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Abstract. In this paper, we prove the existence of entropy solutions for the obstacle problem associated
with nonlinear degenerate anisotropic elliptic equations with L'-data. The functional framework involves
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1. INTRODUCTION

Let Q be a bounded domain in RY (N > 2) with smooth boundary dQ and f € L'(Q). We
consider the following nonlinear anisotropic problem
ai(x Vu) . .
E D (it ) = €,

1 (1.1)
u=>0 on dQ,

where p; : Q — (1,+00), and % : Q — [0,+o0) for i = 1,...,N are continuous functions such
that

1<p(x)<N forallxcQ, (1.2)

N

1
N —1 pl( )
function satlsfymg, for almost every x € Q and for every & = (§;,...,¢n), &' = (&,...,&}) €
RN with & # &/, the following assumptions

lai(x, )| < BI&PT (1.3)
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where p(l y = We assume, for i = 1,...,N, that ¢; : @ x R¥ — R is a Carathéodory
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2 H. AYADI

ai(x,£)& > al&|", (1.4)
and
[ai(x,cg) — a;(x, 5')} [ﬁ, — 5{] >0, (1.5)
where @ > 0, and 8 > 0.
We define, for u € WO1 P0) (Q), the nonlinear elliptic operator

i=1

which, thanks to (1.3) and (1.4), maps Wolj(’)(Q) into its dual space W—l-f?'(')(Q), but its
coercivity can degenerate when u is too big. Due to the lack of coercivity, the standard theorem
for variational inequalities involving pseudomonotone operators cannot be applied even if the
data f is sufficiently regular.

For a given function y € WO1 70) (Q)NL>(Q), we define the following convex set
Ky = {v € Wol’ﬁ(')(Q) :v>yae. in Q} :

The obstacle problem relative to the operator A with obstacle ¥ and datum f (denoted by

(A, f,y)) can be formulated using the duality between WO]’?(') (Q), and w170 (Q) in terms
of the variational inequality

uEKl,,,

Z/ aifx, Vu)D v>dx§(f,u—v>,Vv€K1,,, (1.6)
i=1

1+|u|7l

whenever f € w170 (Q). In light of (1.2), if f € L'(Q), then the formulation (1.6) does
not remain valid since both sides of inequality (1.6) are maybe meaningless. This leads, fol-
lowing [1, 2], to introduce a more general formulation of obstacle problem (A, f, ) using the
truncation function at level k > 0, T} : R — R defined by

; s, if |s| <k,
k(s) = kg, if |s| > k.

Definition 1.1. An entropy solution of obstacle problem (A, f, y) associated to (1.1) is a mea-
surable function u such that

u>yae. inQ,
Tk( eW’ﬁ()( )Vk>0

a;i(x,Vu)D;T}.(u— / oo
dx < Ti(u—v)dx, Yv € Ky, L™ (Q).
;/ T as < [ rniu—y yOL7()

(1.7)

We point out that, in the case of constant exponents, the existence and regularity of entropy
solutions to obstacle problem (A, f, y) were obtained in [3, 4, 5].

Under uniform ellipticity condition, namely, when % =0 for all i = 1,... N, the existence
of entropy solutions to the obstacle problems associated with the operator A has been widely
investigated in literature (see, for example, [6, 7] and references therein).
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In this paper, using the techniques presented in [8], we establish the existence of an entropy
solution u to obstacle problem (A, f, y) such that u € M90)(Q), and |D;u|>™) € MI0)(Q) for
eachi=1,...,N with

.
a() = p+ () (1 - 1:7*) and £(-) =

pi(*)
g(-)+1+%()

The paper is organized as follow. In Section 2, we recall some results on some variable
exponent function spaces. In Section 3, we state the main results in this paper. In Section 4, we
consider the sequence of approximating obstacle problems, and establish the uniform estimates
for approximate solutions. In Section 5, we prove the strong convergence of the truncations of
these solutions. The proof of main results is given in Section 6. Finally, this paper is ended by
an appendix in which we give a proof of the existence of solutions to the approximate obstacle
problems.

2. MATHEMATICAL PRELIMINARIES

In this section, we recall the definitions and basic properties of some variable exponent func-
tion spaces which we need in the sequel. For further details on this topic, we refer to [9, 10] and
the references therein. Hereinafter, we denote

P (Q)={h:Q— Rismeasurable: 0 <h™ <h" <oo}andC.(Q)={heC(Q): h~ > 1},

where

h~ =essinfh(x) and h" = esssuph(x).
xeQ xXeQ

For any p € P, (), the Lebesgue space with variable exponent LP()(Q) is the set of all
measurable functions u : Q — R for which the modular

o) = [ P,
Q
is finite. The space L” () (Q) equipped with the Luxemburg-Nakano quasi-norm

luall s ) = inf{?L >0: py() (%) < 1},

is a quasi-Banach space (see [9, 11]). In particular, if p~ > 1, then the above expression defines
a norm in LP(')(Q). In this case, the space LP(')(Q) becomes a separable Banach space (see,
e.g., [10]). Moreover, if p~ > 1, then LP(‘)(Q) is reflexive and its dual space can be identified
with L7 ()(Q) with 50 T = 1 and forall u € LPO(Q) and v € LY ()(Q), the following
Holder’s inequality holds (see [10])

‘ / uvdx
Q

The norm and the modular are related by the following inequalities.

< 2HMHLI’(‘)(Q)HVHLP/(')(Q)‘ (2.1
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Proposition 2.1 ([9]). Let p € P, (Q). Then, for every u € LP)(Q), one has
Pp(y(u) <1(>1; = 1) if and only lf||u|]L,, ) < 1(> 1; = 1). Further,

if llull oy () <1 then Hullp @) = Po(y(u) < lull7 . (2.2)

Q)

.
if Nl ot (> 1 then ull],, @ = Pp(y () < [lull 7 (2.3)

Q)
The above proposition states that the norm convergence and modular convergence are equiv-
alent, that is, if u, and u belong to ) (Q), then

||y — uHU,@(Q) — 0if and only if pj,(.) (up —u) — 0.

Next, we define Marcinkiewicz (weak Lebesgue) spaces with variable exponents and we
investigate their relation with variable exponent Lebesgue spaces.

Definition 2.2 ([11]). Let p € P, (Q). We say that a measurable function u : Q — R belongs to
the Marcinkiewicz space MP1) (Q) if

[llpret) (@) = SUP A X (23 | p0) (@) < o (2.4)
A>0

where yr denotes the characteristic function of a measurable set E.

Note that inequalities (2.2) and (2.3) imply that (2.4) is equivalent to the fact that there exists
a positive constant C such that

/ APWdx < C, forall A > 0. (2.5)
{u[>A}

If p,q € PL(Q) with ¢ < p, then we have the following two inclusions (see [9]):
LPO(Q) € L1)(Q) and LPV)(Q) ¢ MPO(Q) € M1V (Q).
The following result is from [8, Proposition 2.5].
Proposition 2.3. Let p,q € P, (Q) such that (q — p) € P (Q). Then,
MPO(Q) c L1O(Q).
We will need the following lemma proved in [12].

Lemma 2.4. Let u € MPU)(Q) with p € P, (Q). Then there exists a constant ¢ > 0 such that

meas{|u| > A} < l% forall A > 0.

Let 7 (-) : @ — RY be a vector-valued function defined by

?() = (pl (); "'7pN('))7
for all i € {1,...,N}, p; € C+ (). We define the anisotropic variable exponent Sobolev space

N
Wol,?(') (€), as the completion of C; () with respect to the norm E | Djul| 1ri0)(q)- Equipped

with this norm, WO1 ’?(')(Q) is a separable and reflexive Banach space (see [13]).
We introduce the following notations:

P(x) = g2k, py(x) = max{pi (x),..., py(x)},
py =max{py,...,py}, and p_ =min{p,,...,py}.
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We have the following embedding results [13, 14].

Lemma 2.5. Let Q be a smooth bounded domain in RN and 7 (-) € (Cy (ﬁ))N. Assume that
(1.2) is fulfilled. Then for any q € C+ (ﬁ) satisfying

g(x) <max{(p~)",p;} forallxeQ,

the embedding
w7 O(Q) = 110 (@) (2.6)
0 ) .
is continuous and compact. Moreover, if
pi(x) <P (x) forallxe€Q, (2.7)

then the following Poincaré-type inequality holds

N
ll 0y < C Y Dl gy for all e Wy 7O (@), (2.8)
=1

where C is a positive constant independent of u.

We denote by TOI’?(')(Q) the set of all measurable functions u : Q — R such that Ty (u) €
Wolj(‘) (Q) for any k > 0. Note that TOI’?(') (Q) is not contained in the Sobolev space WOI’1 (Q).
However, the following proposition gives a sense to the partial derivatives of u € TOI’?(') (Q).
Proposition 2.6. Let u € TOI’?(')(Q). Then, for eachi=1,...,N, there exists a unique measur-
able function v; : Q — R such that, for any k > 0,

DTy (u) = vix{u<k) a-e. in Q.

The functions v; are called the weak partial derivatives of u and are still denoted by Dju. More-
over, if u belongs to WOI’1 (Q), then v; coincides with the standard distributional derivatives of
u, that is v; = D;u.

3. STATEMENT OF MAIN RESULTS
We are in a position to state our main results.
Theorem 3.1. Suppose Assumptions (1.2)-(1.5) hold and that
0<yf<p —1, (3.1

where yI = max{y{",...,v\'}. Then, the obstacle problem (A, f,y) has at least one entropy
solution u € M9(Q), and Diu € M" (Q) for eachi = 1,...,N, with

_ N~ —1-v) NP~ —1-v) _

— - - (3.2)
N-p 7 (N—1—y))"

and q; =

Remark 3.2. Notice that, in the isotropic constant case, namely, when p;(-) = p and %(:) = 7,
the exponents in (3.2) reduce to

Np—1-— Np—1—
g= (p Y ind g = (p 1
N—p N—1—-vy
which are the same as the ones obtained in [15, 16] while studying Problem (1.1) in the context
of constant isotropic exponents.
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The above theorem, in which the exponents ¢ and ¢;, i = 1,...,N, are constants not vari-
ables, is optimal in light of the existing results on embeddings of anisotropic variable exponent
Sobolev spaces. However, if we take advantage of the inequality (2.8), we can prove the fol-
lowing result under some more restrictive assumptions on the exponents.

Theorem 3.3. Suppose Assumptions (1.2)-(1.5) and (2.7) hold, and that
0<yf<p_-1 (3.3)

Then, obstacle problem (A, f, W) has at least one entropy solution u € M4°)(Q) and \Diu\éi ) e
Mq(')(Q)for eachi=1,...,N, with

+ i(x
o) =peto) (1= 2 ) ana 800 = g s

Remark 3.4. Note that conditions (3.1) and (3.3) are nothing else than 0 < 8 < 1 if y(x) =
0(p — 1), which is a crucial condition for the existence of the solutions in [3, 4, 15].

4. THE APPROXIMATE PROBLEM AND UNIFORM ESTIMATES

In order to prove our main results, let us consider the sequence of approximate problems

unEKlI[,
ai(x,Vu,)Dj(u, —v) /
dx < (U, —v)dx, Vv € Ky,
Zl/ (14 | Ty, () ) %) S Jo Inttn =) v

where f, = T,,(f) € L™(Q).

4.1)

Lemma 4.1. Under our standing assumptions (1.2)-(1.5), there exists at least one solution
up € Ky to Problem (4.1). Moreover, there exists a positive constant c, not depending on n, such
that

N
Z/ Vi[O dx < e(14 k)7 vk > 0, 4.2)
i=174%
where A} = {x € Q: |u,(x)| < k}.

Proof. Thanks to Lemma 7.3 (see Appendix), Problem (4.1) has at least one solution u, € Ky.
Let us now prove the estimate (4.2). We consider the function

v=uy,— Ti(u,— ), k> 0.
It is easy to see that v € Ky.. Hence, taking v as a test function in (4.1), we obtain
i(x, Vu,)D; Tk u
[ AlsTmbmn V) [ g,
= (1+ T, ()|

By assumption (1.4), we get

N |Vun|pi x) N a;i(x,Vug) Dy
o / dx < k|| f|l;1 / ’ “—dx. (4.3)
L Sy T o @ <A @+ X f - T T 70
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Now we estimate the second term on the right-hand side of (4.3). By using (1.3) and Young’s
inequality with n > 0, we get, foreachi=1,... N,

. . 2 |Pi@)=11p.
/ ailr Vu)Diy |, g / [Dittn [P |Diwr|
{un—w<k} (14T (un)|)" 1i(x) {un—y<k} (1+|Tn(”n)|)y’(x)

|Ditty|P pi(x) |Dill,|l)i(x)
< Bn dx+Cn/ _dx (44
et T o) DO foo iy T T
D, |P1 )
<Bn dx+C
{un—y<i} (14T (un)|) %)

Combining (4.3) and (4.4) gives
N . p,'(x)
(XZ/ |Dlun| |
=1 Huw—y<iy (1+ |T () |) %)

<Kl + B 2 -

Choosing 7 such that &« = 287, we find
a - |Diun‘pi(x)
) dx <k +C. 4.5
2 ,-;/{un—m} 317Gy < Kl ey (4.5)

Replacing k by k+ || y/||1=(q) in (4.5) and noting that {|u,| <k} C {|uy — Y| <k+ |¥]/1=(0)}
we get

dx

|D.Mn|17i x)

dx+C.
ton <ty (L+ | T () 100

o N/ |Diun|pi(x)
2 dx < C(1+k),
2 & Sty (1+ [T (up) ) F

which yields (4.2). This completes the proof of this Lemma. U

The following lemma was proved in [17].

Lemma 4.2. Let the hypothesis of Theorem 3.1 be satisfied. Then there exist two positive
constants ¢y and ¢y such that

unllpa@) < < (4.6)

HDiunHMqi(Q) < ¢, fori=1,...,N, 4.7
; ——\% NE —1-y5) _
withq = (p)* (152 ) and gy = ST

The following lemma can be proved as [17, Lemma 4.3], so we omit the proof.

Lemma 4.3. Let the hypothesis of Theorem 3.3 be satisfied. Then there exists a positive constant
C independent of n, such that
€ M1)(Q) and / KW dx < C, Yk >0,
{lun | >k}

with q(x) = p+(x) <1 - t—ﬁ)

The following lemma can be proved exactly as in [17].
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Lemma 4.4. [f there is a positive constant Cy, independent of n, such that

/ KW gy < ¢y, Yk >0,
{lun| >k}

for some q— > 0. Then, under the estimate (4.2), there holds |Diun|‘§i(x) € Mq(')(Q) forall i =
1,--- N, where §(x) = eSS E=T L Moreover, there exists a positive constant C,, independent
of n, such that

N
y / K dx < Cy, Yk > 0. 4.8)
i=1 /D510 >k}

5. THE STRONG CONVERGENCE OF THE TRUNCATIONS

By using the uniform estimates obtained in the previous section, we are able to get the strong
compactness of the truncations.

Proposition 5.1. Let the assumptions of Theorem 3.3 be satisfied. If u, is a sequence of solutions
of Problem (4.1). Then, there exists a subsequence of u,, (still denoted by uy,) and a function

ue TOI?(’)(Q) such that
T (un) — Ti(u) strongly in WOI’?(.)(Q) and a.e. in Q. (5.1
as n — oo, for every k > 0.

Proof. We proceed in two steps.
Step 1. The almost everywhere convergence of u,, in .
We will show that (u,), is a Cauchy sequence in measure. Letting 0 > 0, we have

{lun — um| > 0} C {{un| > k} U{|tm| >k} U{|Tic(un) — T (um)| > 8},
which implies that

meas{|u, —upy| >0} < meas{|u,| >k} + meas{|u,,| > k}
+meas{|T(un) — T (um)| > 6}.
Let € > 0. By invoking Lemma 2.4, we may choose k = k(€) large enough such that

meas{|u,| > k} < g and meas{|u;,| > k} < g (5.2)
From estimate (4.2), it follows that {7} (u,)}, is bounded in WO1 77(’)(9). Then up to a subse-
quence (not relabeled)

Ti(un) — My weakly in WOL?(')(Q) as n — oo,
Thanks to the compact embedding (2.6), we get

Ti.(u,) — My strongly in L' (Q) and a.e in Q.
Consequently, we can assume that {7} (u,)}, is a Cauchy sequence in measure. Thus,
meas{| Ty (un) — Ti(um)| > 6} < g for all myn > ny(¢, §). (5.3)
Combining this with (5.2) yields
V6,e > 0,3ng(g,8) € N,Vn,m > no(g,08); meas{|u, —u,,| > 6} <&,
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which proves that (u,) is a Cauchy sequence in measure. Then it converges almost everywhere
to some measurable function u, and

Ti(un) — T (u) weakly in Wol?(’)(Q) as n — oo, (5.4)

Step 2. The strong convergence of the truncation Tj(u,). For a fixed integer m > 0, we
introduce the function @, : R — R given by:

I, ifs>m+1,
s—k, fm<s<m—+1,
(Pm(s) = Tm+1(s) _Tm(s> = 0 if0<s<m (5.5)

—@Qn(—s), ifs<O.
Letting m > k > ||y||.., we set i, (s) = 1 — |@p(s)| and v = u, — By (1) (Tie (1) — Ty (). Since
vE WO1 P (Q) and v > v, then v is an admissible test function for (4.1), we have

I

A\

~

ai(x, Vi) Diunh),, (un) (T (un) — Tie(u)) .

ZZI/ (14 [T () )7 ‘
12

ai(x, Vun)Di(Ti (un) — Ti(u) ) A (1) )

*Z/ (4 T “

I

™~

S/fnhm<un)(Tk(un)_Tk(u>)dx'

Hereafter, we denote w(n,m) for all quantities, possibly different, such that lim lim ®(n,m)=
Mm—>—+o00 p—p+-00

0. That is to say, in the limit process for @(n,m), first let n — oo for fixed m, then let m tends
to infinity. Similarly, the notation w(n) represents all quantities, maybe different, such that

lirB ®(n) = 0. Our aim is to prove that, for all k > 0 and foreachi=1,...,N
n—r—+oo

nngrrlw , [ai(x, VTi(un)) — ai(x, VTi(u) )] Di(Ti (un) — T (u))dx = 0. (5.6)
First of all, using the fact that &, (u,) (T (un) — Tp.(u)) — 0 weakly* in L=(Q) and f, — f
strongly in L' (Q), we get
;= (D(l’l)
Next, we estimate /;. If we take v = u,, — @, (u,) as a test function in (4.1), the almost

everywhere convergence of u, to u implies @, (1) — @, (1) as n — +oo, and @, (u,) — 0 as
m — +oo. Thanks to (1.4), we get

aZ/ |D (Pm un /fn(pm un
i=1

(14T (un)|

—/ 1) @ (ttn dx+/f O (ttn) — Om(u dx+/f<pm
= o(n,m). (5.7)
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Using Young’s inequality, We employ (1.3) and (5.7) to obtain

14 [ Dyt | T (100) — Ti(w)|

L < Z/ , dx
=1

(14 | T (1) ) 1

. pi(x)
< 2k/ |Dt(Pm(”n)’
Q (14 [T (1)) "0
= w(n,m).

We are left with the estimate of I, which can be split as follows

Ji
a6 VT (1)) D (Ti () — Ti(0) Vo (10)
"o Z/ (1 173 ) “

J
K / a;i(x, Vun)DiTk(u)hm<un)dx
Qul>k (14 [Ty(un)) ")

Let n > m—+ 1. Since h,, has a compact support, and the integral J, is taken on the subset
{|un] < m+ 1}, then J, can be written as follows

5= Z/ ai(x, Vi1 (un))DiTi(u )hm(”n)X{lun\>k}dx
i=1 1+‘Tn(un)|) %)

From (5.4), we deduce that, for eachi=1,..., N, the sequence

{a,-<x, V1 (1) i () }
L+ |Ta(un) )1

is weakly converges in L7i()(Q). On the other hand, D;Tj (1) X{|uy|>k) Strongly converges to zero
in LPi0)(Q). It follows that

Jr, = w(n).

Noting that, forn > m—+1 > m > k, hy,(u,) = 1 on the set {|u,| < k}, we have that J; simplified
to

i(x, VT (un) ) Di(Ty (un) — Ty (u))
"= lZI/ Q)™
K
i(x, VT (uy)) — ai(x, VT (u ))] (Tk(un) Ti(u)) ;
_Z/{|un<k} (14 [T () )1 ‘
K;

Y

ai(x, VI () ) D (T (tn) — T (1)) Xf | <} .
+Z/ (1 [T ()7 "
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In view of (1.3) and using Lebesgue’s dominated convergence theorem, we conclude that

{ a;(x, VT (u) }
(14T () ) ]

which converges strongly in L7()(Q). By (5.4), we also deduce that K» = ().
Based on the previous estimates, by (1.5) and the fact that the integral K is taken on the
subset {|u,| < k}, we finally get

1 N
otm =Kz Loy -l i) e VT3] DTy ) Tia) x>

Therefore, (5.6) is proved. Under the assumptions (1.3)-(1.5), it is well known that (5.6) implies
Ti(un) — Ty (u) strongly in W(;’?(')(Q) for all k > 0.

This affirms that, foreachi=1,...,N, D;u,, — D;u a.e. in Q. O

6. THE PROOF OF THE MAIN RESULTS

Let u, be a solution of (4.1), and let v € W1 70 ( )N L=(Q) with v(x) > y(x) in Q. For a
fixed k > 0, the function

Uy — Tk(un - V)a
is an admissible test function in (4.1). With this choice of the test function, we get

Vitn)DiTi(
2/ ai(x, Vin) Dily ”” /f,,Tk n—v)d 6.1)
i=1 +‘T

On the set {x € Q; |u, —v| < k}, one has |un| <h=k+|v|[z=(q)- Therefore (6.1) can be written
as

Vu,)D; &
Z/ Cll _x un) iUn x+Z/Ai(x’un’Vun)Dinx
i=1

(1+ T (un) )1 Se 6.2)

S/anTk(un—V)dx

ai(x, VT (uy,))
(1 | T (1)) ¥
Now, let us pass to the limit in (6.2). In the right-hand, it is easy since f,, converges strongly
to f in L'(Q) and Ty (u, — v) converges to Ty (u — v) weaklyx in L=(Q). As for the first term on
the left-hand side, we have, by using Fatou’s lemma, that
/ ailx, Vu)Diu V”)l_)("b)‘ dx < Timinf [z, i V””)D"”"Z ;
@ (1 [uf) ™ ke JQ T (14 | T () )

where X (x) = X{ju,—v|<k} (¥), and

Al'(-xaul’lavun) -

dx,
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where % (x) = X{ju—v|<k} (*). In the second term of the left-hand side, we have from (1.3) that

the boundedness of sequence 7j(u,) in WO1 ’7(Q), and the almost everywhere convergence of
Vu, in Q to Vu. It follows that, foreachi=1,...,N,

HA,'(x,un,Vun)HL,,;(A)(Q) < Cv (63)

and
Ai(x,uy, Vu,) — Aj(x,u,Vu) ae.inQ, (6.4)
where A;(x,u, Vu) = @il Vi B 2(x). By (6.3), (6.4), and the Vitali’s theorem, we can conclude

(1-+]u |)

Ai(x,uy, Vu,) — Aij(x,u,Vu) weakly in Lp:'(')(Q).

that

Hence,
/QAi(x,u,,,Vun)Divdx%/QA,-(x,u,Vu)Divdx.
Letting n tend to infinity in (6.2) yields
i/ %ai(x,Vu)l?iudx+/ xai(x’VTh(u)')Divdx
S (14 u)™ T (14 ) "
§/Qka(u—v)dx.

Since Tj,(u) = u on the set {x € Q; |u—v| < k}, the above inequality can be simplified to

;/ ai(x, Vi) DTk( dxg/Qka(u—v)dx

1+|u| nlx

which is the desired result.

7. APPENDIX

In this section, we prove the existence of solutions to approximate obstacle problem (4.1)
by using the celebrated theorem of abstract variational inequalities involving pseudomonotone
operators. First, we recall the following definition.

Definition 7.1 ([18]). Let V be a separable and reflexive Banach space. An operatorA:V —V’
is pseudomonotone if

(1) A is bounded, that is, the image of a bounded subset of V is a bounded subset of V’;

(2) if uy, — u weakly in V and if limsup(Au,,, u,, —v) < 0, then
m—r—+oo

Hminf(Auy,, upy — v) > (Au,u—v),

m—r—+oo

for every v in V, where (-, ) refers to the duality product between V' and V.

We will use the following theorem, which is from [18].
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Theorem 7.2. LetV be a separable and reflexive Banach space, and let K be a nonempty, closed
convex subset of V. Let A : V — V' be the operator, which is pseudomonotone and coercive in
the following sense: there exists vo € K such that

Av.p —
Avv=vo) _ o rorvek.
vli=ee V]V
Then, for every f in' V', there exists u in K such that

YWweK: (Auu—v) < (f,u—v).
Lemma 7.3. Suppose Assumptions (1.2)-(1.5) hold. Then approximate problem (4.1) admits at
least one solution u, € Ky.

Proof. We apply Theorem 7.2 to the operator
/
A, W()L?(‘)(Q) . (WOL?(.)(QD
u— Apu,

defined by

a;i(x,Vu)D;p
Antt, @) ,21/ (1+|T,( ))%<x>dx’

for any ¢ € Wolj(')(Q).
The proof is based on the assertion that the operator A, is pseudomonotone and coercive.

(1) The operator A, is coercive. Let vy € Ky. Thanks to (1.3) and (1.4), we have, for any
Ve Ku/,

a;i(x, Vv)Di(v —vp)
Ay ZI/ (O C
—Z/ a;i(x, Vv)Djv Z/ alevao dx
i=1 1+‘T ’%(X i=1 1+’T ()

Z / D |Pi ) dx — [32 / |D,~v|p"(x)_l|D,~v0|dx.
(1+n)" (5 =179

By using Young’s inequality, we get

N

(Apv,y —vo) > (ﬁ— [3) Zi/ D[P dx — BC(e )Z|DWO|P1‘(X)

i=1

Choosing € such that —Be=C; >0and BC(g) =C, >0, we get

(1+n)
+
Apv,v—vg) > v —N(C1 +C) +Ca|vol 5 .
< n > - H H )( Q) ( ) H HW()lﬁ()(Q)
which implies
<AHV7V_VO> SRS
||V|| 17(')(9)

as HvH — o0 since p— > 1.

Y
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(2) The operator A, is pseudomonotone.
(i) A, is bounded. Indeed, let u be a bounded function in WO1 ’7(')(9). In view of
(1.3), forall v € WOI?(')(Q), we have

N
|(Apu,v)| < ﬁZ/‘|Diu|Pi(x)—2DiuDiv dx.
i=1
Q

From this and Holder’s inequality (2.1), it follows that

N
(A <C Y || [Dia? 7!
i=1
<Clv
<l

HLP§(~) Q) HDiVHLm(‘)(Q)

Therefore, we conclude that ||A,u|| (W“ﬁ('>(9)>/ is bounded if ||u|| 170 ) is bounded.

(ii) If u,, — u weakly in Wol’ﬁ(')(Q) as m — oo, and for any v € W1 70) ( )

0 > limsup(A,up, Uy — V)
m—>+oo

= limsup
m—r—+oo ;_1
Q

il /ai(?@ Vi) Dty —v)
dx,
(14 [Ty () ]) %)

then

.. s )
lr}girgmnum,um v) > (Apu,u—v)

Indeed, the compact embedding (2.6) yields that u,, — u in L'(Q) for a subse-
quence still denoted as (u,,). Moreover, we assume that u,, — u a.e. in Q.
Let us first prove that

S ai(x, Vtm) a;i(x, Vu) s oo
;/{ (1+1T;, (um)’)y(x) a (IHTn(M)D%(X)}Di(um—u)dx—>0. (7.1)

By invoking (1.3) and using the fact that Dju, — Dju weakly in LPi0)(Q), we get

) N a;i(x, V) a;i(x,Vu)
hms“pZ/ {u T () )HO) (1 [T, (1)) 200

m——4oo ;_1

} Di(uy —u)dx < 0.
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We have, foralli=1,...,N,

/ [ ai(x, Vitw) ai(x, Vur) ]

(L4 Ty () )% (1+ | T ()] 1)

By R —
IACERTAPSIES

a;(x,Vuy) —ai(x,Vu)| Di(upy — u)dx

(7.2)

! 1
°/ {(1 + [T w) )70 (14 |Tn(u)|)%(X)} ai(x, Vi) Dyt — u)dlx

Q
1 1
z! l“ + [T (1) )7 (14 |Tn<u)|>%-<x>} ai(x, Vu)Di(um = u)dx.

Using (1.3) and Lebesgue’s dominated convergence theorem, we obtain

ai(x,Vu) _ ai(x,Vu)
(14| T () )X (14| Ty () ) 5

strongly in Lrit) (Q). We have thus proved (7.1). This and (7.2) imply that, for each
i=1,...,N,

[ai(x, Vitm) — ai(x, Vi) | Di (i — 1) | m—s+oo_
S e e

(7.3)

Now, let us prove that

Hminf(A,uy,, w, —v) > (Apu,u—v), Vv € Wolj(.) (Q).

m— oo

From (7.3), we deduce up to a subsequence
Vu,, — Vu a.e in Q.

Therefore, foreachi=1,...,N,

a;i(x, Vi) N a;i(x,Vu)
(L4 T () )20 (14| T () ) #)

weakly in L7i()(Q) and a.e in Q. Thus

lim / a;i(x, Vup ) Div dx:/ a;i(x,Vu)D;v i, 7.4)
m—s oo ( (
Q Q

1+ | T () ]) %) 1+ | T, (u)]) %)

forallv e WO1 ’?(’)(Q). By virtue of Fatou’s lemma, we get

i(X, Vi) Ditty i(x, Vu)D;
liming ai(x,Vup,)Diu 2/ ai(x,Vu)Dju

m inf ) i
B U )70 = ] (O T

(7.5)
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Finally, combining (7.4) and (7.5), we obtain

liminf(A,um, upm — v) = liminf } |

m—r—+oo m—r—+oo —

N rai(x, Vu)Di(u—v)
2% [ gy &

= (Ayu,u—v).

Therefore A, is pseudomonotone. Then, according to Theorem 7.2, there exists at
least one solution u, € Ky to Problem (4.1).

O
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