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ERROR ANALYSIS OF INTERPOLATED COEFFICIENT FINITE ELEMENTS
FOR NONLINEAR FRACTIONAL PARABOLIC EQUATIONS
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Abstract. In this paper, we consider a fully discrete approximation scheme for nonlinear fractional par-
abolic equations. The main aim of this paper is to investigate the convergence and superconvergence of
interpolated coefficient finite element solutions. Some numerical examples are presented to demonstrate
our theoretical results.
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1. INTRODUCTION

Due to the remarkable memory and hereditary properties, fractional partial differential equa-
tions (FPDEs) are more suitable to describe memory and hereditary systems than integer-
order partial differential equations (PDEs). They play a very important role in wave propa-
gation, finance, physics, engineering and so on (see, e.g., [1, 2] and the references therein).
Since the exact solutions of most FPDEs are very difficult to obtain, many numerical methods
were presented, such as, finite difference methods [3, 4, 5], finite element methods (FEMs)
[6, 7, 8, 9, 10], mixed FEMs [11, 12], space-time FEMs [13], finite volume methods [14],
spectral methods [15, 16, 17] and so on.

FEMs were widely investigated for solving different types of PDEs. For some results on
the superconvergence of FEMs for PDEs, we refer the reader to [18, 19, 20, 21]. Generally
speaking, there are three kinds of superconvergence. The first one is in certain sampling points,
the values in derivatives of errors between the finite element solution and the exact solution with
a higher order of convergence than elsewhere [22]. The second one is the gradient in the L>-
norm of errors between the finite element solution and the projection of the exact solution with
a greater accuracy than the optimal order of convergence. The third one can be obtained via the
post-processing technique. That is, we can reconstruct a greater accuracy gradient according to
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finite element solution. The representative post-processing techniques were developed based on
interpolation [23, 24], extrapolation [25] and gradient recovery, which includes superconvergent
patch recovery (SPR) [26], polynomial preserving recovery (PPR) [27, 28] and supercovergent
cluster recovery (SCR) [29].

For nonlinear parabolic PDEs, an interpolated coefficient finite element method (ICFEM) was
originally introduced in [30] and [31]. Its key feature is not to directly discrete the unknown
function of the nonlinear term in origin equation but to utilize the interpolation of the nonlinear
term under the nodal basis. Then the computational cost of the Jacobi matrix can be greatly
reduced when the nonlinear system of the origin equation is solved by the Newton-like method.
Recently, this technique has been extended to semilinear elliptic problems [32, 33] or elliptic
optimal control problems [34].

In recent years, the superconvergence of FEMs and mixed FEMs for FPDEs were investi-
gated in [35] and [36], respectively. In [37], the superconvergence of nonconforming FEMs
for FPDEs was obtained. The above supercovergence results are just suitable for rectangular
meshes. However, there few results available on FEMs for semilinear or nonlinear FPDEs. The
main purpose of this paper is to investigate a fully discrete ICFEM approximation based on tri-
angular meshes for semilinear time FPDEs and establish the convergence and superconvergence
results.

We are concerned with the following semilinear time fractional parabolic equation:

I2y(t,x) —div(A(x)Vy(t,x)) + ¢(y(t,x)) = f(t,x), t€J,x€Q,
y(t,x) =0, t€J,x€0Q, (1.1)
¥(0,x) = yo(x), x€Q,

where d% (0 < a < 1) denotes the ct-order left Caputo derivative with respect to the variable ¢,
defined by

o B 1 /’ 1 dy(s,x)
IV =0 o tos® a5 O

J=1[0,T](0 < T < +o0), Qis a bounded open domain of R? (1 < d < 3) with smooth boundary
9Q, A(x) = (aij(x))axa € (WH=(Q))4*4 is a symmetric positive definite matrix, the nonlinear
function ¢(-) € W'**(—R,R) forany R > 0, ¢'(-) € L*(Q), ¢'(-) >0, f(t,x), and yo(x) are given
smooth functions.
Throughout the paper, L*(J; W"4(Q)) denotes all L integrable functions from J into W"™4(Q)
1

with norm [|v||zss.wma(q)) = (fOT Hv||€vm7q(g)dt>g for s € [1,00) and the standard modifica-

tion for s = oo, where W"4(Q) is standard Sobolev spaces on Q. Similarly, one can define
H'(J;W™4(Q)) and CK(J;W™4(Q)) (see, e.g., [38]). In addition, c or C is a generic positive
constant.

The rest of this paper is organized as follows. In Section 2, we give a fully discrete ICFEM
approximation of (1.1). Convergence analysis results are presented in Section 3. In Section 4,
we derive the superconvergence between the numerical solution and the elliptic projection of the
exact solution. In Section 5, some numerical examples are presented to support our theoretical
results.
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2. INTERPOLATED COEFFICIENT FINITE ELEMENTS APPROXIMATION

In this section, we construct a kind of fully discrete ICFEM approximation scheme of (1.1).
First, we introduce finite element spaces for the spatial discretization. Next, we denote W2 (Q)
by H™(Q) and drop Q or J whenever possible, i.e.,

I llmzo =1 -llm2 = {1 llm, 11 llo= 11l
I Neeswm@y) = - Nzo@mys - lzr@wmaia)) = 11+ e wma)-
Furthermore, we set H} (Q) = {v € H'(Q) : v|5o =0}, and W = H}(Q), U = L*(Q). In addi-

tion,

a(v,w) = / (AVy)-Vw, Yv,weW,
Q

(f1,f2)=/9f1'f2, Vfi,LeU.
Note that A is a symmetric positive matrix. Hence,
a(vv) Zclvllf, la(w) <ClVlilwlh,  Yrwew.
By using the variational principle, we recast (1.1) as the following weak formulation:

{(@“y,W)+a(y,W)+(¢(y),W)=(f,W), weW,tel,

¥(0,x) = yo(x), xeQ. (2.1

Let .7 be a family of quasi-uniform triangulations of Q such that Q = |J K, and h =
KeTh

maxh{hl(}, where Ak is the diameter of the element K. Furthermore, we set
Keo

V, = span{@i(x) € C(Q) : @i(x) €Py,i=1,2,--- , M},

where {@;(x)}!, is the nodal basis function with respect to the nodal set {x;}}Z |,

sents the space of all polynomials whose degree at most 1, and W, =V, N H(} (Q).
Then the semi-discrete finite element approximation of (2.1) reads as

and IP; repre-

(9% ynswn) +a(yn,wn) + (@ (ya),wn) = (fwn),  Vwp € Wit €, 02)
0 h :
(%) = yo(%);
where y/i(x) € W}, is a suitable projection of yg(x).

Second, we will investigate the L1 approximation for the temporal discretization.

Let0=1y <t <--- <ty =T be a given uniform partition of [0, 7] with time step T = %, and
th=nt,n=0,1,--- N. We set 6" = 6(t,x), and J,y" = ynfgn_l . The time fractional derivative
can be approximated as follows

1 n
on _ k g
9, yn—mk;) B =LYyt (2.3)

where by = (k+ 1)1 7% — k7% pt = (n—1)1"% —n!=% b =1, b = b, — by_4_1 and r? is
the truncation error. It follows from [24] that if y € W2*(L?), then

2] =92 — LIy < CT* 2. (2.4)
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Then the classical fully discrete finite element approximation scheme of (2.1) writes as

(LtayZ,Wh)+a(yZ,Wh)+(¢(yZ>,Wh):(fn,Wh), VWhEWh,l’lzl,z,"',N, (2 5)
Vi = Yo (). '

To solve this nonlinear system by Newton-like method, one has to calculate its Jacobi matrix,
which depends on the choice of y;, and needs to repeatedly compute. The computation cost is

vast. By introducing an interpolation operator [, : C(2) — V},, for any w € C(Q), defined by

M
Lw="Y w(x;)o;(x)

j=1
and replacing ¢ (y}}) with I,¢(y};) in (2.5), we have that the Jacobi matrix can be easily calcu-
lated.

A fully discrete ICFEM approximation scheme of (2.1) is as follows
(L;xyZ7Wh)+a(yZ,Wh)+(Ih¢(yZ),Wh):(fn,Wh), thEWh,nzl,Z,--~,N, (2.6)
Vi = Y5(). '

Usually, we set y(x) = P,yo(x), where P, is an elliptic projection operator (it will be specified
later).

From the theory of finite elements [31], for 0 <m < rand 1 < p <o, we have the following
error estimate

||Ihw—w||m,p7K < Ch"’"||w||r7p71<, Yw € C(Q) NW"P(K),VK € T, (2.7)
3. CONVERGENCE ANALYSIS

We will derive the convergence of the numerical solution in (2.6). Let P, be the elliptic
projection operator, for any v € W, defined by

a(v—PBy,wy) =0, Ywy € W),
It has the following error estimates (see [8]):
|v—Pu||+h|[|V(v—Pw)| gCthsz. (3.1)
The following conclusions will be used in the following error analysis.

Lemma 3.1. [12] Let {5"}2’:0 be a sequence of functions on . Then
gk 1 o ke v k 2
& Y G | =5 | N7 1P+ X BRlISH I — X BlIS" = &I |-
k=0 k=0 k=0
n—1
Lemma 3.2. [36] Let ¢* >0 (k=1,2,---), 9° =0, >0, and ¢" < — Y. bi¢*+ . Then
k=1

P" <Ct %y

Theorem 3.3. Let y and yy, be the solutions of (2.1) and (2.6), respectively. Suppose that y €
W2 (L) "W (H?). Then, for any integer 1 <n <N,

' =yl < C (P +7*%), (3.2)
' =yilh <C(h+72%). (3.3)
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Proof. From (2.3) and the definition of P,, we can rewrite (2.1) at ¢, as
(Lzaynawh)+a(PhynaWh)+(¢(yn),Wh)+(”¥;Wh) = (fn7wh), vthWh- (3.4)
Setting 6" =y} — P,y" and subtracting (3.4) from (2.6), for any wj, € Wj,, we get
(L{0",wy) +a (0" wp) + (10 (V) — 0 0"), wn) = (rg, wn) + (L7 (" = Py"),wi) . (3.5)
Taking w, = 6" in (3.5), we have
(L{'6",0") +a(6",0")+ (¢ () — ¢ (Py"), 6")

= (O0) — 1O 03). 07) + (007) — 0(A').6) + (1.0 + (LAG" — By, ).
Note that a (6",60™) > 0 and ¢’(-) > 0. It follows that
(O07) — 9 (Py"),0") = cl6”]*. (3.7)
From Lemma 3.1, we have
1 n—1 n—1
(L6",6") = 35T (2—a) (HG"II2 +k§6bﬁll9k|\2 - k;)bZII@k - 9"H2> . (Y
From (2.4), (2.7), (3.1), Holder’s inequality and Young’s inequality with €, we obtain
(OOh) —1hd (), 0") + (9 (") — 9 (Py"),0") + (17, 0") + (L (V" — Py"), ")
< (1o O%) =T O+ 19G") — Py + Il + 1L (" — Pry™) (1) 116"
< Ce (P24 (IoGRIB+ I3+ Ly I3) 1) + e 0”1 G2
<C (7:2(2_0‘) +h4> +4e]0"|2.
From (3.6)-(3.9) and b} < 0(0 < k < n), we see that if € is small enough, then
16™)% < —nf b 6%||2 +27°T(2 — a)Ce (rz@—“) + h4> . (3.10)
k=0
With the help of Lemma 3.2, we have
16" < C (v %+h?). (3.11)
Hence, (3.2) follows from (3.1), and (3.11) immediately. Subtracting (2.6) from (2.1), we obtain
(LG =) wa) +a(y" =Yy wn) + (8(") = I (v4), wn) + (rg, wa) = 0. (3.12)
From the assumption on A(x) and (3.12), we arrive at
clly" =yl <a(v" =i,y —h)
=a(y" =y Y = By") +a(y" = yi, Pey" = yp) 3.13)
=a(y" —y5,y" = Poy") + (L (5" = i) — Pay")
+(00") =10 (Vi) Y — Puy") + (7, — Puy").
From (2.4), (2.7), (3.1)-(3.2), (3.13), Holder’s inequality and Young’s inequality, we get
" = Y3l < CIY" =yl " = P+ C(2* 2% + 1), (3.14)

Thus, (3.3) follows from (3.1), (3.14), and Poincaré’s inequality immediately. This completes
the proof. U
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4. SUPERCONVERGENCE ANALYSIS

In this section, we derive the global superconvergence results between the interpolated coef-
ficient finite element solution and the elliptic projection of the exact solution.

Theorem 4.1. Let y and yy, be the solutions of (2.1) and (2.6), respectively. Assume that all the
conditions in Theorem 3.3 are valid. Then, for any integer 1 < n <N,

1Py = Yhllt < C( + 727, 4.1)

Proof. Sety" —yi =y"—By"+Py" —y} :=n"+{". Choosing v = wy, in (2.1) and subtracting
(2.6) from (2.1), we obtain the error equation

(L O =) swn) +a (" = yhown) + (0 (") =@ O05) wa) + (5 wp) = 0. (4.2)
By using the definition of P, and (4.2), we have
(L wi) +a (8" wa) =9 (33) — 9 (Vi) wa) + (9 (7)) — O (PY"), wn)
+(O(PY") — 0 O"), wn) — (L™ wh) — (17, wh).

From the assumption on A(x) and Lemma 3.1, we get

(V& VILEE) = 5 ari—o (ch"\m AN 2 iV (55 -¢") |12>
<a(g"Leg").

4.3)

4.4)

It follows from Holder’s inequality and Young’s inequality with €, we obtain

(Ih9 () — ¢, LEC™) < ClILo () — 9OMIILEE" (| < Ceh*lo R I13 + €L 1P, (4.5)
and
(@O5) — (P, LFE") < Clyh = P IILFC"|| < Ce(v** +1°)* + €| LFC" % (4.6)
In addition,
(@(Py") — 9, LFE") < CllBy" = Y'[ILFE" | < Ceh([y"]13 + €| L* "1 4.7)
From y € W1 (H?) and (2.3), we see that there holds

1 n—1
e AT n—k
1 o
<V pllontk
—Ta—lr(z_a)kgo klldem™ "l 4.8)

1 n—l1 In—k
<V / dt
_TaF(Z—OC);;) k e ”an

<CR? ||yl 1112
From Holder’s inequality, Young’s inequality with € and (3.1), we conclude that

(LI L2 < ILEn"lILFE"| < Ceh* + || L L"), (4.9)
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In the same way, we have
(P L") < PRSI < Cer* 2% e |ILEFCT) 2. (4.10)
Setting wj, = L¥C" in (4.3) and noticing that b} < 0(0 < k < n), we obtain from (4.4)-(4.10)
that

n—1
IVE"I? < = Y BRI VEHIP + CT%(n 4+ 72 %)%, (4.11)
k=0

It follows from (4.11), Lemma 3.2, and Poincaré’s inequality that
1811 < C(h? +727). (4.12)

This completes the proof of Theorem 4.1. U

5. NUMERICAL EXPERIMENTS

In this section, we present two different numerical examples to support our theoretical results.
The following examples numerically deal with codes developed based on AFEPack, which is
freely available and the details can be found at [39]. Their discretization schemes are described
in Section 2. Then all the nonlinear systems are solved by the Newton iteration method. We
denote || - |[=(g1), and || - |[z=(z2) by |[ - |[1,00, and || -[|0,c0, Tespectively. The convergence order
rate is computed by the following formula:

Rate =

where ¢; (e;11) denotes the error when the spatial partition size is A; (hi11).
Example S.1. This is a 1D example. The data are as follows:
Q=1001],T=1AK =1,

y(t,x) = tsin(27x),

tl_a

I'z—o)

For different o values, the errors on a sequence of uniformly refined meshes’ size 4 and time
step size T are shown in Table 1, Table 2 and Table 3. It is easy to see

f(t,x) = sin(27x) + 472y(t, x) + ),

Iy =Yilloe = O (B> +77%),

y=ynll100= O (h+7*%),

and

1By = vil|1e0 = O (R*+727%).
1

In Figure 1, we show the numerical solution y; with &¢ = 0.5 when h = % and T = ;.
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TABLE 1. Numerical results with & = 0.05, Example 5.1.

Hy—thQw Rate Hy—yh 1,00 Rate HPhy—thL Rate
5.765736e-4 | — 7.84265¢e-1 — 5.51456¢-2 —
1.512181e-4 | 1.9309 | 4.01214e-1 | 0.9670 | 1.55184e-2 | 1.8293
3.818410e-5 | 1.9856 | 2.01313e-1 | 0.9949 | 4.10581e-3 | 1.9182
9.581400e-6 | 1.9947 | 1.00716e-1 | 0.9991 | 1.05429¢-3 | 1.9614

8

E-E-B-m =
B —BlE— =

TABLE 2. Numerical results with a = 0.5, Example 5.1.

[y —ynlloe | Rate |||y —ynllie | Rate | |[Phy—ynll1e| Rate
1.04067e-3 — 7.84278e-1 — 5.27707e-2 —
2.60273e-4 | 1.9994 | 4.01216e-1 | 0.9670 | 1.49032¢-2 | 1.8241
6.29681e-5 | 2.0473 | 2.01314e-1 | 0.9949 | 3.95809e-3 | 1.9127
1.52366e-5 | 2.0471 | 1.00716e-1 | 0.9992 | 1.01966e-3 | 1.9567

8

SEERSEEE
~8l~8l—al

3]
~
)

TABLE 3. Numerical results with & = 0.95, Example 5.1.

h| T ||ly—ynllos | Rate |[ly—ynll1w| Rate |[|Pny—ynl[1. | Rate
5| 15 | 245585e-3 | — [7.8436le-1| — | 4.55288e-2 | —

5 | a5 | 6.21851e-4 | 1.9816 | 4.0122%-1 | 0.9671 | 1.28636e-2 | 1.8235
25 | Teg | 1.51093e-4 [ 2.0411 [ 2.01315e-1 | 0.9950 | 3.43284e-3 | 1.9058
20 | zig | 3-64806e-5 | 2.0502 | 1.00717e-1 [ 0.9991 | 8.89580e-4 | 1.9482

Example 5.2. This is a 2D example. The data are as follows:
Q=10,1] x[0,1],T = 1.0,

a0 =y 1.

y(t,x) = t*sin(27x; )sin(27x),
2-a

f(hx):m

In Table 4, Table 5 and Table 6, the errors ||y — yi||0.c0s |[¥ — ¥n||1,00 and ||Py — yn||1 - based
on different o values and a sequence of uniformly refined meshes’ size 4 and time step size T
are shown. It is easy to see that ||y — yu||0. and ||P,y — yu||1 - are the second order convergent
while ||y — yn||1 - is the first order convergent for the mesh size h.

We plot the profile of the numerical solution y, with o = 0.5 at t = 0.5 when h = % and

sin(27x; )sin(27xa) 4 82y (1, x) + [y(t,x)]>.

T = g, in Figure 2.
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TABLE 4. Numerical results with & = 0.05, Example 5.2.

FIGURE 1. The numerical solution y;, with o = 0.5, Example 5.1.

h | T ||[y—ynlloe | Rate | |[y—ynlli | Rate ||[Py—ynll1 | Rate
5| 15 | 546027e-2 | — | 135784e+0| — | 6.76151e-3 | —
55 | 55 | 1.42649e-2 | 1.9365 | 6.93043e-1 | 0.9703 | 1.71753e-3 | 1.9770
25 | 25 | 3-60643e-3 | 1.9838 | 3.48334e-1 | 0.9925 | 4.31394e-4 | 1.9933
20 | 75 | 9:04149e-4 | 1.9959 | 1.74395¢-1 | 0.9981 | 1.08021e-4 | 1.9977
TABLE 5. Numerical results with a = 0.5, Example 5.2.
h | © | |ly—ynllo | Rate | |ly—yu|[1,0 | Rate ||[|Psy—ynll1.| Rate
&1 15 | 5427132 | — [1.35786e+0| — | 9.89283e-3 | —
5 | 3g | 1.41722e-2 | 1.9371 | 6.93045¢-1 [ 0.9703 | 2.55023e-3 | 1.9558
25 | o5 | 3:58319e-3 | 1.9837 | 3.48335¢-1 [ 0.9925 | 6.37628e-4 | 1.9998
25 | 775 | 8.98448e-4 | 1.9957 | 1.74395e-1 [ 0.9981 | 1.58427e-4 | 2.0089
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TABLE 6. Numerical results with & = 0.95, Example 5.2.

|y =ynllo | Rate | |[ly—ynlli | Rate ||[|Py—ynlli~| Rate

8

5.37094e-2 | — | 1.35791e+0| — 1.54112e-2 —

1.40080e-2 | 1.9389 | 6.93052e-1 | 0.9704 | 4.07016e-3 | 1.9208

3.54122e-3 | 1.9839 | 3.48336e-1 | 0.9925 | 1.01990e-3 | 1.9967

8.88084e-4 | 1.9955 | 1.74396e-1 | 0.9981 | 2.52293e-4 |2.0153

8B —3)—= =
& -

@
N
=)

03.

0.2 .
01d
04
) YR
0.1 ‘%M‘%g%g%‘ﬁir‘ i

FIGURE 2. The numerical solution y;, with o = 0.5 when ¢ = 0.5, Example 5.2.
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