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Abstract. In this paper, we deal with certain new Hadamard’s type inequalities involving (¢,c%)-
Lipschitzian mappings on fractal sets R*(0 < ¢ < 1). Also, some properties of generalized mappings H
and F related to generalized h-convexity are given.
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1. INTRODUCTION

Let us recall that a function 4 : [u, v] C R — R is said to be L-Lipschitzian if |h(x) —h(y)| <
Lix—y|,L>0,x,y € [u,V]. In 2000, Dragomir et al. [1] established the following Hadamard’s
type inequalities by utilizing L-Lipschitzian mappings.

Theorem 1.1. Let h: [u,v] — R be a L-Lipschitzian mapping along with i < v. Then

1 v u-+v L
L was—n( )‘S—(V—u) (1)
and
1 v h(u)+h(v)| L
v_“/u e — T < S ), (1.2)

Because of the extensive applications of Hadamard’s type inequalities, many authors in-
vestigated them via L-Lipschitzian mappings. For example, Delavar et al. [2] estimated the
difference between the right and middle part in Fejér inequality with L-Lisplitzian mappings.
Du et al. [3] presented several estimation results on k-fractional integral inequalities through
L-Lipschitzian mappings. Hsu [4] gave some Fejér inequalities related to L-Lipschitzian func-
tions. For more results associated with L-Lipschitzian functions, we refer to [5, 6] and the
references therein.
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In [7], Ahmad, Jleli and Samet introduced a class of (¢, & )-Lipschitzian mappings as follows.

Definition 1.2. A function % : [u,v] C R — R is said to be (¢, p)-Lipschitzian, where ¢ :
[0,00) — [0,00) and p > O, if

|1(x) —h(y)| < @(]x—y[) +p, (1.3)
holds for all x,y € [u, v].

The L-Lipschitzian functions appear as a special case of (¢, p)-Lipschitzian functions with
@(x) =Lx,x>0and p =0.

Next, we recall some concepts and known results associated with local fractional calculus.
These theories of local fractional derivative and local fractional integral are primarily due to
Yang [8].

Let u%, v* and p® belong to the set R*(0 < a < 1). Then

(1) u%*+v* and u*v* belong to the set R%;

Q) ur4+v*=vitp®=(u+v)*=(v+un)%

G u*+ (v¥+p%) = U+ v*)+p%

(4) pov* =voiu® = (uv)* = (vu)%

(S) u*(vep®) = (n*v*)p%,;

©) u*(v¥+p%) = u*v*+u%p%

(7) W 4+0% = 0%+ % = pu® and u®1% = 1%u* = p®,

Definition 1.3. A non-differentiable function g : R — R%* 6 — g(0) is said to be local fractional
continuous at 6y if, for any € > 0, there exists 6 > 0 satisfying that

8(6) —g(60)] < &
for |6 — 6y| < &. If g(0) is local continuous on (L, V), then we denote that g(0) € Cy (1, V).

Definition 1.4. The local fractional derivative of g(0) of order a at 8 = 6 is defined by the
expression

d%g(0) o A%(2(6) —2(60))
d6% |g_g, 6—8  (6—60)*

where A% (g(0) —g(69)) =I'(t+1)(g(6) — g(60)).
Let g(%)(0) = DJg(0). If there exists

g9 (6p) = ¢,D%2(6) =

(k+1) times
———
g\ T (6) =Df -+ DG (6)
for any 6 € .# C R, then it is denoted by g € D(k+1)a(j)’ where k=0,1,2,--- .

Definition 1.5. Let g(0) € Cy[u, v], and let A= {tg,t1,--- ,tx}, (N € N) be a partition of [u, V]
which satisfies 4 =9 <t} < --- <ty = v. Then the local fractional integral of g on [, V] of

order « is defined as
AN = s [ g = Y sl (a0
wlv W= rara) 8 T (a1 arso & SVIE)

At—0 =0

where Ar := max{Ar|,Ary,--- ,Aty_1 } and Atj ==t —tj, j=0,--- ,N— 1.
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Here, it follows that u,ﬂéa)g(e) =0if u =vand uﬂé“)g(e) =—y ﬁ“)g(e) if u < v. For
any 0 € [u, v], if there exists ufe(a)g(e), then it is denoted by g(0) € Zg*[u, v].
Lemma 1.6. [8] The following identities are true.
(i) (Local fractional integration is anti-differentiation). If g(6) = r\®)(8) € Cy[u, V], then we
have

j((x) — .
utyg(W) = r(v) —r(p).
(ii) (Local fractional integration by parts). If g(0),r(0) € Dg[u,v] and g®(0),r(®(0) e
Call, V], then we have
v
w i a(0)r)(0) = 5(0)r(0)| —u A5 (0)r(0).

(iii) (Local fractional derivative of 6%%).
k
d“e* _ T(l+ka) pi-1a 4 c R,
de®  T(1+(k—1)a)

(iv) (Local fractional definite integrals of OK%).

1 Voiaramea Tl +ka)
F(1+a)/u 6%(40) - T(1+(k+Da)

Definition 1.7. [8] We say that A(x) satisfies a local Lipschitz condition for some L% > 0% if
[A(x) = h(y)] < L*|x* =%

(v(k+1)a _ u(k—l—l)a), kcR.

forall x,y € [u,V].

In [9], Vivas, Herndndez and Merentes defined the following generalized h-convex functions
on fractal set R¥(0 < o < 1).

Definition 1.8. [9] Let 4 : J C R — R% be a non-negative function with 4 £ 0%. We say that
the function p : I C R — R% is generalized h-convex if p is non-negative, i.e., p(tt) > 0% and

ptu+(1—1)v) <h(t)p(p)+h(1—1)p(v) (1.4)
holds for all # € [0,1] and u,v € I.

Note that, in [9], the function & should have the property that 4 % 0% instead of 4 # 0 in
their original definition. The local gamma mapping and the local beta mapping are defined as
follows.

Definition 1.9. [10] For all 0 < o < 1 and x € R, the local gamma mapping is defined as

1

l"a(x) — a/O Ea(—ta)l‘(x_l)a(dt)a,

where Eq(t%) := Y7 r(%l;m) is the Mittag-Leffler function.

Definition 1.10. [10] For all 0 < ot < 1 and x,y € R, the local beta mapping with two param-
eters x and y is defined by

1

Balry) i= [ 1401 =)0 Ve (anye.



4 H. WANG

The great influence of local fractional calculus in various fields of mathematics science and
engineering problems is undeniable. Recently, the study of some well-known integral inequal-
ities for the local fractional integral have been performed by some researchers. For example,
Mo, Sui and Yu [11] established the generalized Jensen’s inequality and generalized Hermite-
Hadamard’s inequality for generalized convex mappings. Kilicman and Saleh [12, 13] stud-
ied generalized Hadamard’s type inequalities for generalized s-convex mappings. Erden and
Sarikaya [14] gave some generalized Pompeiu’s type inequalities associating with local frac-
tional integrals. Luo, Wang and Du [15] investigated the Fejér type inequalites for generalized
h-convex functions. For more results related to the local fractional integral inequalities, we refer
to [16, 17, 18, 19] and the references cited therein.

Motivated by the above results mentioned, our principal goal is to introduce a new class of
(¢, p%*)-Lipschitzian mappings and to establish certain Hadamard’s type inequalities for such
mappings on fractal set R*(0 < oo < 1). Moreover, we give some properties of generalized
mappings H and F, which are naturally related to the generalized h-convex functions. The
results present in this paper extend the results obtained by Ahmad, Jleli and Samet [7] and
Kiligman and Saleh [12].

2. MAIN RESULTS

We now define (¢, p%)-Lipschitzian mappings as follows.

Definition 2.1. The mapping f : [u, v] — R% is said to be (¢, p%)-Lipschitzian if the following
inequality holds

[f(x) = fO)] < @ (ke —y]) +p%, 2.1)
where x,y € [u,v], p* > 0% and @ : [0,00) — R%, ¢ > 0%.

In the case of ¢(x) = L% %, x* > 0% and p = 0%, the (¢, p%*)-Lipschitzian mappings recap-
ture local Lipschitzian mappings.

Next, we establish the following theorem containing two Hadamard’s type inequalities via
local fractional integrals.

Theorem 2.2. Let f: [, v] C R — R% be a (¢, p%)-Lipschitzian mapping, where @ : [0,c0) —
R% @ > 0% is local fractional continuous, with @ < v and p* > 0%. If f(x) € [¥[u, V], then we

have
(@) ptv
WbV fE) () 1 Pv=—wlt=2t]\ o, p° 22
S1“(1+oc)/o ‘p( 2 >(dt) T R

(v—w T(+a)

and

Yfx)  T(1+a)
lzv—u)“ CI(1+2a) (f(“>+f(v>)’

1 Lo «, P
gm/o (20)%p((1 =0V =) @)+ 5 g

(2.3)
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Proof. (i) For all x,y € [u, V], considering following inequality on 7 € [0, 1], we obtain
P06+ (1= () = e+ (1=1)y)|

(4709 = (et (1=0) (1 =0% (70 = Flex+ (1 -10)

< 1| @) = f(ox+ (1 =0) [+ (1 =0%| 1) = f(ex+ (1 =1))| 24
<t®(@((1=0)lv =) +p%) + (1=0)* (e} 1) +p%)

= (@((1=)lx=y)) ) +(1=0* (o (el =) ) +p*

Taking t = % in (2.4), we deduce

fx)+f(y) x+y x — | a
o I(7) S‘P(T)“’ | 2>

Puttingx=tu+ (1 —¢t)vandy=rv+ (1 —r)u for allt € (0,1) in inequality (2.5), we get
tu+(1—=1)v)+flev+(1—1 +v V—u)|l—2t
flen+ (1 =0)v) +f(tv+( )u)_f<u )| <o V=2 e o
20 2 2
Integrating inequality (2.6) with z € [0, 1], we can obtain desired inequality (2.2).
(i1) Continuing from inequality (2.4), if we take x = u and y = v, then

(@ F () + (=) (v) = £t + (1= V)|
<t*(o((1=n)(v=p)) +(1=0)%(p(c(v—p) ) +p"

Integrating inequality (2.7) respected to ¢ over (0, 1), we can obtain desired inequality (2.3).
Note that

I —1¢

(2.7)

/Olt“q)((l ~0)(b=a) ()" = o /01(1 —1)%(1(b—a)) (dn)".

I'l+o) (1+o

This completes the proof.

Example 2.3. If f(x) =x?%, then fisa (x*%, () *)-Lipschitzian function on [0%,1%]. It follows
that

r(1+20) (H* _ ()%  Tri+a) T(1+20a)
‘F(l+3a)_r(1+a)‘_F(1+oc)_F(l+2a) I'(1+3a)

and

I'1+3a) I(l1+2a)

cou(T0+a) o L(1+20)  T(1+30) (3)”
- I'(1+2a) F(1+430) T'(l1+4a)) T(A+a)
Corollary 2.4. Taking ox = 1 in Theorem 2.2, then we obtain the Theorem 2.2 in [7].
Corollary 2.5. Putting ¢(x) = L*%*% k > 0 and L* > 0% in Theorem 2.2, we have
phf) - 7(5)
(v—m* T+oa)|~

‘F(l+2o¢) I(1+a)

LE(v— )T (1 +ka) p%
kel (14 (k+1)a)  T(1+a)
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and @
W f(x) T(1+a)
2ocLa(v_‘u)koc
- I(l+a)
In particular, if k = 1 and p = 0%, then

GO () ' _ Ly =)l +a)

v—u)* T(1+a) 20T(1420)

p
I(l1+o)

Ba(2,k+1)+

and

(a)

L7f(x) T(l+a) I'Nl+a) TI'(l+2a)
[ . < DOLE(y )& - )
(v—wp)® I(l+2a) <f(“>+f(v)) = 2LV Fi320) T +30)
Corollary 2.6. Under the assumptions of Theorem 2.2, let g([u,v]) C [u,v] be a (¢,0)-
Lipschitzian mapping, where ¢ : [0,00) — [0,00) is continuous, and 6 > 0. If @(x) is nonde-

creasing, then

(o) ptv
uly fog(x)_fog(T) 1 o((v—p)|l =2 o pe 28
_F(1+a)/o% 2 @+ rrrey @Y

(v —p)e I(1+a)

and

LY fogx) T(1+a)
e Loxt) DD (rostu) + rosv)]

v a, P
gm/o 2% (L =1)(v —p))(dr) +r(1+a)’

where fog(x) = f(g(x)) and x : [0,0) — R,y > 0% is define as follows
x(x)=¢(¢(x)+6), x>0.
Proof. For all x,y € [u, V], we have

fog(X)—fog(y)‘

(2.9)

‘f(g(X)) —f(g(y))‘
@(\g(X) —g(y)|> +p°
9(0(x—)+8) +p".

It is easy to see that fog(x) is a (x,p%)-Lipschitzian function. From Theorem 2.2, we deduce
inequality (2.8) and (2.9).

To obtain more results related to (¢, p*)-Lipschitzian mappings, let us define the generalized
mappings H and generalized mappings F on the interval [0, 1]

(@) ptv
oy f(ex+(1-1)55 )
H(t) := V@

IN

IN

(2.10)

and

1 VoY 1 2a [0/ o
F<’)‘:m/u/u (=) flxr )@@ @
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In what follows, we give some properties of the generalized mapping H and generalized

mappings F through (¢, p%)-Lipschitzian mappings.

Theorem 2.7. Let f: [u,v] C R — R* be a (¢, p*)-Lipschitzian mapping, where ¢ : [0,

oo)%

R% @ > 0% is localfractlonal continuous, with L < v and p* > 0%. If f(x) € I¥[u, V], then
(i) H(t) isa (q>, 1Jroo) -Lipschizian mapping, where ¢ : [0,00) — R*, ¢ > 0% is defined by

uly” @ (mx—#3])

= 2.12
o (m) Ve ,m> 0. (2.12)
(ii) For all t € [0, 1], we have
fE) p* 2.13
‘H(t) I(1+o) ¢<t>+F(l+a) &1
(iii) For all t € [0, 1], we obtain
()
uly f(x) _ p* 214
‘ (t) Ir'l+a) o t>+1“(1+oc)' 19
(iv) For allt € [0, 1], we get
()
ol ) e (R e e 4P @15
'H(t) e (1 f( >§t 6=+ (1 =0%00) + F o (2.15)
Proof. (i) Lett1,1, € [0, 1]. Then
(a) ptv () p+v
I, f(t1x+(1—t1)—) uly f(tzx—i—(l—tz)—)
H _H H7v 2 . 2
‘ )= He) = (v—p)e (v—p)@
Wl (et (L= 1) BEY) = flox+ (1 - 1) 45Y)
- (v—u)®
uly? [q)(‘tlx'f‘(l_tl)u_w_fzx (1-n)~ >+p }
<
N (v—p)e
B M@‘P(\(ﬁ —fz)(x—&)D p“
- (V=R "I+ w
oI —nllx—E¥])  pe
= (v—p)e TT+a)
ol —nl) P
where ¢ : [0,00) — R% ¢ > 0% is defined by (2.12). So, H(t) is a (q),r(f—i“))—Lipschizian

mapping.
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(i1) Lett; =t and t, = 0. Then

u+v

H(t)—H(0)| = ’H(t) — 15((1 j a)) ’
B “I‘(,a)f(tx—i—(l —1) 5 _ uléa)f(¥>
- (v—u)® (v—p)*
B RS s v
- (v—v)e

b (= 43])
T v-w* Ti+a)

p©
=0T ey

(iii) Letry =t and r, = 1. Then

ot 10 = 2710

I'(l+a)

P =B )
- (v—u)® (v—u)®
o o{l 0252 ]
- (b—a)®

o (I1-rl[x=E5]) e

- (V—,Ll) +F(1—|—O€)
=00-0+ g

(iv) Multiplying both sides of inequality (2.13) and inequality (2.14) by (1 —¢)% and %,
respectively, and then adding the resulting expressions together, we deduce

‘H(I) anh” () e ()

r'(1+a) 2
< (1-ne|H@ - f(E2) [+ H<f>—“rl<éffg))
<=0+ o] #7000+ ]
:;%(1—r)+(1—t)°‘¢(t)+r(fja)

This completes the proof.

Corollary 2.8. In Theorem 2.7, if ¢(x) = L*x*® k > 0 and L > 0%, then we have the following
assertions:
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(i) For all ty,t; € [0,1], we have

I(14+ka) 4 ke (V= Mk pe
‘H(tl)_H(tZ)‘SF(1+(k+1)a)L 11— 12 <—> +

(ii) For allt € [0,1], we obtain

H(t)— (5) ‘< F(Hka)a)L%ka("‘_“)kaJr p”

T(1+a)| = T(1+(k+1) 2 C(1+o)
(iii) For all t € [0, 1], we get
()
uly” f(x) I'(1+ka) a koo [V — Mk p*
‘H(t)_r(ua) ST+ D= Y (557 Tira)
(iv) For all t € [0, 1], we deduce
(a)
alJIV f(x) a (HTV
IH(t)_t Tito) 70 ( 2 )
F(1+ka) of. .o koo | ko a(V—H kot pa
< iy s e (z (1 — 1)k ko (1 ) )( . ) tita)

In particular, if k =1 and p = 0%, then

|H(t)) —H(r)| < ML“‘Q _t2’a<\/—‘u>a7

I(1+2a) 2
P | o TU+@) oV =By
‘H(t)_r(lja) =T raa)” (%)
I\(/a)f(x> I'l+a) 4 afV K\
‘H(t)_q“(wa) =T +2a)" (1= ( 2 )

and

(@
‘H(t) by JO) —ner (B2 < PUHD) oy _pyegy — pye,

I'(l+a) T I(1+2a)
forallt,t;,t € [0,1].

Corollary 2.9. If a = 1 in Theorem 2.7, then we obtain Theorem 3.1 in [7].

Theorem 2.10. Let f : [, V] CR — R% be a (¢, p%)-Lipschitzian mapping, where @ : [0,00) —
R% ¢ > 0% is local fractional continuous, with i < v and p% > 0% If f(x) € I¥[u, V], then

(i) F(t) is a (p, ﬁ)—ﬁpschizmn mapping, where p : [0,00) — R% p > 0% is defined as

‘””::6??$557Zf1f<viu>”Wwa—yowmaww“,nzo- (2.16)

(ii) For all t € [0,1], we have

0= o G ) et

SP(\"%DUF(%Z))T

(2.17)
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(iii) For all t € [0, 1], we obtain

1 () p°
F i <p(l- . 2.18
®) F1+o)(v—p)® pUL=0 r(l+a))’ 219
(iv) For allt € [0,1], we get

F0) = HOI< 000+ g (2.19)

Proof. (i) Let ty,t; € [0,1]. Then

F(t1) - F(2)

‘—// — “ f(nx+(1=1)y)(dx)*(dy)®

(r(+ oc))2 /uv /uv v —u>2af(t2x+ (1=12)y) (dx)*(dy)*

< (mia I vl N)Z“ f(r1x+<1—r1>y)—f(rzx+<1—n»)\(dx)“(dy)“
) L G=a) e —nle—si) + 7] @@y
= (|t - |>+(F(1”T“))
where p : [0,00) — R%p > 0% is defined by (2.16). So, F(¢) is a (p, (r({fa))2)-Lipschizian
mapping.
(i) If ty = and 1, = 1, then
F(t)—FG)‘:‘ (0 i /ﬂ/ () (@@
1+oc // o) e = £ (557 (@0 @
(1+a (i3] —1) + ] @)@

(‘ D F(1+a))
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(i) If {1 =t and 1, = 1, then

]F(r)—F(O)HF(r) T [ ) oo
i //(vlu \frx+1—r>y> 100 (@)
< Tral L) [t —rlie—si) + 0 (@@
p(l—t>+(r<1’1—a))2.

(iv) Let7 € [0,1] and x,y € [u, v]. Since f is a (@, p*)-Lipschitzian mapping, then we have

‘f(ter(l—t)y) —f(rx+(1—;)“;rv>‘ < qo( 1 —1) )y— “”D +p. (2.20)

Multiplying inequality (2.20) with (ﬁ)z‘” and integrating over the interval [, v] with respect
to x and y, we can get the desired inequality (2.19). This completes the proof.

Corollary 2.11. In Theorem 2.7, if we choose @(x) = L*X** k > 0 and L* > 0% then we have
the following facts
(i) For all t1,t € [0, 1], we have

p

2¢LOT(1 + kar) N
(T(1+a))*

a ko
T+ k2 M o1 -2

|F(11) —F()| <

(ii) For all t € [0, 1], we obtain

1 Vv, o1 \20 g .
ro- it | G asran

221 4T (1 + kat) Sl
—r(1+(k+2)oc)(v_“) =3

ka pa
NOET)

2

(iii) For all t € [0, 1], we get

NI\(,O‘)f(x)
I(1+a)(v—u)

2¢LOT(1 + kar)

a a p
—r(1+(k+2)a)(v_“) =0+

Tl1+a))*

'F(t) -

(iv) For all t € [0, 1], we deduce

|[F (1) —H(t)

I'(1+ko) a afV—H\k p*
'-r(1+(k+1) )L (- <T> "Tira)

In particualr, if k =1 and p = 0%, then

29L9T(1 + 1)

i - < FEE

(v—w)*|n -1,
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‘F@)——(r(lia))z L] Ga) (5 @

29L9T(1 + @) NIRAC:
F(1—|—3OC) (v_uu) I_E )
1Y f ) 2%LOT(1 + @) ary o
’F(I)_F(lia)(v—u)“ - T(143a) =1 =1)
and
|[F(t)—H(t)| < %L“(l _t)a<V—Tu)a,

forallt,t,r, €10,1].

Corollary 2.12. If we choose o« = 1 in Theorem 2.10, then we get the Theorem 4.1 in [7].

3. INEQUALITIES FOR GENERALIZED h-CONVEX MAPPINGS

In this section, instead of the (¢,p%*)-Lipschizian mappings, we consider generalized h-
convexity for the generalized mappings H and generalized mappings F to establish some new
inequalities. To demonstrate the following results, we need [15, Remark 3.4].

The following inequality exists:
AL

F(5Y) < ul\(/
p)*

200 (1+a)h(%) = (v
If f:[u,v] — R is generalized h-convex and f(x) € I%[u,V].

< [F() + FV)] ol Vh(e). (3.1)

Theorem 3.1. Let h: J C R — R% be a non-negative mapping. If f : [u,v] — R% is generalized
h-convex with u < v, u,v € Ry and f(x) € I*[u, V], then

) ey (]
o
(ii) H(t) <min{H, (t),H,(t)}, t € [0, 1], where
w0 = [f(m+ (-0~ +V> +f(v+( —;)“;Vﬂolf‘”)h(m) (3.3)

and

RO fx) R0 f(15Y)
Hy(t) = (\ﬁl—u)“ + F(l—i—oc)z . (3.4)

Proof. (i) Letting ¢ € (0, 1] and using the change of variable m = tx+ (1 — t)“TJ“V we have

(o)
B (et (=08 gl T gup f0)

(v—u)e a 1%(v — )@

H(t):
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Using the left-sided inequality of (3.1), we deduce

2
20T(14 a)h(3) 20T(1 4 a)h(3)

(1) Y v (1-1) Y
4l )

(
(a)
B tu+(1—t)“T+VItv+(1—t)ﬂT+Vf<m)

1*(v—p)®

This obtians (3.2) immediately.
(ii) By utilizing the right-sided inequality of (3.1), we have

(a)

tu+(1ft)“7”lw+(17t)ﬂf(m)

2
[tv+(1—0) Y —rp — (1 —1) B

S[f(tuﬂt(l—t)“;v

H(t) =

According to the generalized h-convexity of mapping f, we obtain

fm+ —t)“;v) < h(t)f(x) +h(1 —t)f(u;—‘/).

So, forallr € [0,1] and x € [u, v], we deduce

() p+v
_ulv f(tx+(1_t)T)
H(r) = (v—p)e
WIS [0 £+ (1= 1)f (45)]
(v—p)“

ROV ) R -0 ()
=~opE T Tira = O

The proof is completed.

Corollary 3.2. Under all assumptions of Theorem 3.1, if h(t) =t%*, then

H(t) gmin{%[fQu—l—(l—t)“;") +f<tv+(1—t)

ulfr () (=0 (4 }

vewe T T(+a)

> +f<tv+(1 —r)“;vﬂoll(“)h(m

)= Hi(t).

u-+v
2

)]
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Corollary 3.3. Putting h(t) = t*% for some fixed 0 < s < 1 in Theorem 3.1, we have

) < min{r(fftl(jj—oi))a) {f<lﬂ+(1 —l)u;v> +f<tv—|—(1 —t)“szvﬂ,

PO f(x) (=1 (55Y)
(v—p)® (1 +a) ’

which reduces to the inequality (7) of Theorem 3.2 in [12].
Corollary 3.4. Taking h(t) = 1% in Theorem 3.1, we have

H(t) < min{ (1l +a) v T(1+a)

Corollary 3.5. If h(t) =t*(1 —t)%* in Theorem 3.1, then

I'l+2a) T'(1+3a) 2

ta<1_t)a{u1\(/xf(x) LI } }

2

H(t)gmin{<r(1+a) _F(1+2a)) {f(tu+(l—t)“+v)+f(tv+(1_¢)“+v

(v—p)* T(+a)

We now present the following theorem for the generalized mapping F.

Pl (L= 0B2) £y (1085 18700 F(42) }

)]

Theorem 3.6. Let h: J C R — R be a non-negative mapping. If f : [, v] — R% is generalized

h-convex along with u < v, u,v € Ry and f(x) € I*[u, V], then
(i) F () <2%(3)F(t);

(ll)F(t) Z W&)Ha)]‘orallt € [0, 1],

(i) F(t) <min {F(t),F>(r) } for all t € [0,1], where

[h(l‘) +h(1 —l‘)} I(a)
T(1+a)(v—pu)**”

Fi(t) = f(x)

and
Bt = (ol nm)) [ £+ Flaa o+ (L —0v) + £ (v -+ (1 -0) + 7).

Proof (1) Since f is generalized h-convex, we have

f()%) < h(%) [f(tx+(1 —y) +£((1 _z)y+tx)]

Integrating the variables x and y in inequality (3.7) over [u, V], we obtain

< m/uv/uvhe) (£ (1=09) + £((1 =)y + )] (a0 ()

(3.5)

(3.6)

(3.7)
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Using the fact that

m /” /ﬂ (e (1= 1)) (d0)? ()

/ / ((1=1)x+1y)(dx)*(dy)*.

We deduce

r(3)

22 (@0 (dy)?

(£l (1=09) + (1= 0 +19) ] (@)% (d)®

(ii) We define the function F(¢) : [0, 1] — R* as follows:

K0 = f, () T =) eor

v—u
Letting ¢ € (0, 1] and using the change of variable m = tx+ (1 —t)y, we have

()
tﬂ+(1—t)ylzv+(l—z)yf(m)
1%(v—p)*
Forall x € [u,v| and ¢ € |0, 1], utilizing the left-sided inequality of (3.1), we obtain
u g q y
tu+(1—=t)y+tv+(1-1)
()

F(t) =

(B (1-1)y)

2eT(1+ a)h(L) 20T (1+ a)h(5) (3.8)

()
tﬂ+(1—f)ylzv+(1—t)yf(m)
1%V —p)®

Multiplying inequality (3.8) with (ﬁ) % and integrating with respect to y over interval [, V],
we deduce

= F(t).
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Since F(t) is symmetric about = %, ie., F(t) =F(1—1), we have (ii).
(ii1) Utilizing the generalized h-convexity of f, we also have

flex+ (1 =1)y) <h(t)f(x) +h(1—1)f(y). (3.9)

Integrating the variables x and y in inequality (3.9) over the interval [u, V], and multiplying
1 )205 we
( , we get

v—u
;/”V/uv( 1 >2af(tx—|—(l—t)y)(dx)a(dy)a

(F(1+a))2 vV—Uu
h(t) Y () h(1—1) v .
= (F(1+a))2(v—u)°‘/u FElan)"+ (F(1+05))2(V—u)0‘/u FO) )

[/’Z(Z) +/’l(1 —l‘)] [(a)

=T+ _merh T

By using the right-sided inequality of (3.1), we deduce

A0 =g, () T 0=
AN ) (3.10)
a t%(v —p)®
< [fltp+ 0 =0)y) + £ (v+ (1 =0)y) ol h(m).

1
V—H

Multiplying inequality (3.10) with ( )a and integrating with respect to y over interval [, V],

we conclude

F(r) < —— /“V( ) [l (1= 0) + v+ (1= 09) ] (@) %or(m)

“TI(1+a) v—Uu
() _ () _
_ulv Sleu+(1 lzz)j:)lot flev+(1 t)y)oll(“)h(m)-

Applying the right-sided inequality of (3.1) again, one has

uléa)f (tu+(1—1)y)

<o\ h(m) [f (1) + f(tu+ (1= 1)V)]

(V—p)*
and
() _
uly f(tv-l-(L 1)y) Soll(a)h(m)[f(v)+f(tv+(1_t)“)]'
(V—u)
They imply that

F() < (o®hm) [£) + £+ (1= 0v) + £y +(1-0p) + F)].

This completes the proof.
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Corollary 3.7. Under all assumptions of Theorem 3.6, if h(t) = t%, then

2

. 1" £ (x) I(1+a)
F(I)Smm{r £ {(F(1+2(x)

(1+o)(v—p)*’
X [f(u)+f(tu+(1 —0)V)+f(tv+(1-1)p) +f(v)] }

Corollary 3.8. Putting h(t) =t** for some fixed 0 < s < 1 in Theorem 3.1, we have

AL (1 _t)soc (@)
(1+a)(v—p)™

I'(l1+sa) r
I(1+(s+1)a)

F(t)gmin{r f(x),{(

X [f(u)+f(fu+(1—t>V)+f(fv+(1—f>”)+f(v)]}’

which reduces to the inequality (9) of Theorem 3.2 given in [12].

Corollary 3.9. Taking h(t) = 1% in Theorem 3.1, we have

min Zauléa)f(x) !
F(Z‘)S {1"(14—06)(\’—.“)0“ (F(l+(X))2

x [f(u)+f(tu+ (1=WV) + £(tv+ (1= 1)) +f(v)] }

Corollary 3.10. If h(t) = t*(1 —1)* in Theorem 3.1, then

201 (1 — 1), 189 £ (x) <F(1+a) r(1+206)>2

L1+ a)(v—p)e -

F(1) gmin{ r1+2a) T'(1+3a)

[ £+ (e (= 0V) + £ (v + (L=0)) + (V)] }

4. CONCLUSION

In this paper, we introduced a class of (¢, p%)-Lipschitzian mappings and established some
new generalized Hadamard’s type inequalities for these mappings on fractal sets R*(0 < o <
1). Furthermore, we discovered certain properties of generalized mappings H and generalized
mappings F associated with generalized h-convexity mappings. The results proved in this paper
generalize the corresponding results presented by Ahmad, Jleli and Samet [7] and Kiligman and
Saleh [12].
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