequence generated by Algorithm 3.1 such that conditions
(C1)-(C3) are satisfied and T" # 0. Then the sequence {x,} converges strongly to an element
% €T, where £ = Pro f(X).

First, we prove some lemmas which will be employed in establishing Theorem 3.3.
Lemma 3.4. Let {x,} be a sequence generated by Algorithm 3.1. Then {x,} is bounded.
Proof. Let g € I'. Then, by Lemma 2.18 and the conditions on the control parameters, we have
lzn —ql* =) (I + 2uB) ™' (I = AnA)vy — (I = 2,B) ™ (I = 2 A)q|?
< [lvn— g — Aa(Avy — Ag) |
= [lvn = 411> = 24 (A — Aq, v — @) + Ay | AV, — Aq®
< [va — glI* = 22k || Av, — Aq|® + A; [[Av, — Aq]|

= [[va — q|I> = (2k = 1) A ||Av,, — Aql)? (3.3)
< |lva —ql*- (3.4)

Thus, from (3.4), we have
2o —qll < [[va —4l|- (3.5)

From the definition of w,,, we have

[Iwn = gll < [P = gl| 4 Gl = xa1 |

o
= |l —qll + Bu 7"
Bn

From Remark 3.2, we have that lim,,_,c. % ||xn — xn—1]|| = 0. Then there exists a constant L; > 0
such that % ||%n — x4—1]] < L1, for all n > 1. Thus, from (3.6), we obtain
[wn — gl < [|xn — gl + BaLs- (3.7)
Let TEwy = {un € C: F(un,y) + %(y — Up,Up —wy) > 0}. This implies that u, = T;¥ w,,. Since
g €T, then Trf q = q. By the nonexpansiveness of Trf , we have
|ltw — gl = |1 T wa —ql| < [|wa—ql|- (3.83)
From the definition of v,, and (3.8), we have
v = qll < &ullwn —qll + (1 = &) [lun — gl
< &pllwn —ql| + (1= 84) [wn — 4|
= ||lw, —q]|. (3.9)

1% — X—1]|- (3.6)
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By combining (3.5), (3.7) and (3.9), we have

|20 —qll < llxn — gl + BaL1.
In view of (3.5), (3.6) and (3.9), we obtain
12011 = qll = [1Ba(f (xn) — £(@)) + Ba(f (@) — @) + En(xn — @) + ttn(Wazn — q) |

< Bup!lxn — qll + Bull fq — qll + Enllxn — gl + tallzn — ql|
< Bupllxn — ql| + Bull fa — al| + Enllxn — gl| + tn(||x — ]| + BaL1)

(1= B,(1 =)l + (1 - p) LI I
< (1= Ba(1 = p)) s — gl| + Bu(1 = )",

where M* := supneN{W}. Setting a, = ||x, — ql|, by = B.(1 — p)M*, ¢, = 0, and
0, = Bu(1—p). By Lemma 2.3(1) and the assumptions on the control parameters, it follows that
{||x»—ql|} is bounded and thus {x, } is bounded. Consequently, {wy},{un},{va},{zn}, {f(xn)}
are all bounded. U

Lemma 3.5. The following inequality holds for all g € I" and n € N :

2Bu(1-p) 2Bu(1—=p) s Bn
|26 11 _q||2 < (1——(1_13”[)) >Hxn_Q|’2—|— = {2(1_p) 5
3L2.un(1_ﬁn) oy 1
nglxn—xn—llHW(f(f])—q,xnﬁ—q>}
U (1 — By)
—m{(zk—wnumn—Aq||2+5n(1—sn)||wn—u,,||2}.

Proof. Let g € I'. By applying the Cauchy-Schwartz inequality and Lemma 2.1(i), we have

1w = ql1> = [1x0 — q|1* + | 50 — X1 ]| -+ 200 (X0 — 4,20 — Xn—1)
< ||xn—q||2—|—06,%||xn—xn,1||2+206n||xn—xn,1||||xn—q||
= [1xn — gl 1> + O [xn — Xn—1 ] (O [ — Xn—1 ]| + 2|2 — q)

(0
< |ln —gl[* +3La B 5"
Bn

where Ly := sup,cn{|[xn — g, 0| [xn — x4—1]|} > 0. Also, by using Lemma 2.2 and (3.8), we
obtain

[[xn — xn—1], (3.10)

HVn_CIHZ = 6n||Wn_CI||2+(1_6n)||”n_CI||2_6n(1 _511)||Wn_”n||2
< 8ullwn —ql*+ (1= 80)|lwn — ql|* = 8a(1 — 8,)[|Wn — n] |
:Hwn_(IHZ_Sn(l_Sn)HWn_unHz- (3.11)
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By invoking Lemma 2.1, and using (3.3), (3.10) and (3.11), we have

11 — g

< 1&n(xn — ) + tn(Wazn — @)|I* + 2B (f (Xn) — ¢, Xn 11— q)

< E2{[xn — g1 + 12 Wzn — qI* + 2&nttnl[x0 — q||[[Wazn — gl + 2Ba(f (¥n) — @, %11 — q)
< &l — ql* + iy 120 — gl + Enttn (|50 — g1 + |20 — ql[*) +2Bu(F (0) — ¢, %011 — @)

Sén(l—Bn)\lxn—q||2+un(l—Bn){llxn 61||2+3Lzﬁnﬁn!\xn Xn—1]]

— (2k = 2n) An|Avy — Aq]|* — 8,(1— 8 )Ilwn—un||2}+2Bn<f(xn)—f(CI),xn+1—Q>
+2B:(f(q) — ¢, Xnt1—q)

< &a(l _ﬁn)||xn_Q||2+“n(1 _ﬁn){Hxn Q||2+3L2Bnﬁn |0 — Xn—1]|

— (2k = 2) A |Avy — Aq] > — 8, (1 — 8,) || wn — Mn||2} +2Bup 1xn — ||| Xn+1 —ql|
+2ﬁn<f(Q) — 4, Xn+1 —C]>

< ((1 _ﬁn>2+ﬁnp)|‘xn_CIHZ‘*'BnPHXnH _‘1|‘2+3L2“n( .Bn)ﬁnﬁ |20 — Xn—1]]
+ 2B (£(9) = %1 — @) = (1 = Bo){ (2= A) Al [Av, = Aq|? + 8,1 = &) w2 }.

This implies that

Hanrl _qHz

(1=2Bu+B24Bp), o, B .
<yl s {3t (1= B gl |

#20000) ~ e )}~ 0P f ok 2 v, g P+ 8,01 - 8 b~ ]

2B.(1-p) p 2B0-p)y B 3Lop(1 ﬁn)%x i
< (1= =P g (ot o=y e
@ g —a)
(1(_ J"f {2k 2 v~ Aql+ 81— 8,) b — 2}
where L3 := sup{||x, — ¢||* : n € N}. This completes the proof. O

Lemma 3.6. The following inequality holds for all g € I" and n € N :

e =l < (1= Bl — I+ Bu{ 1L 5) — I+ Lagt B 3

+2L4||Av, — Aql| _ﬂnHVn_ZnHz_énﬂnHWnZn _xn||2-
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Proof. Applying the fact that (I + A,,B) ™! is firmly nonexpansive and I — A,A is nonexpansive,
we have

Hzn—qH2
<(zn—q,(I = XA)vy— (I — A,A)q)

1 1
E”Vn QHZ _Hzn_quz_EHVn_Zn_)%(AVn_AQ)HZ
1 1 1
< 5llva = qll*+ —Ilzn—CIIlz—5|Ivn—zn||2—ElfHAvn—A(J||2+7tn||vn—znllllAvn—A(JIl-
This implies that

20 = ql1> < Ve = qlI* = 1va = zall* + 22| [va — zal [Ava — Aq]. (3.12)

By applying Lemma 2.2 and using (3.9), (3.10) and (3.12), we have

[1n 1 — gl

= Bullf (%) = ql* + &l bn — gl + 1l Wz — g > = Gt [Wazn — x>

< Ball ) =4l &allew =11+ {130 = g+ 322 B s — 51 = v —
2l = 214V — Agl] } = Eutta Wazo —

< (1= Bl — allP+ Ba{ 1 o) 61||2+3L2unﬁ i =111+ 2LalAv, — Agl|
— a1V = 2al P = Enltn] [Wizn = 5l

where Ly := sup,cn{UnAn||vn — x|} Hence, the desired result. O

Lemma 3.7. Let g € I'. Suppose that {x,, } is a subsequence of {x, } such that iminfy_.(||X,,+1—
q|| = ||xn, — ¢ql|) > 0. Then x,, = x* €T, i.e. we(x,) CT.

Proof. Suppose g € I'. Then, from Lemma 3.5, we obtain
1—
unk( ﬁnk)Snk(l

- 6nk)HWnk - unk||2

(l_ﬁnk )
2ﬁnk( ) 2ﬁnk(1 _p) ﬁ"k
S(l—(l—ﬁnk ))llm all” - Hxﬂkﬂ‘q”z*(l—ﬁnkp){( P

3L2‘u“}’lk( - Bnk) a}’lk 1
| Py, = X 1]+
2(1—p) 3 " " (l—p)
By the hypothesis of Lemma 3.7 together with the fact that limy_,.. B,, = 0, we have
nu’nk( ﬁnk) 6 (1
s
( Bﬂk )

(f(@) — @, xn 11 —cz>}-

—5nk)||Wnk—MnkH2—>0, k — oo.

Therefore, we have
[|Wn, — ttn, || =0, k — oo (3.13)

By following similar argument, we get from Lemma 3.5 that (2k — A, ) Ay, ||Av,, —Aql|? — 0,
k — 0. By the conditions on k and A,,, it follows that

||Av,, —Ag|| =0, Kk —> oo, (3.14)
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Also, it follows from Lemma 3.6 that
By | [V = 20 1P < (1= B 1, — > = [P — 4l
+ﬁmﬂvbm)—ﬂ9+3buwgfmm—WWAH}+2MWMM—AQL
Using (3.14) together with the condition of 3, we conclude from the hypothesis of Lemma 3.7
that p,, ||vy, — znkHz — 0, k — oo. By the condition on ,,, it follows that
[[vay = 2m || = 0,k —> oo, (3.15)
Following similar argument, we obtain from Lemma 3.6 that
|| Whzn, — Xn, || =0, k— oo (3.16)
By Remark 3.2, we have
Wi = Xne|| = Gong ||, — X1 ]| = 0, k — oo (3.17)

By the definition of v, and (3.13), we obtain

Vi, = Wi || = [18nwn, + (1= G )it — Wi |
< 8 ||Wnp — Wi ||+ (1 — 8 )| [ty — Wi, || = 0,  k — oo (3.18)
By applying (3.15), (3.16), (3.17) and (3.18), we obtain
[[Wizne — 2ml| = 0,k —> oo (3.19)
Combining (3.16) and (3.19), we have
X, — 2 || =0,k — oo (3.20)
Also, using (3.13), (3.15), (3.17) and (3.20), we get
|[xn, — un,|| — O, |[xn, = V|| =0, k— oo (3.21)

By applying (3.16) and the condition on f3,, we get

||‘xnk+1 — Xny H = ||ﬁnkf<xnk) + 5nkxnk + nunkW"ank _xnkH

< ﬁ”k’lf(xnk) _x”kH +€”k“'xnk _xnkH +lu”kHWnkZ”k _xnkH - O’ k — oo.
(3.22)

We next show that wq(x,) C N2 F(S;) = F(W). Let x* € wg(x,) and suppose that x* ¢
F (W), that is, Wx* # x*. From (3.20), we have that wg(x,) = we(z,). By Lemma 2.10, we
have

liminf||z,, —x*|| < liminf|z, — Wx"|||
k—>°° k—)oo
< lilgninf{Han — Wz ||+ Wz, — W[}
—yo0
< timin{ |l ~ W ||+ [Jon, —'11} (323
Since x,, € K for all k > 1 and limy_,e ||Xn, — zn, || = 0, we obtain

HWan _anH < HWan - WnankH + HWnank _anH
< sup [|[Wx — Wy x|| + W, zn, — Zne |-
xeK
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By applying Lemma 2.9 and (3.19), we have limy_,. ||Wzy, — 25,|| = 0. Combining this with
(3.23) yields liminfy_se ||zn, —x*|| < liminfy_e ||z, —x*||, which is a contradiction. Hence,
we have

XFEFW)=NZ1F(S), e, wolm) CFW)=[]F(S). (3.24)
i=1

Next, we show that x* € EP(F). From the definition of 7,7 Wiy, We have that r, F (tn,,y) +
(y— Upy s Upy — wnk) > 0, Vy € C. By the monotonicity of F, we have
1
T(y_unkaunk_wnk>ZF(yuunk)a ‘v’yEC
N
Since x,, — x*, then by (3.21) it follows that u,, — x*. By combining (3.17) and (3.21), and
applying condition (A4) together with the fact that liminfy_,., r,, > 0, we obtain
F(y,x") <0, VyeC. (3.25)
Lety, =ty+(1—1)x*, Vt € (0,1] and y € C. This implies that y; € C, and it follows from (3.25)
that F(y,,x*) < 0. So, by applying conditions (A1)-(A4), we have
0= F(ytayt)
S lF(ylay) + (1 _I)F(yta-X*)
< tF(y1,y).-

Hence, we have F(y;,y) >0,V y € C. Letting t — 0, by condition (A3), we get F(x*,y) > 0,
vy € C. This implies that
x* € EP(F). (3.26)
Finally, we show that x* € (A+ B)~'(0). Let T, = (I + 4, B) ' (I — A, A). From the defini-
tion of z,, and (3.15), we have

klglolo HTnkVnk _vnkH = klgrolo Han _v”kH =0.

Since liminfy_,., A, > 0, we have that there exists § > 0 such that A,, > 0 for all k > 1. By
Lemma 2.17(ii), we have
klg‘lol° | Ts v, — Vi || < 2135510 | T, Vi, — Vi || = 0.

By Lemma 2(ii) and Lemma 2.18, we have that Ty is nonexpansive and v,, — x*. By the demi-
closedness of I — T, we have that x* € F(Ts). By Lemma 2.17(i), we obtain x* € (A+B)~1(0).

Hence, by combining (3.24) and (3.26), we have that wg,(x,) C I" as required. ]
Now, we prove the strong convergence result Theorem 3.3.
Proof of Theorem 3.3.
Let £ = Pro f(). Then it follows from Lemma 3.5 that
2B,(1—p) 2B(1=p) ¢ B
Al12 n A2 n
Xpt1 — X §<1——>||x —X||°+ { L
o =4 (=) ) = ) 20— p)
3L2.un<1 — Bn) (07 1 A N A
— | X1 ||+ ([ (X) — X, xp1 — X } (3.27)

Now, we claim that the sequence {||x, — £||} converges to zero. In order to establish this, by
Lemma 2.4, it suffices to show that limsup;_,,(f (%) — £, x,,+1 —X) < 0 for every subsequence
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{l|xn, — ||} of {||x, — ||} satistying liminfy_eo(||Xn,+1 — £|| — |[|Xn, —%[|) > 0. Suppose that
{l|xn, —%[|} is a subsequence of {||x, —£||} such that liminfy_,e (||, +1 — £|| — |[xn, — £[|) > O.
Then, by Lemma 3.7, we have that wg,{x,} C I'. It also follows from (3.20) that wg{z,} =
Wo{Xs}. By the boundedness of {x,, }, there exists a subsequence {x”k,-} of {x,,} such that

Xy, —x" and

fim (f(£) = £, —£) = limsup(f(%) — £y, — £) = limsup(f(%) = £,z —£).  (3.28)

J—ree k—oo k—oo
Since £ = Pro f(%), it follows from (3.28) that
limsup(/(£) — £, — £) = lim (f(£) — .2, — %) = (f(2) ~&x" —) <0.  (3.29)
k—so0 J—ee

Hence, by (3.22) and (3.29), we have
limsup(f(X) —£,xp4+1 —X) < limsup(f(X) — &, xn4+1 — Xn,) +limsup(f(£) — £, x,, — %)

= (f(%) —%,x" = %) <. (3.30)

Applying Lemma 2.4 to (3.27), and using (3.30) together with Remark 3.2 and the condition on
B, we deduce that lim,,_, ||x, — || = 0 as required. Hence, that completes the proof.
Taking S,, = S for all n > 1 in Theorem 3.3, we obtain the following consequent result.

Corollary 3.8. Let C be a nonempty closed convex subset of a real Hilbert space H and let
f+H — H be a contraction mapping with coefficient p € (0,1). Let {W, } be a sequence defined
by (2.1) and let F : C x C — R be a bifunction satisfying Assumption 2.15. Suppose that the
solution set denoted by I # 0 and let {x, } be a sequence generated as follows:

Algorithm 3.9.
Step 0 : Select initial data xo,x; € H and set n = 1.

Step 1. Given the (n— 1)th and nth iterates, choose o, such that 0 < o, < &, with &, defined

by
. 0, .
dn — {mln {a7 H)Cn_xnflu }7 lfxn # xn_l’ (3.31)

a, otherwise.
Step 2: Compute
Wi = X+ Oy (X — Xp—1).
Step 3: Compute
1
F(uy,y) +r—(y—un,un —wp)>0,VyeH.

n

Step 4: Compute
Vi = Guwy + (1 — 6,)uy.
Step 5: Compute
20 =T+ 1,B) (I = A, A)v,.
Step 6: Compute
Xn+1l = an(xn) + énxn + UnSzn-
Setn :=n + 1 and return to Step 1.

Suppose that conditions (C1)-(C3) are satisfied. Then the sequence {x,} generated by Algo-
rithm 3.9 converges strongly to a point X € I, where £ = Pro f(X).
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4. APPLICATIONS

In this section, we present some applications of our results to related optimization problems.

4.1. Variational inequality problems. Here, we apply our result to common solutions of vari-
ational inclusion, variational inequality and fixed point problems.

Let C be a nonempty closed convex subset of a real Hilbert space H, and let P: H — H be a
single-valued mapping. The Variational Inequality Problem (VIP) is defined as follows:

Find x* € C such that (y —x*,Px*) >0, VyeC. 4.1)

The solution set of the VIP is denoted by VI(C,P). The variational inequality was first in-
troduced independently by Stampacchia [39]. The VIP is a useful mathematical model that
unifies many important concepts in applied mathematics, such as necessary optimality con-
ditions, complementarity problems, network equilibrium problems, and systems of nonlinear
equations. Several methods have been proposed and analyzed by authors for solving VIP and
related optimization problems in the literature. If we take F(x,y) := (y — x, Px), then the VIP
(4.1) becomes the EP (1.2). Moreover, all the conditions of Theorem 3.3 are satisfied. Hence,
Theorem 3.3 provides a strong convergence theorem for approximating common solutions of
variational inclusion, variational inequality and fixed point problems for an infinite family of
strict pseudocontractions.

4.2. Split feasibility and fixed point problems. In this subsection, we derive a scheme for
approximating common solutions of split feasibility problems, equilibrium problems and fixed
point problems from Algorithm 3.1.

Let H; and H, be two real Hilbert spaces and let C and Q be nonempty closed convex subsets
of H and H,, respectively. The Split Feasibility Problem (SFP) is defined as follows:

Find x* € C such that Ax* € Q, (4.2)

where A : H) — H; is a bounded linear operator. Let the solution set of SFP (4.2) be denoted
by Q. In 1994, the Split Feasibility Problem (SFP) was introduced by Censor and Elfving [40]
in finite dimensional Hilbert spaces for modelling inverse problems, which arise from phase
retrievals and in medical image reconstruction [41]. Furthermore, problem (4.2) is also useful
in various disciplines such as computer tomography, image restoration, and radiation therapy
treatment planning [42, 43]. Let f be a proper, lower semi-continuous convex function of H
into (—oo,0). Then the subdifferential d f of f is defined as follows:

If(x)={zeH:f(x) = f) < (zx—y),VyeH,}, VxecH.

Let C be a nonempty closed convex subset of a real Hilbert space H and let i, be the indicator

function on C, that is,
) 0, ifxecC;
io(x) = )
oo, ifx ¢ C.

Moreover, we define the normal cone Ncu of C at u € C as follows:

Neu={z€H:(z,v—u) <0,Yv € C}.
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It is known that ic is a proper, lower semi-continuous and convex function on H. Hence, the

subdifferential dic of ic is a maximal monotone operator. Therefore, we define the resolvent
dic of dic, Vr > 0 as follows:

J%x = (I+rdic)”'x,Vx € H.
Moreover, for each x € C, we have
dicx={z€ H :icx+ (z,u—x) <icu,Yu € H}
={z€H: (z,u—x) <0,VueC}
= Ncx.
Hence, for all & > 0, we derive
u=dicx <= x€u+rdicu
< x—u€rdicu
<— u = FPcx.
It is known that A*(I — Pp)A is 1/||A||*-inverse strongly monotone [41]. Hence, by applying

Theorem 3.3, we obtain the following strong convergence theorem for approximating common
solutions of the SFP, EP and FPP for an infinite family of strict pseudocontractive mappings.

Theorem 4.1. Let C and Q be nonempty closed convex subsets of real Hilbert spaces H, and
H,, respectively, and f : Hy — H) be a contraction mapping with coefficient p € (0,1). Let
{W,} be a sequence defined by (2.1) and F : C x C — R be a bifunction satisfying Assumption
2.15. Suppose that the solution set denoted by I' = QNEP(F) N\~ F(S;) is nonempty and let
{xn} be a sequence generated as follows:

Algorithm 4.2.
Step 0 : Select initial data xo,x; € H and setn = 1.

Step 1. Given the (n— 1)th and nth iterates, choose o, such that 0 < o, < &, with &, defined
by

. 611 .
&, = mm{a, Hxn—xnfl‘l}’ if X 7 X1, (4.3)
a, otherwise.
Step 2: Compute
Wi = Xp + O (X — Xp—1)-

Step 3: Compute

1
F(un,y)+r—(y—un,un—wn> >0,VyeH.

n

Step 4: Compute
Vi = 0wy + (1 — &, ) uy.
Step 5: Compute
Zn = Pe[va— MA* (1 — Pp)Avy].
Step 6: Compute
Xpt+1 = an(xn) + énxn + WnWnzn-
Setn :=n + 1 and return to Step 1.
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Suppose that conditions (C1)-(C3) are satisfied. Then the sequence {x,} generated by Algo-
rithm 4.2 converges strongly to a point X € I, where £ = Pro f(X).

5. NUMERICAL EXAMPLE

In this section, we provide numerical example to illustrate the efficiency of our algorithm in
comparison with Algorithm 1.3 and Algorithm 1.4 in the literature.

Example 5.1. Let H = (l2(R), [| - ||2), where L(R) := {x = (x1,x2, ..., Xpn,...), x; ER: YT x|
<ooh, [|x[l2 = (X7, |xj|2)% forallx € [L(R). Let A : H — H be defined by Ax = 5 forallx € H,

and let B : H — H be defined by Bx = 3x. Define the bifunction F by F(x,y) = x(y — x). It can
be verified that

TFx=-—"— forallxeH,
1+r
and .
fo:—3 forallx € H.
n 1_'_22/”

Define an infinite family of mappings S, : H — H by

2
Syx:=——x forallxe H.
n

It can easily be verified that S, is k,-strict pseudo-contractive for each n € N. Define S, =
tol + (1 —1,)Sy,ty € [kn,1). Let {{,} be a sequence of nonnegative real numbers defined by
Cn = {3 "} for all n € N and W, be generated by {S,},{{.} and {#,}. Let f(x) = ;x Then,

p = 5 is the Lipschitz constant for f. Choose o =038, = ,,Hl_z,én U, = 5246, =

2(n+2)°
8 = Ap=2EL = ty = L
(n+2)2’ 2n+17 3 'n 2n+3’ n n+ Tont1° 4

(1,— é, }p -+) in Algorithm 1.3 and A = 0.01 in Algorithm 1.4. It can easily be verified that all
the conditions of Theorem 3.3 are satisfied.

We choose different initial values as follows:
Case I: xo = (-2, 1, —Q c )y X = (%, —1—10, 210, ),
Case II: xp = (—4,1,—%, ), x = (1, é, 215, )y
Case III: xg = (—%,%,—%,m), xX] = (%,%,%,---),
Case IV: xg = (—5,1,—1,-+), x; = (1,—0.1,0.01,---).
Using MATLAB 2019(b), we compare the performance of Algorithm 3.1 with Algorithm 1.3
and Algorithm 1.4. The stopping criterion used for our computation is ||x,1 — x,|| < 10™%. We
plot the graphs of errors against the number of iterations in each case. The numerical result is
reported in Figure 1 and Table 1.

== In Algorithm 3.1 and we take oy, =

6. CONCLUSION

In this paper, we studied the common solutions to equilibrium problems, variational inequal-
ity problems and fixed point problems with an infinite family of strict pseudocontractive map-
pings. We introduced an inertial viscosity method for common solutions of the above problems
and established strong convergence theorems in Hilbert spaces. Some interesting examples are
also considered to support our main results. Our results extend and improve corresponding
results in [25] and [27], and several other results in the literature.
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TABLE 1. Numerical results for Example 5.1

Alg. 1.3 Alg. 1.4 Alg. 3.1
Case | CpPU time | 0.0518 0.0216 0.0536
(sec)
No. of Iter. 200 105 14
Case II CpPU time | 0.0320 0.0172 0.0266
(sec)
No. of Iter. 200 130 13
Case III CPU time | 0.0303 0.0151 0.0259
(sec)
No. of Iter. 200 119 14
Case IV CpPU time | 0.0468 0.0198 0.0236
(sec)
No. of Iter. 200 155 13
10° —— 10° —
——Algorithm 1.3 ——Algorithm 1.3
Algorithm 1.4 ! Algorithm 1.4
10t ——Algorithm 3.1] | 104 ——Algorithm 3.1] |
. 10
’ 10
10
10 ‘ : : 10° ‘ : :
0 50 100 150 200 0 50 100 150 200
Iteration number (n) Iteration number (n)
10° w ‘ ‘ :
Algorithm 1.4 Algorithm 1.4
——Algorithm 3.1 ——Algorithm 3.1] |
10 E
g 102¢
1073 h M
10 : : : 105 ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200
Iteration number (n) Iteration number (n)

FIGURE 1. Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom
right: Case IV.
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