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THE OBSTACLE PROBLEM FOR DEGENERATE ANISOTROPIC ELLIPTIC
EQUATIONS WITH VARIABLE EXPONENTS AND L1-DATA
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Abstract. In this paper, we prove the existence of entropy solutions for the obstacle problem associated
with nonlinear degenerate anisotropic elliptic equations with L1-data. The functional framework involves
anisotropic Sobolev spaces with variable exponents as well as weak Lebesgue (Marcinkiewicz) spaces
with variable exponents. Our results are a natural generalization of some existing ones in the context of
constant isotropic exponents.
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exponents; L1-data.

1. INTRODUCTION

Let Ω be a bounded domain in RN (N ≥ 2) with smooth boundary ∂Ω and f ∈ L1(Ω). We
consider the following nonlinear anisotropic problem −

N
∑

i=1
Di

(
ai(x,∇u)

(1+|u|)γi(x)

)
= f in Ω,

u = 0 on ∂Ω,
(1.1)

where pi : Ω→ (1,+∞), and γi : Ω→ [0,+∞) for i = 1, . . . ,N are continuous functions such
that

1 < p(x)< N for all x ∈Ω, (1.2)

where 1
p(x) =

1
N

N
∑

i=1

1
pi(x)

. We assume, for i = 1, . . . ,N, that ai : Ω×RN → R is a Carathéodory

function satisfying, for almost every x ∈Ω and for every ξ = (ξ1, . . . ,ξN), ξ ′ = (ξ ′1, . . . ,ξ
′
N) ∈

RN with ξi 6= ξ ′i , the following assumptions

|ai(x,ξ )| ≤ β |ξi|pi(x)−1, (1.3)
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ai(x,ξ )ξi ≥ α|ξi|pi(x), (1.4)

and [
ai(x,ξ )−ai(x,ξ ′)

][
ξi−ξ

′
i
]
> 0, (1.5)

where α > 0, and β > 0.
We define, for u ∈W 1,−→p (·)

0 (Ω), the nonlinear elliptic operator

Au =−
N

∑
i=1

Di

(
ai(x,∇u)

(1+ |u|)γi(x)

)
,

which, thanks to (1.3) and (1.4), maps W 1,−→p (·)
0 (Ω) into its dual space W−1,−→p ′(·)(Ω), but its

coercivity can degenerate when u is too big. Due to the lack of coercivity, the standard theorem
for variational inequalities involving pseudomonotone operators cannot be applied even if the
data f is sufficiently regular.

For a given function ψ ∈W 1,−→p (·)
0 (Ω)∩L∞(Ω), we define the following convex set

Kψ =
{

v ∈W 1,−→p (·)
0 (Ω) : v≥ ψ a.e. in Ω

}
.

The obstacle problem relative to the operator A with obstacle ψ and datum f (denoted by
(A, f ,ψ)) can be formulated using the duality between W 1,−→p (·)

0 (Ω), and W−1,−→p ′(·)(Ω) in terms
of the variational inequality

u ∈ Kψ ,
N

∑
i=1

∫
Ω

ai(x,∇u)Di(u− v)
(1+ |u|)γi(x)

dx≤ 〈 f ,u− v〉 , ∀v ∈ Kψ ,
(1.6)

whenever f ∈W−1,−→p ′(·)(Ω). In light of (1.2), if f ∈ L1(Ω), then the formulation (1.6) does
not remain valid since both sides of inequality (1.6) are maybe meaningless. This leads, fol-
lowing [1, 2], to introduce a more general formulation of obstacle problem (A, f ,ψ) using the
truncation function at level k > 0, Tk : R→ R defined by

Tk(s) =
{

s, if |s| ≤ k,
k s
|s| , if |s|> k.

Definition 1.1. An entropy solution of obstacle problem (A, f ,ψ) associated to (1.1) is a mea-
surable function u such that

u≥ ψ a.e. inΩ,

Tk(u) ∈W 1,−→p (·)
0 (Ω), ∀k > 0,

N

∑
i=1

∫
Ω

ai(x,∇u)DiTk(u− v)
(1+ |u|)γi(x)

dx≤
∫

Ω

f Tk(u− v)dx, ∀v ∈ Kψ ∩L∞(Ω).

(1.7)

We point out that, in the case of constant exponents, the existence and regularity of entropy
solutions to obstacle problem (A, f ,ψ) were obtained in [3, 4, 5].

Under uniform ellipticity condition, namely, when γi ≡ 0 for all i = 1, . . . ,N, the existence
of entropy solutions to the obstacle problems associated with the operator A has been widely
investigated in literature (see, for example, [6, 7] and references therein).
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In this paper, using the techniques presented in [8], we establish the existence of an entropy
solution u to obstacle problem (A, f ,ψ) such that u ∈ Mq(·)(Ω), and |Diu|ξi(x) ∈ Mq(·)(Ω) for
each i = 1, . . . ,N with

q(·) = p+(·)
(

1−
1+ γ

+
+

p−−

)
and ξi(·) =

pi(·)
q(·)+1+ γi(·)

.

The paper is organized as follow. In Section 2, we recall some results on some variable
exponent function spaces. In Section 3, we state the main results in this paper. In Section 4, we
consider the sequence of approximating obstacle problems, and establish the uniform estimates
for approximate solutions. In Section 5, we prove the strong convergence of the truncations of
these solutions. The proof of main results is given in Section 6. Finally, this paper is ended by
an appendix in which we give a proof of the existence of solutions to the approximate obstacle
problems.

2. MATHEMATICAL PRELIMINARIES

In this section, we recall the definitions and basic properties of some variable exponent func-
tion spaces which we need in the sequel. For further details on this topic, we refer to [9, 10] and
the references therein. Hereinafter, we denote

P+(Ω) = {h : Ω→ R is measurable : 0 < h− ≤ h+ < ∞} and C+(Ω) = {h ∈C(Ω) : h− > 1},

where

h− = ess inf
x∈Ω

h(x) and h+ = esssup
x∈Ω

h(x).

For any p ∈ P+(Ω), the Lebesgue space with variable exponent Lp(·)(Ω) is the set of all
measurable functions u : Ω→ R for which the modular

ρp(·)(u) =
∫

Ω

|u|p(x)dx,

is finite. The space Lp(·)(Ω) equipped with the Luxemburg-Nakano quasi-norm

‖u‖Lp(·)(Ω) = inf
{

λ > 0 : ρp(·)

( u
λ

)
≤ 1
}
,

is a quasi-Banach space (see [9, 11]). In particular, if p− ≥ 1, then the above expression defines
a norm in Lp(·)(Ω). In this case, the space Lp(·)(Ω) becomes a separable Banach space (see,
e.g., [10]). Moreover, if p− > 1, then Lp(·)(Ω) is reflexive and its dual space can be identified
with Lp′(·)(Ω) with 1

p(·) +
1

p′(·) = 1, and for all u ∈ Lp(·)(Ω) and v ∈ Lp′(·)(Ω), the following
Hölder’s inequality holds (see [10])∣∣∣∣∫

Ω

uvdx
∣∣∣∣≤ 2‖u‖Lp(·)(Ω)‖v‖Lp′(·)(Ω). (2.1)

The norm and the modular are related by the following inequalities.
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Proposition 2.1 ([9]). Let p ∈ P+(Ω). Then, for every u ∈ Lp(·)(Ω), one has
ρp(·)(u)< 1(> 1; = 1) if and only if ‖u‖Lp(·)(Ω) < 1(> 1; = 1). Further,

if ‖u‖Lp(·)(Ω) < 1 then ‖u‖p+

Lp(·)(Ω)
≤ ρp(·)(u)≤ ‖u‖

p−

Lp(·)(Ω)
, (2.2)

if ‖u‖Lp(·)(Ω) > 1 then ‖u‖p−

Lp(·)(Ω)
≤ ρp(·)(u)≤ ‖u‖

p+

Lp(·)(Ω)
. (2.3)

The above proposition states that the norm convergence and modular convergence are equiv-
alent, that is, if un and u belong to Lp(·)(Ω), then

‖un−u‖Lp(·)(Ω)→ 0 if and only if ρp(·)(un−u)→ 0.

Next, we define Marcinkiewicz (weak Lebesgue) spaces with variable exponents and we
investigate their relation with variable exponent Lebesgue spaces.

Definition 2.2 ([11]). Let p ∈ P+(Ω). We say that a measurable function u : Ω→ R belongs to
the Marcinkiewicz space Mp(·)(Ω) if

‖u‖Mp(·)(Ω) = sup
λ>0

λ‖χ{|u|>λ}‖Lp(·)(Ω) < ∞, (2.4)

where χE denotes the characteristic function of a measurable set E.

Note that inequalities (2.2) and (2.3) imply that (2.4) is equivalent to the fact that there exists
a positive constant C such that∫

{|u|>λ}
λ

p(x)dx≤C, for all λ > 0. (2.5)

If p,q ∈ P+(Ω) with q≤ p, then we have the following two inclusions (see [9]):

Lp(·)(Ω)⊆ Lq(·)(Ω) and Lp(·)(Ω)⊂Mp(·)(Ω)⊆Mq(·)(Ω).

The following result is from [8, Proposition 2.5].

Proposition 2.3. Let p,q ∈ P+(Ω) such that (q− p) ∈ P+(Ω). Then,

Mp(·)(Ω)⊂ Lq(·)(Ω).

We will need the following lemma proved in [12].

Lemma 2.4. Let u ∈Mp(·)(Ω) with p ∈ P+(Ω). Then there exists a constant c > 0 such that

meas{|u|> λ} ≤ c
λ p− for all λ > 0.

Let −→p (·) : Ω−→ RN be a vector-valued function defined by
−→p (·) = (p1(·), ..., pN(·)),

for all i ∈ {1, ...,N}, pi ∈ C+(Ω). We define the anisotropic variable exponent Sobolev space

W 1,−→p (·)
0 (Ω), as the completion of C∞

0 (Ω) with respect to the norm
N
∑

i=1
‖Diu‖Lpi(·)(Ω). Equipped

with this norm, W 1,−→p (·)
0 (Ω) is a separable and reflexive Banach space (see [13]).

We introduce the following notations:

p?(x) = N p(x)
N−p(x) , p+(x) = max{p1(x), . . . , pN(x)},

p−+ = max{p−1 , . . . , p−N}, and p−− = min{p−1 , . . . , p−N}.
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We have the following embedding results [13, 14].

Lemma 2.5. Let Ω be a smooth bounded domain in RN and −→p (·) ∈
(
C+(Ω)

)N . Assume that
(1.2) is fulfilled. Then for any q ∈C+

(
Ω
)

satisfying

q(x)< max{(p−)∗, p−+} for all x ∈Ω,

the embedding
W 1,−→p (·)

0 (Ω) ↪→ Lq(·)(Ω), (2.6)
is continuous and compact. Moreover, if

p+(x)< p∗(x) for all x ∈Ω, (2.7)

then the following Poincaré-type inequality holds

‖u‖Lp+(·)(Ω) ≤C
N

∑
i=1
‖Diu‖Lpi(·)(Ω) for all u ∈W 1,−→p (·)

0 (Ω), (2.8)

where C is a positive constant independent of u.

We denote by T 1,−→p (·)
0 (Ω) the set of all measurable functions u : Ω→ R such that Tk(u) ∈

W 1,−→p (·)
0 (Ω) for any k > 0. Note that T 1,−→p (·)

0 (Ω) is not contained in the Sobolev space W 1,1
0 (Ω).

However, the following proposition gives a sense to the partial derivatives of u ∈ T 1,−→p (·)
0 (Ω).

Proposition 2.6. Let u ∈ T 1,−→p (·)
0 (Ω). Then, for each i = 1, . . . ,N, there exists a unique measur-

able function vi : Ω→ R such that, for any k > 0,

DiTk(u) = viχ{|u|≤k} a.e. in Ω.

The functions vi are called the weak partial derivatives of u and are still denoted by Diu. More-
over, if u belongs to W 1,1

0 (Ω), then vi coincides with the standard distributional derivatives of
u, that is vi = Diu.

3. STATEMENT OF MAIN RESULTS

We are in a position to state our main results.

Theorem 3.1. Suppose Assumptions (1.2)-(1.5) hold and that

0≤ γ
+
+ < p−−1, (3.1)

where γ
+
+ = max{γ+1 , . . . ,γ+N }. Then, the obstacle problem (A, f ,ψ) has at least one entropy

solution u ∈Mq(Ω), and Diu ∈M
qi (Ω) for each i = 1, . . . ,N, with

q =
N(p−−1− γ

+
+ )

N− p−
and qi =

N(p−−1− γ
+
+ )

p−(N−1− γ
+
+ )

p−i . (3.2)

Remark 3.2. Notice that, in the isotropic constant case, namely, when pi(·) = p and γi(·) = γ ,
the exponents in (3.2) reduce to

q =
N(p−1− γ)

N− p
and q1 =

N(p−1− γ)

N−1− γ
,

which are the same as the ones obtained in [15, 16] while studying Problem (1.1) in the context
of constant isotropic exponents.
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The above theorem, in which the exponents q and qi, i = 1, . . . ,N, are constants not vari-
ables, is optimal in light of the existing results on embeddings of anisotropic variable exponent
Sobolev spaces. However, if we take advantage of the inequality (2.8), we can prove the fol-
lowing result under some more restrictive assumptions on the exponents.

Theorem 3.3. Suppose Assumptions (1.2)-(1.5) and (2.7) hold, and that

0≤ γ
+
+ < p−−−1. (3.3)

Then, obstacle problem (A, f ,ψ) has at least one entropy solution u ∈Mq(·)(Ω) and |Diu|ξi(x) ∈
Mq(·)(Ω) for each i = 1, . . . ,N, with

q(x) = p+(x)
(

1−
1+ γ

+
+

p−−

)
and ξi(x) =

pi(x)
q(x)+1+ γi(x)

.

Remark 3.4. Note that conditions (3.1) and (3.3) are nothing else than 0 ≤ θ < 1 if γi(x) =
θ(p−1), which is a crucial condition for the existence of the solutions in [3, 4, 15].

4. THE APPROXIMATE PROBLEM AND UNIFORM ESTIMATES

In order to prove our main results, let us consider the sequence of approximate problems
un ∈ Kψ ,
N

∑
i=1

∫
Ω

ai(x,∇un)Di(un− v)
(1+ |Tn(un)|)γi(x)

dx≤
∫

Ω

fn (un− v)dx, ∀v ∈ Kψ ,
(4.1)

where fn = Tn( f ) ∈ L∞(Ω).

Lemma 4.1. Under our standing assumptions (1.2)-(1.5), there exists at least one solution
un ∈Kψ to Problem (4.1). Moreover, there exists a positive constant c, not depending on n, such
that

N

∑
i=1

∫
An

k

|∇un|pi(x)dx≤ c(1+ k)1+γ
+
+ , ∀k > 0, (4.2)

where An
k = {x ∈Ω : |un(x)|< k}.

Proof. Thanks to Lemma 7.3 (see Appendix), Problem (4.1) has at least one solution un ∈ Kψ .
Let us now prove the estimate (4.2). We consider the function

v = un−Tk(un−ψ), k > 0.

It is easy to see that v ∈ Kψ . Hence, taking v as a test function in (4.1), we obtain

N

∑
i=1

∫
Ω

ai(x,∇un)DiTk(un−ψ)

(1+ |Tn(un)|)γi(x)
dx≤

∫
Ω

fnTk(un−ψ)dx,

By assumption (1.4), we get

α

N

∑
i=1

∫
{un−ψ<k}

|∇un|pi(x)

(1+ |Tn(un)|)γi(x)
dx≤ k‖ f‖L1(Ω)+

N

∑
i=1

∫
{un−ψ<k}

ai(x,∇uε)Diψ

(1+ |Tn(un)|)γi(x)
dx. (4.3)
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Now we estimate the second term on the right-hand side of (4.3). By using (1.3) and Young’s
inequality with η > 0, we get, for each i = 1, . . . ,N,∫

{un−ψ<k}

ai(x,∇un)Diψ

(1+ |Tn(un)|)γi(x)
dx≤ β

∫
{un−ψ<k}

|Diun|pi(x)−1|Diψ|
(1+ |Tn(un)|)γi(x)

dx,

≤ βη

∫
{un−ψ<k}

|Diun|pi(x)

(1+ |Tn(un)|)γi(x)
dx+C(η)

∫
{un−ψ<k}

|Diψ|pi(x)

(1+ |Tn(un)|)γi(x)
dx

≤ βη

∫
{un−ψ<k}

|Diun|pi(x)

(1+ |Tn(un)|)γi(x)
dx+C.

(4.4)

Combining (4.3) and (4.4) gives

α

N

∑
i=1

∫
{un−ψ<k}

|Diun|pi(x)

(1+ |Tn(un)|)γi(x)
dx

≤ k‖ f‖L1(Ω)+βη

N

∑
i=1

∫
{un−ψ<k}

|Diun|pi(x)

(1+ |Tn(un)|)γi(x)
dx+C.

Choosing η such that α = 2βη , we find

α

2

N

∑
i=1

∫
{un−ψ<k}

|Diun|pi(x)

(1+ |Tn(un)|)γi(x)
dx≤ k‖ f‖L1(Ω)+C. (4.5)

Replacing k by k+‖ψ‖L∞(Ω) in (4.5) and noting that {|un|< k} ⊂ {|un−ψ|< k+‖ψ‖L∞(Ω)},
we get

α

2

N

∑
i=1

∫
{|un|<k}

|Diun|pi(x)

(1+ |Tn(un)|)γi(x)
dx≤C(1+ k),

which yields (4.2). This completes the proof of this Lemma. �

The following lemma was proved in [17].

Lemma 4.2. Let the hypothesis of Theorem 3.1 be satisfied. Then there exist two positive
constants c1 and c2 such that

‖un‖Mq(Ω) ≤ c1 (4.6)

‖Diun‖Mqi(Ω) ≤ c2, for i = 1, . . . ,N, (4.7)

with q = (p−)∗
(

1− 1+γ
+
+

p−

)
, and qi =

N(p−−1−γ
+
+ )

p−(N−1−γ
+
+ )

p−i .

The following lemma can be proved as [17, Lemma 4.3], so we omit the proof.

Lemma 4.3. Let the hypothesis of Theorem 3.3 be satisfied. Then there exists a positive constant
C independent of n, such that

un ∈Mq(·)(Ω) and
∫

{|un|>k}

kq(x)dx≤C, ∀k > 0,

with q(x) = p+(x)
(

1− 1+γ
+
+

p−−

)
.

The following lemma can be proved exactly as in [17].
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Lemma 4.4. If there is a positive constant C1, independent of n, such that∫
{|un|>k}

kq(x)dx≤C1, ∀k > 0,

for some q− > 0. Then, under the estimate (4.2), there holds |Diun|ξi(x) ∈Mq(·)(Ω) for all i =
1, · · ·,N, where ξi(x) =

pi(x)
q(x)+1+γi(x)

. Moreover, there exists a positive constant C2, independent
of n, such that

N

∑
i=1

∫
{|Diun|ξi(x)>k}

kq(x)dx≤C2, ∀k > 0. (4.8)

5. THE STRONG CONVERGENCE OF THE TRUNCATIONS

By using the uniform estimates obtained in the previous section, we are able to get the strong
compactness of the truncations.

Proposition 5.1. Let the assumptions of Theorem 3.3 be satisfied. If un is a sequence of solutions
of Problem (4.1). Then, there exists a subsequence of un (still denoted by un) and a function
u ∈ T 1,−→p (·)

0 (Ω) such that

Tk(un)−→ Tk(u) strongly in W 1,−→p (·)
0 (Ω) and a.e. in Ω. (5.1)

as n→+∞, for every k > 0.

Proof. We proceed in two steps.
Step 1. The almost everywhere convergence of un in Ω.

We will show that (un)n is a Cauchy sequence in measure. Letting δ > 0, we have

{|un−um|> δ} ⊂ {|un|> k}∪{|um|> k}∪{|Tk(un)−Tk(um)|> δ},
which implies that

meas{|un−um|> δ} ≤ meas{|un|> k}+meas{|um|> k}
+meas{|Tk(un)−Tk(um)|> δ}.

Let ε > 0. By invoking Lemma 2.4, we may choose k = k(ε) large enough such that

meas{|un|> k} ≤ ε

3
and meas{|um|> k} ≤ ε

3
. (5.2)

From estimate (4.2), it follows that {Tk(un)}n is bounded in W 1,−→p (·)
0 (Ω). Then up to a subse-

quence (not relabeled)

Tk(un)⇀ ηk weakly in W 1,−→p (·)
0 (Ω) as n→+∞.

Thanks to the compact embedding (2.6), we get

Tk(un)→ ηk strongly in L1(Ω) and a.e in Ω.

Consequently, we can assume that {Tk(un)}n is a Cauchy sequence in measure. Thus,

meas{|Tk(un)−Tk(um)|> δ} ≤ ε

3
for all m,n≥ n0(ε,δ ). (5.3)

Combining this with (5.2) yields

∀δ ,ε > 0,∃n0(ε,δ ) ∈ N,∀n,m≥ n0(ε,δ ); meas{|un−um|> δ} ≤ ε,
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which proves that (un) is a Cauchy sequence in measure. Then it converges almost everywhere
to some measurable function u, and

Tk(un)⇀ Tk(u) weakly in W 1,−→p (·)
0 (Ω) as n→+∞. (5.4)

Step 2. The strong convergence of the truncation Tk(un). For a fixed integer m > 0, we
introduce the function ϕm : R→ R given by:

ϕm(s) = Tm+1(s)−Tm(s) =


1, if s≥ m+1,
s− k, if m≤ s < m+1,
0, if 0≤ s < m,
−ϕm(−s), if s < 0.

(5.5)

Letting m > k≥ ‖ψ‖
∞

, we set hm(s) = 1−|ϕm(s)| and v = un−hm(un)(Tk(un)−Tk(u)). Since
v ∈W 1,−→p (·)

0 (Ω) and v≥ ψ , then v is an admissible test function for (4.1), we have

I1︷ ︸︸ ︷
N

∑
i=1

∫
Ω

ai(x,∇un)Diunh′m(un)(Tk(un)−Tk(u))

(1+ |Tn(un)|)γi(x)
dx

+

I2︷ ︸︸ ︷
N

∑
i=1

∫
Ω

ai(x,∇un)Di(Tk(un)−Tk(u))hm(un)

(1+ |Tn(un)|)γi(x)
dx

≤

I3︷ ︸︸ ︷∫
Ω

fnhm(un)(Tk(un)−Tk(u))dx .

Hereafter, we denote ω(n,m) for all quantities, possibly different, such that lim
m→+∞

lim
n→+∞

ω(n,m)=

0. That is to say, in the limit process for ω(n,m), first let n→+∞ for fixed m, then let m tends
to infinity. Similarly, the notation ω(n) represents all quantities, maybe different, such that
lim

n→+∞
ω(n) = 0. Our aim is to prove that, for all k > 0 and for each i = 1, . . . ,N

lim
n→+∞

∫
Ω

[ai(x,∇Tk(un))−ai(x,∇Tk(u))]Di(Tk(un)−Tk(u))dx = 0. (5.6)

First of all, using the fact that hm(un)(Tk(un)−Tk(u)) ⇀ 0 weakly* in L∞(Ω) and fn → f
strongly in L1(Ω), we get

I3 = ω(n).

Next, we estimate I1. If we take v = un− ϕm(un) as a test function in (4.1), the almost
everywhere convergence of un to u implies ϕm(un)→ ϕm(u) as n→ +∞, and ϕm(un)→ 0 as
m→+∞. Thanks to (1.4), we get

α

N

∑
i=1

∫
Ω

|Diϕm(un)|pi(x)

(1+ |Tn(un)|)γi(x)
dx≤

∫
Ω

fnϕm(un)dx

=
∫

Ω

( fn− f )ϕm(un)dx+
∫

Ω

f (ϕm(un)−ϕm(u))dx+
∫

Ω

f ϕm(u)dx

= ω(n,m). (5.7)
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Using Young’s inequality, We employ (1.3) and (5.7) to obtain

|I1| ≤
N

∑
i=1

∫
Ω

|h′m(un)| |Diun|pi(x) |Tk(un)−Tk(u)|
(1+ |Tn(un)|)γi(x)

dx

≤ 2k
∫

Ω

|Diϕm(un)|pi(x)

(1+ |Tn(un)|)γi(x)
dx

= ω(n,m).

We are left with the estimate of I2 which can be split as follows

I2 =

J1︷ ︸︸ ︷
N

∑
i=1

∫
Ω

ai(x,∇Tk(un))Di(Tk(un)−Tk(u))hm(un)

(1+ |Tn(un)|)γi(x)
dx

−

J2︷ ︸︸ ︷
N

∑
i=1

∫
{|un|>k}

ai(x,∇un)DiTk(u)hm(un)

(1+ |Tn(un)|)γi(x)
dx .

Let n > m+ 1. Since hm has a compact support, and the integral J2 is taken on the subset
{|un| ≤ m+1}, then J2 can be written as follows

J2 =
N

∑
i=1

∫
Ω

ai(x,∇Tm+1(un))DiTk(u)hm(un)χ{|un|>k}

(1+ |Tn(un)|)γi(x)
dx.

From (5.4), we deduce that, for each i = 1, . . . ,N, the sequence{
ai(x,∇Tm+1(un))hm(un)

(1+ |Tn(un)|)γi(x)

}
n

,

is weakly converges in Lp′i(·)(Ω). On the other hand, DiTk(u)χ{|un|>k} strongly converges to zero
in Lpi(·)(Ω). It follows that

J2 = ω(n).

Noting that, for n > m+1 > m > k, hm(un) = 1 on the set {|un| ≤ k}, we have that J1 simplified
to

J1 =
N

∑
i=1

∫
Ω

ai(x,∇Tk(un))Di(Tk(un)−Tk(u))

(1+ |Tn(un)|)γi(x)
dx

=

K1︷ ︸︸ ︷
N

∑
i=1

∫
{|un|≤k}

[ai(x,∇Tk(un))−ai(x,∇Tk(u))]Di(Tk(un)−Tk(u))

(1+ |Tn(un)|)γi(x)
dx

+

K2︷ ︸︸ ︷
N

∑
i=1

∫
Ω

ai(x,∇Tk(u))Di(Tk(un)−Tk(u))χ{|un|≤k}

(1+ |Tn(un)|)γi(x)
dx .
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In view of (1.3) and using Lebesgue’s dominated convergence theorem, we conclude that{
ai(x,∇Tk(u))

(1+ |Tn(un)|)γi(x)

}
n

,

which converges strongly in Lp′i(·)(Ω). By (5.4), we also deduce that K2 = ω(n).
Based on the previous estimates, by (1.5) and the fact that the integral K1 is taken on the

subset {|un| ≤ k}, we finally get

ω(n,m) = K1 ≥
1

(1+ k)γ
+
+

N

∑
i=1

∫
Ω

[ai(x,∇Tk(un))−ai(x,∇Tk(u))]Di(Tk(un)−Tk(u))dx≥ 0.

Therefore, (5.6) is proved. Under the assumptions (1.3)-(1.5), it is well known that (5.6) implies

Tk(un)→ Tk(u) strongly in W 1,−→p (·)
0 (Ω) for all k > 0.

This affirms that, for each i = 1, . . . ,N, Diun→ Diu a.e. in Ω. �

6. THE PROOF OF THE MAIN RESULTS

Let un be a solution of (4.1), and let v ∈W 1,−→p (·)
0 (Ω)∩L∞(Ω) with v(x) ≥ ψ(x) in Ω. For a

fixed k > 0, the function

un−Tk(un− v),

is an admissible test function in (4.1). With this choice of the test function, we get

N

∑
i=1

∫
Ω

ai(x,∇un)DiTk(un− v)

(1+ |Tn(un)|)γi(x)
dx≤

∫
Ω

fnTk(un− v)dx. (6.1)

On the set {x∈Ω; |un−v|< k}, one has |un| ≤ h = k+‖v‖L∞(Ω). Therefore (6.1) can be written
as

N

∑
i=1

∫
Ω

χn
ai(x,∇un)Diun(
1+ |Tn(un)|

)γi(x)
dx+

N

∑
i=1

∫
Ω

Ai(x,un,∇un)Divdx

≤
∫

Ω

fnTk(un− v)dx,

(6.2)

where χn(x) = χ{|un−v|<k}(x), and

Ai(x,un,∇un) =
ai(x,∇Th(un))(

1+ |Tn(un)|
)γi(x)

χn.

Now, let us pass to the limit in (6.2). In the right-hand, it is easy since fn converges strongly
to f in L1(Ω) and Tk(un− v) converges to Tk(u− v) weakly∗ in L∞(Ω). As for the first term on
the left-hand side, we have, by using Fatou’s lemma, that∫

Ω

χ
ai(x,∇u)Diu(
1+ |u|

)γi(x)
dx≤ liminf

n→+∞

∫
Ω

χn
ai(x,∇un)Diun(
1+ |Tn(un)|

)γi(x)
dx,
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where χ(x) = χ{|u−v|<k}(x). In the second term of the left-hand side, we have from (1.3) that

the boundedness of sequence Th(un) in W 1,−→p
0 (Ω), and the almost everywhere convergence of

∇un in Ω to ∇u. It follows that, for each i = 1, . . . ,N,

‖Ai(x,un,∇un)‖Lp′i(·)(Ω)
≤C, (6.3)

and

Ai(x,un,∇un)→ Ai(x,u,∇u) a.e. in Ω, (6.4)

where Ai(x,u,∇u) = ai(x,∇Th(u))(
1+|u|

)γi(x)
χ(x). By (6.3), (6.4), and the Vitali’s theorem, we can conclude

that

Ai(x,un,∇un)→ Ai(x,u,∇u) weakly in Lp′i(·)(Ω).

Hence, ∫
Ω

Ai(x,un,∇un)Divdx→
∫

Ω

Ai(x,u,∇u)Divdx.

Letting n tend to infinity in (6.2) yields

N

∑
i=1

∫
Ω

χ
ai(x,∇u)Diu(
1+ |u|

)γi(x)
dx+

∫
Ω

χ
ai(x,∇Th(u))Div(

1+ |u|
)γi(x)

dx

≤
∫

Ω

f Tk(u− v)dx.

Since Th(u) = u on the set {x ∈Ω; |u− v|< k}, the above inequality can be simplified to

N

∑
i=1

∫
Ω

ai(x,∇u)DiTk(u− v)(
1+ |u|

)γi(x)
dx≤

∫
Ω

f Tk(u− v)dx.

which is the desired result.

7. APPENDIX

In this section, we prove the existence of solutions to approximate obstacle problem (4.1)
by using the celebrated theorem of abstract variational inequalities involving pseudomonotone
operators. First, we recall the following definition.

Definition 7.1 ([18]). Let V be a separable and reflexive Banach space. An operator A : V →V ′

is pseudomonotone if

(1) A is bounded, that is, the image of a bounded subset of V is a bounded subset of V ′;
(2) if um ⇀ u weakly in V and if limsup

m→+∞

〈Aum,um− v〉 ≤ 0, then

liminf
m→+∞

〈Aum,um− v〉 ≥ 〈Au,u− v〉,

for every v in V , where 〈·, ·〉 refers to the duality product between V ′ and V .

We will use the following theorem, which is from [18].
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Theorem 7.2. Let V be a separable and reflexive Banach space, and let K be a nonempty, closed
convex subset of V . Let A : V → V ′ be the operator, which is pseudomonotone and coercive in
the following sense: there exists v0 ∈ K such that

lim
‖v‖→+∞

〈Av,v− v0〉
‖v‖V

=+∞ for v ∈ K.

Then, for every f in V ′, there exists u in K such that

∀v ∈ K : 〈Au,u− v〉 ≤ 〈 f ,u− v〉.

Lemma 7.3. Suppose Assumptions (1.2)-(1.5) hold. Then approximate problem (4.1) admits at
least one solution un ∈ Kψ .

Proof. We apply Theorem 7.2 to the operator

An : W 1,−→p (·)
0 (Ω)−→

(
W 1,−→p (·)

0 (Ω)
)′

u 7→ Anu,

defined by

〈Anu,ϕ〉=
N

∑
i=1

∫
Ω

ai(x,∇u)Diϕ

(1+ |Tn(u)|)γi(x)
dx,

for any ϕ ∈W 1,−→p (·)
0 (Ω).

The proof is based on the assertion that the operator An is pseudomonotone and coercive.
(1) The operator An is coercive. Let v0 ∈ Kψ . Thanks to (1.3) and (1.4), we have, for any

v ∈ Kψ ,

〈Anv,v− v0〉=
N

∑
i=1

∫
Ω

ai(x,∇v)Di(v− v0)

(1+ |Tn(v)|)γi(x)
dx

=
N

∑
i=1

∫
Ω

ai(x,∇v)Div
(1+ |Tn(v)|)γi(x)

dx−
N

∑
i=1

∫
Ω

ai(x,∇v)Div0

(1+ |Tn(v)|)γi(x)
dx

≥ α

(1+n)γ
+
+

N

∑
i=1

∫
Ω

|Div|pi(x)dx−β

N

∑
i=1

∫
Ω

|Div|pi(x)−1|Div0|dx.

By using Young’s inequality, we get

〈Anv,v− v0〉 ≥

(
α

(1+n)γ
+
+

− εβ

)
N

∑
i=1

∫
Ω

|Div|pi(x)dx−βC(ε)
N

∑
i=1
|Div0|pi(x)dx.

Choosing ε such that α

(1+n)γ
+
+
−βε =C1 > 0 and βC(ε) =C2 > 0, we get

〈Anv,v− v0〉 ≥
C1

N p−−−1
‖v‖p−−

W 1,−→p (·)
0 (Ω)

−N(C1 +C2)+C2 ‖v0‖
p++
W 1,−→p (·)

0 (Ω)
,

which implies
〈Anv,v− v0〉
‖v‖

W 1,−→p (·)
0 (Ω)

−→+∞

as ‖v‖
W 1,−→p (·)

0 (Ω)
−→+∞ since p−− > 1.
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(2) The operator An is pseudomonotone.
(i) An is bounded. Indeed, let u be a bounded function in W 1,−→p (·)

0 (Ω). In view of

(1.3), for all v ∈W 1,−→p (·)
0 (Ω), we have

|〈Anu,v〉| ≤ β

N

∑
i=1

∫
Ω

∣∣∣|Diu|pi(x)−2 DiuDiv
∣∣∣dx.

From this and Hölder’s inequality (2.1), it follows that

|〈Anu,v〉| ≤C
N

∑
i=1
‖|Diu|pi(·)−1 ‖

Lp′i(·)(Ω)
‖Div‖Lpi(·)(Ω)

≤C‖v‖
W 1,−→p (·)

0 (Ω)
.

Therefore, we conclude that ‖Anu‖(
W 1,−→p (·)

0 (Ω)
)′ is bounded if ‖u‖

W 1,−→p (·)
0 (Ω)

is bounded.

(ii) If um ⇀ u weakly in W 1,−→p (·)
0 (Ω), as m→+∞, and for any v ∈W 1,−→p (·)

0 (Ω)

0≥ limsup
m→+∞

〈Anum,um− v〉

= limsup
m→+∞

N

∑
i=1

∫
Ω

ai(x,∇um)Di(um− v)
(1+ |Tn(um)|)γi(x)

dx,

then

liminf
m→+∞

〈Anum,um− v〉 ≥ 〈Anu,u− v〉.

Indeed, the compact embedding (2.6) yields that um → u in L1(Ω) for a subse-
quence still denoted as (um). Moreover, we assume that um→ u a.e. in Ω.
Let us first prove that

N

∑
i=1

∫
Ω

[
ai(x,∇um)

(1+ |Tn(um)|)γi(x)
− ai(x,∇u)

(1+ |Tn(u)|)γi(x)

]
Di(um−u)dx m→+∞−−−−→ 0. (7.1)

By invoking (1.3) and using the fact that Diun ⇀ Diu weakly in Lpi(·)(Ω), we get

limsup
m→+∞

N

∑
i=1

∫
Ω

[
ai(x,∇um)

(1+ |Tn(um)|)γi(x)
− ai(x,∇u)

(1+ |Tn(u)|)γi(x)

]
Di(um−u)dx≤ 0.



OBSTACLE PROBLEM FOR DEGENERATE ANISOTROPIC EQUATIONS 15

We have, for all i = 1, ...,N,∫
Ω

[
ai(x,∇um)

(1+ |Tn(um)|)γi(x)
− ai(x,∇u)

(1+ |Tn(u)|)γi(x)

]
Di(um−u)dx

=
∫
Ω

1
(1+ |Tn(um)|)γi(x)

[ai(x,∇um)−ai(x,∇u)]Di(um−u)dx

+
∫
Ω

[
1

(1+ |Tn(um)|)γi(x)
− 1

(1+ |Tn(u)|)γi(x)

]
ai(x,∇u)Di(um−u)dx

≥
∫
Ω

[
1

(1+ |Tn(um)|)γi(x)
− 1

(1+ |Tn(u)|)γi(x)

]
ai(x,∇u)Di(um−u)dx.

(7.2)

Using (1.3) and Lebesgue’s dominated convergence theorem, we obtain

ai(x,∇u)
(1+ |Tn(um)|)γi(x)

→ ai(x,∇u)
(1+ |Tn(u)|)γi(x)

,

strongly in Lp′i(·)(Ω). We have thus proved (7.1). This and (7.2) imply that, for each
i = 1, ...,N,∫

Ω

[ai(x,∇um)−ai(x,∇u)]Di(um−u)
(1+ |Tn(um)|)γi(x)

dx m→+∞−−−−→ 0. (7.3)

Now, let us prove that

liminf
m→+∞

〈Anum,um− v〉 ≥ 〈Anu,u− v〉, ∀v ∈W 1,−→p (·)
0 (Ω).

From (7.3), we deduce up to a subsequence

∇um→ ∇u a.e in Ω.

Therefore, for each i = 1, ...,N,

ai(x,∇um)

(1+ |Tn(um)|)γi(x)
⇀

ai(x,∇u)
(1+ |Tn(u)|)γi(x)

,

weakly in Lp′i(·)(Ω) and a.e in Ω. Thus

lim
m→+∞

∫
Ω

ai(x,∇um)Div
(1+ |Tn(um)|)γi(x)

dx =
∫
Ω

ai(x,∇u)Div
(1+ |Tn(u)|)γi(x)

dx, (7.4)

for all v ∈W 1,−→p (·)
0 (Ω). By virtue of Fatou’s lemma, we get

liminf
m→+∞

∫
Ω

ai(x,∇um)Dium

(1+ |Tn(um)|)γi(x)
dx≥

∫
Ω

ai(x,∇u)Diu
(1+ |Tn(u)|)γi(x)

dx. (7.5)
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Finally, combining (7.4) and (7.5), we obtain

liminf
m→+∞

〈Anum,um− v〉= liminf
m→+∞

N

∑
i=1

∫
Ω

ai(x,∇um)Di(um− v)
(1+ |Tn(um)|)γi(x)

dx

≥
N

∑
i=1

∫
Ω

ai(x,∇u)Di(u− v)
(1+ |Tn(u)|)γi(x)

dx

= 〈Anu,u− v〉.

Therefore An is pseudomonotone. Then, according to Theorem 7.2, there exists at
least one solution un ∈ Kψ to Problem (4.1).

�
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