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Abstract. We construct a class of metric spaces X,4+x whose transfinite asymptotic dimension and
complementary-finite asymptotic dimension are both @ + & for any k € N, where  is the smallest infinite
ordinal number and a metric space Y, whose transfinite asymptotic dimension and complementary-finite
asymptotic dimension are both 2®. Finally, we introduce a geometric property called decomposition di-
mension (decodim). Using decomposition dimension, we prove that the metric spaces Xy and Yz
have finite decomposition complexity.
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1. INTRODUCTION

The asymptotic dimension is a coarse invariant of metric spaces introduced by Gromov [1].
Recently, it has received a great deal of attention; see, e.g., [2, 3, 4, 5] and the references therein.
Generalizing finite asymptotic dimension, Dranishnikov introduced the notion of the asymptotic
property C in [6], which covers a large family of metric spaces with the infinite asymptotic di-
mension. In 2010, Radul generalized the asymptotic dimension of a metric space X to the
transfinite asymptotic dimension, which is denoted by trasdim(X ), and proved that, for a metric
space X, X has the asymptotic property C is equivalent to trasdim(X) < oo [7]. There are exam-
ples of the metric space with trasdim= oo and the metric space with trasdim= w, where ® is the
smallest infinite ordinal number [7]. But, if there is a metric space X with @ <trasdim(X) < oo
was unknown until we constructed a metric space whose transfinite asymptotic dimension is
o+ 1 [8]. In [9], we introduced another approach to classify the metric spaces with the in-
finite asymptotic dimension, which is called the complementary-finite asymptotic dimension
(coasdim).
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Inspired by the method in [8], we construct a class of metric spaces Xy with
trasdim(Xy ;) = coasdim(Xy ;) = @+ k for any k € N,

which generalizes the result in [8]. We use these metric spaces to construct a metric space Y
with trasdim(Y») =coasdim(Y24) = 2.

In 2012, Guentner, Tessera and Yu [10] introduced the notion of finite decomposition com-
plexity to study the topological rigidity of manifolds, and they proved that every metric space
of bounded geometry with finite decomposition complexity has property A [11]. Dranishnikov
proved that every metric space of bounded geometry with asymptotic property C has property
A [6]. The relation between asymptotic property C and finite decomposition complexity was
studied by Dranishnikov and Zarichnyi [S]. There is no example of group known which makes
a difference between asymptotic property C and the finite decomposition complexity. Here
we prove that Xy € Py, and You € . Therefore, Xy, x and Y4 have both asymptotic
property C, and the finite decomposition complexity.

2. PRELIMINARIES
Let (X,d) be a metric space, and U,V C X. Define
diam U = sup{d(x,y)|x,y € U} and d(U,V) = inf{d(x,y)|x e U,y € V}.
Let R and r be positive numbers, and let %/ be a family of subsets of X. We say that % is
R-bounded if
diam % =sup{diamU |U € Z } <R.
In this case, % is said to be uniformly bounded. We say that % is r-disjoint if
d(U,V)>rforevery U,V € % withU # V.

Let A be a subset of X and € > 0. Define

Ne(A)={xeX |d(x,A) <e}and Ng(A) ={x € X | d(x,A) < €}.
Letting 6 > 0, we denote

Ns(%)={Ns(U) |U €%},

and

Uz =\J{u|Ue}and % U ={U |U € % or U € %}.

Definition 2.1. [4] The asymptotic dimension of a metric space X does not exceed n and write
asdim(X) < n if there exists n € N such that, for every r > 0, there exists a sequence of uniformly
bounded families {%;}} , of subsets of X such that (Ji_, %; covers X, and each %; is r-disjoint
fori=0,1,---,n. In this case, we say that X has finite asymptotic dimension.

We say that asdim(X ) = n if asdim(X) < n and asdim(X) < n— 1 is not true.

We say that asdim(X) < eoif asdim(X) <m for some m € N, and asdim(X ) = o if asdim(X) <
n is not true for any n € N.

Definition 2.2. [7] Let FinN be the collection of all finite, nonempty subsets of N, and let
M C FinN. For 6 € {@}JFinN, let

M° ={teFinN|tUoeMandtNo =o}.
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Let M“ abbreviate M9} for a € N. Define the ordinal number OrdM inductively as follows:
OrdM =0 & M=,
OrdM < a < VaeN, thereexists B < a, such that OrdM“ < 3,
OrdM =a < OrdM < a and OrdM < f is not true for any 8 < «,
OrdM = <« OrdM < o is not true for any ordinal number .

Definition 2.3. [7] Given a metric space X, let
A(X) ={o € FinN | there are no uniformly bounded families %; fori €

such that each % is i-disjoint and U U; covers X }.
ico
The transfinite asymptotic dimension of X is defined as trasdim(X)=0rdA(X).
Remark 2.4. Note that trasdim(X) < n if and only if asdim(X) < n.

Lemma 2.5. (see [9], Proposition 2.1) Let X be a metric space, and let | € NU{0}. Then the
following conditions are equivalent:
(1) trasdim(X) < o +1;
(2) for every k € N, there exists m = m(k) € N such that for every n € N, there are uniformly
bounded families U_1, %1+, - , Un satisfying U is k-disjoint fori € {—1,--- ,0}, %;
is n-disjoint for j € {1,2,--- ,m} and \J?"._; % covers X.

Definition 2.6. [9] Every ordinal number 7y can be represented as ¥ = A(y) +n(y), where A(y)
is the limit ordinal or 0 and n(y) € NU{0}. Let X be a metric space, we define complementary-
finite asymptotic dimension coasdim(X) inductively as follows:
e coasdim(X) = —1 if and only if X = 0,
e coasdim(X) < 7 if and only if for every r > 0 there exist r-disjoint and uniformly
bounded families %, ..., %,y of subsets of X such that coasdim(X \ U(U?g)) U)) <
o for some o < A (),
e coasdim(X) = y if and only if coasdim(X) < 7y and for any 8 < ¥, coasdim(X) < f3 is
not true.

Remark 2.7. Note that coasdim(X) < n if and only if asdim(X) < n.

Lemma 2.8. (see [9], Theorem 3.3) Let X be a metric space with X1, X, C X. Then coasdim(X; U
X2) < max{coasdim(Xy),coasdim(X>)}.

Definition 2.9. Let X and Y be metric spaces. f: X — Y is said to be coarse embedding if there
are nondecreasing functions py,ps : Rt — R™ such that lim,—, +p1(x) = -0 and for every
X1,x2 € X,

pi(d(x1,x2)) <d(f(x1), f(x2)) < p2(d(x1,x2)).
If, additionally, there exists R > 0 such that Y C Ng(f[X]), then f is called coarse equivalence
and metric spaces X and Y are said to be coarse equivalent. Coarse equivalence is an equivalence
relation.

Transfinite asymptotic dimension and complementary-finite asymptotic dimension are coarsely
invariant properties of metric spaces.
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Lemma 2.10. (see [9, 12]) Let X and Y be metric spaces, and let & be an countable ordi-
nal number. There is a coarse embedding ¢ : X — Y from X to Y. If coasdim(Y) < & and
trasdim(Y) < &, then

coasdim(X ) <coasdim(Y) and trasdim(X) <trasdim(Y).
Consequently, if X and Y are coarse equivalent, coasdim(Y) < &, and trasdim(Y) < &, then

trasdim X = trasdim Y and coasdim X = coasdimY.

3. MAIN RESULTS

3.1. A metric space with transfinite asymptotic dimension ® + k. In this section, we will
construct a metric space X, and prove that trasdim(Xg4) = @ + k for every k € N, which
are inspired by the method in [8].

Definition 3.1. ([13]) Let X be a metric space, and let A, B be a pair of disjoint subsets of X.
We say that a subset L C X 1s a partition of X between A and B if there exist open sets U, W C X
satisfying the following conditions

ACUBCWand X =UULUW.

Definition 3.2. Let X be a metric space, and let A, B be a pair of disjoint subsets of X. For any
€ > 0, we say that a subset L C X is an €-partition of X between A and B if there exist open sets
U,W C X satisfying the following conditions

ACUBCWX=UULUW,d(L,A) >¢€andd(L,B) > €.
Clearly, an e-partition L of X between A and B is a partition of X between A and B.

Lemma 3.3. ([14]) Let Ly = [0,B)" for some B > 0. Let F." and F,~ be the pairs of opposite
faces of Lo, wherei=1,2,--- n,and let 0 < € < %B. Fork=1,2,--- ,n, let % be an e-disjoint
and %B—bounded family of subsets of [0,B]". Then there exists a decreasing sequence of closed
sets [0,B" =Lo D Ly D Ly--- D Ly such that Ly is an €-partition of L between Fkﬁl NL; and
F MLy, and Ly C€ LN (U %) fork=0,1,2,-+ ;n—1.

To prove the main results, we will use a version of the Lebesgue theorem.

Lemma 3.4. (see [13], Lemma 1.8.19) Let Ff, F, wherei€ {1,...,n}, be the pairs of opposite
faces of I" = [0,1)". If I"=L{ D L} D ... D L, is a decreasing sequence of closed sets such that
L} is a partition of L _| between L._, ﬂFi+ and L; | NF, forie {1,2,...,n}, then L, # 0.

As it is similar with [8], we will use the asymptotic union to construct examples.

Definition 3.5. Let {Z;}* | be a sequence of subspaces of a metric space (Z,dz). Let
X =|(0,--,0,7,0,---).
i=1

For every x,y € X, there exist unique [,k € N, x; € Z; and y; € Z; such that x=(0,---,0,x;,0,---)
andy=(0,---,0,y,0,---). Assume that/ < k,putc =0if [ =k,andc =1+ (I+1)+...+ (k—
1) if I < k. Define a metric on X by

d(x,y) = dz(x;,yx) +c.
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We say that (X,d) is asymptotic union of {Z;}? |, which is denoted by as| |*Z;. And we
denote as| |~ Z; as a subspace of as| [}~ Z,

For every k,i € N, let
Xy = {01, o) €R |{j | 3 ¢ 22} < k).

Note that X" lk C Ri foreachi € N. Let X, 4 = as Ly X, wi—k’ where X lk is a subspace of the

metric space (DR, dmax) for each i € N, and dax is the maximum metric.
Proposition 3.6. For any k € N, trasdim(Xgy.x) < @ +k— 1 is not true.

Proof. Suppose that trasdim(Xg ;) < @ +k— 1. By Lemma 2.5, for every n € N, there exists
m = m(n) € N such that there exist B-bounded families % 1, % k12, - - %m—1,%p satisfying
Y is n-disjoint for i = —k+1,...,0, %; is 2" 2disjoint for j = 1,2,...,m and U _, ., %
covers Xg 1 and hence covers [0,6B]" kN X (m+k)

w1k - Without lose of generality, we can assume
B = B(n) >max{n, 2’"+k+2}

We assume that p = 508 € N. Taking a bijection v : {1,2,---,p"™} — {0,1,2,--- ,p—
117K et
m+k
o) = H [2m+ky/(t)j,2m+k(l//(t)j+ 1)],in which y(z); is the jth coordinate of y(t).
j=1

Let 2 ={0(r) |t € {1,2,---,p"*}}. Then, [0,6B]"™* = Jyc » Q. Note that

[0,6B]"*Nx" M = | a0,
Qe2

where 0, Q is the k-dimensional skeleton of Q.
Let Lo = [0,6B]"**. By Lemma 3.3, since Nyu+t(24) is 2™ *-disjoint and (2"+**! 4 B)-
bounded, there exists a 2" *-partition L; of [0,6B]"* such that

Ly € (JNgwss(24))° 1[0, 6B]™H,

and d(Ly,F, F{/7) > 2™+ Since L, is a 2" *-partition of [0,6B)"* between F;" and F|", then
[0,6B)"+tk = L; LA LB, such that A;, B; are open in [0,6B]" %, and A, B contain two
opposite facets F|, F1+ respectively.

Let .4 = {Q € 2|Q0NL; # 0}, and M| = |J.#,. Since L, is a 2"+ *_partition of [0,6B])"+*
between F;" and F|", then M| is a partition of [0,6B]"** between F;" and F; , i.e., [0,6B]" ™% =
M, LA, LB such that A} and B} are open in [0,6B]"*, and A} and B/ contain two opposite
facets F, F1+, respectively. Let

Ly = Opik1My = J{On1x-10|0 € 4}

Then, [0,6B]™ %\ (L} LA LB)) is the union of some disjoint open (m -+ k)-dimensional cubes
with length of edge = 2*. So L] is a partition of [0,6B]"** between F," and F, , and L} C
(UZ1)cN[0,6B)"+k,

For Nyu« (%), there exists a 2™ -partition L of L such that

Ly C ((Nywt (%)) N [0,6B)™,
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and d(Ly,F, = ) > 2%, Since L, is a 2™ *-partition of L} between L) NF," and Lj NF, , then
L’ Lo I_IA2 LI B, such that A, and B; are open in L’1 , and A; and B; contain two opposite facets
L'NF,, L\ NFE,", respectively, and d(L,, F, jonten ) > 2mtk,

Let 4, ={Q € .4, | QNL, # 0}, and My = JM,. Since Ly is a 2™ K partition of L}
between L} N F;r and L) NF,, then M, N L] is a partition of L} between L] N F;r and L\ NF,,
ie., L] = (MpNL})UA, UB) such that A, B} are open in L}, and A} and B) contain two opposite
facets L) NF, and L) NF,", respectively. Let

Ly = OpiioMy = U{am—l—k 20|0 € M5}

Then L \ (L, LUAS UBY5) is the union of some disjoint open (m +k — 1)-dimensional cubes with
length of edge = 2™, So L) is also a partition of L} between Li N F," and L} NF, , and
L, C (U(zu2s))nio, 6B]’"+k After m steps above, we have L, to be a partition of L/

and L, C (U(Z1U...U%y,)) N [0,6B)"+*. Note that L, C X(T,;k)

L;n C (U(%_k"‘l U...U%))N [0,6B]m+k.

and hence

For j=1,2,--- k, there exists a partition L, ;of L}, ; | betweenL, . | NF, jand Ly, . 40
F,,. ; such that L;nﬂ CL, ;N (U(OZ/,JH U...U%y)) due to Lemma 3.3. It follows that
which is a contradiction with Lemma 3.4. So trasdim(Xg4) < @+ k — 1 is not true. 0

Lemma 3.7. (see [15], Proposition 3.1) Let X be a metric space if coasdim(X) < vy for some
ordinal number v, then trasdim(X) < 7.

For every n,i,k € N, let

XU = {(x1,.oxi) €RY||{j | xj € 2'Z)] <K},

Note that X c(o)+ =X gi)k

Lemma 3.8. For every r € N with r > 4, there exist n = r € N and r-disjoint uniformly bounded
families Uy, 7 such that %y\J %, covers as| |-, X (i)

=n“-o+1-

Proof. For every r € N and r > 4, choose n = r € N. For every i > n, let
, i
2 = {([](m2" = r,n2" + 1) XS | n € 23,
=1
and
%l(i) = {(H(n,Z” —rn2"+r) x [n2"+r,(nj+1)2" —r|x
=1
i
H (n2" —r,n2" + )) N Xwle ’n, €Z,1<j<i}.

t=j+1
It is easy to see that OZ/O(i) and ?/l(i) are r-disjoint and 2"-bounded families. Now, for every x =
(x1,---,%;) € ngi \ (U %0(1)), there exists unique j € {1,2,---,i} such thatx; € [n;2" +r, (n] +

1)2" — r]. Tt follows that x € 62/1(i). Therefore, ?/O(i) U %l( ) covers X(EH% Let % = Ui>n % ),
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and %) =U;>, %, . Since d(Xgﬂ,Xc(oﬂ)) >n=rforeveryi,j>nandi# j, then 2%y, % are
r-disjoint and 2"- bounded families such that 24U %, covers as| |-, gﬂ O

Remark 3.9. By Lemma 3.8, for every r € N and r > 1, there exist 3r-disjoint and uniformly

bounded families %, %4 such that %4 U % covers as| |5, X, 8 f{) Let 7 = {N,(U)| U €

U}, 7 ={N:;(U)| U € 21}. Then ¥y, 1 are r-disjoint uniformly bounded families, and % U

1 covers as| |;2 5, Ny (X(E)Jr%) where N, (XCEH%) is r-neighborhood of X( % in R’. By the similar

argument, we obtain the following Lemma.
Lemma 3.10. For every r € N and r > 1, there exist n = 3*"'r € N and r-disjoint uniformly

bounded families %y, 2, . .., %, such that 2\ J 2 U . ..U, covers as| |i—, (Sf]){

Proof. We will prove it by induction on k. By Lemma 3.8, the result is true for k = 1. Assume
that the result is true for k = m. Then, for every r € N and r > 1, there exist n = 3"r € N
and 3r-disjoint uniformly bounded families 7, #1,..., %, such that %o U U...U ¥}, covers

as Llf;nX(E,lf,)n Now, for k = m+1, let
Uy ={N-(V)|V €W}, , Un={N:(V)| V € ¥}

Then %y, 2, -+ , %y, are r-disjoint and uniformly bounded families such that U %, U...U
Uy covers as|_|7° nN (Xc(c)+1)n) Let

h—1
{{x,} 0 Fx n;2"+r(nj, +1)2" —r] x (x,)t]z:jlJrl X [nj,2" +r(nj, +1)2" —7]

x {xl}z =j, +1 XKoo X {xl‘}tjmj1+1 X [njm+12n +r (njm-H +1)2" —r] % {xl};:ijJrl‘ Xt
€2"Z,nj, € Z,1 <k <m+1}.

It is easy to see that % W

k1 is r—disjoint and 2"-bounded. Note that, for every i > n,

w+m+1 \U 1 C N:(X, w+2n)

Indeed, for any x = {x; }!_, € Xa;fmﬂ \U% m+1’ {x}i_, € Xc((hL})nJrl implies that there exists at

most m+ 1 coordinates x; such that x; ¢ 2"Z and x ¢ | %, (J)rl implies that, among all the x; with

x; ¢ 2"Z, there exists at least one x;, such that d(x;,,2"Z) < r. It follows that x € N, (XC(O +2n)
Since

d(ngr)nH,ngrle) > rforevery i,j > nandi# j,

then Zn11 = Uisn %W(l?rl is an r-disjoint uniformly bounded family of subsets and

as|_|Xw+m+1 < (U%n+) UUN w+m

Therefore, 2 U724 U...U%y+ covers as| i, ng,)nﬂ. So the result is true fork =m+1. [

Proposition 3.11. coasdim(X,. ;) < ©+k.

Proof. For every r > 0, by Lemma 3.10, there exist n = n(r) € N and r-disjoint uniformly

bounded families %, %\, ..., % such that % U % U...U % covers as| |~ an’J_l,)c Since
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Xc(olk = X(+)k C X(E)H){ for i > n, Xp i \U(%U... %) C as||;Z -} lek From Lemma 2.8,
one has
coasdlm Xco+k\U (2 U.. ?/k)) < coasdlm as |_| a)+k <
i=1
n—1 )
coasdim (as |_| R') < coasdim(]R”*l) < .
i=1
It follows from the definition that coasdim(Xg.x) < @ + k. 0

Theorem 3.12. trasdim(Xy ) = @ +k for every k € N,

Proof. From Lemma 3.7 and Proposition 3.11, one has trasdim(Xg, ) < ® + k. Using Propo-
sition 3.6, we obtain that trasdim(Xy, ;) = @0 + k. O

Theorem 3.13. coasdim(Xy;) = @ +k for every k € N.

Proof. From Proposition 3.6 and Lemma 3.7, we can obtain that coasdim (X ) < @ +k—1is
not true. Then coasdim (X ) = @+ k due to Proposition 3.11. O

3.2. A metric space with complementary-finite asymptotic dimension and transfinite as-
ymptotic dimension 2®. In this section, we will construct a metric space Y4, by taking as-
ymptotic union of all the metric spaces Y, which is coarsely equivalent to X, for any
ke N.

For every k,i € N, let

(o)

Y =, xm) € QX2) | () | x5 ¢ 22| <k}, Yw+k—as|_| ) and Yag = as | | Yo,
i=1 k=1

where Y, 1s a subspace of the metric space as |_|j~°:1 R/ for each j € N.
Proposition 3.14. coasdim(Y»,) = 20 and trasdim(Y24) = 20.

Proof. For any k € N, since Yy 1x € Xgpix and X1k C Nok (Y1), Yo+k and X1y are coarse
equivalent. It follows that

trasdim (Y1) =trasdim(Xy.x) = @ + k and coasdim(Yg,1 ;) = coasdim(Xgy ) = @ +k

due to Lemma 2.10. It follows that coasdim(Y24) > 2 and trasdim(Y>¢) > 2@.
For every n > 0, let

U ={{x}|x€cas |_| Yeooik)-
k=n+1

Then % is n-disjoint and uniformly bounded, and

n
Yo \JZ =as| | Yo
k=1

It follows from Lemma 2.8 that
n n

coasdim(as |_| Yo k) < coasdim(as |_| Xo+k) < maxj<x<p{coasdim(Xy )} = 0 +n <20,
k=1 k=1
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thus coasdim(Y2 \ U% ) < 20. Then by the definition of complementary-finite asymptotic di-
mension, coasdim(Y24) < 2. Hence trasdim(Y>) < 2@, which is due to Lemma 3.7. There-
fore, coasdim(Y¢) = 2@, and trasdim(Y2) = 2.

U

3.3. The decomposition dimension of metric spaces.

Definition 3.15. ([4]) We say that the metric family {Xy } satisfies the inequality asdim(Xy) <n
uniformly if, for every r > 0, there exists R > 0 such that, for each «, there are r-disjoint and
R-bounded families 74, %*,--- , %, of subsets of Xy such that | Ji_y %% covers Xy.

Now we introduce a new dimension in coarse geometry.

Definition 3.16. Every ordinal number Y can be represented as ¥ = A(y) 4+ n(7y), where A(7y)
is the limit ordinal or 0, and n(y) € NU{0}. For a metric space X, we define decomposition
dimension decodim(X ) inductively as follows:
e for y=n €N, decodim(X) < n < coadim(X) < n;
e for y = w, decodim(X) < @ < coadim(X) < w;
e for ¥ > ®, decodim(X) < y < for every r > 0, there is an r-disjoint family % =
{U;} of subsets of X such that asdim(U;) < n(7y) uniformly and decodim(X \ J% ) <
o for some o < A(y);
e decodim(X) = y < decodim(X) < y and decodim(X) < B is not true for any ordinal
number f < 7.

Remark 3.17. It is easy to see that coasdim(X) < ® implies decodim(X) =coasdim(X).

Lemma 3.18. Let X and Y be metric spaces, and let {Yy} be metric family of subsets of Y and
asdim(Yy) < n uniformly. Let ¢ : X — Y be a coarse embedding from X to Y. Then, for the
metric family {9~ (Yo)}, asdim(9 =1 (Ye)) < n uniformly.

Proof. Since ¢ : X — Y is a coarse embedding, there are nondecreasing functions py, p, : R™ —
R™ such that lim,_, .p; (x) = +o0 and for every x1,x; € X,

pi(d(x1,x2)) <d(9(x1),9(x2)) < pa(d(x1,x2))-

For every r > 0, asdim(Yy) < n uniformly implies there exists R > 0 such that, for each a,
there are (p,(r) + 1)-disjoint and R-bounded families %, 7%, - , %% of subsets of Y, with
"o %% covers Yq. Since limy_, epi(x) = oo, there exists S > 0 such that p;(S) > R. For
i=0,1,2,-- nlet
7% ={o7'(U) |U e %*}.
Then %% is r-disjoint and S-bounded families of subsets of ¢ ~!(Yy) with UL, %* covers
¢~ (Yy). So asdim (¢! (Yy)) < n uniformly. O

Proposition 3.19. Let X and Y be metric spaces with decodim(Y) < & for some countable or-
dinal number &. If there is a coarse embedding ¢ : X — Y from X to Y, then decodim(X) <
decodim(Y ). Consequently, if X andY are coarsely equivalent, then decodim(X ) = decodim(Y ).

Proof. We will prove it by induction on &.



J.ZHU, Y. WU

e For £ < @, decodim(Y) < & < w implies coasdim(Y) < ®. By Lemma 2.10,

coasdim(X) <coasdim(Y) < .
It follows that
decodim(X) = coasdim(X) < coasdim(Y) = decodim(Y).

e Assume that the statement is true for every & < 3. Now let us consider the case of § = 8

with B > @. Since ¢ : X — Y is a coarse embedding, there are nondecreasing functions
p1,p2 - RT — R such that limy_, {1 (x) = +oo0 and for every x1,x; € X,

pi(d(x1,x2)) <d(9(x1),¢(x2)) < pa(d(x1,x2)).
For every r > 0, there is a (pz(r) + 1)—disjoint family % = {Uq} of subsets of Y such
that
asdim(Uq) < n(pB) uniformly and decodim(Y \ | %) < n for some 1 < A().

Then asdim (¢ ! (Uy)) < n(B) uniformly by Lemma 3.18. Let ¥ = {¢ ' (Uy)}. Since
the restriction of ¢ to X \ U7 is a coarse embedding into ¥ \ | J% and decodim(Y \
U%) <, decodim(X \ J?') < n by induction hypothesis. So decodim(X) < f8 =
decodim(Y).

U

Example 3.20. For n € N, decodim(Xyp1,) < ® +n.

Proof.

e Forn =1, by Theorem 3.13, coasdim(Xy1) = @+ 1. Then coasdim(X+1) < @
is not true and hence decodim(Xy+1) < @ is not true. Now it suffices to show that
decodim(Xp+1) < @+ 1. For any k > 0 and integer n > 2k, let “//0(") ={[2"+k,(i+
1)2"—k] |i€ Z} and let

{H{nn,}xvx H{nn,}|n,€ZV€”f/() 1,2,3,++ ,n}
i=j+1
Let %0 = Upsi “//0("). Then %4 is k-disjoint, and asdim(W) < 1 uniformly for any
W € #p. Ttis easy to see X1 \ U %0 C Ni(Xp). Hence coasdim(Xg11 \ U %) < o,
which implies decodim (X1 \ U #0) < @. Therefore decodim(Xy11) < @+ 1.

e Assuming decodim(Xgy ;) < @+ k holds for k < n— 1, we have that, for any r > n > 0,

the r-neighborhood N, (Xgn—1) of Xgtn—1 in Xg+, has decodim(N,(Xgpin—1)) < @+
n — 1 due to Proposition 3.19. Let iy € N be the smallest number with r < ig. For any
i > io, for any subset F C {1,---,i} with |F| =nand x; € Z for j € {1,--- ,i} \ F, let

U;xj}je{l“’""}\F = H{ijj} X H[ijj-i-r, 2j(xj-|— 1) —r] and
J¢F JEF

oy = {Ué"f}fe{l""ﬂ"}\F|F C{1,--,i} with |[F| =nand x; € Z for j € {1,---,i} \ F}.

ThenA; = U = {(x1,...,x) € X0 |{jld(x;,2Z) > 1} < n} = Xan \No(Xarn_1)-
Using the definition, d(Ap,A,) > r for p # g € N and p,q > iy, so UiZ;, % is still an
r-disjoint family of subsets such that asdim(V) < n uniformly for every V € |J~
So decodim(Xgp4,) < @+ n.

i= m
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U
Example 3.21. decodim(Y>y) < 20.

Proof. For R > 0, since Y2, = as| ;| Yok, then % = {{x}|x € as| [;_g, | Yo+« } is a R-disjoint
uniformly bounded subsets family, and J% = as| [;_g, | Yo+r- By definition Yy x C Xgir
for k < R, so there exists m € N such that decodim(as |_|f:1 Yoik) < @+ m, which implies
decodim(Yz4) < 2. O

Definition 3.22. ([11]) A metric family 2" is r-decomposable over a metric family % if every
X € 2 admits a decomposition
X=Xux.,X= || Xj

r-disjoint
where each X;; € . It is denoted by 2 L.

Definition 3.23. ([11])

(1) Let 2 be the collection of bounded families: Zy = {2 : 2" is uniformly bounded}.

(2) Let o be an ordinal greater than 0, and let &, be the collection of metric families decom-
posable over Ug.o Zp :

Do ={Z :Nr>0,3B<a,3¥ € Pg, suchthat 2~ 5 ¥}.

Definition 3.24. ([11]) A metric family 2" has finite decomposition complexity if there exists a
countable ordinal & such that 2™ € Z,,.

Remark 3.25. We view a single metric space X as a metric family with a single element {X }.

Lemma 3.26. ([11]) A metric space X has finite asymptotic dimension if and only if {X} € 9,
for some n € N.

By imitating the proofs of Proposition 3.8 in [3], we easily obtain the following lemma.

Lemma 3.27. For a metric famliy 2" = {Xq } qea, asdim(Xy) < nuniformly implies { Xy} qen1 €
D

Proposition 3.28. For a metric space X and an ordinal number &, decodim(X) < & implies
{X} e @5.

Proof. We will prove it by an induction on &.

e For & € N, decodim(X) < & implies X has finite asymptotic dimension. Then {X } € Z
by Lemma 3.26.

e For £ = o, for every r > 0, since decodim(X) < @, there is an r-disjoint and uniformly
bounded family % of subsets of X such that asdim(X \ %) < n for some n € N. By
Lemma 3.26, {X\U%Z } € Z,.Let % ={U |U € Z }\U{X\U% }. Then ¥ € &, and
{X} 5 %, which implies that {X} € Z,,.

e For £ > w, assume that decodim(Y) < y implies {Y'} € &y for every metric space ¥
and for every ¥ < &. Now let X be a metric space with decodim(X) < &. For every
r > 0, there is an r-disjoint family % of subsets of X with asdim(U) < n(&) uniformly
for every U € %, such that decodim(X \ |J% ) < B for some ordinal number 8 < &.
By assumption, {X \U% } € Zg. By Lemma 3.27, % € D). Let Z ={U | U €

U HX\UZ }, then ¥ € Dg and 27 5 %. So {X} € D.
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Corollary 3.29. Forany k € N, Xy 1k € Dy i1, and Yoy € D
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