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Abstract. In this paper, we explore the semi-infinite programming on smooth manifolds. We first discuss
the optimality conditions for semi-infinite programming on smooth manifolds via homeomorphic opti-
mality conditions for the associated problems. Further, we present Lagrange, Mond-Weir, and Wolfe type
duality for the semi-infinite programming on manifolds, and examine weak and strong duality relations
under the ¢ ~!-convexity assumption.
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1. INTRODUCTION

The semi-infinite programming problems in Euclidean spaces are optimization problems with
the infinite number of constraints. Due to their important meanings in theoretical aspect and
practical applications, these problems have been recently studied in many papers, see e.g., [1,
2,3,4,5,6,7,8,9, 10, 11] and the references therein.

To deal with some optimization problems in non-Euclidean spaces, such as, learning algo-
rithms for neural networks [12], image and video-based recognition [13], and variational con-
trol problems [14], the study of optimization on manifolds have been investigated extensively
in recent years. In [15], the weak sharp minima for constrained optimization problems on Rie-
mannian manifolds and Hadamard manifolds were discussed. The first-order and the second-
order optimality conditions for nonlinear programming problem on Riemannian manifolds were
studied via the Clarke generalized gradient in [16]. The paper [17] established both neces-
sary and sufficient optimality conditions for vector equilibrium problems on Hadamard man-
ifolds. Intrinsic formulation of Karush-Kuhn-Tucker (KKT) necessary optimality conditions
were given in [18]. In [19], the KKT sufficient optimality conditions for optimization problem
with interval-valued objective function on Hadamard manifolds were considered. However, to
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the best of our knowledge, there is no paper dealing with the optimality conditions and duality
for semi-infinite programming on smooth manifolds.

Motivated by the above observations, in this paper, we establish Karush-Kuhn-Tucker opti-
mality conditions and investigate duality problems for semi-infinite programming on smooth
manifolds. The organization of the paper is as follows. Section 2 recalls basic notions and
presents the ¢~ !-convexity notion. Karush-Kuhn-Tucker necessary and sufficient optimality
conditions for the semi-infinite programming on smooth manifolds are discussed in Section 3.
Section 4 is concerned with exploring Lagrange, Mond-Weir and Wolfe dual problems of semi-
infinite programming on smooth manifold. The results of the paper are illuminated by several
examples.

2. PRELIMINARIES

In this paper, the notation (-, -) is utilized to denote the inner product in the Euclidean space
&. For a given X € &, % (X) is the system of the open neighborhoods of x. For A C &, intA, clA,
affA, spanA, and coA stand for its interior, closure, affine hull, linear hull, and convex hull of A,
respectively (shortly, resp). The cone and the convex cone (containing the origin) generated by
A are indicated, resp, by coneA, posA. The negative polar cone, and the strictly negative polar
cone (see, e.g., [11, 20, 21]) of A are defined, resp, by

A" ={x" € &|(x",x) <0, Vx € A},

and

A*:={x" € &|(x",x) <0, Vx € A}.
We can check that if A® # 0, then clA®* = A™. Indeed, let x* € clA®. Then, there exists a sequence
x; — x* satisfying (x;,x) < O for all x € A. Letting k to infinity, one has (x*,x) <0 forall x € A,
which leads to x* € A~. Conversely, let x* € A~. Then, (x*,x) <0 for all x € A. We deduce
from AS # @ that there is ¥* € A* such that (¥*,x) < 0 for all x € A. Setting xj = x* + 15", we
get x; — x* and x; € A® due to

1
(x,x) = (x*,x) —l—%@?*,x) <0Vx €A,

i.e., x* € clA®.
Moreover, the bipolar theorem (see, e.g., [20, 22]) tells us that A=~ = cl coneA. For a given
nonempty subset A of &, the contingent cone [20, 22] of A at X € clA is

g(A,)f) = {x €& | a4 0,dx, — x, Vk € N, X+ Tx EA}.

Notice that if A is a convex set, then .7 (A,X) = clcone(A — ). If (x*,x) > 0 for all x* € A%,
where A* is a subset of the dual space of &, we write (A*,x) > 0. The cardinality of the index
set I is denoted by |I|. The map ¢ from an Euclidean space & to another Euclidean space &
is said to be of class C!(C™, resp) if ¢ is continuously differentiable (infinitely continuously
differentiable, resp) on &. Recall the following definition of the smooth manifolds; see [23, 24,
25, 26, 27, 28] for more details.

Definition 2.1. Let & be an Euclidean space, and let M" C & be a Hausdorff (induced) topolog-
ical space with a countable base. M" is said to be endowed with a smooth structure of dimension
n if there exists an index set /, a collection of (topological) open subsets {Ug } qc; covering M",
together with a collection of homeomorphisms @y, : Uy — Q¢ (Uy) C R” such that the transition
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map Qg o @y 1 9o (Ua NUg) — @p(Ug NUp) are of class C for all o, f € 1. A pair (Uq, @)
is called a smooth chart, and the maximal collection .7 := {U } 7 is said to be a smooth atlas.
Then, the pair (M",.<7) is called a smooth manifold of dimension 7.

The function / : M" — R is assumed to be C'-property if ho @y ' : 9o (Uy) — R is of class
C! for every chart (U, @q) in the smooth atlas <7. For an open set X C M", the function
h:X C M" — R has the C!-property on X if ho @y : ¢o(Uy NX) — R is of class C! for
every chart (Uy, Qg ). It is well-known that R”, spheres S”, tori, GL(n), SO(n), Grassmannian
manifold, and Stiefel manifold are examples of smooth manifolds.

Definition 2.2. Let (U, @) be a chart of M about %, and let ho @~ ! : @(U) CR" = R be a
continuously differentiable function on @(U). The map 4 is said to be ¢~ !-convex at 7 = @(X)
on @(U) iff

h(@ ' (2)) —h(9'(2) = (V(hop™1)(2),2-2), ¥z € p(U), 2.1)
and, £ is said to be ¢ ~'-convex on @(U) if h is ¢ ~'-convex at each z € ¢(U).
Example 2.3. Let & = R?, M = intR? = {x = (x1,x2) € R? | x; > 0,x, >0}, and let ¢ : U =
M — @(U) C R? be defined by ¢(x) = (/x7,In(x2)). By some calculations, we get that
¢ '(2) = (z,¢2),0(U) = {x = (x1,%) € R? | xy >0}

is an open in R?, which in turn implies that ¢ is a homeomorphism, and M is a smooth manifold
with the single chart (M, ¢). Let h : M — R be defined by A(x) = /X1 +1n(x2). Then, we can
check that 4 is not convex on M in the usual sense. However, one has

(hoo ") (2) =h(9~'(2) = h(z},€?) = 21 + 22,
leading that & is @~ !-convex on @(M).

Remark 2.4. The Definition 2.2 employs some ideas of the E-convexity, see [29, 30, 31, 32, 33].
However, the ¢ ~!-convexity is different from the E-convexity in general.

Lemma 2.5. [34] Let {C;|t € T'} be an arbitrary collection of nonempty convex sets in R", and

let K :=pos | |J C; |. Then, every nonzero vector of K can be expressed as a non-negative
tel
linear combination of n or fewer linear independent vectors, each belonging to a different C;.

Lemma 2.6. [35] Suppose that S, P are arbitrary (possibly infinite) index sets, and a; = a(s) =
(ai(s),...,an(s)) maps S onto R", and so does a,,. Suppose that the set co{as,s € S} +pos{ap,p €
P} is closed. Then the following statements are equivalent:

;. [ {asx) <0.s€8,5#0
"\ {apx) SOpeP
I 0 € co{ay,s € S} +pos{a,,p € P}.

has no solution x € R";

Lemma 2.7. [21] If X is a nonempty compact subset of R", then

(1) coX is a compact set;
(ii) If 0 & coX, then posX is a closed cone.
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3. KKT OPTIMALITY CONDITIONS

In this paper, we consider the following semi-infinite programming:
(P) : min f(x)
s.t. g(x) <0, teT,
xeM",

where f,g;(t € T) are functions from & to R. The constraint x € M" means that f,g,(t € T)
are defined on the manifold M", i.e., f,g; : M" C & — R; see [16, 18]. The index set T is an
arbitrary nonempty set, not necessary finite. A point X is a locally optimal solution of (P) if
there exists a neighborhood U, C & of X such that

f(x) > f(x),Vx € QNUy,

where Q := {x € M" | g;(x) <0, t € T} is the feasible solution set of (P). If U, = &, the word
“locally” is omitted. Since Q C M", the word “locally” could also be omitted in the case that
Uy = % , where 7/ is an open set in & containing M".
For an arbitrary chart (U, @), the semi-infinite programming with respect to ¢ is
(Pp) : min f(x)
s.t. g(x) <0, teT,
xeU.

Denote by Qg := {x € U | g/(x) <0, t € T} the feasible solution set of (Py). A point X is a
locally optimal solution of (Py) if there exists a neighborhood U, C & of X such that

£(x) > £(%),Vx € Qp MU,

If U, =% , where 7%/ is an open set in & containing U, the word “locally” is omitted. If the atlas
of M" consists of the single chart &7 = {(U, @)} with U = M", then (Py) coincides with (P).
For an arbitrary chart (U, @), let us consider the associated ¢~ !'-semi-infinite programming
(Pp-1) of (Pp) as follows:
(Pp-1): min (fop~')(z)
st. (gop")(2) <0, teT,

ze o),
where fo @~ ! g 0@~ !(t € T) are functions from an open set ¢(U) of R” to R. Denote by
Qp1:={z€ @) | (8o ¢ 1) (z) <0, t € T} the feasible solution set of (Pp-1) and the index

set of all active constraints at 7 € Q-1 is Tj,-1(2) :={tr € T|(g: 0 @~ 1)(Z) = 0}. The set of active
constraint multipliers at Z € Q-1 is A,-1(2) :={A € R‘I‘ 1A(g: 0@~ 1)(Z) =0,Vr € T}. Notice
that A € A,-1(Z) if there exists a finite index set J C T,-1(Z) such that A, > 0 for all 7 € J and
A =0forallz € Ty1(2)\J.
Lemma 3.1. For an arbitrary chart (U, ), @(Qp) = Qy-1 and ¢~ (Q,-1) = Q.
Proof. Since

xeQy & xeU,gkx)<0VreT

& o) eQU),(gop oK) <OVieT
& 2=0(x) €Qy

& x=07'R) 0 (Qp),
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we conclude the desire conclusion immediately. U

Definition 3.2. Let (U, ¢) be an arbitrary chart. A point Z € Q-1 1s a locally optimal solution
of (P,-1) if there exists a neighborhood U; C R" of Z such that

(fop ™ )(2) = (fop ")(2),Vz € Q1 NUL.
If U, = R", the word “locally” is dropped. Since ¢@(U) is an open set in R”, we can drop the
word “locally” if U, = @(U).
Lemma 3.3. Let (M", o) be a smooth manifold.

(i) Assume that (U, @) is an arbitrary chart in o/. A point X € Qg is a (locally) optimal
solution of (Py) if and only if Z = @(X) is a (locally) optimal solution of (P<P" ).
(ii) A point X € Q is a locally optimal solution of (P) if and only if ¢(X) is a locally optimal
solution of (P(pf 1) for any chart (U, @) about X.
(iii) If the atlas o/ of M" consists of the finite charts, i.e. &/ = {(Uy,¢1),...,(Up,®p)}, and
&' is optimal solutions of (Py,) for i = 1,..., p, then % satisfying f (%) = i_r?inp{f(ii)} is

an optimal solution of (P).

Proof. (i) Let X € Q¢ be a (locally) optimal solution of (Pq,). Then, there exists a neighborhood
U, in & satistfying U, N Qy C U, by shrinking if necessary, such that

fx) > f(x),Vx € Uy N Q.

Since ¢(Uy) is an open neighborhood of ¢(¥) and ¢(Qg) = Q, -1, the above inequality implies
that

(fo@ ) (@() = (foo ) (@(X).Yp(x) € p(Ux) Q1.
Hence, ¢ () is a (locally) optimal solution of (P,-1).

Conversely, let Z= @(%) € Q-1 be a (locally) optimal solution of (P,-1). Then, there exists
a neighborhood U, C ¢(U) in R”" such that

(foe (@) = (foo ) (@), Yz € U-NQy1.

Since ¢~!(U,) is an open neighborhood of ¢~ !(¢(x)) = % in & and QD’I(QW]) = Qgp, the
above inequality implies that

flo71(2) 2 f(2), Yo~ (z) € 9~ (U:) N Q.

Therefore, ¥ is a (locally) optimal solution of (Pyp).
(ii) Let X € Q be a locally optimal solution of (P), and let (U, ¢) be an arbitrary chart about
%. Then, there exists a neighborhood U, in & satisfying U, M€y C U such that

fx) > f(x),Vx € Uy N Q.

Since @(Uy) is an open neighborhood of ¢(%) and ¢(Q¢) = -1, the above inequality derives
that

(fop™ )(e) = (foo ) (@(X),Vox) € 9(Ur) NQp-1.

Hence, ¢ () is a locally optimal solution of (P,-1).
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Conversely, let (U, @) be an arbitrary chart about %, and let 7 = @(X) € Q-1 be a locally
optimal solution of (P,-1). Then, there exists a neighborhood U, C ¢(U), by contracting if
necessary, such that

(foe (@) = (foo (@), V2 € U-NQy1.

As @~ 1(U,) is an open neighborhood of ¢! (¢ (%)) =%, and ¢! (Qp-1) = Qg, the above leads
that
Flo7'(2) = f(0).Y9 ' (2) € 9 (U) NQy C 07 (U) N
So, X is a locally optimal solution of (P).
(iii) The conclusion could be derived directly from the definition. 0

Example 3.4. Let & = R?, and let M' =S!' = {x € R? | x3 +x} = 1}. Then, M is a smooth
manifold with the atlas .7 = {(U;, ¢;),i = 1,...,4}, where

U= {xegl ‘XI >0}7(P1(XI;X2) :Xz,(Pl_l(Z) = ( \% I—ZZ,Z)’
Up={xeS | x1 <0}, 0(x1,%) =x2,0, ' (z) = (—V 1 —22,2),
Us = {x €S| x>0}, 3(x1,%2) =x1,05 ' (2) = (z, V1 = 22),

and
Us={x eS| x <0}, @u(x1,%2) = x1,0, ' (2) = (2, =V 1-22).

Consider the problem

(P) : min f(x) = x3

st g(x)=—x+1<0, teT=10,1%],

xeS'={xeR?|x}+x3 =1}

Then, @ = {x €S' |x, > J} and x = (:I:\/Tg, 3) is an optimal solutions of (P). Since UsNQ =
0, we consider only 3 semi-infinite programming problems with respect to ¢;(i = 1,2,3) as

follows.

(Pp) s min{f(x) =3 | g(x) = —x2 +1 0,1 €T}, Qpy = {x €Uy [ 12> }and = (4. 1)

is an optimal solution of (P, ).
(Pyt): min {(fop')(x)=2"|(gop")(2) =—2+1<0,1€T} Q1 ={z€(~1,1)|
7 e () i

7> %} and 7 = % is an optimal solution of (P(p—l ).
1

* (Pg,) ){Iel}g{f(x) =x3|g(x)=—x0+1t<0,t €T}, Qp, ={x€Va| 22> %} and ¥ = (—\/Tg,%)
is an optimal solution of (Py,).

R —1\(y —1y() — _
(Pps1) -ng(;lzl(flljz){(fofpz )@) =2 | (grogy @) =—2+1<0,1 €T} Q1 ={ze(-1,1)]

72> %} and 7 = % is an optimal solution of (P<P{1)'
* (P(P3) : nélgl{f(-x> :X%‘gl(x) :—x2+t§0,t€T}, Q(P3 :{xEU3 ‘-XZZ %} andx: (ig,%)
xeus3

are optimal solutions of (Py, ).
(o) min {(fop; )(e) = 1-22| (800 )(e) = —VI—2+1 <0,1 €T}, Q1 = {z€
%57 zeq(Uy) s

(-1,1) [ V1I-22> %} and 7 = i@ are optimal solutions of (P<P§l)'
So, the conclusion of Lemma 3.3 holds.
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In the sequel, we always assume that f,g,(t € T) are of C'-property on M".

Definition 3.5. Let (U, ¢) be an arbitrary chart. The (ACQ,,-1) holds at 7 € Q-1 if

U Voo ™)@ | € T(Qp1.2),

teTw,l(z)

and the set A,-1 :=pos  J V(go ¢~ 1)(z) is closed.

teT,1(2)

Proposition 3.6. Let (U, @) be an arbitrary chart. Suppose that 7 is a locally optimal solution
of (Py-1), and (ACQ 1) holds at Z. Then, there exists A € Ay-1(Z) such that

V(foe H@)+ Y. AV(giop )(z) =0.

Proof. We first justify that
(V(foe )(2)'NT(Qp1,2) =0. (3.1)

* Case 1. V(fo@~1)(z) =0. Then, (V(fo (p*l)(z))s = (. Hence, (3.1) holds for the Case 1.
x Case 2. V(fo@ 1)(Z) #0. Then, suppose to the contrary that there exists d € (V(f o

—1y(5))s - NG - 5
¢~)(2)*N T (Qp-1,Z). Hence, one has (V(fo9™)(Z),d) <0. Since d € T (Q,-1,7), there
exist 7 | 0 and dy — d such that Z+ Tidy € Q-1 for all k. We derive from f is of C'-property
at Z that

(foo N+ ud) = (foo )R +nu(V(foe ) (2).di) + o] Tdk))-
Consequently,

co-(z —(fon-1)(5 o

(f (' )(Z+Tk‘;}:) (f 1 )<Z):<V(fO(P_1>(Z)7dk>+ (HchdkH)

—— (V(feo™)(@).d) <0.

Thus, we affirm the existence of k > k large enough such that 7 + Tyd) € Q(p—l and

(Fo@ ™ )(E+mdi) < (foo™')(2),

which contradicts the fact that Z is a locally optimal solution of (P(p—l ). Hence, claim (3.1) holds
for the Case 2, which leads to the fact that (3.1) satisfies both two possibilities.
We derive from (3.1) and (AC Q(p—l) that

(V(foo @) n| U Vi@eoo )@ | <(V(fee @) NT(Qy 1,2 =0.

1€T, (2
This leads that there is no d € R” fulfilling

{ (V(fop™")(2),d) <0,
(V(grop™1)(2),d) <0, VieT,(2).
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Moreover, we deduce from Lemma 2.7 that coV(f o ¢ ~!)(Z) is a compact set, and hence,
coV(fop1)(2)+ Ay-1 is closed. According to Lemma 2.6, one gets

0€coV(fop )(@)+pos |J V(goE)@):
t€TE(2)
In view of Lemma 2.5, there exists A € A,-1(Z) such that
V(fop @)+ Y AV(grop !)(z) =0.
teT
This completes the proof. [

Corollary 3.7. (i) If (U, @) be an arbitrary chart in 7, X € Q¢ is a locally optimal solution of
(Pp), z= @(%) and (ACQ,-1) holds at Z, then there exists A € Ay-1(Z) such that

V(foo @)+ Y AV(gop )(z)=0.
teT

(ii) If X € Q is a locally optimal solution of (P), (U, @) is an arbitrary chart about %, 7 = ¢(X)
and (ACQ,-1) holds at 7, then there exists A € Ay-1(Z) such that

V(foo @)+ Y AV(gioe H(z) =0.
teT

Example 3.8. Let & =R? and M' =S' = {x € R? | x} +x3 = 1}. Then, M' is a smooth
manifold with the atlas .7 = {(U;, ¢;),i = 1,2}, where

X 2_
=S"\{(0,1)}, 01 (x1,x2) = 1_—1,<P1—1(z) = (i,z—l)

X2 2+1"7224+1

ol B X 1 2z _zz—l
=S\ {0 =D} o) = 103 (z)—(ZZH» ZZH)-

Consider the following problem
(P) : min f(x) = x3
s.t. gr(x) = (x2— Z31)()62 —1)<0, teT =0, %],
xeS'={xeR?|x}+x3 =1}
Then, Q={xeS!' | <x; < %} and X = (& ‘2[, 1) are optimal solutions of (P). For £ = (%, %‘) €
Q, one has £ € U;. Consider the semi-infinite programmings with respect to ¢, as follows.
(Py) : min{f(x) =33 &)= (2 —3)(0—1)<0,1€T}, Qp ={xclUi|; <0 <3},

. -1 _ (-1 2 -1 (=1 4N -1
(Pyr): _min {(Foor)@) = (551) | (go0i N0 = Gt~ D(E] -~ <0, €T}
Then, Q1 = {z € R |1 < szr} < 3} = (—,—V3]U[V/3,) and Z = ¢;(£) = 3. By some
calculatlons one has
A 1 1 . 8Z(Z2 — 1) 1\ 24
T(prl(z) [07 E]vv(f (pl )( ) (Z2+1)3 7V(f 1 )(Z) 1257
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U Vieoo ) =<[2§—0,%D=—R+,

t€[0,3]

7(Qy1,2)=Rpos | J Vigrop; (@) =R
tGTquq(f)

is closed, i.e., (ACQngl) holds at Z. Moreover,

12 A
@)+ Y AV(gop™! 125+Z&<——t+m) >0,YA € Ay-1(2).

teT teT

Applying Corollary 3.7, we conclude that £ is not a locally optimal solution of (P).

Proposition 3.9. Let (U, @) be an arbitrary chart and Z € Q1. Assume that there exists
A € Ny-1(Z) such that

V(oo )@+ YL AV(sio9™) (@) =0. (3:2)
t€T
If f,g:(t €T) are 9~ '-convex at 7 on Q-1 then Z is an optimal solution of (P,-1) and 0 1(2)

is an optimal solution of (Py).

Proof. Since 7 € Q-1 satisfying (3.2), there exists a finite subset Jj,-1 of T;,- 1(Z) such that
V(foe )@=~ Y AV(giop ")) (3.3)

ted _1
Picking an arbitrary z € Q -1, we get (g 0 0 )(z) 0= (gop ") (2),Vt e Jo-1. Thus, by the
@~ '-convexity of g,(t € T) at Z, we have

Y AV(goo )@z-2< ), Al(groo " )(z)—(gr097")(2) <O.

lE](p_] ZGJ(p_l
It follows from the above inequality and (3.2) that

(V(foo H@),z—2=— Y A(V(go9 ")(Z),z2—2) >0,

ted _1

which together with the ¢~ !-convexity of f at Z implies

(Fo9™)(2) = (foo ™ ")(2), V2 € Qi
The proof is complete. ]

Example 3.10. Let & = R? and M? = intR?%. = {x = (x1,x2) € R? | x; > 0,x, > 0}. Then, M?
is a smooth manifold with single chart (U, (p) where

U= M2> (P(x) = ( \/3 X1 — Z,X2), (Pil(z) = (Z? +2>Z2)'
Consider the following nonconvex and nonsmooth semi-infinite programming
(P) :minf(x) = ¥/x1 — 2+ 113
st gx)=—tJx —2+(t—-1)(x—1)<0, t€T=]0,1],
x€M?={xeR?|x; > 0,x; >0}.
We can check that Q = {x € R? | x; > 2,x, > 1}. Hence, (Py) coincides with (P) and
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(P(p—l): min(f o q)fl)(z) =z1+ %1‘2‘
st. (g0 N2 =—tz1+(t—1)(z2—1) <0, t €T =10,1].
Therefore, Q,-1 = {z € R? | 71 > 0,70 > 1}. Letus take 7= (0,1) € Q,-1. We can check that
Z 1s an optimal solution of (P(p—l ). Moreover, by some calculations, one has

V(fO(P_l)(Z) = (17 1)aTq)—'(Z) =T,
V(gto(p_l)(z):(—l‘,l‘—l),VL‘GT, U V(gtoqo_l)(Z):[—l,O]X[—1,0]

t€T,1(2)

pos |J Vigoo @) =-Ri,| U Vigoo @) | =RL,7(Q,1,7) =R

Z‘ET(p_l (2 lET(p_] (2)
Thus, (AC Q(p—l) holds at 7 and all assumptions in Proposition 3.6 are satisfied. Now, let A : T —
R be defined by A(¢) equal to 2 if # = 1/2; and equal to zero otherwise. Then, A € A,,-1(Z) and

V(o9 O+ LAV(Eo9 O = (1) +2.(—5.—5) = (0.0),

i.e., the conclusion of Proposition 3.6 is satisfied.
Moreover, we can check that f,g;(t € T) are ¢ ~'-convex at Z on Q,-1. Hence, all assump-
tions in Proposition 3.9 hold. Then, it follows that Z is an optimal solution of (P(pf 1). By virtue

of Lemma 3.3, one concludes that = ¢~ !(Z) = (2,1) is an optimal solution of (P).

4. DUALITY

4.1. Lagrange duality. Let (U, @) be an arbitrary chart. For z € ¢(U) and A € RE‘, denote
Lo 1(zA):=(foe @)+ Y Mlgoo')(2),

1€T
and (A1) = Zerr(lpi(rllj)fq,q (z,A).

We present the Lagrange (see, e.g., [36]) type dual problem as follows:
(DL(p_1 ): max ¢ (A),A € RE‘.

Proposition 4.1. (Weak duality between (P(p—l) and (DLWI ) Ifz € Q(p—l and A € ]R‘It then
(foe M) >9(R).

Proof. Since z € Q(Pfl and A € Rm, one has
(gro@ )(z) <OVLeT, (4.1)
O(A)= min Z,1(z,A) < (foo @)+ Y Algoo )(z).
z€@(U) reT

We deduce from (4.1) that ¥ A,(g;0¢~')(z) < 0. Hence,
teT

O(A) < (foo )@+ Y Algop™)(@) < (fop ")),
teT
which guarantees the conclusion. U
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Corollary 4.2. (Weak duality between (Py) and (DL(pfl)) Ifx€Qpand A € ]le‘, then f(x) >
¢(A).

Proposition 4.3. (Strong duality between (Py-1) and (Dqul )) Let Z be an optimal solution of
(Pp-1), and let (ACQy-1) hold at . If f,8:(t €T) are @ '-convex at 7, then there exists A € RE‘
such that A is an optimal solution of (D, ), and (foo (@) =¢(R).

Proof. By Proposition 3.6, there exists A € Ap-1 (Z) such that

V(ifoo @)+ Y AV(giop ")) =0. (4.2)
teT
Asd €Ayi(2), A(gro@ ") (z) =Oforallr € T. Thus,
(foe )@ =(foo @)+ ZTMgtoqo‘U(z) = Lp1(Z,). (4.3)

Since f,g;(t € T) are ¢~ '-convex and Z on Q,-1, we get that, for all z € Q

(foo )@= (foo (@) = (V(fop )(2),2—2),

o1

and
(809 )(2)—(gro9 )(2) > (V(giop ) (2),z—2),r €T
It follows from the above inequalities and (4.2) that

((fo<p1)(z> + Zl(gzoqol)(z)) — ((foq)l)(ZH Y Mgtowl)(f)>

teT

> <v<fo<p-1><z>+ zw<g,o<p-1><z>,z—z> —0,

or equivalently,

This, along with (4.3), tells us that

(Foo™ )@ = Zpr(2A) = min Z,1(22)=0(1)

Moreover, by invoking Proposition 4.1, we derive from the above inequality that
e 3 T
bM< (foo )@ =0()va Rl
So, there exists A € RE‘ is an optimal solution of (D, _,) and (foe™H(2) =9¢(A). O

Corollary 4.4. (i) (Strong duality between (Py) and (DLqu )) Suppose that x be an optimal
solution of (Py), and z = @(X), (ACQ,-1) holds at Z. If f, & (t € T) are ¢~ '-convex at 7, then
there exists A € R'I' such that A is an optimal solution of ( DL(p*l ) and f(z) = ¢(2).

(ii) (Strong duality between (P) and (DL(p*‘ )) Suppose that % be an optimal solution of (P), (U, @)
is an arbitrary chart about %, 7 = Q(X), (ACQy-1) holds at Z. If f, & (t € T) are 9~ '-convex at
7, then there exists A € RE‘ such that A is an optimal solution of (Dr,,_,) and f(X)=0(A).
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Example 4.5. Let & = R? and M? = intR?%. = {x = (x1,x2) € R? | x; > 0,x, > 0}. Then, M? is
a smooth manifold with the single chart (U, @), where

U=M,0(x) =(Va-2x),0 () = (a4 +2,2).

Consider the following nonconvex and nonsmooth semi-infinite programming

(P):min f(x) = v/(x1 =2)2 4+ 3(x2 = 1)

st g(x)=—Vx—2+t<0, teT=][0,1],

x€M?={xcR?|x; >0,x, > 0}.

We can verify that Q = {x € R? | x; > 3,x, > 0}. Then, (P,) coincides with (P) and

(Py-): min(fo@~!)(2) =27+ (22— 1)?

st. (goo N(z2)=-z1+t<0, teT=10,1].
Therefore, Q,1 = {z € R?|z1 > 1,20 > 0}. Forz€ ¢(U) and A € ]RII‘,

Zyr(e )=t (124 L A et = (-5 ¥ A 4 o 12+ Y A3 A2

teT Z‘GT teT IET
Hence,

(D, ,): maxp(A)= ¥ At —1 ¥ A2 2 R
¢ reT reT

LetustakeZ=(1,1) € Q1. We can check that Z is an optimal solution of (P(p—l ). Moreover,
by some calculations, one has

V(fop (@) =(2,0),T,1(2) = {1},

Vigop )@ =(-10wel, | |J Vigoo )@ | =RixR,

teT(P,l(Z)
T(Qp-1,2) =Ry xRypos [ J V(gop™")(2) =Ry x {0},
tGT(p_l (2)

Thus, (ACQ,,-1) holds at Z and all suppositions in Proposition 3.6 are fulfilled. Now, let AT —
R be defined by A (r) equal to 2 if = 1; and equal to zero otherwise. Then, A € Ap-1 (Z) and

V(o )@+ Y V(g0 ) (@) = (2,0)+2.(~1,0) = (0,0).
teT

Moreover, we can check that f,g;(t € T) are ¢~ '-convex at Z on Q(pfl. Hence, all hypothesis in
Proposition 4.3 hold. Then, it follows that A is an optimal solution of (DLqu yand (fo@ 1)(z) =

= € can check directly that — = —
P(A)=1. W heck directly that ¢(1) =2.1—7.22 = 1.

4.2. Mond-Weir duality. Let (U, ¢) be an arbitrary chart. Foru € ¢(U) and A € ]R‘I', denote
Zy 1w 2) = (fop ) (u).
We consider the q)*l—Mond—Weir [37] dual problem (DMWWI) of (Pp) as follows
max Zp1(u,4) = (fop~")(w)
st V(foe )+ L AV(giop ) () =0,
te

Y A(go9 " )u)>0,uc o), 2 R

teT
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The feasible set of (DMWWI) is

Quw, , :={ (.)€ o) xR | V(foo ) (w)+ ¥ AV(g 00~ )(w) =0,

=)
Y A(grop™)(w)=0}.
teT
and its projection on R” is Yirw,_, = {fucoU)| (u,A) € QMW(p*l }.

Definition 4.6. The point (i, Z) € QMWqu is said to be an optimal solution of (DMWWI) if
g(pq (IZ,Z) > j(pfl (u,?L),V(ﬁ,Z) S QMW¢71.

Proposition 4.7. (Weak duality between (P,-1) and (DMWq)—l )) Let z € Q41 and (u, 1) €

1 JY,

QMWWI' Iff,8:(t €T) are o~ -convex atu on Q w1 then (foe~1)(z) > 92/’;_1 (u,A).

MWy

Proof. Since z € Q-1 and (u,A) € Quw,,, . we have
.

(gro9 () <0VreT, (4.4)
Y A(gioo")(u) >0, (4.5)
teT
V(foo )u)+ Y AV(gioo ) (u)=0. (4.6)
teT

From (4.4) and (4.5), one has ¥ A (g0 0 1)(z) <0< ¥ A(gr 0@ 1)(u). This along with the
teT teT
1

¢~ ' -convexity of g,(r € T') at u leads that
Y M{V(groo™)(u),z—u) <0. (4.7)
teT

Moreover, since f is ¢ ~'-convex, we have
(V(fop ™ Y(w),z—u) < (foo (@)~ (Foo )= (Foo "))~ Zp1(u,A). (48)
Combing (4.6), (4.7) and (4.8), we have

= <VfO<P1)(u) + Z%V(growl)(u),z—u> <(fop (@) = Zpi(u,1),

teT

which arrives at the conclusion. 0]
Corollary 4.8. (Weak duality between (Py) and (DMW(p—l )) Let x € Q¢ and (u,A) € QMW(P—I' If
f.8:(t €T) are 9~ '-convex at u on QMW«p*I UYMWWI, then f(x) > ZLp1(u,1).

Proof. Let x € Q¢ and (u,A) € QMW(pfl' Since q)*l(Qq,_l) = Qg, there exists z € Q-1 such
that x = @~ !(z) and f(x) = (fo @ !)(z). The conclusion follows from Proposition 4.7. O
Proposition 4.9. (Strong duality between (P ~1) and (DMW _,)) Let 7 be an optimal solution
of (Py-1) and (ACQ(p—l) hold at 7. Then, there exists A € A o1 (2) such that (Z, A) € QMW »
and (fop~1)(2) = g(p—l (Z,l). Furthermore, if f,g:(t € T) are ¢~ '-convex at 7 on QMWq,—l U

YMW(p—l’ then (Z, Z) is an optimal solution of (DMle ).
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Proof. By Proposition 3.6, there exists A € A1 (Z) such that
V(fop @)+ ) AV(giop™")(z)=0.

teT

Since A € Ap1(2), Ai(gro@ 1) (Z)=0forallt € T, and hence, ¥, A,(g;0 @~ 1)(Z) =0. Thus,
teT
(ZA) € Quw,_,. (foo™)(z) = Z,1(z,A) and

.,2/”;71(2,1) = (fo (p*l)(Z) > 2’,—1 (u,l),V(u,/l) € QMW(p*' ,
which completes the proof. 0

Corollary 4.10. (i) (Strong duality between (Py) and (DMWWI )) Suppose that x be an optimal
solution of (Py), z = @(X), (ACQ,-1) holds at Z. Then, there exists A € Ay-1(Z) such that
(Z,i) € QMWq,fr Furthermore, if f,g;(t € T) are ¢~'-convex at 7 on QMqul UYMWWI, then
(Z,A) is an optimal solution Of(DMW(p,l ).

(ii) (Strong duality between (P) and (DMqul )) Suppose that X be an optimal solution of (P),

(U, @) is an arbitrary chart about X, z = @(X), (ACQq-1) holds at z. Then, there exists Ac

Ay (Z) such that (Z,A) € QMW¢—1' Furthermore, if f,g;(t € T) are ¢~ '-convex at 7 on QMW(p_1 U

YMW(VV then (Z, 1) is an optimal solution of(DMqur1 ).

4.3. Wolfe duality. Let (U, @) be an arbitrary chart. For u € ¢(U) and A € RE', denote
Zp1(w2):=(fop )W+ L Algro9™)(u).
We define the Wolfe [38] type dual problem as follows:
Dy, ) max Zy 1 (w2) = (Fo 9 )w)+ ¥ Azio9™ )

st V(oo )+ X AV(g o9 ) =0

ucoU),A e Rf‘.
The feasible set of (Dqu ) is

O, , = { () € o) xR | V(ro0 )W)+ £ A¥(zi0™)(w) =0}
and its projection on @(U) is Yw = {ucoU)]| (u,1) e Qw_, }.

Definition 4.11. The point (i, Z) € Qer*I is said to an optimal solution of (DW(VI) if

L1 (@A) > Ly 1 (u,1),¥(u, 1) € Q-
Proposition 4.12. (Weak duality between (P,-1) and (Der*l )) Letz € Q1 and (u,A) € QWWI.
If f,g:(t € T) are ¢~ '-convex at u on Qqul UYW(FV then (fo~1)(z) > Lo-1(u1).
Proof. Since z € Q-1 and (u,A) € Qqul , one has
(go9 () <OVIeT, (4.9)
V(oo )+ Y AV(goe™)u)=0. (4.10)

teT
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Since f,g(t € T) are ¢~ '-convex and u, we have

(foo )@= (foo )(u) > (V(foo ) (u),z—u),
and
(800 (@)~ (gro@ " )(u) > (V(gro@ )(u),z—u),t€T.

Taking into account the above inequalities and (4.10), we arrive at

teT teT

((foso_l)(ZH Z%(gzoq)_l)(Z)) - ((foqfl)(u)Jr Z%(gtoq)_l)(u))

> <V(f0¢1)(u)+ Z&V<gto<p1><u>,z—u> =0, (.11)

1T
Combining this and (4.9), one obtains

(foo @2 (foe )@+ Y Algroo @)= (foo )+ ) Algrop™") (),

teT teT
which finishes the proof. 0
Corollary 4.13. (Weak duality between (Py) and (DW(,H)) Let x € Q¢ and (u,A) € 'Q‘W(P—l‘ If
f,8/(t €T) are 9~ '-convex at u on QWw*‘ Ulw, then f(x) > %71 (u, ).

Proposition 4.14. (Strong duality between (Pq,f 1) and (DW(p_] )) Let 7 be an optimal solution of
(Py-1) and (ACQ ;1) hold at Z. Then, there exists A € A,-1(Z) such that (Z,A) € Qw,__, and
(fop™h(z) = %71 (Z,Z). Furthermore, if f,g,(t € T) are ¢~ '-convex at 7 on QW(/H UYWWI,

then (Z,A) is an optimal solution of ( Dqul ).
Proof. By Proposition 3.6, there exists A € Ay-1(Z) such that
V(fop )@+ Y AV(grop () =0.
teT
Since A € Ap1(2), Ai(gio@ 1) (Z)=0forallz € T. Thus,
(fop ™)@ =(foe )@+ Y Algop ")) =Zp1(zA),
=

and hence, (7,A) € QWW1 and

fq,q(f,i) = (foo H(z) > f(pfl(u,l),V(u,?L) € QW¢_] ,
which completes the proof. 0

Corollary 4.15. (i) (Strong duality between (Py) and (DW(FI )) Suppose that x be an optimal
solution of (Py), Z = @(X), (ACQ,-1) holds at Z. Then, there exists A€ Ay-1(2) such that

(Z,A) € QW(,,A- Furthermore, if f,g,(t € T) are ¢~'-convex at 7 on Qqul UYw, then (7,A)
is an optimal solution of(Dqu1 ).
(ii) (Strong duality between (P) and (DW(p—l)) Suppose that X be an optimal solution of (P),

(U, @) is an arbitrary chart about X, Z = @(X), (ACQ,-1) holds at z. Then, there exists A€
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Ay-1(Z) such that (z,A) € QW(Pfl' Furthermore, if f,g;(t € T) are ¢~ '-convex at 7 on QW(P’I U

YWWI, then (Z, Z) is an optimal solution of (Dqul ).

Example 4.16. Let & = R? and M? = intR% = {x = (x,x2) € R? | x; > 0,x, > 0}. Then, M?
is a smooth manifold with the single chart (U, ¢), where

U=M,0(x)=(v/x—2x),0 ' (2) = (+2,2).

Consider the following nonconvex and nonsmooth semi-infinite programming

(P) : min f(x) = V/x1 — 2+ 1x3

st g(x)=—tyx1 =24+ (t—1)(x2—1) <0, teT=10,1],

x€M? ={xcR?|x; >0,x >0}.

We can check that Q = {x € R? | x; >2,x, > 1}. Hence, (Py) coincides with (P) and

(By1): min(fo 1)) (z) =21 + 123

st. (g0 N)2)=—tz1+(t—1)(z2—1) <0, t €T =0,1].
Therefore, Q-1 = {zeR? |21 >0,20> 1}.

(Dw,_,): max.Z,-1 (1, A) = uy +}1u‘2‘+t€ZTﬂ4(—tu1 +(t=1)(ua—1))
s.t. (171/‘%)—'_ Z)L’f(_tvt_l):(oa())
teT

ucoU),A e Rf‘.
Let us take 7= (0,1) € Q,-1. We can check that Z is an optimal solution of (P,-1). In view of
Example 3.10, all assumptions in Proposition 4.14 are satisfied. Now, let A : T — R be defined
by () equal to 2 if = 1/2; and equal to zero otherwise. Then, A € Ayp-1(Z) and

V(Fop )@+ L AV(so9 )@ = (1,1)+2(~5,~5) = (0,0),

teT

ie., (z,A) € QWWI and (fo@ 1)(2) = zp*l (z,A). Moreover, we can check that f,g;(r € T)
are ¢~ '-convex at Z on Qqul U YW(,rl . Hence, it follows from Proposition 4.14 that (Z,4) is an
optimal solution of (Dqul ).
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