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METRIC SPACES WITH ASYMPTOTIC PROPERTY C AND FINITE
DECOMPOSITION COMPLEXITY

JINGMING ZHU, YAN WU∗

College of Data Science, Jiaxing University, Jiaxing 314001, China

Abstract. We construct a class of metric spaces Xω+k whose transfinite asymptotic dimension and
complementary-finite asymptotic dimension are both ω+k for any k ∈N, where ω is the smallest infinite
ordinal number and a metric space Y2ω whose transfinite asymptotic dimension and complementary-finite
asymptotic dimension are both 2ω . Finally, we introduce a geometric property called decomposition di-
mension (decodim). Using decomposition dimension, we prove that the metric spaces Xω+k and Y2ω

have finite decomposition complexity.
Keywords. Asymptotic property C; Complementary-finite asymptotic dimension; Finite decomposition
complexity; Transfinite asymptotic dimension;.

1. INTRODUCTION

The asymptotic dimension is a coarse invariant of metric spaces introduced by Gromov [1].
Recently, it has received a great deal of attention; see, e.g., [2, 3, 4, 5] and the references therein.
Generalizing finite asymptotic dimension, Dranishnikov introduced the notion of the asymptotic
property C in [6], which covers a large family of metric spaces with the infinite asymptotic di-
mension. In 2010, Radul generalized the asymptotic dimension of a metric space X to the
transfinite asymptotic dimension, which is denoted by trasdim(X), and proved that, for a metric
space X , X has the asymptotic property C is equivalent to trasdim(X)< ∞ [7]. There are exam-
ples of the metric space with trasdim= ∞ and the metric space with trasdim= ω , where ω is the
smallest infinite ordinal number [7]. But, if there is a metric space X with ω <trasdim(X)< ∞

was unknown until we constructed a metric space whose transfinite asymptotic dimension is
ω + 1 [8]. In [9], we introduced another approach to classify the metric spaces with the in-
finite asymptotic dimension, which is called the complementary-finite asymptotic dimension
(coasdim).
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Inspired by the method in [8], we construct a class of metric spaces Xω+k with

trasdim(Xω+k) = coasdim(Xω+k) = ω + k for any k ∈ N,

which generalizes the result in [8]. We use these metric spaces to construct a metric space Y2ω

with trasdim(Y2ω) =coasdim(Y2ω) = 2ω .
In 2012, Guentner, Tessera and Yu [10] introduced the notion of finite decomposition com-

plexity to study the topological rigidity of manifolds, and they proved that every metric space
of bounded geometry with finite decomposition complexity has property A [11]. Dranishnikov
proved that every metric space of bounded geometry with asymptotic property C has property
A [6]. The relation between asymptotic property C and finite decomposition complexity was
studied by Dranishnikov and Zarichnyi [5]. There is no example of group known which makes
a difference between asymptotic property C and the finite decomposition complexity. Here
we prove that Xω+k ∈ Dω+k, and Y2ω ∈ D2ω . Therefore, Xω+k and Y2ω have both asymptotic
property C, and the finite decomposition complexity.

2. PRELIMINARIES

Let (X ,d) be a metric space, and U,V ⊆ X . Define

diam U = sup{d(x,y)|x,y ∈U} and d(U,V ) = inf{d(x,y)|x ∈U,y ∈V}.

Let R and r be positive numbers, and let U be a family of subsets of X . We say that U is
R-bounded if

diam U
.
= sup{diam U |U ∈U } ≤ R.

In this case, U is said to be uniformly bounded. We say that U is r-disjoint if

d(U,V )≥ r for every U,V ∈U with U 6=V.

Let A be a subset of X and ε > 0. Define

Nε(A) = {x ∈ X | d(x,A)< ε} and Nε(A) = {x ∈ X | d(x,A)≤ ε}.

Letting δ > 0, we denote
Nδ (U ) = {Nδ (U) |U ∈U },

and ⋃
U =

⋃
{U |U ∈U } and U1∪U2 = {U |U ∈U1 or U ∈U2}.

Definition 2.1. [4] The asymptotic dimension of a metric space X does not exceed n and write
asdim(X)≤ n if there exists n∈N such that, for every r > 0, there exists a sequence of uniformly
bounded families {Ui}n

i=0 of subsets of X such that
⋃n

i=0 Ui covers X , and each Ui is r-disjoint
for i = 0,1, · · · ,n. In this case, we say that X has finite asymptotic dimension.

We say that asdim(X) = n if asdim(X)≤ n and asdim(X)≤ n−1 is not true.
We say that asdim(X)<∞ if asdim(X)≤m for some m∈N, and asdim(X)=∞ if asdim(X)≤

n is not true for any n ∈ N.

Definition 2.2. [7] Let FinN be the collection of all finite, nonempty subsets of N, and let
M ⊆ FinN. For σ ∈ {∅}

⋃
FinN, let

Mσ = {τ ∈ FinN | τ ∪σ ∈M and τ ∩σ =∅}.



METRIC SPACES WITH ASYMPTOTIC PROPERTY C 3

Let Ma abbreviate M{a} for a ∈ N. Define the ordinal number OrdM inductively as follows:

OrdM = 0 ⇔ M =∅,

OrdM ≤ α ⇔ ∀ a ∈ N, there exists β < α, such that OrdMa ≤ β ,

OrdM = α ⇔ OrdM ≤ α and OrdM ≤ β is not true for any β < α,

OrdM = ∞ ⇔ OrdM ≤ α is not true for any ordinal number α.

Definition 2.3. [7] Given a metric space X , let

A(X) = {σ ∈ FinN | there are no uniformly bounded families Ui for i ∈ σ

such that each Ui is i-disjoint and
⋃
i∈σ

Ui covers X}.

The transfinite asymptotic dimension of X is defined as trasdim(X)=OrdA(X).

Remark 2.4. Note that trasdim(X)≤ n if and only if asdim(X)≤ n.

Lemma 2.5. (see [9], Proposition 2.1) Let X be a metric space, and let l ∈ N∪{0}. Then the
following conditions are equivalent:

(1) trasdim(X)≤ ω + l;
(2) for every k ∈N, there exists m = m(k)∈N such that for every n∈N, there are uniformly

bounded families U−l,U−l+1, · · · ,Um satisfying Ui is k-disjoint for i ∈ {−l, · · · ,0}, U j
is n-disjoint for j ∈ {1,2, · · · ,m} and

⋃m
i=−l Ui covers X.

Definition 2.6. [9] Every ordinal number γ can be represented as γ = λ (γ)+n(γ), where λ (γ)
is the limit ordinal or 0 and n(γ) ∈N∪{0}. Let X be a metric space, we define complementary-
finite asymptotic dimension coasdim(X) inductively as follows:

• coasdim(X) =−1 if and only if X = /0,
• coasdim(X) ≤ γ if and only if for every r > 0 there exist r-disjoint and uniformly

bounded families U0, . . . ,Un(γ) of subsets of X such that coasdim(X \
⋃
(
⋃n(γ)

i=0 Ui)) ≤
α for some α < λ (γ),
• coasdim(X) = γ if and only if coasdim(X) ≤ γ and for any β < γ , coasdim(X) ≤ β is

not true.

Remark 2.7. Note that coasdim(X)≤ n if and only if asdim(X)≤ n.

Lemma 2.8. (see [9], Theorem 3.3) Let X be a metric space with X1,X2⊆X. Then coasdim(X1∪
X2)≤ max{coasdim(X1),coasdim(X2)}.

Definition 2.9. Let X and Y be metric spaces. f : X→Y is said to be coarse embedding if there
are nondecreasing functions p1, p2 : R+ → R+ such that limx→+∞ p1(x) = +∞ and for every
x1,x2 ∈ X ,

p1(d(x1,x2))≤ d( f (x1), f (x2))≤ p2(d(x1,x2)).

If, additionally, there exists R > 0 such that Y ⊆ NR( f [X ]), then f is called coarse equivalence
and metric spaces X and Y are said to be coarse equivalent. Coarse equivalence is an equivalence
relation.

Transfinite asymptotic dimension and complementary-finite asymptotic dimension are coarsely
invariant properties of metric spaces.
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Lemma 2.10. (see [9, 12]) Let X and Y be metric spaces, and let ξ be an countable ordi-
nal number. There is a coarse embedding φ : X → Y from X to Y . If coasdim(Y ) ≤ ξ and
trasdim(Y )≤ ξ , then

coasdim(X)≤coasdim(Y ) and trasdim(X)≤trasdim(Y ).

Consequently, if X and Y are coarse equivalent, coasdim(Y )≤ ξ , and trasdim(Y )≤ ξ , then

trasdim X = trasdim Y and coasdim X = coasdim Y.

3. MAIN RESULTS

3.1. A metric space with transfinite asymptotic dimension ω + k. In this section, we will
construct a metric space Xω+k, and prove that trasdim(Xω+k) = ω + k for every k ∈ N, which
are inspired by the method in [8].

Definition 3.1. ([13]) Let X be a metric space, and let A,B be a pair of disjoint subsets of X .
We say that a subset L⊂ X is a partition of X between A and B if there exist open sets U,W ⊂ X
satisfying the following conditions

A⊂U,B⊂W and X =U tLtW.

Definition 3.2. Let X be a metric space, and let A,B be a pair of disjoint subsets of X . For any
ε > 0, we say that a subset L⊂ X is an ε-partition of X between A and B if there exist open sets
U,W ⊂ X satisfying the following conditions

A⊂U,B⊂W,X =U tLtW,d(L,A)> ε and d(L,B)> ε.

Clearly, an ε-partition L of X between A and B is a partition of X between A and B.

Lemma 3.3. ([14]) Let L0
.
= [0,B]n for some B > 0. Let F+

i and F−i be the pairs of opposite
faces of L0, where i = 1,2, · · · ,n, and let 0 < ε < 1

6B. For k = 1,2, · · · ,n, let Uk be an ε-disjoint
and 1

3B-bounded family of subsets of [0,B]n. Then there exists a decreasing sequence of closed
sets [0,B]n = L0 ⊃ L1 ⊃ L2 · · · ⊃ Ln such that Lk+1 is an ε-partition of Lk between F+

k+1∩Lk and
F−k+1∩Lk, and Lk+1 ⊆ Lk∩ (

⋃
Uk+1)

c for k = 0,1,2, · · · ,n−1.

To prove the main results, we will use a version of the Lebesgue theorem.

Lemma 3.4. (see [13], Lemma 1.8.19) Let F+
i , F−i , where i∈{1, . . . ,n}, be the pairs of opposite

faces of In .
= [0,1]n. If In = L′0 ⊃ L′1 ⊃ . . .⊃ L′n is a decreasing sequence of closed sets such that

L′i is a partition of L′i−1 between L′i−1∩F+
i and L′i−1∩F−i for i ∈ {1,2, . . . ,n}, then L′n 6= /0.

As it is similar with [8], we will use the asymptotic union to construct examples.

Definition 3.5. Let {Zi}∞
i=1 be a sequence of subspaces of a metric space (Z,dZ). Let

X =
∞⊔

i=1

(0, · · · ,0,Zi,0, · · ·).

For every x,y∈X , there exist unique l,k∈N, xl ∈ Zl and yk ∈ Zk such that x=(0, · · · ,0,xl,0, · · ·)
and y = (0, · · · ,0,yk,0, · · ·). Assume that l ≤ k, put c = 0 if l = k, and c = l+(l+1)+ ...+(k−
1) if l < k. Define a metric on X by

d(x,y) = dZ(xl,yk)+ c.
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We say that (X ,d) is asymptotic union of {Zi}∞
i=1, which is denoted by as

⊔
∞
i=1 Zi. And we

denote as
⊔

∞
i=n Zi as a subspace of as

⊔
∞
i=1 Zi.

For every k, i ∈ N, let

X (i)
ω+k = {(x1, . . . ,xi) ∈ Ri∣∣ |{ j | x j /∈ 2iZ}| ≤ k}.

Note that X (i)
ω+k ⊂Ri for each i ∈N. Let Xω+k = as

⊔
∞
i=1 X (i)

ω+k, where X (i)
ω+k is a subspace of the

metric space (
⊕

R,dmax) for each i ∈ N, and dmax is the maximum metric.

Proposition 3.6. For any k ∈ N, trasdim(Xω+k)≤ ω + k−1 is not true.

Proof. Suppose that trasdim(Xω+k) ≤ ω + k−1. By Lemma 2.5, for every n ∈ N, there exists
m = m(n)∈N such that there exist B-bounded families U−k+1,U−k+2, . . . ,Um−1,Um satisfying
Ui is n-disjoint for i = −k+1, . . . ,0, U j is 2m+k+2-disjoint for j = 1,2, . . . ,m and

⋃m
i=−k+1 Ui

covers Xω+k and hence covers [0,6B]m+k ∩X (m+k)
ω+k . Without lose of generality, we can assume

B = B(n)>max{n,2m+k+2}.
We assume that p = 6B

2m+k ∈ N. Taking a bijection ψ : {1,2, · · · , pm+k} → {0,1,2, · · · , p−
1}m+k, let

Q(t) =
m+k

∏
j=1

[2m+k
ψ(t) j,2m+k(ψ(t) j +1)], in which ψ(t) j is the jth coordinate of ψ(t).

Let Q = {Q(t) | t ∈ {1,2, · · · , pm+k}}. Then, [0,6B]m+k =
⋃

Q∈Q Q. Note that

[0,6B]m+k∩X (m+k)
ω+k =

⋃
Q∈Q

∂kQ,

where ∂kQ is the k-dimensional skeleton of Q.
Let L0 = [0,6B]m+k. By Lemma 3.3, since N2m+k(U1) is 2m+k-disjoint and (2m+k+1 +B)-

bounded, there exists a 2m+k-partition L1 of [0,6B]m+k such that

L1 ⊂ (
⋃

N2m+k(U1))
c∩ [0,6B]m+k,

and d(L1,F
+/−
1 ) > 2m+k. Since L1 is a 2m+k-partition of [0,6B]m+k between F+

1 and F−1 , then
[0,6B]m+k = L1 t A1 t B1 such that A1, B1 are open in [0,6B]m+k, and A1, B1 contain two
opposite facets F−1 , F+

1 respectively.
Let M1 = {Q ∈Q|Q∩L1 6= /0}, and M1 =

⋃
M1. Since L1 is a 2m+k-partition of [0,6B]m+k

between F+
1 and F−1 , then M1 is a partition of [0,6B]m+k between F+

1 and F−1 , i.e., [0,6B]m+k =

M1tA′1tB′1 such that A′1 and B′1 are open in [0,6B]m+k, and A′1 and B′1 contain two opposite
facets F−1 , F+

1 , respectively. Let

L′1 = ∂m+k−1M1 =
⋃
{∂m+k−1Q|Q ∈M1}.

Then, [0,6B]m+k \ (L′1tA′1tB′1) is the union of some disjoint open (m+ k)-dimensional cubes
with length of edge = 2m+k. So L′1 is a partition of [0,6B]m+k between F+

1 and F−1 , and L′1 ⊂
(
⋃

U1)
c∩ [0,6B]m+k.

For N2m+k(U2), there exists a 2m+k-partition L2 of L′1 such that

L2 ⊂ (
⋃

N2m+k(U2))
c∩ [0,6B]m+k,
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and d(L2,F
+/−
2 )> 2m+k. Since L2 is a 2m+k-partition of L′1 between L′1∩F+

2 and L′1∩F−2 , then
L′1 = L2tA2tB2 such that A2 and B2 are open in L′1, and A2 and B2 contain two opposite facets
L′1∩F−2 , L′1∩F+

2 , respectively, and d(L2,F
+/−
2 )> 2m+k.

Let M2 = {Q ∈M1 | Q∩ L2 6= /0}, and M2 =
⋃

M2. Since L2 is a 2m+k-partition of L′1
between L′1∩F+

2 and L′1∩F−2 , then M2∩L′1 is a partition of L′1 between L′1∩F+
2 and L′1∩F−2 ,

i.e., L′1 =(M2∩L′1)tA′2tB′2 such that A′2, B′2 are open in L′1, and A′2 and B′2 contain two opposite
facets L′1∩F−2 and L′1∩F+

2 , respectively. Let

L′2 = ∂m+k−2M2
.
=
⋃
{∂m+k−2Q|Q ∈M2}.

Then L′1 \ (L′2tA′2tB′2) is the union of some disjoint open (m+k−1)-dimensional cubes with
length of edge = 2m+k. So L′2 is also a partition of L′1 between L′1 ∩ F+

2 and L′1 ∩ F−2 , and
L′2 ⊂ (

⋃
(U1 ∪U2))

c ∩ [0,6B]m+k. After m steps above, we have L′m to be a partition of L′m−1

and L′m ⊂ (
⋃
(U1∪ . . .∪Um))

c∩ [0,6B]m+k. Note that L′m ⊂ X (m+k)
ω+k and hence

L′m ⊂ (
⋃
(U−k+1∪ . . .∪U0))∩ [0,6B]m+k.

For j = 1,2, · · · ,k, there exists a partition L′m+ j of L′m+ j−1 between L′m+ j−1∩F+
m+ j and L′m+ j−1∩

F−m+ j such that L′m+ j ⊆ L′m+ j−1∩ (
⋃
(U− j+1∪ . . .∪Um))

c due to Lemma 3.3. It follows that

L′m+k ⊆ L′m+k−1∩ (
⋃
(U−k+1∪ . . .∪U0))

c = /0,

which is a contradiction with Lemma 3.4. So trasdim(Xω+k)≤ ω + k−1 is not true. �

Lemma 3.7. (see [15], Proposition 3.1) Let X be a metric space if coasdim(X) ≤ γ for some
ordinal number γ , then trasdim(X)≤ γ .

For every n, i,k ∈ N, let

X (i,n)
ω+k = {(x1, . . . ,xi) ∈ Ri | |{ j | x j /∈ 2nZ}| ≤ k}.

Note that X (i)
ω+k = X (i,i)

ω+k.

Lemma 3.8. For every r ∈N with r≥ 4, there exist n = r ∈N and r-disjoint uniformly bounded
families U0,U1 such that U0∪U1 covers as

⊔
∞
i=n X (i,n)

ω+1.

Proof. For every r ∈ N and r ≥ 4, choose n = r ∈ N. For every i≥ n, let

U
(i)

0 = {
( i

∏
t=1

(nt2n− r,nt2n + r)
)
∩X (i,n)

ω+1

∣∣ nt ∈ Z},

and

U
(i)

1 = {
( j−1

∏
t=1

(nt2n− r,nt2n + r)× [n j2n + r,(n j +1)2n− r]×

i

∏
t= j+1

(nt2n− r,nt2n + r)
)
∩ X (i,n)

ω+1

∣∣ nt ∈ Z,1≤ j ≤ i}.

It is easy to see that U
(i)

0 and U
(i)

1 are r-disjoint and 2n-bounded families. Now, for every x =

(x1, . . . ,xi)∈ X (i,n)
ω+1 \(

⋃
U

(i)
0 ), there exists unique j ∈ {1,2, · · · , i} such that x j ∈ [n j2n+r,(n j +

1)2n− r]. It follows that x ∈ U
(i)

1 . Therefore, U
(i)

0 ∪U
(i)

1 covers X (i,n)
ω+1. Let U0 =

⋃
i≥n U

(i)
0 ,
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and U1 =
⋃

i≥n U
(i)

1 . Since d(X (i,n)
ω+1,X

( j,n)
ω+1 )≥ n = r for every i, j ≥ n and i 6= j, then U0,U1 are

r-disjoint and 2n-bounded families such that U0∪U1 covers as
⊔

∞
i=n X (i,n)

ω+1. �

Remark 3.9. By Lemma 3.8, for every r ∈ N and r > 1, there exist 3r-disjoint and uniformly
bounded families U0,U1 such that U0 ∪U1 covers as

⊔
∞
i=3r X (i,3r)

ω+1 . Let V0 = {Nr(U)| U ∈
U0},V1 = {Nr(U)|U ∈U1}. Then V0,V1 are r-disjoint uniformly bounded families, and V0∪
V1 covers as

⊔
∞
i=3r Nr(X

(i,n)
ω+1), where Nr(X

(i,n)
ω+1) is r-neighborhood of X (i,n)

ω+1 in Ri. By the similar
argument, we obtain the following Lemma.

Lemma 3.10. For every r ∈ N and r > 1, there exist n = 3k−1r ∈ N and r-disjoint uniformly
bounded families U0,U1, . . . ,Uk such that U0∪U1∪ . . .∪Uk covers as

⊔
∞
i=n X (i,n)

ω+k.

Proof. We will prove it by induction on k. By Lemma 3.8, the result is true for k = 1. Assume
that the result is true for k = m. Then, for every r ∈ N and r > 1, there exist n = 3mr ∈ N
and 3r-disjoint uniformly bounded families V0,V1, . . . ,Vm such that V0 ∪V1 ∪ . . .∪Vm covers
as
⊔

∞
i=n X (i,n)

ω+m. Now, for k = m+1, let

U0 = {Nr(V )| V ∈ V0}, · · · ,Um = {Nr(V )| V ∈ Vm}.

Then U0,U1, · · · ,Um are r-disjoint and uniformly bounded families such that U0∪U1∪ . . .∪
Um covers as

⊔
∞
i=n Nr(X

(i,n)
ω+m). Let

U
(i)

m+1 = {{xt} j1−1
t=1 × [n j12n + r,(n j1 +1)2n− r]× (xt)

j2−1
t= j1+1× [n j22n + r,(n j2 +1)2n− r]

×{xt} j3−1
t= j2+1×·· ·×{xt} jm+1−1

t= jm+1× [n jm+12n + r,(n jm+1 +1)2n− r]×{xt}i
t= jm+1+1| xt

∈ 2nZ,n jk ∈ Z,1≤ k ≤ m+1}.

It is easy to see that U
(i)

m+1 is r-disjoint and 2n-bounded. Note that, for every i≥ n,

X (i,n)
ω+m+1 \

⋃
U

(i)
m+1 ⊂ Nr(X

(i,n)
ω+m)

Indeed, for any x = {xt}i
t=1 ∈ X (i,n)

ω+m+1 \
⋃

U
(i)

m+1, {xt}i
t=1 ∈ X (i,n)

ω+m+1 implies that there exists at

most m+1 coordinates xt such that xt /∈ 2nZ and x /∈
⋃

U
(i)

m+1 implies that, among all the xt with

xt /∈ 2nZ, there exists at least one xt0 such that d(xt0,2
nZ) < r. It follows that x ∈ Nr(X

(i,n)
ω+m).

Since
d(X (i,n)

ω+m+1,X
( j,n)
ω+m+1)> r for every i, j ≥ n and i 6= j,

then Um+1
.
=
⋃

i≥n U
(i)

m+1 is an r-disjoint uniformly bounded family of subsets and

as
∞⊔

i=n

X (i,n)
ω+m+1 ⊂ (

⋃
Um+1)∪

∞⋃
i=n

Nr(X
(i,n)
ω+m).

Therefore, U0∪U1∪ . . .∪Um+1 covers as
⊔

∞
i=n X (i,n)

ω+m+1. So the result is true for k = m+1. �

Proposition 3.11. coasdim(Xω+k)≤ ω + k.

Proof. For every r > 0, by Lemma 3.10, there exist n = n(r) ∈ N and r-disjoint uniformly
bounded families U0,U1, . . . ,Uk such that U0 ∪U1 ∪ . . . ∪Uk covers as

⊔
∞
i=n X (i,n)

ω+k. Since



8 J. ZHU, Y. WU

X (i)
ω+k = X (i,i)

ω+k ⊂ X (i,n)
ω+k for i ≥ n, Xω+k \

⋃
(U0 ∪ . . .Uk) ⊆ as

⊔n−1
i=1 X (i)

ω+k. From Lemma 2.8,
one has

coasdim
(
Xω+k \

⋃
(U0∪ . . .Uk)

)
≤ coasdim

(
as

n−1⊔
i=1

X (i)
ω+k

)
≤

coasdim
(
as

n−1⊔
i=1

Ri)≤ coasdim
(
Rn−1)< ω.

It follows from the definition that coasdim(Xω+k)≤ ω + k. �

Theorem 3.12. trasdim(Xω+k) = ω + k for every k ∈ N.

Proof. From Lemma 3.7 and Proposition 3.11, one has trasdim(Xω+k) ≤ ω + k. Using Propo-
sition 3.6, we obtain that trasdim(Xω+k) = ω + k. �

Theorem 3.13. coasdim(Xω+k) = ω + k for every k ∈ N.

Proof. From Proposition 3.6 and Lemma 3.7, we can obtain that coasdim(Xω+k)≤ ω +k−1 is
not true. Then coasdim(Xω+k) = ω + k due to Proposition 3.11. �

3.2. A metric space with complementary-finite asymptotic dimension and transfinite as-
ymptotic dimension 2ω . In this section, we will construct a metric space Y2ω by taking as-
ymptotic union of all the metric spaces Yω+k, which is coarsely equivalent to Xω+k for any
k ∈ N.

For every k, i ∈ N, let

Y (i)
ω+k = {(x1, . . . ,xi) ∈ (2kZ)i | |{ j | x j /∈ 2iZ}| ≤ k},Yω+k = as

∞⊔
i=1

Y (i)
ω+k and Y2ω = as

∞⊔
k=1

Yω+k,

where Yω+k is a subspace of the metric space as
⊔

∞
j=1R j for each j ∈ N.

Proposition 3.14. coasdim(Y2ω) = 2ω and trasdim(Y2ω) = 2ω .

Proof. For any k ∈ N, since Yω+k ⊆ Xω+k and Xω+k ⊆ N2k(Yω+k), Yω+k and Xω+k are coarse
equivalent. It follows that

trasdim(Yω+k) =trasdim(Xω+k) = ω + k and coasdim(Yω+k) = coasdim(Xω+k) = ω + k

due to Lemma 2.10. It follows that coasdim(Y2ω)≥ 2ω and trasdim(Y2ω)≥ 2ω .
For every n > 0, let

U = {{x} | x ∈ as
∞⊔

k=n+1

Yω+k}.

Then U is n-disjoint and uniformly bounded, and

Y2ω \
⋃

U = as
n⊔

k=1

Yω+k.

It follows from Lemma 2.8 that

coasdim(as
n⊔

k=1

Yω+k)≤ coasdim(as
n⊔

k=1

Xω+k)≤max1≤k≤n{coasdim(Xω+k)}= ω +n < 2ω,
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thus coasdim(Y2ω \
⋃

U )< 2ω. Then by the definition of complementary-finite asymptotic di-
mension, coasdim(Y2ω)≤ 2ω . Hence trasdim(Y2ω)≤ 2ω , which is due to Lemma 3.7. There-
fore, coasdim(Y2ω) = 2ω , and trasdim(Y2ω) = 2ω .

�

3.3. The decomposition dimension of metric spaces.

Definition 3.15. ([4]) We say that the metric family {Xα} satisfies the inequality asdim(Xα)≤ n
uniformly if, for every r > 0, there exists R > 0 such that, for each α , there are r-disjoint and
R-bounded families U α

0 ,U α
1 , · · · ,U α

n of subsets of Xα such that
⋃n

i=0 U α
i covers Xα .

Now we introduce a new dimension in coarse geometry.

Definition 3.16. Every ordinal number γ can be represented as γ = λ (γ)+ n(γ), where λ (γ)
is the limit ordinal or 0, and n(γ) ∈ N∪{0}. For a metric space X , we define decomposition
dimension decodim(X) inductively as follows:

• for γ = n ∈ N, decodim(X)≤ n⇔ coadim(X)≤ n;
• for γ = ω , decodim(X)≤ ω ⇔ coadim(X)≤ ω;
• for γ > ω , decodim(X) ≤ γ ⇔ for every r > 0, there is an r-disjoint family U =
{Ui} of subsets of X such that asdim(Ui) ≤ n(γ) uniformly and decodim(X \

⋃
U ) ≤

α for some α < λ (γ);
• decodim(X) = γ ⇔ decodim(X) ≤ γ and decodim(X) ≤ β is not true for any ordinal

number β < γ .

Remark 3.17. It is easy to see that coasdim(X)≤ ω implies decodim(X) =coasdim(X).

Lemma 3.18. Let X and Y be metric spaces, and let {Yα} be metric family of subsets of Y and
asdim(Yα) ≤ n uniformly. Let φ : X → Y be a coarse embedding from X to Y . Then, for the
metric family {φ−1(Yα)}, asdim

(
φ−1(Yα)

)
≤ n uniformly.

Proof. Since φ : X→Y is a coarse embedding, there are nondecreasing functions p1, p2 : R+→
R+ such that limx→+∞ p1(x) = +∞ and for every x1,x2 ∈ X ,

p1(d(x1,x2))≤ d(φ(x1),φ(x2))≤ p2(d(x1,x2)).

For every r > 0, asdim(Yα) ≤ n uniformly implies there exists R > 0 such that, for each α ,
there are

(
p2(r)+1

)
-disjoint and R-bounded families U α

0 ,U α
1 , · · · ,U α

n of subsets of Yα with⋃n
i=0 U α

i covers Yα . Since limx→+∞ p1(x) = +∞, there exists S > 0 such that p1(S) > R. For
i = 0,1,2, · · · ,n, let

V α
i = {φ−1(U) |U ∈U α

i }.
Then V α

i is r-disjoint and S-bounded families of subsets of φ−1(Yα) with
⋃n

i=0 V α
i covers

φ−1(Yα). So asdim
(
φ−1(Yα)

)
≤ n uniformly. �

Proposition 3.19. Let X and Y be metric spaces with decodim(Y ) ≤ ξ for some countable or-
dinal number ξ . If there is a coarse embedding φ : X → Y from X to Y , then decodim(X) ≤
decodim(Y ). Consequently, if X and Y are coarsely equivalent, then decodim(X)= decodim(Y ).

Proof. We will prove it by induction on ξ .
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• For ξ ≤ ω , decodim(Y )≤ ξ ≤ ω implies coasdim(Y )≤ ω . By Lemma 2.10,

coasdim(X)≤coasdim(Y )≤ ω .

It follows that

decodim(X) = coasdim(X)≤ coasdim(Y ) = decodim(Y ).

• Assume that the statement is true for every ξ < β . Now let us consider the case of ξ = β

with β > ω . Since φ : X → Y is a coarse embedding, there are nondecreasing functions
p1, p2 : R+→ R+ such that limx→+∞ p1(x) = +∞ and for every x1,x2 ∈ X ,

p1(d(x1,x2))≤ d(φ(x1),φ(x2))≤ p2(d(x1,x2)).

For every r > 0, there is a
(

p2(r)+1
)
-disjoint family U = {Uα} of subsets of Y such

that

asdim(Uα)≤ n(β ) uniformly and decodim(Y \
⋃

U )≤ η for some η < λ (β ).

Then asdim
(
φ−1(Uα)

)
≤ n(β ) uniformly by Lemma 3.18. Let V = {φ−1(Uα)}. Since

the restriction of φ to X \
⋃

V is a coarse embedding into Y \
⋃

U and decodim(Y \⋃
U ) ≤ η , decodim(X \

⋃
V ) ≤ η by induction hypothesis. So decodim(X) ≤ β =

decodim(Y ).
�

Example 3.20. For n ∈ N, decodim(Xω+n)≤ ω +n.

Proof. • For n= 1, by Theorem 3.13, coasdim(Xω+1)=ω+1. Then coasdim(Xω+1)≤ω

is not true and hence decodim(Xω+1) ≤ ω is not true. Now it suffices to show that
decodim(Xω+1) ≤ ω + 1. For any k > 0 and integer n > 2k, let V

(n)
0 = {[i2n + k,(i+

1)2n− k] | i ∈ Z}, and let

W
(n)

0 = {
j−1

∏
i=1
{nni}×Vj×

n

∏
i= j+1

{nni} | ni ∈ Z,Vj ∈ V
(n)

0 , j = 1,2,3, · · · ,n}

Let W0 =
⋃

n>k W
(n)

0 . Then W0 is k-disjoint, and asdim(W ) ≤ 1 uniformly for any
W ∈ W0. It is easy to see Xω+1 \

⋃
W0 ⊆ Nk(Xω). Hence coasdim(Xω+1 \

⋃
W0) ≤ ω ,

which implies decodim(Xω+1 \
⋃

W0)≤ ω . Therefore decodim(Xω+1)≤ ω +1.
• Assuming decodim(Xω+k)≤ω +k holds for k≤ n−1, we have that, for any r > n > 0,

the r-neighborhood Nr(Xω+n−1) of Xω+n−1 in Xω+n has decodim(Nr(Xω+n−1))≤ ω +
n− 1 due to Proposition 3.19. Let i0 ∈ N be the smallest number with r ≤ i0. For any
i≥ i0, for any subset F ⊂ {1, · · · , i} with |F |= n and x j ∈ Z for j ∈ {1, · · · , i}\F , let

U
{x j} j∈{1,··· ,i}\F
F = ∏

j/∈F
{2 jx j}×∏

j∈F
[2 jx j + r,2 j(x j +1)− r] and

Ai = {U
{x j} j∈{1,··· ,i}\F
F |F ⊂ {1, · · · , i} with |F |= n and x j ∈ Z for j ∈ {1, · · · , i}\F}.

Then Ai
.
=
⋃

Ai = {(x1, . . . ,xi)∈ X (i)
ω+n||{ j|d(x j,2iZ)≥ r}| ≤ n}= Xω+n \Nr(Xω+n−1).

Using the definition, d(Ap,Aq) > r for p 6= q ∈ N and p,q ≥ i0, so
⋃

∞
i=i0 Ai is still an

r-disjoint family of subsets such that asdim(V ) ≤ n uniformly for every V ∈
⋃

∞
i=i0 Ai.

So decodim(Xω+n)≤ ω +n.
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�

Example 3.21. decodim(Y2ω)≤ 2ω .

Proof. For R> 0, since Y2ω = as
⊔

∞
k=1Yω+k, then U = {{x}|x∈ as

⊔
∞
k=R+1Yω+k} is a R-disjoint

uniformly bounded subsets family, and
⋃

U = as
⊔

∞
k=R+1Yω+k. By definition Yω+k ⊂ Xω+R

for k ≤ R, so there exists m ∈ N such that decodim(as
⊔R

k=1Yω+k) ≤ ω +m, which implies
decodim(Y2ω)≤ 2ω . �

Definition 3.22. ([11]) A metric family X is r-decomposable over a metric family Y if every
X ∈X admits a decomposition

X = X0∪X1,Xi =
⊔

r-disjoint

Xi j,

where each Xi j ∈ Y . It is denoted by X
r→ Y .

Definition 3.23. ([11])
(1) Let D0 be the collection of bounded families: D0 = {X : X is uniformly bounded}.
(2) Let α be an ordinal greater than 0, and let Dα be the collection of metric families decom-
posable over

⋃
β<α Dβ :

Dα = {X : ∀ r > 0,∃ β < α,∃ Y ∈Dβ , such that X
r→ Y }.

Definition 3.24. ([11]) A metric family X has finite decomposition complexity if there exists a
countable ordinal α such that X ∈Dα .

Remark 3.25. We view a single metric space X as a metric family with a single element {X}.
Lemma 3.26. ([11]) A metric space X has finite asymptotic dimension if and only if {X} ∈Dn
for some n ∈ N.

By imitating the proofs of Proposition 3.8 in [3], we easily obtain the following lemma.

Lemma 3.27. For a metric famliy X = {Xα}α∈A, asdim(Xα)≤ n uniformly implies {Xα}α∈A ∈
Dn.

Proposition 3.28. For a metric space X and an ordinal number ξ , decodim(X) ≤ ξ implies
{X} ∈Dξ .

Proof. We will prove it by an induction on ξ .
• For ξ ∈N, decodim(X)≤ ξ implies X has finite asymptotic dimension. Then {X} ∈Dξ

by Lemma 3.26.
• For ξ = ω , for every r > 0, since decodim(X)≤ ω , there is an r-disjoint and uniformly

bounded family U of subsets of X such that asdim(X \
⋃

U ) ≤ n for some n ∈ N. By
Lemma 3.26, {X \

⋃
U } ∈Dn. Let Y = {U |U ∈U }

⋃
{X \

⋃
U }. Then Y ∈Dn and

{X} r→ Y , which implies that {X} ∈Dω .
• For ξ > ω , assume that decodim(Y ) ≤ γ implies {Y} ∈ Dγ for every metric space Y

and for every γ < ξ . Now let X be a metric space with decodim(X) ≤ ξ . For every
r > 0, there is an r-disjoint family U of subsets of X with asdim(U)≤ n(ξ ) uniformly
for every U ∈ U , such that decodim(X \

⋃
U ) ≤ β for some ordinal number β < ξ .

By assumption, {X \
⋃

U } ∈ Dβ . By Lemma 3.27, U ∈ Dn(ξ ). Let Y = {U | U ∈
U }

⋃
{X \

⋃
U }, then Y ∈Dβ and X

r→ Y . So {X} ∈Dξ .
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�

Corollary 3.29. For any k ∈ N, Xω+k ∈Dω+k, and Y2ω ∈D2ω .
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