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SUPERLINEAR LIÉNARD TYPE EQUATION WITH FORCED TERMS

ZHENFENG ZHANG1, KELEI ZHANG1,∗, QIHUAI LIU1,2, WENTAO ZHANG1

1Guangxi Colleges and Universities Key Laboratory of Data Analysis and Computation,
School of Mathematics and Computing Science,

Guilin University of Electronic Technology, Guilin, 541004, China
2Center for Applied Mathematics of Guangxi, Guangxi Normal University, Guilin 541001, China

Abstract. This paper studies the existence and multiplicity of harmonic and subharmonic solutions
of superlinear Liénard type equation with some forced terms. First, the system corresponding to the
superlinear Liénard type equation with the forced term is transformed into an equivalent Hamiltonian
system. Then, it is proved that the equation has infinitely many harmonic and subharmonic solutions by
using the superlinear condition and the Poincaré-Birkhoff twist theorem.
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1. INTRODUCTION

The existence and multiplicity of periodic solutions of differential equations have been stud-
ied by many authors; see, e.g., [1, 2, 3] and the references therein. Particularly, as a classical
equation in second order differential equations, the Duffing equation, which has many applica-
tions in power systems, economics, etc, was studied in [4]. In 1982, Ding [5] proved that the
Duffing equation

ẍ+g(x) = p(t) (1.1)

has infinitely many periodic solutions, and the distribution extends to infinity.
In order to prove the existence of periodic solutions of (1.1), Ding generalized the Poincaré-

Birkhoff twist theorem in [5]. The Poincaré-Birkhoff twist theorem is one of the useful tools to
study periodic solutions. It was first proposed by Poincaré, and proved by Birkhoff [6]. Sub-
sequently, Jacobowitz [7], Ding [8], and Franks [9] further generalized the Poincaré-Birkhoff

∗Correspoinding author.
E-mail addresses: zhangzhenfengzzf@126.com (Z. Zhang), keleizhang@163.com (K. Zhang), qhuailiu@gma

il.com(Q. Liu), zhangwentao@guet.edu.cn(W. Zhang).
Received July 29, 2021; Accepted September 1, 2021.

c©2021 Journal of Nonlinear Functional Analysis

1



2 Z. ZHANG, K. ZHANG, Q. LIU, W. ZHANG

twist theorem. Based on [5], Ding and Zanolin studied harmonic and subharmonic solutions for
the Duffing’s equations with superquadratic potential in [10], and they provided a theorem for
the existence of infinitely many large subharmonics by generalizing the Poincaré-Birkhoff twist
theorem in [11]. Qian and Torres [12, 13] investigated the existence and multiplicity of periodic
bouncing solutions by using the approach of successor map and Poincaré-Birkhoff twist theo-
rem. Moreover, Ding proved that equation (1.1) has infinitely many harmonic and subharmonic
solutions in [14]. In addition, Liu and Wang studied the existence of harmonic and subharmonic
solutions of a class of non-smooth Hamiltonian systems in [15]. According to [8], Cheng and
Ren proved the existence of harmonic and subharmonic solutions for damped systems [16].

In this paper, we consider the following superlinear Liénard type equation with some forced
terms

ẍ+ f (x)(ẋ)2 +g(x) = p(t), (1.2)

where the small forced term p(t) is a continuous periodic function with minimum period T .
f (x) and g(x) satisfy the local Lipschitz condition. Here, ẋ and ẍ denote the first and second
order derivative of x with respect to t, respectively, and g(x) satisfies the superlinear condition

lim
|x|→∞

g(x)
x

=+∞. (Sp)

When p(t) = 0, equation (1.2) was named Liénard type I by Lakshmanan and Chandrasekar
in [17]. If f (x) and g(x) take some specific functions, the equation can be changed into the
Mathews-Lakshmanan oscillator and perturbed Morse type oscillator. Sabatini [18] deduced
the monotonicity condition of the periodic function of the equation and its equivalent systems.
In addition, the result was applied to a class of Kukles’ systems. Furthermore, Chouikha [19]
established a necessary and sufficient condition for the isochronicity of the equation with a
center at 0 and extended some Sabatini’s results. When g(x) = 0, Wu [20] used the variational
methods to discuss the existence of a sequence of the periodic bouncing solutions of equation
(1.2).

For equation (1.2), we transform it to the following plane system{
ẋ = q,

q̇ =− f (x)q2−g(x)+ p(t).

Let F(x) be a prime function of f (x), and assume that the following conditions hold:
(H1) the functions f (x) and g(x) are continuous, and F(x) is bounded on (−∞,+∞);
(H2) there exists d > 0, such that for all |x|> d, xg(x)> 0, and x f (x)< 0 for x 6= 0.

Without loss of generality, from the first hypothesis, we may assume 0 ≤ F(x) ≤ a with
a positive constant a > 0. The second assumption is only a sign condition of f and g. For
example,

ẍ− x
1+ x4 ẋ2 + x3 = sin t

is a special example of equation (1.2), and it satisfies the above conditions.
Based on [21], by introducing the global differential homeomorphism

x = x, q =
1
2

ye−2F(x),
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we transform equation (1.2) into a nonautonomous Hamiltonian system
ẋ = 1

2e−2F(x)y,

ẏ =
1
2

e−2F(x) f (x)y2−2e2F(x) (g(x)− p(t)) ,
(1.3)

whose Hamiltonian is

H(t,x,y) =
1
4

e−2F(x)y2 +V (x)+P(t,x),

where
V (x) =

∫ x

0
2e2F(s)g(s)ds, P(t,x) =−

∫ x

0
2e2F(s)p(t)ds.

According to condition (Sp), letting v(x) = 2e2F(x)g(x), one has that v(x) satisfies the super-
linear condition.

The main results of this paper are the following two theorems.

Theorem 1.1. Suppose that conditions (H1), (H2), and (Sp) hold. For any positive integer m >
1, equation (1.2) has infinitely many m-th order subharmonic solutions x = x j(t),y = y j(t) =
2e2F(x j(t))ẋ j(t), j = 1,2, · · · , which satisfy

lim
j→+∞

(
sup

0≤t≤mT

√
|x j(t)|2 + |y j(t)|2

)
=+∞.

Theorem 1.2. Suppose that conditions (H1), (H2), and (Sp) hold. For the positive integer
m= 1, system (1.2) has infinitely many harmonic solutions x= x j(t),y= y j(t) = 2e2F(x j(t))ẋ j(t),
j = 1,2, · · · , which satisfy

lim
j→+∞

(
sup

0≤t≤T

√
|x j(t)|2 + |y j(t)|2

)
=+∞.

The general content of the paper is as follows. In Section 2, we introduce the related lemmas
of system (1.3) and the global existence of solutions. In Section 3, the last section, the Poincaré
mapping and elastic property of system (1.3) are given. By using the Poincaré-Birkhoff twist
theorem, also we obtain the proof of Theorem 1.1 and Theorem 1.2.

2. PRELIMINARIES

Since the Poincaré mapping needs to be introduced, it is necessary to prove that the solutions
of system (1.3) are defined on the whole real space R.

Lemma 2.1. Suppose conditions (H1), (H2), and (Sp) hold. Then, the solutions of system (1.3)
satisfying the initial value condition (x0,y0) = (x(t0),y(t0)) are defined on the whole real space
R.

Proof. According to the Peano’s existence theorem, the solution (x(t;x0,y0),y(t;x0,y0)) of sys-
tem (1.3) satisfying the initial value condition (x0,y0) = (x(t0),y(t0)) exists. Let J be its max-
imum existence interval. Then we need to prove [t0,+∞) ⊂ J. By using the counter proof
method, we have

J∩ [t0,+∞) = [t0,β ),
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where β is a constant. Then

lim
t→β−

[|x(t)|+ |y(t)|] = +∞. (2.1)

Now, we define the function

V (t) =
1
4

e−2F(x(t))y2(t)+V (x(t)).

Then, there is

dV (t)
dt

=−∂P(t,x)
∂x

ẋ = 2e2F(x(t))p(t) · 1
2

e−2F(x(t))y = yp(t).

Since the small forced term p(t) is a continuous periodic function, it must be less than a bounded
quantity, and F(x) is bounded from condition (H1). According to condition (H2), we have

|yp(t)| ≤C1

(
1
4

e−2F(x)y2 +V (x)+C0

)
≤C1V (t)+C2,

where C0, C1, and C2 are positive constants. From (2.1), there is lim
t→β−

V (t) = +∞. According

to conditions (H1) and (H2), we obtain(
e−C1tV (t)+

C2

C1
e−C1t

)′
= e−C1t(−C1V (t)+V

′
(t)−C2)≤ 0.

From the equation above, we know that e−C1tV (t) +
C2

C1
e−C1t is a monotone non-increasing

function. Hence,

e−C1tV (t)+
C2

C1
e−C1t ≤ e−C1t0V (t0)+

C2

C1
e−C1t0,

that is,

V (t)≤−C2

C1
+ eC1(t−t0)V (t0)+

C2

C1
eC1(t−t0).

Therefore, V (t) is bounded, which contradicts lim
t→β−

V (t) =+∞. Then, [t0,+∞)⊂ J. Similarly,

we can also obtain (−∞, t0]⊂ J. This completes the proof. �

Next, we introduce the definition of harmonic and subharmonic solutions.

Definition 2.2. [14] System (1.3) is periodic with respect to t, that is, the forced term p(t) is
periodic, and the minimum period is T > 0. Suppose that system (1.3) has a periodic solution

x = u(t), y = q(t), (2.2)

and T0 > 0 is minimum period of solution (2.2). Then, if T0/T = 1, solution (2.2) is called a
harmonic solution and if T0/T = m > 1, where m is a positive integer, solution (2.2) is called a
m-th order subharmonic solution.

Based on Ding’s method (see [14, p.184]), we have Lemma 2.3.

Lemma 2.3. Each periodic solution of system (1.3) must be harmonic or subharmonic solution.
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Proof. According to system (1.3), y = 2e2F(x)ẋ, and then ẏ = 4 f (x)e2F(x)ẋ2 +2e2F(x)ẍ. System
(1.3) is equivalent to the equation

4 f (x)e2F(x)ẋ2 +2e2F(x)ẍ− 1
2

e−2F(x) f (x)
(

2e2F(x)ẋ
)2

+2e2F(x)g(x) = 2e2F(x)p(t). (2.3)

Let x = ψ(t) be the periodic solution of system (1.3) and its minimum period be τ > 0. Taking
x = ψ(t) and x = ψ(t + τ) into equation (2.3), we obtain p(t + τ) ≡ p(t). Since T is the
minimum period of p(t), we have τ = mT , where the integer m ≥ 1. Therefore, it can be
seen from Definition 2.2 that, when m > 1, the solution x = ψ(t) of system (1.3) is a m-th
order subharmonic solution. When m = 1, the solution x = ψ(t) of system (1.3) is a harmonic
solution. �

3. PROOFS OF MAIN RESULTS

Consider system (1.3), where g(x) and f (x) satisfy the local Lipschitz condition, and the
small forced term p(t) is a continuous periodic function with period T . Let

x = x(t;x0,y0), y = y(t;x0,y0) (3.1)

be the solution of system (1.3) satisfying the initial value condition (x(t0),y(t0))= (x(0),y(0))=
(x0,y0). From Lemma 2.1, we know that it exists and is unique on the whole real space R,
and the dependence on the initial value is continuous on the bounded interval. Therefore, the
Poincaré mapping of system (1.3)

P : (x0,y0) 7→ (x(T,x0,y0),y(T,x0,y0))

is a full area preserving homeomorphism on the phase plane.
Then, inspired by [15, 22], the following elastic property can be obtained.

Lemma 3.1. Suppose conditions (Sp) and (H2) hold. For any given constant d > 0, there exists
a sufficiently large constant a > d. The solution x = x(t),y = y(t) of system (1.3) satisfies the
initial value condition:

√
x2(0)+ y2(0)> a. Then the following inequality holds√

x2(t)+ y2(t)> d, −T ≤ t ≤ T.

Here, we give the polar coordinate transformation

x = r cosθ , y = r sinθ , (x0 = r0 cosθ0, y0 = r0 sinθ0).

If r > 0, then system (1.3) becomes

ṙ =
1
2

r cosθ sinθe−2F(r cosθ)+
1
2

r2 sin3
θe−2F(r cosθ) f (r cosθ)

−2sinθe2F(r cosθ)(g(r cosθ)− p(t)),

θ̇ =−

(
1
2

e−2F(r cosθ) sin2
θ +

2e2F(r cosθ)(g(r cosθ)− p(t))
r

cosθ

)

+
1
2

e−2F(r cosθ) f (r cosθ)r cosθ sin2
θ .

(3.2)
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According to Lemma 3.1, if r0 > a and 0≤ t ≤ T , the polar coordinate form of solution (3.1) is

r = r(t,r0,θ0)> d, θ = θ(t,r0,θ0).

Moreover, it is continuous for (t,r0,θ0) and satisfies the initial value r(0) = r0, θ(0) = θ0.
Therefore, as long as r0 > a and 0≤ t ≤ T , it can be deduced from (3.2) that

r = r(t,r0,θ0 +2π)> d, θ = θ(t,r0,θ0 +2π) (3.3)

is a solution of (3.2) satisfying the initial value r(0) = r0,θ(0) = θ0 +2π .
On the other hand, it is easy to verify that

r = r(t,r0,θ0), θ = θ(t,r0,θ0)+2π (3.4)

is also a solution of (3.2) and satisfies the initial value r(0) = r0, θ(0) = θ0 + 2π . From the
uniqueness of the solution, we can see that (3.3) is the same solution as (3.4). That is,

r(t,r0,θ0 +2π) = r(t,r0,θ0), θ(t,r0,θ0 +2π) = θ(t,r0,θ0)+2π.

From (3.2), when r0 > a, the polar coordinate form of Poincaré mapping P is

r1 = r0 +R(r0,θ0), θ1 = θ0 +Θ(r0,θ0),

where
R(r0,θ0) = r(T,r0,θ0)− r0, Θ(r0,θ0) = θ(T,r0,θ0)−θ0.

It is concluded that the functions R(r0,θ0), and Θ(r0,θ0) are 2π periodic for θ0 and continuous
for θ0 ∈ R and r0 > a.

Lemma 3.2. Suppose conditions (H1), (H2), and (Sp) hold. Then there is a sufficiently large disk
Dd on the phase plane such that the orbits of system (1.3) outside the disk Dd rotate clockwise
around the origin O.

Proof. From (3.2), we have

dθ

dt
=−

(
1
2

e−2F(x) sin2
θ +

2e2F(x) (g(x)− p(t))
x

cos2
θ

)

+
1
2

e−2F(x) f (x)xsin2
θ .

(3.5)

When |x| ≥ N, we deduce from condition (Sp) and the small forced term p(t) that there exists a
constant N > 0 such that

2e2F(x)(g(x)− p(t))
x

cos2
θ > 0, |x| ≥ N.

From conditions (H1), (H2), and (3.5), we obtain dθ/dt < 0. When |x| ≤ N, r =
√

x2 + y2 is
sufficiently large, that is, r→ ∞. Hence,

2e2F(x) (g(x)− p(t))
x

cos2
θ = 2e2F(x) (g(x)− p(t))

r2 x→ 0.

Combining conditions (H1), (H2), and (3.5), we can see that when |x| ≤ N, dθ/dt < 0. There-
fore, as long as r > d� 1, we obtain dθ

dt < 0. This completes the proof. �
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In order to prove Theorem 1.1 and Theorem 1.2, the time ∆τ(h) for the solution (x(t),y(t)) of
system (1.3) starting from (x0,y0)∈ {(x(t),y(t)) : (x(t))2 +(y(t))2 = h} to rotate one revolution
around the origin satisfies the following property.

Lemma 3.3. Suppose conditions (H1), (H2), and (Sp) hold. Then the time ∆τ(h) satisfies
(∆τ0) lim

h→+∞
∆τ(h) = 0.

Proof. Take the sufficiently large constants A > 0 and B > 0 such that A/B < ε � 1. Consider
the following areas, respectively:

D1 = {(x,y) ∈ R2 : |x| ≤ A,y > B};

D2 = {(x,y) ∈ R2 : x≥ A, |y|< ∞};

D3 = {(x,y) ∈ R2 : |x| ≤ A,y <−B};

D4 = {(x,y) ∈ R2 : x≤−A, |y|< ∞}.

Let
D = D1∪D2∪D3∪D4.

We know that when h is sufficiently large, the orbit Γh will rotate clockwise around the origin
O on the region D according to Lemma 3.1 and Lemma 3.2. Let [t1, t2], [t2, t3], [t3, t4], [t4, t5] be
the time intervals for staying at D1, D2, D3, and D4, respectively. We have

τ(h) = (t2− t1)+(t3− t2)+(t4− t3)+(t5− t4).

From system (1.3), we have that

t2− t1 =
∫ A

−A

2e2F(x)

y
dx <

4e2aA
B

can be obtained. Similarly,

t4− t3 =
∫ A

−A

2e2F(x)

y
dx <

4e2aA
B

.

Using the polar coordinate transformation

x = r cosθ , y = r sinθ , r > 0,

we have

dθ

dt
=−

(
1
2

e−2F(r cosθ) sin2
θ +

2e2F(r cosθ) (g(r cosθ)− p(t))
r

cosθ

)

+
1
2

e−2F(r cosθ) f (r cosθ)r cosθ sin2
θ .

We know from Lemma 3.2 that dθ/dt < 0(r > d� 1). Therefore, the time ∆τ(h) for orbit Γh
to rotate one revolution around the origin is

∆τ(h) =
∫ 2π

0

dθ

Q
,
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where Q is

Q =
1
2

e−2F(r cosθ) sin2
θ +

2e2F(r cosθ) (g(r cosθ)− p(t))
r

cosθ

− 1
2

e−2F(r cosθ) f (r cosθ)r cosθ sin2
θ .

From condition (Sp), for a sufficiently large constant K > 0, there is the constant B� 1. As
long as |x| ≥ B, we obtain

2e2F(x) (g(x)− p(t))
x

> K.

Therefore,

t3− t2 =
∫

θ(t2)

θ(t3)

dθ

Q
,

where Q is

Q =
1
2

e−2F(x) sin2
θ +

2e2F(x) (g(x)− p(t))
r

cosθ − 1
2

e−2F(x) f (x)xsin2
θ .

From conditions (H1) and (H2), we obtain

−1
2

e−2F(x) f (x)x > 0.

Then,

t3− t2 ≤
∫

θ(t2)

θ(t3)

dθ

1
2e−2a sin2

θ +Kcos2θ

= 2e2a
[

1√
2e2aK

arctan
tanθ√
2e2aK

] π

2

− π

2

= ea

√
2
K

π � 1.

Similarly,
t5− t4� 1.

Therefore, as long as B� 1, there is x2 + y2 = h→+∞. It follows that

∆τ(h)<
8e2aA

B
+2ea

√
2
K

π � 1.

It can be concluded that
lim

h→+∞
∆τ(h) = 0,

that is, (∆τ0) holds. This completes the proof. �

Inspired by the method in [14, 15], we give the following lemma.

Lemma 3.4. Let condition (Sp) hold, and let m be a given positive integer. Then, for an arbi-
trarily large positive integer N, there exists a sufficiently large constant RN > 0 such that, when
|z0| ≥ RN , there exists an inequality

∆m(z0) = θ(mT,z0)−θ(0,z0)<−2Nπ,

where ∆m(z0) is the angle of rotation with mT time.
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Proof. Let z = (x,y), and suppose that the solution of system (1.3) is

Γz0 : z = z(t) = (x(t),y(t)), t ∈ R,

which satisfies the initial value condition z(0) = z0 = (x0,y0). For any constant c0 > 0 and a
given positive integer m, there is a constant d0 > 0. If |z0|> d0, then

|z(t,z0)|> c0, 0≤ t ≤ mT. (3.6)

Assume that the orbit Γz0 satisfies condition (3.6). We know from Lemma 3.2 that dθ/dt <
0(r > d� 1). Therefore, taking a sufficiently large constant c0 such that when 0≤ t ≤mT , the
orbit Γz0 rotates clockwise around the origin O on the region

D =
{
(x,y) ∈ R2 : |z(t)|=

√
x2 + y2 ≥ c0

}
.

Let
z0 = (r0 cosθ0,r0 sinθ0),

and
z(t,z0) = (r(t,z0)cosθ(t,z0),r(t,z0)sinθ(t,z0)),

where r(0,z0)= r0 and θ(0,z0)= θ0. Moreover, when z(t,z0)∈D , θ(t,z0) is strictly decreasing
with respect to t. Setting the constants s1 < s2 to satisfy

θ(s2,z0)−θ(s1,z0) =−2π,

we have that s2− s1 is the time for the orbit Γz0 to rotate clockwise one revolution around the
origin O. According to the condition (∆τ0) of Lemma 3.3, we see that there exists an arbitrarily
large positive integer N. Set c0 = RN . If c0 = RN > 0 is sufficiently large, then |z0| > c0 = RN
is large enough. The number of clockwise rotations of the orbit Γz0 ⊂D around the origin with
mT time can be arbitrarily large. In other words,

∆m(z0) = θ(mT,z0)−θ(0,z0)<−2Nπ.

This completes the proof. �

Next, we prove that system (1.3) has infinitely many subharmonic solutions, that is, Theorem
1.1 holds.

Proof. Take any integer m > 1 in Lemma 3.4. We consider

∆m(z0) = θ(mT,z0)−θ(0,z0), |z0|> d0,

which is continuous for z0. Take a suitably large constant a1 > d0. Obviously, there is a prime
positive integer q1 such that inf|z0|=a1 ∆m(z0)>−2q1π. We have

θ(mT,z0)−θ(0,z0)>−2q1π, |z0|= a1. (3.7)

On the other hand, according to Lemma 3.4, there exists a constant b1 > a1 such that

θ(mT,z0)−θ(0,z0)<−2q1π, |z0|= b1. (3.8)

We consider the m-th iteration of Poincaré map of system (1.3)

Pm : 〈r0,θ0〉 7→ 〈r(mT,z0),θ(mT,z0)〉
on the annular domain

A1 : a1 ≤ |z| ≤ b1.
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The mapping Pm is area preserving. In addition, it can be seen from (3.7) and (3.8) that it has
twist property on annular domain A1. Therefore, by using the Poincaré-Birkhoff twist theorem,
the mapping Pm has at least two fixed points

ζk = 〈ρk,φk〉 ∈A1, k = 1,2,

which satisfy
θ(mT,ζk)−θ(0,ζk) =−2q1π, k = 1,2.

Then z = zk = z(t,ζk)(k = 1,2) are mT periodic solutions of system (1.3). According to
Lemma 2.3, the solutions of system (1.3) are harmonic or subharmonic solutions. We know
from Lemma 3.2 that dθ/dt < 0. The number of clockwise rotations of periodic solutions
z = z(t,ζk)(k = 1,2) around the origin with mT time is q1. Then, we need to prove that the
minimum period of z = z(t,ζk)(k = 1,2) is mT . Next, we assume that the minimum period of
z = z(t,ζk) is nT (0 < n < m). Then Pn(ζk) = ζk. In other words, ζk is the n-periodic point of
P . Let m = sn+q(s≥ 1,0≤ q < n), where s and q are integers. It follows that

Pm(ζk) = ζk, Pn(ζk) = ζk.

We obtain Pq(ζk) = ζk. Therefore, we can obtain m = sn and s > 1. Here, we have used
the fact that q = 0 because ζk is the n-periodic point of P and nT is the smallest positive
period. According to Lemma 3.4, if a1 is sufficiently large, the number of clockwise rotations
of periodic solutions around the origin with nT time is a positive integer N0 > 1. It follows that
q1 = sN0, where integers N0 > 1 and s > 1. In others words, periodic solutions will rotate sN0
circles clockwise around the origin with mT time. This is incompatible with the fact that q1
is a prime integer. This contradiction proves that the minimum period of periodic solutions is
mT . The solutions of system (1.3) are subharmonic solutions from Lemma 2.3. According to
the above method, we construct infinitely many annular domains

A j : a j ≤ |z j| ≤ b j, j = 1,2, · · ·,

such that system (1.3) has infinitely many subharmonic solutions z j(t), j = 1,2, · · ·, and their
initial values satisfy z j(0)∈A j, j = 1,2, · · ·. According to Lemma 3.1, as long as a j+1� b j, j =
1,2, · · ·, and

lim
j→+∞

b j =+∞,

we can ensure that these subharmonic solutions {z j(t)} satisfy

sup
0≤t≤T

|z1(t)|< sup
0≤t≤T

|z2(t)|< · · ·< sup
0≤t≤T

|z j(t)|< · · ·(→ ∞).

In addition, these subharmonic solutions are different from each other, that is, system (1.3) has
infinitely many subharmonic solutions. Indeed, the system of equation (1.2) is equivalent to
system (1.3). Theorem 1.1 is proved. �

The proof of Theorem 1.2 is similar to the one of Theorem 1.1. To avoid repetition, we will
not provide it.
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