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ON A THREE SPECIES RATIO-DEPENDENT LOTKA-VOLTERRA
COOPERATIVE SYSTEM WITH DELAYS
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Abstract. A class of non-autonomous three species Lotka-Volterra cooperative system with ratio-dependent
functional responses and delays is discussed. A set of easily verifiable new sufficient conditions on the
permanence, the existence of positive periodic solutions, and the global attractivity of the system are
established by using the comparison method, and the construction of Lyapunov functions. Finally, a
numerical simulation is given to verify the effectiveness of the obtained results.
Keywords. Ratio-dependent cooperative system; Permanence; Periodic solution; Time delay; Global
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1. INTRODUCTION

In the past few years, the study of population dynamical systems with ratio-dependent func-
tional responses has become a main concern for researchers. Especially, a lot of authors investi-
gated the population predator-prey system with ratio-dependent functional responses [1]-[6]. In
these studies, predators were considered as a ratio-dependent functional response to describe the
interactions between predators and prey. For example, Muhammadhaji and Teng [6] proposed
and discussed the following non-delayed competing predator-prey system with ratio-dependent
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functional responses and stage structure

ẋ1(t) = r(t)x2(t)−B(t)x1(t)−d1(t)x2
1(t),

ẋ2(t) = B(t)x1(t)−d2(t)x2
2(t)−

a1(t)x2(t)y1(t)
k(t)x2

2(t)+β1(t)x2(t)+α1(t)

− a2(t)x2(t)y2(t)
α2(t)+β2(t)x2(t)+ γ(t)y2(t)

,

ẏ1(t) = y1(t)
(
−d3(t)+

e1(t)x2(t)
k(t)x2

2(t)+β1(t)x2(t)+α1(t)
−D1(t)y1(t)−

c1(t)y2(t)
b1(t)+ y2(t)

)
,

ẏ2(t) = y2(t)
(
−d4(t)+

e2(t)x2(t)
α2(t)+β2(t)x2(t)+ γ(t)y2(t)

−D2(t)y2(t)−
c2(t)y1(t)

b2(t)+ y1(t)

)
,

(1.1)
where x1(t) represents the density of immature individuals preys at time t, x2(t) represents
the density of mature individuals preys at time t, y1(t) and y2(t) represent the density of two
competing predators at time t, respectively. In system (1.1), Muhammadhaji and Teng employed
the Holling and Beddington-DeAngelis type functional response to describe the interactions
between predators and prey.

It is worth noting that, after the pioneering work of May [7], some of studies on the popu-
lation dynamical systems has been carried out on the cooperative model with ratio-dependent
functional response [7]-[15], namely, May cooperative model. For example, Muhammadhaji,
Teng and Abdurahman [11] studied the following non-autonomous stage-structured cooperative
system with ratio-dependent functional response and delay

ẋ1(t) = r1(t)x2(t)−d1(t)x1(t)− r1(t− τ)e−
∫ t

t−τ
d1(s)dsx2(t− τ),

ẋ2(t) = r1(t− τ)e−
∫ t

t−τ
d1(s)dsx2(t− τ)−d2(t)x2

2(t)−
c1(t)x2(t)

a1(t)+b1(t)y(t)
,

ẏ(t) = y(t)
[
r2(t)−d(t)y(t)− c2(t)

a2(t)+b2(t)x2(t)

]
.

(1.2)

In system (1.2), Muhammadhaji, Teng and Abdurahman used c1(t)x2(t)
a1(t)+b1(t)y(t)

, and c2(t)
a2(t)+b2(t)x2(t)

to describe the cooperative relations between species x and y. By using the comparison method,
the sufficient conditions on the boundedness, permanence and extinction were established for
system (1.2). In [14], Yang et al. considered the following three species non-autonomous
Lotka-Volterra predator-prey-mutualist systems with ratio-dependent functional response

ẋ(t) = x(t)
[
a1(t)−b1(t)x(t)−

c1(t)z(t)
d1(t)+d2(t)y(t)

]
,

ẏ(t) = y(t)
[
a2(t)−

y(t)
d3(t)+d4(t)x(t)

]
,

ż(t) = z(t)
[
−a3(t)+

c2(t)x(t)
d1(t)+d2(t)z(t)

]
.

(1.3)

In system (1.3), Yang et al. used
c1(t)

d1(t)+d2(t)y(t)
,
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y(t)
d3(t)+d4(t)x(t)

,

and
c2(t)x(t)

d1(t)+d2(t)z(t)
to describe the predator, prey and cooperative relations between species x, y and z. And they
obtained some sufficient conditions for the permanence and periodic solution of system (1.3)
by employing the comparison method.

However, most of the studies on the Lotka-Volterra systems with ratio-dependent functional
response mainly concerned with the permanence, extinction and the existence of positive pe-
riodic solutions [11]-[15]. As the global attractivity of the Lotka-volterra cooperative systems
with ratio-dependent functional response have not been fully investigated, in this paper, we
consider the following non-autonomous three species Lotka-Volterra cooperative system with
ratio-dependent functional responses and delays

ẏ1(t) = y1(t)
[
r1(t)−a11(t)y1(t)−

b1(t)y1(t− τ)

a12(t)y2(t− τ)+a13(t)y3(t− τ)+ c1(t)

]
,

ẏ2(t) = y2(t)
[
r2(t)−a22(t)y2(t)−

b2(t)y2(t− τ)

a21(t)y1(t− τ)+a23(t)y3(t− τ)+ c2(t)

]
,

ẏ3(t) = y3(t)
[
r3(t)−a33(t)y3(t)−

b3(t)y3(t− τ)

a31(t)y1(t− τ)+a32(t)y2(t− τ)+ c3(t)

]
.

(1.4)

Our main purpose is to establish some new sufficient conditions on the permanence, existence
of positive periodic solution and global attractivity of system (1.4). The method used in this
paper is the comparison method and the Lyapunov function method.

2. PRELIMINARIES

In system (1.4), yi(t) (i = 1,2,3) represent the density of three species yi (i = 1,2,3) at time
t,respectively; ri(t) (i = 1,2,3) represent the intrinsic growth rate of three species yi (i = 1,2,3)
at time t, respectively; aii(t) (i = 1,2,3) represent the intrapatch restriction density of three
species yi (i= 1,2,3) at time t, respectively; ai j(t) (i 6= j, i, j = 1,2,3) represent the cooperative
coefficients between three species yi (i = 1,2,3) at time t, respectively.

b1(t)y1(t− τ)

a12(t)y2(t− τ)+a13(t)y3(t− τ)+ c1(t)
,

b2(t)y2(t− τ)

a21(t)y1(t− τ)+a23(t)y3(t− τ)+ c2(t)
,

and
b3(t)y3(t− τ)

a31(t)y1(t− τ)+a32(t)y2(t− τ)+ c3(t)
describe the cooperative relations between species y1, y2, and y3. τ is a positive constant.

In this paper, the initial conditions for system (1.4) take the following form

yi(t) = φi(t) for all t ∈ [−τ,0], i = 1,2,3, (2.1)

where φi(t) (i = 1,2,3) are nonnegative continuous functions defined on [−τ,0] satisfying
φi(0)> 0 (i = 1,2,3).
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Throughout this paper, for system (1.4), we introduce the following hypotheses.
(H1) ri(t),aii(t),ci(t)(i = 1,2,3) and ai j(t)(i 6= j, i, j = 1,2,3) are continuous, bounded

and strictly positive functions on [0,+∞).
(H2) ri(t),aii(t),ci(t)(i = 1,2,3) and ai j(t)(i 6= j, i, j = 1,2,3) are all continuously positive

ω-periodic functions on [0,ω].
Throughout this paper, for any continuous function f (t), we denote

f L = inf
t∈[0,+∞)

f (t), f M = sup
t∈[0,+∞)

f (t).

Now, we present some useful definition and lemmas.

Definition 2.1. System (1.4) is said to be global attractive if, for any two positive solutions
(y1(t),y2(t),y3(t)) and (x1(t),x2(t),x3(t)) of system (1.4), then

lim
t→∞

(xi(t)− yi(t)) = 0, i = 1,2,3.

Lemma 2.2. [6] Consider the following equation: u̇(t) = u(t)(d1−d2u(t)), where d2 > 0.
(1) If d1 > 0, then limt→+∞ u(t) = d1/d2.
(2) If d1 < 0, then limt→+∞ u(t) = 0.

Lemma 2.3. [16] Assume that, for y(t)≥ 0,

ẏ(t)≥ y(t)
(

λ −
m

∑
l=0

µ
ly(t− lτ)

)
.

Then, there exists a positive constant my > 0 such that, for µ = ∑
m
l=0 µ l > 0,

liminf
t→∞

y(t)≥ my =
λ

µ
exp{(λ −µMy)mτ}> 0,

where limsupt→∞ y(t)≤My <+∞.

Lemma 2.4. [17] If there exist positive constants m and M for any Φ ∈Cn
+[−τ,0] such that

m < liminf
t→∞

xi(t,0,Φ)≤ limsup
t→∞

xi(t,0,Φ)< M, i = 1,2, · · · ,n.

then the following periodic differential equation

dx
dt

= F(t,xt),

admits at least one positive ω−periodic solution, where F(t,xt) is a n-dimensional continuous
functional, x(t) ∈ Rn and x(t,0,Φ) = (x1(t,0,Φ),x2(t,0,Φ), · · · ,xn(t,0,Φ)) is a solution of the
functional differential equation with initial condition x0 = Φ.

3. MAIN RESULTS

Theorem 3.1. If (H1) holds, then system (1.4) is permanent.

Proof. Let y(t) = (y1(t),y2(t),y3(t)) be a any positive solution to system (1.4) with initial con-
dition (2.1). From system (1.4), for t ≥ τ , we have

ẏi(t)≤ yi(t)[ri(t)−aii(t)yi(t)], i = 1,2,3. (3.1)
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From Lemma 2.2 and the comparison theorem, there exists a constant T1 > 0 such that

yi(t)≤
rM

i
aL

ii
= Mi, as t > T1, i = 1,2,3.

Next, using system (1.4) again, for t ≥ τ , we have

ẏi(t)≥ yi(t)[ri(t)−aii(t)yi(t)−bi(t)yi(t− τ)], i = 1,2,3. (3.2)

From Lemma 2.4, there exists a constant T2 > T1 such that

yi(t)≥
rL

i
aM

ii +bM
i

exp
{
[rL

i − (aM
ii +bM

i )Mi]τ
}
= mi, as t > T2, i = 1,2,3.

This completes the proof of this theorem. �

Remark 3.2. From the proof of Theorem 3.1, we can see that if species y1(t),y2(t), and y3(t)
have a positive intrinsic growth rate, then system (1.4) must be permanent.

As a direct result of Lemma 2.4, we have from Theorem 3.1 the following result.

Corollary 3.3. Assume that (H2) holds. Then, system (1.4) is permanent and admits at least
one positive ω−periodic solution.

Now, we will obtain the sufficient conditions for the global attractivity of system (1.4). First,
we denote

A1(t) =
b1(t)c1(t)

Γ1(t)
≤

bM
1 cM

1
ΓL

1
= AM

1 ,

A2(t) =
b1(t)a12(t)x2(t− τ)

Γ1(t)
≤

bM
1 aM

12M2

ΓL
1

= AM
2 ,

A3(t) =
b1(t)a13(t)x3(t− τ)

Γ1(t)
≤

bM
1 aM

13M3

ΓL
1

= AM
3 ,

A4(t) =
b1(t)a12(t)x1(t− τ)

Γ1(t)
≤

bM
1 aM

12M1

ΓL
1

= AM
4 ,

A5(t) =
b1(t)a13(t)x1(t− τ)

Γ1(t)
≤

bM
1 aM

13M1

ΓL
1

= AM
5 ,

A6(t) =
b2(t)c2(t)

Γ2(t)
≤

bM
2 cM

2
ΓL

2
= AM

6 ,

A7(t) =
b2(t)a21(t)x1(t− τ)

Γ2(t)
≤

bM
2 aM

21M1

ΓL
2

= AM
7 ,

A8(t) =
b2(t)a23(t)x3(t− τ)

Γ2(t)
≤

bM
2 aM

23M3

ΓL
2

= AM
8 ,

A9(t) =
b2(t)a21(t)x2(t− τ)

Γ2(t)
≤

bM
2 aM

21M2

ΓL
2

= AM
9 ,

A10(t) =
b2(t)a23(t)x2(t− τ)

Γ2(t)
≤

bM
2 aM

23M2

ΓL
2

= AM
10,
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A11(t) =
b3(t)c3(t)

Γ3(t)
≤

bM
3 cM

3
ΓL

3
= AM

11,

A12(t) =
b3(t)a31(t)x1(t− τ)

Γ3(t)
≤

bM
3 aM

31M1

ΓL
3

= AM
12,

A13(t) =
b3(t)a32(t)x2(t− τ)

Γ3(t)
≤

bM
3 aM

32M2

ΓL
3

= AM
13,

A14(t) =
b3(t)a31(t)x3(t− τ)

Γ3(t)
≤

bM
3 aM

31M3

ΓL
3

= AM
14,

A15(t) =
b3(t)a32(t)x3(t− τ)

Γ3(t)
≤

bM
3 aM

32M3

ΓL
3

= AM
15,

B1 = aL
11−

3

∑
i=1

AM
i −AM

9 −AM
14,

and

B2 = aL
22−

8

∑
i=6

AM
i −AM

4 −AM
15, B3 = aL

33−
13

∑
i=10

AM
i −AM

5 ,

where

Γ1(t) =
(
a12(t)y2(t− τ)+a13(t)y3(t− τ)+ c1(t)

)(
a12(t)x2(t− τ)+a13(t)x3(t− τ)+ c1(t)

)
,

Γ2(t) =
(
a21(t)y1(t− τ)+a23(t)y3(t− τ)+ c2(t)

)(
a21(t)x1(t− τ)+a23(t)x3(t− τ)+ c2(t)

)
,

Γ3(t) =
(
a31(t)y1(t− τ)+a32(t)y2(t− τ)+ c3(t)

)(
a31(t)x1(t− τ)+a32(t)x2(t− τ)+ c3(t)

)
,

Γ
L
1 = (aL

12m2 +aL
13m3 + cL

1)
2,

Γ
L
2 = (aL

21m1 +aL
23m3 + cL

2)
2,

and

Γ
L
3 = (aL

31m1 +aL
32m2 + cL

3)
2.

Theorem 3.4. Suppose that H1 holds and B> 0. Then, system (1.4) is globally attractive, where
B = min{B1,B2,B3}.

Proof. Suppose that (y1(t),y2(t),y3(t)), and (x1(t),x2(t),x3(t)) are any two positive solutions
of system (1.4). From Theorem 3.1, there exist positive constants Mi,mi(i = 1,2,3) and T such
that mi ≤ yi(t),xi(t) ≤ Mi(i = 1,2,3) for all t ≥ T . First, let V1(t) = ∑

3
i=1 | lnyi(t)− lnxi(t)|.
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Calculating the upper right derivative of V1(t) along system (1.4), we have

D+V1(t) = sign(y1(t)− x1(t))
[
−a11(t)(y1(t)− x1(t))

−b1(t)
( y1(t− τ)

a12(t)y2(t− τ)+a13(t)y3(t− τ)+ c1(t)

− x1(t− τ)

a12(t)x2(t− τ)+a13(t)x3(t− τ)+ c1(t)

)]
+sign(y2(t)− x2(t))

[
−a22(t)(y2(t)− x2(t))

−b2(t)
( y2(t− τ)

a21(t)y1(t− τ)+a23(t)y3(t− τ)+ c2(t)

− x2(t− τ)

a21(t)x1(t− τ)+a23(t)x3(t− τ)+ c2(t)

)]
+sign(y3(t)− x3(t))

[
−a33(t)(y3(t)− x3(t))

−b3(t)
( y3(t− τ)

a31(t)y1(t− τ)+a32(t)y2(t− τ)+ c3(t)

− x3(t− τ)

a31(t)x1(t− τ)+a32(t)x2(t− τ)+ c3(t)

)]
= sign(y1(t)− x1(t))

[
−a11(t)(y1(t)− x1(t))+A4(t)(y2(t− τ)− x2(t− τ))

+A5(t)(y3(t− τ)− x3(t− τ))−
3

∑
i=1

Ai(t)(y1(t− τ)− x1(t− τ))
]

+sign(y2(t)− x2(t))
[
−a22(t)(y2(t)− x2(t))+A9(t)(y1(t− τ)− x1(t− τ))

+A10(t)(y3(t− τ)− x3(t− τ))−
8

∑
i=6

Ai(t)(y2(t− τ)− x2(t− τ))
]

+sign(y3(t)− x3(t))
[
−a33(t)(y3(t)− x3(t))+A14(t)(y1(t− τ)− x1(t− τ))

+A15(t)(y2(t− τ)− x2(t− τ))−
13

∑
i=11

Ai(t)(y3(t− τ)− x3(t− τ))
]

≤ −
3

∑
i=1

aL
ii|yi(t)− xi(t)|+

( 3

∑
i=1

AM
i +AM

9 +AM
14
)
|y1(t− τ)− x1(t− τ)|+

( 8

∑
i=6

AM
i

+AM
4 +AM

15
)
|y2(t− τ)− x2(t− τ)|+

(
∑

13
i=10 AM

i +AM
5
)
|y3(t− τ)− x3(t− τ)|.

(3.3)
Next, we let

V2(t) =
( 3

∑
i=1

AM
i +AM

9 +AM
14
)∫ t

t−τ

|y1(s)− x1(s)|ds

+
( 8

∑
i=6

AM
i +AM

4 +AM
15
)∫ t

t−τ

|y2(s)− x2(s)|ds+
( 13

∑
i=10

AM
i +AM

5
)∫ t

t−τ

|y3(s)− x3(s)|ds.

(3.4)
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Calculating the upper right derivative of V2(t) and using (3.3), we have

D+V1(t)+D+V2(t)≤ −B1|y1(t)− x1(t)|−B2|y2(t)− x2(t)|−B3|y3(t)− x3(t)|

≤ −
3

∑
i=1

B|yi(t)− xi(t)|.
(3.5)

Finally, we define a Lyapunov function as follows

V (t) =V1(t)+V2(t).

Calculating the upper right derivation of V (t), from (3.5) we can obtain, for all t ≥ T ,

D+V (t)≤−
3

∑
i=1

B|yi(t)− xi(t)|. (3.6)

Integrating from T to t on both sides of (3.6) produces

V (t)+B
∫ t

T

( 3

∑
i=1
|yi(s)− xi(s)|

)
ds≤V (T )<+∞. (3.7)

Hence, V (t) bounded on [T,+∞), and we have

∫ t

T
(

3

∑
i=1
|yi(s)− xi(s)|)ds≤ V (T )

G
<+∞, (3.8)

which implies that

3

∑
i=1
|yi(t)− xi(t)| ∈ L1(T,+∞). (3.9)

From the permanence of system (1.4), we can obtain that ∑
3
i=1 |yi(t)− xi(t)| is uniformly con-

tinuous on [T,+∞). By Barbalat’s lemma, it follows that

lim
t→∞
|yi(t)− xi(t)|= 0,(i = 1,2,3).

This completes the proof of this theorem. �

Corollary 3.5. Suppose that the conditions of Corollary 3.3 hold and B > 0. Then, system (1.4)
has a positive ω− periodic solution, which is globally attractive.

4. NUMERICAL SIMULATION

As an example, in this section, we consider the following Lotka-Volterra three species co-
operative system with ratio-dependent functional responses and delays to illustrate the results
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obtained in this paper

ẏ1(t) = y1(t)
[
3.95+0.65cos(t)− (4.15+0.25cos(t))y1(t)

− (1.15+0.2cos(t))y1(t−0.25)
(3+0.25cos(t))y2(t−0.25)+(3+0.2cos(t))y3(t−0.25)+2+0.25cos(t)

]
,

ẏ2(t) = y2(t)
[
3.5+0.45cos(t)− (4.2+0.35cos(t))y2(t)

− (1.2+0.15cos(t))y2(t−0.25)
(3+0.2cos(t))y1(t−0.25)+(3+0.15cos(t))y3(t−0.25)+2+0.2cos(t)

]
,

ẏ3(t) = y3(t)
[
3.25+0.35cos(t)− (4.1+0.55cos(t))y3(t)

− (1.3+0.1cos(t))y3(t−0.25)
(3.5+0.15cos(t))y1(t−0.25)+(3.5+0.1cos(t))y2(t−0.25)+2+0.15cos(t)

]
.

(4.1)
Hence,

M1 ≈ 1.1795, M2 ≈ 1.0260, M3 ≈ 1.0141, m1 ≈ 0.2403, m2 ≈ 0.2440, m3 ≈ 0.2135,

Γ
L
1 ≈ 9.1129, Γ

L
2 ≈ 9.4947, Γ

L
3 ≈ 12.1427, AM

1 ≈ 0.3333, AM
2 ≈ 0.4882, AM

3 ≈ 0.4985,

AM
4 ≈ 0.5679, AM

5 ≈ 0.5591, AM
6 ≈ 0.3128, AM

7 ≈ 0.5367, AM
8 ≈ 0.4542, AM

9 ≈ 0.4668,

AM
10 ≈ 0.4595, AM

11 ≈ 0.2479, AM
12 ≈ 0.4964, AM

13 ≈ 0.4258, AM
14 ≈ 0.4268, AM

15 ≈ 0.4209,

and

B1 ≈ 1.6939, B2 ≈ 1.5576, B3 ≈ 1.3613, B = min{Bi(i = 1,2,3)}= 1.3613.

It is easy to show that system (4.1) satisfies the conditions of Theorem 3.1, Theorem 3.4,
Corollary 3.3 and Corollary 3.5. Hence, system (4.1) is permanent, globally attractive and has
a globally attractive positive periodic solution. The permanence, periodic solution and globally
attractive of system (4.1) are shown in Figure 4.1.
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Fig 4.1. The numerical solutions of system (4.1) with different initial conditions.

From the Fig 4.1 we can see that system (4.1) is permanent and has a globally attractive positive
periodic solution.

5. THE CONCLUSION

In this paper, based on the previous works [7]-[15], one class of non-autonomous three
species Lotka-Volterra cooperative system with ratio-dependent functional responses and time
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delays was proposed. With the aid of the comparison method and the construction of Lyapunov
functions, we obtained the sufficient conditions on the permanence, existence of positive peri-
odic solutions, and the global attractivity of system (1.4). In addition, some numerical solutions
were given to show the feasibility of our results. Moreover, from the conditions of Theorem 3.1
and Theorem 3.4, we have that the conditions of the permanence and global attractivity are not
restrictive.
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