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Abstract. In this paper, we introduce a class of modified (p,q)-Gamma operators based on (p,q)-calculus that
operators preserve not only constant functions but also linear functions. Then the moments of the operators are
established and some local approximation theorems of these operators are discussed. Also, the rate of convergence
and weighted approximation of these operators are studied by means of modulus of continuity. Furthermore, the
Voronovskaya type asymptotic formula is investigated.
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1. INTRODUCTION

In 2007, Karsli [1] investigated and studied some approximation properties of the following
linear positive operators (named Gamma operators)

Ly(f;x) =

(2n+3) 3 e "
n!(n+2)! /o (x+1)

In 2010, Karsli and Ozarslan [2] established some approximation results for the above opera-
tors. The applications of the g-calculus in approximation theory recently attract much attention.
In 2013, Cai and Zeng [3] defined the g-analogue of the Gamma operators (1.1) preserving x2.
In the same year, they also defined modified g-Gamma operators preserving linear functions
[4]. In [5, 6], g-Gamma-Stancu operators and modified g-Gamma-Stancu operators were stud-
ied, respectively. Afterwards, with the generalization from the g-calculus to the (p,g)-calculus
which has been used efficiently in many fields, such as, Algebras, CAGD and so on. Mursaleen,
Khan and Khan first introduced the (p, g)-calculus in approximation theory and constructed the
(p,q)-analogue of Bernstein operators [7] and (p, g)-Bernstein-Stancu operators [8].

s (0)dr, x> 0. (1.1)
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Recently, the (p, g)-analogue of some more operators have been studied in [9, 10]. Up to the
authors’ knowledge, there is no result on the (p,q)-analogue of these operators defined in (1.1)
preserving constant functions and linear functions (named modified (p, ¢)-Gamma operators).

In this paper, we will establish the local approximation theorems of the operators Gi4, and
give the estimates on the rate of convergence and the weighted approximation of theses opera-
tors.

Before introducing the operators, we mention certain definitions based on the (p, g)-calculus.
We refer the reader to [11, 12, 13]. For any fixed real numbers p > 0 and ¢ > 0, the (p,q)-
integers [n],, 4 are defined by

n n

P —q

, PFGFL

[n] _ n—1+ n—2 n—-3 2 , n—2 n—1 __ n—lq _ 1:
pg =D Prqtp g+t pgd g =< npt, p=q#1;
[n]y, p=1

n, p=q=1

where [n], denotes the g-integers and n = 0, 1,2, ---. The (p, q)-factorial [n], ,! are defined by
[n],q! = [1]P,q[2]p,q"‘ [n]p,q, n>1;
p.q° — 17 n— O'
The (p,q)-power basis is defined by
(xDY)pg= (x+y)(px+qy) (P> x+g*y) - (P"'x+ 4" 1y).

Let f be an arbitrary function. The improper (p,q)-integral of f(x) on [0,0) is defined as
(see [14])

* _ o ¢ q" q
/0 f(x)dpﬂx— (p_CI)n:Z_,wpn+1f (pn+1) 70 < ; < 1.

Two different (p,q)-analogues of the exponential function named e, ,(x) and E, 4(x) (see
[13]) are defined as follows:

epq(x) =
r;) ["]p,q'
and
oo qn(n;l)xn
E , (x) = ’
- ,,ZE) [”]p,q!

which satisfy the equality e, ,(x)E, ,(—x) = 1. Form,n € N, the (p, ¢)-Beta function of second
kind and (p, ¢)-Gamma function are defined by

BPv‘](mJl) = / m+n dpvqx

0o (1®px)pg
and

©  (n—1)(n—2) |
sz(”) :/0 por X EP#(_qx)dPﬂx? rp,q(’”‘ 1) = [”]p,q!7
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respectively. Then the two functions defined above satisfy the following relation

qlp q(m)Lp 4(n)
(pmtigm=1) %Fp-,q(m +n)

By 4(m,n) =

In particular, if p =g =1, then
L(m)L(n)
LC(m+n)
It may be observed that, in the (p,q)-setting, the order is important, which serves the reason
why the (p,q)-variant of the Beta function does not satisfy the commutativity property, i.e.,
B 4(m,n) # B, ;,(n,m). For p = 1, all the notions of the (p, g)-calculus are reduced to those of
the g-calculus.

Now, we construct the modified (p, q)-Gamma operators preserving linear functions as

B(m,n) =

Definition 1.1. Forn € N, x € (0,0) and 0 < ¢ < p < 1, the modified (p,q)-Gamma operators
can be defined as

n+3
[n + 2]13761)5 n2+4n+3 , n?+3n+2
e — V4
1l I i F(0)dp gt
2n+4 pq*-
Bpg(n+1,n+3) 0 <(P61)n+1[”+2]p7qx t)

n+1]pq

Gr(f1x) = (

P9
(1.2)

Note that, forg— 1" and p — 17, @,117’17 (f;x) is reduced to the Gamma operators defined in

(I.1);forp—1-—, (Ai,l, ’q( f3x) is reduced to the modified g-Gamma operators defined in [4]. For
the results on Gamma type operators or (p, g)-operators, we can refer to [15, 16, 17, 18, 19, 20].

The paper is organized as follows. In Section 2, we present the moments of the operators.
In Section 3 and Section 4, we study the local approximation and the rate of convergence for
these operators. In Section 5 and Section 6, we establish the weighted approximation and the
Voronovskaya type theorem.

2. MOMENTS ESTIMATES

In order to obtain the approximation properties of the operators G? “(f;x), we need the fol-
lowing lemmas.

Lemma 2.1. Foranyn € N, x € (0,) and 0 < g < p < 1, the following equalities hold:
L Gh(Lix) = 1;
2. GP(t;x) = x;
3. @5’q(t2;x) = —[n+2]f,7q x2;
pqln+113,
n+3]p4n+21, 5

(Pa)Inlpgln+1154 4
3] pgln+4lpgln+ 203,
X 1.
(Pa)°®[nlpgln—1]pgln+ 1]?),qx forn=

4. Ghi(rx) =

5. GP(t%x) =
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Proof. Using the properties of the (p,q)-Beta function of second kind and the (p,q)-Gamma
function with k£ < n — 3, we can obtain

+3
[n+2]p 4x ! 2 4+4nt3 2 +3n42
T q P

oo k
Gr4(t*x) = el / - snradp.at
Bp,q(n~|—1,n—i—3) 0 <(pq)n+1[n+2]p,qx@t> n-+
n+1
[ ]p’q g
[n+2]p o —n—1 qn2+4n+3pn2+3n+2
B [+ 1]pq Bpg(n+1,n+3)
/°° 1 1k 4
X t
2n%+6n+4 2n+47P4
0 (pq) . n+1],,
pn+2qn+l[n+2]qux b

k
_ n+2]pg p2n2+(k+6)n+2k+4qn2+(k+6)n+k+4Bp7q(n tk+1,n—k+3)
[n+1]pq (pg)2r+om+d Byg(n+1,n+3)

) gl =k ! (2,
[n]p.q!ln+2]pq! '

O
Remark 2.2. For x € (0,00),0 < g < p < 1, we conclude from Lemma 2.1 that
GP4(t —x;x) =0, 2.1)
. [n+2)2
al(x) =GP ((t—x)x) = | ———29 1|42 (2.2)
£9(x) == G (¢ —0)%x) (pqm iy

Lemma 2.3. If (p,) and (gy) satisfy 0 < g, < p, < 1, where p, — 1, g, — 1 and pl! — a,
gp — b, [n]p,.q, — o as n — oo, then
L. lim[n+1]p, 4, G ((t —x)%x) = (a+b)x%;

n—o0

: A~Pnqn 4. —
2. lim [n+ 1],.4,Gn ((r—x)*x) =0.
Proof. 1. By [n+2],,4, =P +quln+1],, 4,» we have

2 n+1
[I’l+ ]qun :1+ Pn

qn [l’l + I]Pnﬂn 4n [I’l + I]PnaCIn ‘
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Hence

lim [n+ 2],,,1,%65”% ((t —x)z;x)

n—soo
n—+ 23
= lim [n+2],, 4. [ ]p"’g” —1 |
nree pnqn[n+ ”qun

2 n+1 2n+2
= lim [n+2]p, 4, Dl P +— P 2 —1 )
n—eo Dn qn [I’l + 1][’}17%1 qn [I’l + 1]Pm61n

_ 2
= lim [n+2],, 4, (Cln Pn P ) x?
n—oo pn [l’l + 1]pn7qn

= lim [n+2],, 40 (@n — pn) > +2ax* = (b — a)x* +2ax* = (a+b)x*.
n—soo

2. In view of
[n + z]pm(h — p2+l
Qn[n‘l‘ l]PmCIn qn[n+ l]pm‘In

and

[n+m]Pnyq/1 = q:ln[n]pnﬂn +p2[m]l7n~,%7

we easily obtain

2 3
qn

gn[n+1]p, 4, gn[n+1]p,g, \gnln+1]p,q, n+1]p,.q,
and
( [n+2lp,.q. )4 ~l 4pipt! [n+ 4] p..gn _ qs i pZ_I[S]pn,qn 7+ 3] p.g
gn[n+1]p,.q, gnn+1pg, n=Upg " m=1pg [lp.g
_ (];31 4 pZ[?)]Pan ‘
] p1.q

Using Lemma 2.1., we can obtain

~ 2pt
GPmn (tz;x) ~ @—f— _Pn x;
Pn [n+ 1]pn7Qn

‘1_3;+ [3]pn7qnpzf3 3qapn? >x3;

é\gmqn (t3,x> ~ (

p;z [”]Pnﬂn [f’l + 1]pm‘]n
Ap q 4, qg [S]Pn74np2_7qn [3]Pnaqnpz_6q2 4p2_5q2 4
Gpran(rtix) ~ [ 924 4 4 o,
Pn [n - I]me[n [n][’mqn [n + I]Pn,fh

From the fact that
GErn (1 —x)*;x) = GBI (1%, x) — 4GP (13, x)x + 6GE»n (123 x) x>

_ 4{;5”,% (t;x)x3 + éﬁﬂvq"(l;x)x“,
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we have

~ 5 443 6 5 n—7
ng,q,, ((t—x)4;x) -~ q_ié_ q3n+ ﬁ—??—i— [ ]pm‘]npn qdn
pl’l pl’l Pn [n_ 1]qun

N Blpna Pt (g2 —4p3)  pi>(4q, — 12p3qs + 12p3) x4
[n]pmq” [f’l + 1]pnﬂn

By combining

4q3 6
lim [n+ ]an‘]n qn i;_’_ﬂ_3
n—eo pn pn pn

n—oo

= _’}E}(}o[” + 1]Pm‘]n (p” - qn) (3[6][%,%1 - 6[5]Pn74nqn +4[3]pmq;1ql%l)
—(a—=b)(3x6—-6x54+4x%x3)=0

with
(5lpaPy Tan | BlonaPy *lan—4py) o> (44, — 12pq, +12p;)
lim [l’l + 1]17117%1 + +
oo [n - l]pm‘h [n]pnaqn [n+ ]meH
=5a+3x(1—4)a+(4—12—12)a=0,
we complete the proof immediately. U

3. LOCAL APPROXIMATION

In this section, we present a local approximation theorem of modified (p,q)-Gamma opera-
tors. Let Cp[0,0) be the space of all real-valued continuous and bounded functions f defined
on the interval [0,c0), endowed with the norm || f|| = 1%(1)11 : |f(x)]. Further, the Peetre’s K-

x€|0,00

functional is defined by

K(f,8)= infz{llf—gH +6]" 11}

where § > 0 and W? = {g € Cp[0,) : ¢/, g" € Cp[0,)}. The usual modulus of continuity and
the second-order modulus of smoothness of f € Cp[0,0) are defined by

o(f,8) = sup sup |f(x+h)—f(x)].

0<|h| <5 xe[0,00)
and

@(f,6) = sup sup |f(x+2h)=2f(x+h)+f(x)]
0<|h|<8 x€[0,00)

From [21], we see that there exists an absolute constant C > 0 such that
K(/.8) <Cor (1.V3). (3.1)

Theorem 3.1. Let f € Cpl0,+o0), 0 < g < p < 1. Then, for every x € (0,0),

G29( o) — ()] < 2Can (f, \/amm) |
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Proof. For all g € C3]0,0), using the Taylor’s expansion for x, € (0,c0), we have
t
8() = g() +g ()t =)+ [ (¢
X
Applying the operators G2 to both sides of the equality above and using Remark 2.2, we get

Gra ( / (¢ —u)g"(u)du;x) ‘

GP4(g;x) — ‘_

<& (| [ - tad )
< &9 (g —xP5x)
< ()"

Using léﬁ’q(f;x)’ <IIfll , we have

(Gra(fi0) — ()] < [GR(F — g5x) = (f — ) ()| +| G 9(g: ) — 8
<2|f —gll+ o @)lg”|

By taking infimum on both sides of the inequality above over all g € C3[0, )

(agv%f;x) - f<x>] < 2K (fral(x)),

and using (3.1), we conclude the desired conclusion immediately. [

4. RATE OF CONVERGENCE

Let B;[0,00) be the set of all functions f defined on [0,0) satisfying the condition | f(x)| <
M (14 x?) with some absolute constant My > 0 which depends on £ only. C>[0,0) denotes the
subspace of all continuous functions f € B;[0,0) with the norm

1Ala= sup L)

ref0,00) 1 +X%

/()]

O oo . oo . .
By C7[0,0), we denote the subspace of all functions f € C»[0,0) for which nh_rgolo 2

Meantime, we denote the modulus of continuity of f on the closed interval [0,a], a > 0 by

@, (f,6) = sup sup [f(¢)— f(x)].

|t—x|<d x,t€]0,d]

1s finite.

Obviously, for function f € C;[0,), the modulus of continuity @,(f,8) — 0 as 0 — 0. Then,
we establish the following theorem on the rate of convergence of operators G/ ( f;x).

Theorem 4.1. Let f € Cg [0,00) and 0 < g < p < 1. Let w,+1(f,0) be the modulus of continuity
on [0,a+ 1] C [0,00), where a > 0. Then,

1G290F) — Flleo < 4My(1 + @) (@) + 2004 (f, a#%)) .
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Proof. For all x € (0,a] and ¢ > a+ 1, we easily have (t —x)? > (t —a)? > 1. Therefore,
F(6) = fFI < |F (O] + £ ()]
< My(2+x%+12)
=M (2+x"+ (x—t —x)?)
<My (24337 +2(x—1)?)
< Mp(4+33%)(t —x)?
< AMp(14a*)(t —x)*.

4.1)

For all x € (0,a],7 € (0,a+ 1] and § > 0, we have

| — x|

1016 £ @ (rle-x) < (1457 ) asr.6) @2)

From (4.1) and (4.2), we get

| — x|

701 <140+ (1457 ) anar.6)
By Schwarz’s inequality and Remark 2.2, for all x € (0, a], we have

G4 (f52) = F ()]
< GRA(If (1) - f(x)
|t =]

<14+ )60 + 637 ( (14157 ) i) 0 (£.8)

3X)

< 4Mf(1 +a2)6qu((l‘ —x)z;x) + (x)a+1(f, 5) <1 + %\/éﬁvq((t —x)Z;X))
()

< 4M (1 + )0 (a) + @11 (£, ) (1 oL oclf"’(a)) .

<M1+ )0 + @, (7.8) (14

— O =

(e7]

Choosing 8 = \/o)(a), we have the desired results easily. O

Next, we establish two point-wise estimates on the rate of convergence of modified (p,q)-
Gamma operators. First, we recall that a function f € C[0, ) is said to satisfy Lipschitz condi-
tion Lip, on D, y € (0,1], D C [0,0) if

|f(t) = f(x)] <My ylt —x|%,1 € [0,00) and x € D,
where My , is an absolute positive constant depending only on f and .

Theorem 4.2. Let f € Lip, on D, y € (0,1], and D C [0,0). Then, for all x € (0,0),

Y
2

GRa(f2x) = £ < My ((009())

where d(x; D) represents the distance between x and D.

v 2d7’(x;D)>
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Proof. From the properties of the infimum, we see that there exists at least a point x¢ in the
closure of D, that is, xo € D such that

d(x; D) = |xo —x|.

Using
[f(0) = O < [f() = f (o) + [ (x0) = f ()] .21 € (0,00),
we have
G f53) = ()| < My (G (|t = x0]"5) + G (x0 — x]%5))
< My (G171 = 12+ 200~
. N . . . 2 2
Applying the well-known Holder inequality with k; = ;/ and kp = ﬂ , we have

i 1
|GPA(frx) — f(x)] < Mf,y{ (vaq(’t _x‘}’kl ;X)) 3 <G£’q(lk2;x)> 23 + 2t —x|7}

This completes the proof. U

Second, we give the local direct estimate of modified (p,q)-Gamma operators by using the
Lipschitz-type maximal functions of order 7, introduced by Lenze [22] as

o) = tE[OSllo])?t# W’x € [0,e0) and y € (0,1].

Theorem 4.3. Let 0 < g < p < 1. Then, for all f € Cg[0,),

GRa(f0) = f()| < @y (f:0) (1))

Proof. Using the monotonicity of the operators (/?\,’Z ‘" and the Holder inequality, we can obtain

G(f30) — £()] < GR (1 (0) = F)]) < By )G (1 —x]5x)

! Y
2

< Gy(f3) (Gh (1= x)%x) ) = By(f3) (a1(x))7.
This completes the proof. ]

5. WEIGHTED APPROXIMATION

In this section, we discuss the weighted approximation theorems of the operators (1.1). In
[23], Yuksel and Ispir defined the weighted modulus of continuity

ey |f(x+h) — f(x)]
0= 0<hsgu£xzo 14 (x+h)?

where f € C3[0,0) and proved the properties of monotone increasing about Q(f;8) as § > 0
and the inequality Q(f;A8) < (14 21)Q(f;8), where 2 > 0 and f € C9[0, ).
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Theorem 5.1. Let f € C9]0,0), and let (py) and (gy) satisfy 0 < g < p < 1 such that p" — 1,
g — 1 and [n]p, 4, — o as n — . Then, there exists a positive integer N € N such that, for
alln > N and v > 0, the inequality

wp B G001 _, ( B ;) 5.
[+ 1]p,.q,

xe(0e)  (14a2)3HY

holds.
Proof. For x,t € (0,00) and & > 0, by the definition and properties of Q(f; ), we get
£ = FOI < (1 (et =) Q(f;
<2(1+x%) (14 (t —x)?) (1 + ! ;)C') Q(f;9).

Using the fact that p} — 1, ¢f — 1 and [n]p, 4, — o as n — oo and Lemma 2.3, we find that
there exists a positive integer N € N such that, for all n > N,

t—x|)

-~ 2(1 —|—x2)
G ((r =x)%0) < g 52
R S [+ 1]p,.q, (5-2)
é\ﬁmqn((t_x)‘l;x) <1, (5.3)
Since G?"" is linear and positive, we have
GPn(fx) — £(x)| < 2(1+27)Q(f; ) {1 1+ Gortn (1 —x)%ix) +
(5.4)

G ((H(;_X)Z) @;x) }

To estimate the second term of (5.4), we find from the Cauchy-Schwartz inequality and (x +
y)? < 2(x* +y?) that

G (1007 520 < v (@ (0w (G (1525))

Combining (5.2) and (5.3), we arrive at

S]

~ _ ) 1
G (1 a1 £ 520) < 20

B 5[n+ I]qun ‘
Taking § = —L—— we can obtain
g V I+ gn
~ 3 1
Grn (1) = £ <4201+ 2P| fi— e |
=+ 1]p,.q,
The proof is completed. 0

Theorem 5.2. Let the sequences (py), (qn) satisfy 0 < g, < pp < 1 such that p, — 1, g, — 1

and p — a, g — b, [n]p, 4, — o as n — oo. Then, for f € CI]0,0), we have

lim || G (f) = fll2 = 0. (5:5)
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Proof. By the Korovkin theorem in [24], we see that it is sufficient to verify the following three
conditions

lim [|GE»97 (1%, x) —xF|], =0, k=0,1,2. (5.6)

n—oo

Since G2 (1;x) = 1 and G2 (t;x) = x, then (5.6) holds true for k =0, 1. By Lemma 2.3, we
get

|G (¢%3x) = 2|2 = sup

G\Pn,f]n (tz,X) _ .x2
re(0e) L HX2 1"

2 2 n
— 2
< sup — 2|p" q"‘Jr sup — 5 P
)CE(O,DO) 1 +x Pn )CE(O,DO) 1 +x [n+ l]men
— 2
< |Pn — qn n Pn 50, n— oo,
Pn [l’l + I]qun
Thus the proof is completed. 0

Theorem 5.3. Let the sequences (py), (qn) satisfy 0 < g, < pn < 1 such that p, — 1, g, — 1,

(1] p,.qn — o as n — oo, For every f € C5[0,%0) and k > 0, we have

AP ([ £. L\
i sy (G0~ )

=0.
n—>oox€(0’°o) (1 +x2)1+1€

Proof. Let xg € [0,00) be arbitrarily fixed. Then
ADPnsdn [ £. 0\ APnsdn ([ £. 0\
ap IGPG0 S0 G0 1)

(0o (LHXE = g (L)
GE® (f3x) — £(x)]

R e

< | GE 4 (f32) = ()l cpo.xg (5.7)

G (14 12)3)|

(14x2)1+x

£
b )i

+M;y sup
X€E(x0,%0)

Since |f(x)| < Mf(1+x?), we have

wp MWLM

xerpe) (LHX) T (1+xg)"

Let € > 0 be arbitrary. We can choose xq large enough such that
My

(1+x3)x
In view of Lemma 2.1, we obtain, x € (xq,o°),
My i IR0l () My My

oo (1+x2)1+1< (1_|_x2)1—0—1< (1_|_x2)1< (l—l-X%)K

<. (5.8)

< E.
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Using Theorem 4.1, we can see that the first term of inequality (5.7) implies that
IGR " (f) = fllco.x) < € asn—oo. (5.9)

Combining (5.7), (5.8) and (5.9), we obtain the desired result immediately. [

6. VORONOVSKAYA TYPE THEOREM

In this section, we give a Voronovskaya type asymptotic formula for GRn-an (f;x) by means
of the second and fourth central moments.

Theorem 6.1. Let f be bounded and integrable on the interval x € (0,0). Assume that second
derivative of f exists at a fixed point x € (0,%0), and the sequences (p,) and (q,) satisfy 0 <
gn < pn < 1 with p, = 1, go = 1, p — a, ¢ — b, and [n], 4, — o as n — co. Then

_a+b

5 £ (x)x%. (6.1)

lim [14-1] ., (G (f3) = £(x))

Proof. Use Taylor’s expansion

f0) = flx) = f1(x)( —x)+ %f”(X)(t —x)? +0(t,x)(t —x)?,

where x > 0, 7 > 0, ©(z,x) is bounded and }gn O(t,x) = 0. Applying the operator P} to the
X
equality above, we can obtain

G (f:3) — () = 2 £ ()G (1= x)%) + Cr (O(r,0)(1 — %)

2

Since }gn O(t,x) = 0, we have that, for all € > 0, there exists 6 > 0 such that |[f — x| < & and
X
|O(t,x)| < € for all fixed x € (0,o0) as n goes sufficiently large. While, if |r — x| > J, then

1©(t,x)| < =5 (t —x)?, where C > 0 is a constant. Using Lemma 2.3, we have

52
1+ 1o [ G (O(0,) (¢ = 3)2:),
~ C ~
< efn+1]p, 0, G (1 =)%x) + 5[y, G " (£ = 1)%5x) = 0 (n = o0).
The proof is completed. U
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