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GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS FOR LOGARITHMIC
HIGHER-ORDER PARABOLIC EQUATIONS

YAOJUN YE∗, LANLAN LI
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Zhejiang University of Science and Technology, Hangzhou 310023, China

Abstract. An initial-boundary value problem of a class of higher-order parabolic equations with loga-
rithmic nonlinearity in a bounded domain is studied. The existence of global solutions is proved by using
the potential well theory, and the exponential decay of global solutions is given with the aid of an integral
inequality. The blow-up of solutions in unstable sets is also obtained.
Keywords. Blow-up; Exponential decay; Global solution; Higher-order parabolic equation; Logarithmic
nonlinearity.

1. INTRODUCTION

This paper is concerned with the initial-boundary problem of the higher-order parabolic equa-
tion with logarithmic nonlinearity

ut +(−∆)mu = u log |u|p, (x, t) ∈Ω× [0,+∞),

u(x,0) = u0(x), x ∈Ω,

u(x, t) = 0, ∂ i

∂ν i u(x, t) = 0, i = 1,2, · · · ,m−1, (x, t) ∈ Γ× [0,+∞),

(1.1)

where m ≥ 1 is a positive integer, p > 0 is a real number, Ω is a bounded domain in Rn with
smooth boundary Γ so that the divergence theorem can be applied, ν is unit outward normal
vector on Γ, and ∂ iu

∂ν i denotes the i−order normal derivation of u.
High-order parabolic equations arise in many physical applications, such as, the thin film

theory, the convection-explosion theory, the lubrication theory, the flame and wave propagation
(the Kuramoto-Sivashinskii equation and the extended Fisher-Kolmogorov equation), the phase
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transition at critical Lifschitz points, bi-stable systems and applications structural mechanics
(see, e.g., [1, 2, 3]).

By applying the variational theory and the Galërkin method, Cao and Gu [4] proved the
existence and uniqueness of global solutions of the following Cauchy problem ut +(−∆)mu = |u|p, (x, t) ∈ Rn× [0,+∞),

u(x,0) = u0(x), x ∈ Rn.
(1.2)

Recently, Miao and Zhang [5] obtained the global existence and uniqueness of solutions
of problem (1.2) in time-space spaces by establishing the time-space estimates. Egorov et al.
[6] studied the global non-existence of problem (1.2) for 1 < p ≤ 1+ 2m

n , ϕ ∈ L1
loc(R

n/{0}),
and

∫
Rn ϕ(x)dx ≥ 0 by using the test function approach. Later, they also gave the asymptotic

behavior of global solutions for the problem (1.2) with suitable initial data in the supercritical
Fujita range p > 1+ 2m

n by constructing self-similar solutions of high-order parabolic operators
and the stability analysis of the autonomous dynamical system [7]. Under the assumptions
of the initial value and p, Galaktionov and Pohozaev [8] proved the existence and uniform
decay estimate of global solutions and the blow-up of solutions in finite time of problem (1.2)
with the aid of a comparison with self-similar solutions of majorizing order-preserving integral
equations. When the initial data decay slowly, Caristi and Mitidieri [9] dealt with the existence
and nonexistence of global solutions of the problem (1.1) with |u|p in place of the logarithmic
nonlinearity based on the method presented in [9]. Galaktionov and Williams [10] considered
the existence of radially symmetric self-similar solutions and the longtime behavior of solutions
to the problem (1.2) with 1 < p < 1+ 2m

n , m≥ 1 according to the theory of ordinary differential
equations. As n= 1,m> 1, Budd, Galaktionov, and Williams [11] showed the self-similar blow-
up of solutions of problem (1.2). However, when the nonlinearity is a logarithmic nonlinear
function u log |u|p, as far as we know, there is no result on this aspect of the global solutions and
blow-up solutions of problem (1.1).

Recently, Ishige, Kawakami and Okabe [12] proved the existence of solutions of Cauchy
problem (1.2) by introducing a new majorizing kernel and obtained the necessary conditions
on the initial data for the existence of local solutions. In [13], Liao and Li studied fourth-
order parabolic equations with logarithmic nonlinearity by applying the modified potential well
method and the logarithmic Sobolev inequality. Under the different initial data, they obtained
the global existence of weak solutions, decay estimates, and the blow-up in finite time, re-
spectively. Ghoul, Nguyen and Zaag [14] considered problem (1.2) in Rn. They exhibited the
nonself-similar blow-up solutions and obtained a sharp description of its asymptotic behavior.
Moreover, Xiao and Li [15] further studied the initial boundary value problem of the equation
in (1.2). They first proved the existence of nonzero weak solutions to the static problem with
the aid of the mountain pass theorem, and then proved the existence of global weak solutions to
the evolution problem by using the method of potential well.

Finally, let us mention that the following Cauchy problem of the semilinear wave equation
with logarithmic nonlinearity utt−∆u = u log |u|p, (x, t) ∈ Rn× [0,+∞),

u(x,0) = u0(x), x ∈ Rn.
(1.3)
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It was studied by Cazenave and Haraux [16]. They obtained the existence and uniqueness of
solutions of problem (1.3). For recent results on the logarithmic Schrödinger equation, we refer
to [17, 18, 19, 20] and the references therein.

In this paper, we prove the global existence of solutions of problem (1.1) by applying the
potential well theory introduced by Sattinger [21] and Payne and Sattinger [22]. Furthermore,
we obtain the exponential decay and the blow-up result of solutions.

We adopt the usual notations and convention. Let Hm(Ω) denote the Sobolev space with the
usual scalar products and norm. Hm

0 (Ω) denotes the closure in Hm(Ω) of C∞
0 (Ω). For simplicity

of notations, hereafter we denote by ‖ · ‖s the norm of Lebesgue space Ls(Ω), and by ‖ · ‖ the
L2(Ω) norm. We write the equivalent norm ‖Dm · ‖ instead of Hm

0 (Ω) norm ‖ ·‖Hm
0 (Ω), where D

indicates the gradient operator, that is, Du = ∇u = ( ∂u
∂x1

, ∂u
∂x2

, · · · , ∂u
∂xn

), and Dmu = ∆ ju if m = 2 j
and Dmu = D∆ ju if m = 2 j+1. In addition, Ci (i = 1,2, · · ·) denotes various positive constant,
which depends on the known constants and may be different at each appearance.

This paper is organized as follows. In Section 2, we give some definitions and lemmas, which
will be used for our main results. In Section 3, we study the existence and exponential decay of
global solutions of problem (1.1). Finally, Section 4 is devoted to the blow-up result of solutions
in finite time.

2. PRELIMINARIES

First, we define the following functionals:

J(u(t)) =
1
2
‖Dmu(t)‖2− p

2

∫
Ω

u2(t) log |u(t)|dx+
p
4
‖u(t)‖2,

K(u(t)) = ‖Dmu(t)‖2− p
∫

Ω

u2(t) log |u(t)|dx, (2.1)

for u ∈ Hm
0 (Ω). Then, it is obvious that

J(u(t)) =
1
2

K(u(t))+
p
4
‖u(t)‖2. (2.2)

As in [22], the mountain pass value of J(u(t)) (also known as potential well depth) is defined
as

d = inf{sup
λ≥0

J(λu) : u ∈ Hm
0 (Ω)/{0}}. (2.3)

Now, we define the so-called Nehari manifold (see, e.g., [23, 24]) as follows

N = {u ∈ Hm
0 (Ω)/{0} : K(u(t)) = 0}.

Thus, the stable set W and unstable set U can be defined, respectively, by

W = {u ∈ Hm
0 (Ω) : K(u(t))> 0, J(u(t))< d}∪{0},

and
U = {u ∈ Hm

0 (Ω) : K(u(t))< 0, J(u(t))< d}.
It is easy to see that the potential well depth d defined in (2.3) can also be characterized as

d = inf
u∈N

J(u). (2.4)

Next, we give the definition of weak solutions of problem (1.1) and list some known lemmas.
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Definition 2.1. A function u= u(x, t) is said to be a weak solution to problem (1.1) on Ω× [0,T ]
if

u ∈C([0,T ],Hm
0 (Ω)) ,ut ∈ L2([0,T ],L2(Ω)),

and ∫
Ω

utϕdx+
∫

Ω

DmuDm
ϕdx =

∫
Ω

u log |u|pϕdx

for each test functions ϕ ∈ Hm
0 (Ω) and for almost all t ∈ [0,T ].

Lemma 2.2. Let r be a number with 2≤ r <+∞ if n≤ 2m and 2≤ r ≤ 2n
n−2m if n > 2m. Then

there exists a constant C depending on Ω and r such that

‖u‖r ≤C‖Dmu‖, ∀u ∈ Hm
0 (Ω).

Lemma 2.3. [25, 26, 27] If u ∈ H1
0 (Ω), then, for each a > 0,∫

Ω

|u|2 log |u|dx≤ ‖u‖2 log‖u‖+ a2

2π
‖∇u‖2− n

2
(1+ loga)‖u‖2.

It follows from Sobolev inequality and Lemma 2.2 that∫
Ω

|u|2 log |u|dx≤ ‖u‖2 log‖u‖+ Ba2

2π
‖Dmu‖2− n

2
(1+ loga)‖u‖2, (2.5)

where B is the best Sobolev constant from Hm
0 (Ω) to H1

0 (Ω).

3. GLOBAL EXISTENCE AND EXPONENTIAL DECAY

We can now proceed in the study of the existence of global solutions of problem (1.1). For
this purpose, we need the following lemmas.

Lemma 3.1. If u ∈ Hm
0 (Ω) and ‖u‖ 6= 0, then

K(λu) = λ
d

dλ
J(λu)


> 0, 0 < λ < λ

∗,

= 0, λ = λ ∗,

< 0, λ ∗ < λ <+∞,

(3.1)

where

λ
∗ = exp

(
‖Dmu‖2− p

∫
Ω

u2 log |u|dx
p‖u‖2

)
.

Proof. Since

J(λu) =
λ 2

2
‖Dmu‖2 +

pλ 2

4
‖u‖2− p

2
λ

2 logλ‖u‖2− p
2

λ
2
∫

Ω

u2 log |u|dx,

we obtain
d

dλ
J(λu) = λ‖Dmu‖2− pλ

∫
Ω

u2 log |u|dx− pλ logλ‖u‖2. (3.2)

Letting d
dλ

J(λu) = 0, we have

λ
∗ = exp

(
‖Dmu‖2− p

∫
Ω

u2 log |u|dx
p‖u‖2

)
.
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It follows from (2.1) that

K(λu) = λ
2‖Dmu‖2− pλ

2
∫

Ω

u2 log |u|dx− pλ
2 logλ‖u‖2. (3.3)

From (3.2) and (3.3), we obtain (3.1) immediately. �

Lemma 3.2. If u ∈ Hm
0 (Ω), then

d ≥ p
4
(ae)n > 0. (3.4)

Proof. From (2.5), we obtain that

K(u) = ‖Dmu‖2− p
∫

Ω

u2 log |u|dx

≥
(

1− pBa2

2π

)
‖Dmu‖2 +

[
np
2
(1+ loga)− p log‖u‖

]
‖u‖2,

(3.5)

for any a > 0. Taking 0 < a≤
√

2π

pB , we obtain from (3.5) that

K(u)≥
[

np
2
(1+ loga)− p log‖u‖

]
‖u‖2. (3.6)

In view of Lemma 3.1 and (2.2), we conclude that

sup
λ≥0

J(λu) = J(λ ∗u) =
1
2

K(λ ∗u)+
p
4
‖λ ∗u‖2. (3.7)

It follows from (3.6) that

0 = K(λ ∗u)≥
[

np
2
(1+ loga)− p log‖λ ∗u‖

]
‖λ ∗u‖2,

which implies
‖λ ∗u‖ ≥ (ae)

n
2 . (3.8)

Combining (3.7) and (3.8), we arrive at

sup
λ≥0

J(λu)≥ p
4
(ae)n,

which together with (2.3) yields that d ≥ p
4 (ae)n > 0. �

Lemma 3.3. If u0 ∈W, then u(t) ∈W for each t ∈ [0,+∞).

Proof. Multiplying by ut and integrating over Ω× [0, t] on two sides of the equation in (1.1),
we have ∫ t

0
‖ut(s)‖2ds+ J(u(t)) = J(u0)< d, (3.9)

for ∀t ∈ [0,+∞).
Suppose that there exists a number t∗ ∈ [0,+∞) such that u(t) ∈W on [0, t∗)∪ (t∗,+∞) and

u(t∗) 6∈W . Then, in virtue of the continuity of u(t), we see u(t∗) ∈ ∂W . From the definition of
W and the continuity of J(u(t)) and K(u(t)) with respect to t, we have

J(u(t∗)) = d, (3.10)

or
K(u(t∗)) = 0. (3.11)
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It follows from (3.9) that
J(u(t∗))< J(u0)< d. (3.12)

Thus, case (3.10) is impossible.
If (3.11) holds, then u(t∗) ∈ N. It follows from (2.4) that J(u(t∗)) ≥ d, which contradicts

(3.12). Consequently, case (3.11) is also impossible. Thus, we conclude that u(t) ∈W on
[0,+∞). This completes the proof. �

Theorem 3.4. If u0 ∈W, then problem (1.1) has a global solution which satisfies

u ∈ L∞(0,+∞; Hm
0 (Ω)), ut ∈ L2(0,+∞;L2(Ω)).

Proof. It suffices to show that
∫ t

0 ‖ut(s)‖2ds+‖Dmu‖2 is bounded and independently of t. Under
the hypotheses of this theorem, we conclude from Lemma 3.3 that u ∈W on [0,+∞). From
(2.5), we assert that the following formula holds on [0,+∞)

J(u) =
1
2
‖Dmu‖2− p

2

∫
Ω

u2 log |u|dx+
p
4
‖u‖2

≥ 1
2

(
1− Bpa2

2π

)
‖Dmu‖2 +

p
2

[
1
2
+

n
2
(1+ loga)− log‖u‖

]
‖u‖2.

(3.13)

In view of (2.2) and u ∈W , we obtain that

J(u(t)) =
1
2

K(u(t))+
p
4
‖u(t)‖2 >

p
4
‖u(t)‖2.

Hence,

‖u‖2 <
4
p

J(u(t))<
4d
p
. (3.14)

which implies that (3.13) that(
1− Bpa2

2π

)
‖Dmu‖2 ≤ d log

4d
p(ae)n .

By 0 < a <
√

2π

Bp , we obtain that

‖Dmu‖2 ≤C1, (3.15)

where

C1 = d
(

1− Bpa2

2π

)−1

log
4d

p(ae)n .

By (2.2) and u ∈W , we see that J(u(t))> 0. Hence, it follows from (3.9) that∫ t

0
‖ut(s)‖2ds≤ d,

which together with (3.15) obtains that∫ t

0
‖ut(s)‖2ds+‖Dmu‖2 ≤C2, (3.16)

where C2 = d +C1.
On the other hand, inequality (3.16) and the continuation principle ([28, 29]) lead to the

global existence of the solution u for problem (1.1). This completes the proof of Theorem
3.4. �
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The following lemma plays an important role in studying the decay estimate of global solu-
tions.

Lemma 3.5. Let Y (t) : R+→ R+ be a nonincreasing function and assume that there exists a
constant Λ > 0 such that ∫ +∞

S
Y (t)dt ≤ 1

Λ
Y (S), 0≤ S <+∞.

Then
Y (t)≤ Y (0)e1−Λt , ∀t ≥ 0.

The result on exponential decay of global solutions reads as follows.

Theorem 3.6. If u0 ∈W, then the global solution of problem (1.1) has the following exponential
decay property

‖u(t)‖ ≤ ‖u0‖e
1
2−

1
2 (p log p(ae)n

4d )t .

Proof. Multiplying the equation in (1.1) by u, and integrating over Ω× [S,T ], we obtain that∫ T

S
K(u(t))dt =

1
2
(‖u(S)‖2−‖u(T )‖2)≤ 1

2
‖u(S)‖2

for 0≤ S < T <+∞. From (3.6) and (3.14), we have

K(u)≥ p
2

[
n(1+ loga)− log

4d
p

]
‖u‖2 =

p
2

(
log

p(ae)n

4d

)
‖u‖2,

which together with (3.2) yields that∫ T

S
‖u(t)‖2dt ≤

(
p log

p(ae)n

4d

)−1

‖u(S)‖2. (3.17)

Let T →+∞. It follows from (3.17) and Lemma 3.5 that

‖u(t)‖ ≤ ‖u0‖e
1
2−

1
2 (p log p(ae)n

4d )t .

This completes the proof of the Theorem 3.6. �

4. THE BLOW-UP

In this section, we are concerned with the blow-up property of solutions for initial-boundary
problem (1.1). For this purpose, we give the following lemma.

Lemma 4.1. Let u(t) be a solution to problem (1.1). If u0 ∈U, then u(t) ∈U for all t ≥ 0.

Proof. For u0 ∈U and (3.9), we have

J(u(t))≤ J(u0)< d, ∀t ≥ 0. (4.1)

Next, let us assume by contradiction that there exists t0 > 0 such that u(t0) 6∈U , i.e., K(u(t0))=
0 and K(u(t)) < 0 for 0 ≤ t < t0. This implies that u(t0) ∈ N. It follows from (2.4) that
J(u(t0))≥ d, which is contradiction to (4.1). This completes the proof. �
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In order to study the blow-up of solutions, we define the set Ue by

Ue =

{
u ∈ Hm

0 (Ω) : K(u(t))< 0, J(u(t))<
p
8
(ae)n

}
.

By (3.4), we know p
8 (ae)n < d, which implies that Ue ⊂U .

Theorem 4.2. If u0 ∈Ue, then the solution u(t) of problem (1.1) blows up at +∞, i.e.,

lim
t→+∞

‖u(t)‖2 =+∞.

Proof. In view of u0 ∈Ue ⊂U , we obtain from Lemma 4.1 that u(t) ∈Ue ⊂U for all t ≥ 0.
Thus,

K(u(t)) = ‖Dmu‖2− p
∫

Ω

u2 log |u|dx < 0,

for all t ≥ 0, which together with (2.5) yields that

(1− Bpa2

2π
)‖Dmu‖2 + p

[
n
2
(1+ loga)− log‖u‖

]
‖u‖2 < 0. (4.2)

We conclude from 0 < a≤
√

2π

Bp and (4.2) that

n
2
(1+ loga)− log‖u‖< 0.

Therefore,
‖u(t)‖2 > (ae)n, ∀t ≥ 0. (4.3)

Assume by contradiction that the solution u(t) is global. Then, for any t ≥ 0, we define Θ(t) :
[0,∞)→ [0,+∞) by

Θ(t) =
∫ t

0
‖u(s)‖2ds. (4.4)

Observe that Θ(t) > 0 for all t ≥ 0. By the continuity of the function Θ(t), we find that there
exists µ > 0 such that

Θ(t)≥ µ > 0, ∀t ≥ 0. (4.5)

By differentiating on both sides of (4.4), we arrive at

Θ′(t) = ‖u(t)‖2 > 0. (4.6)

Taking the derivative of the function Θ′(t) in (4.6), we obtain

Θ
′′(t) = 2

(
p
∫

Ω

u2 log |u|dx−‖Dmu‖2
)
=−2K(u)> 0. (4.7)

It follows from (2.2), (3.9), and (4.7) that

Θ
′′(t) =−4J(u)+ p‖u‖2 =−4J(u0)+4

∫ t

0
‖ut(τ)‖2dτ + pΘ

′(t). (4.8)

In view of(∫ t

0

∫
Ω

u(s)ut(s)dxds
)2

=

(
1
2

∫ t

0

d
ds
‖u(s)‖2ds

)2

=
1
4
[Θ′(t)−‖u0‖2]2

=
1
4
[Θ′(t)2−2Θ

′(t)‖u0‖2 +‖u0‖4],
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we obtain from (4.8) that

Θ(t)Θ′′(t)−Θ
′(t)2

= 4
[∫ t

0
‖u(s)‖2ds

∫ t

0
‖ut(s)‖2ds−

(∫ t

0

∫
Ω

u(s)ut(s)dxds
)2]

+pΘ(t)Θ′(t)−2Θ′(t)‖u0‖2−4Θ(t)J(u0)+‖u0‖4.

(4.9)

By using the Hölder inequality, we obtain(∫ t

0

∫
Ω

uutdxds
)2

≤
∫ t

0
‖u(s)‖2ds

∫ t

0
‖ut(s)‖2ds,

which together with (4.9) yields that

Θ(t)Θ′′(t)−Θ
′(t)2 ≥ pΘ(t)Θ′(t)−2Θ′(t)‖u0‖2−4Θ(t)J(u0)

≥ 2Θ
′(t)
(

p
4

Θ(t)−‖u0‖2
)
+4Θ(t)

[
p
8

Θ
′(t)− J(u0)

]
.

(4.10)

From (4.3), (4.6), and (4.7), we have

Θ
′(t)> (ae)n, Θ(t)> Θ(0)+Θ

′(0)t = ‖u0‖2t. (4.11)

Combining (4.5), (4.10), and (4.11), we obtain

Θ(t)Θ′′(t)−Θ
′(t)2 ≥ 2(ae)n

(
p
4

t−1
)
‖u0‖2 +4µ

[
p
8
(ae)n− J(u0)

]
. (4.12)

Choosing t sufficiently large such that t ≥ t0 = 4
p , and by u0 ∈Ue, we obtain from (4.12) that

Θ(t)Θ′′(t)−Θ
′(t)2 > 0, ∀t ≥ t0,

which implies that

Θ
′(t)>

Θ′(t0)
Θ(t0)

Θ(t), Θ(t)≥Θ(t0)e
Θ′(t0)
Θ(t0)

(t−t0), ∀t ≥ t0.

Hence,

Θ
′(t)> ‖u(t0)‖2e

Θ′(t0)
Θ(t0)

(t−t0), ∀t ≥ t0.

It follows that
lim

t→+∞
Θ
′(t) = +∞,

which together with (4.6) yields that

lim
t→+∞

‖u(t)‖2 =+∞.

Hence, we can not suppose that the solution of problem (1.1) is global. This means that the
solution of problem (1.1) blows up at +∞. This completes the proof. �
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