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Abstract. In this paper, we investigate the existence of a weak solution of a fractional Kirchhoff type problem
driven by a nonlocal operator of elliptic type in a fractional Orlicz-Sobolev space with homogeneous Dirichlet
boundary conditions. The approach is based on the mountain pass theorem and some variational methods.
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1. INTRODUCTION

In the last decade, much attention has been devoted to the study of the nonlinear problems
involving non-local operators. These types of operator come up in a quite natural way in several
applications such as phase transition phenomena, crystal dislocation, soft thin films, minimal
surfaces and finance; see, e.g., [1, 2, 3] and the references therein. We also refer the interested
reader to [4, 5], where a more extensive bibliography and an introduction to the subject are
given.

In this paper, we are interested to study the existence of a weak solution of the following

problem
M(/gzxgd)(’u(X)_u(y)’) dxdy >(—A)Z<.)M ~ ) i Q

lx —yl* x—y|V

(Pa)
u = 0 in RV\Q,

where Q is an open bounded subset in RN, N > 1, with Lipschitz boundary dQ, 0 < s < 1,
@ is an N-function, and M : [0,0) — (0,0) is a continuous function satisfying the following
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conditions:
there exists mg > 0 such that M(¢) > myg for all t > 0, (My)
there exists 6 > 0 such that M(¢) > OM(z)t forall > 0, (M>)
where M(t) = [} M(t)d7. Let f : @ x R — R be a Carathéodory function and (—A)Z(.) be the
nonlocal integro-differential operator of elliptic type defined as:
: u(x) —u()|\ ulx) —uly)  dy
(—A)Z(.)u(x) =2lim a ( . . N
N0 JRV\Be(x) x—yl e—=yl* x =l
for all x € RY, where a : R — R, which will be specified later.
A typical prototype for M, due to Kirchhoff in 1883 [6], is given by
M) =a+bt*"', ab>0,a+b>0,1>0, (1.1)

and
o € (1,4), if b>0,
a=1, if b=0,

when M(t) > 0 for all + > 0. The Kirchhoff problems are said to be nondegenerate and this
happens, for example, if a > 0 and b > 0 in the model case (1.1). Otherwise, if M(0) = 0 and
M(t) > 0 for all t > 0, then the Kirchhoff problems are said to be degenerate and this occurs in
the model case (1.1) whena =0 and b > 0.

The problem (F,) is related to the stationary version of the Kirchhoff equation

Au (P E [Ldu, )\ d%u
PW—(TE/O Fr dx)w 1.2

presented by Kirchhoff [6] in 1883 is an extension of the classical d’ Alembert’s wave equation
by considering the changes in the length of the string during vibrations. In (1.2), L is the
length of string, 4 is the area of the cross section, E is the Young modulus of the material, p
is the mass density, and P, is the initial tension. The Kirchhoff’s model takes into account the
length changes of the string produced by transverse vibrations. Some interesting results can
be found in, for example, [7]. On the other hand, Kirchhoff-type boundary value problems
model several physical and biological systems where u describes a process which depend on
the average of itself, for instance, the population density. We refer the reader to [8, 9] for some
related works. In [10], Azroul et al. showed the existence and multiplicity of solutions to a
class of p(x)-Kirchhoff type equations via variational methods. In [11], Azroul, Benkirane and
Srati obtained the existence of three weak solutions for a p-Kirchhoff type problem via the three
critical points theorem. In [12], Azroul ef al. obtained the existence of three weak solutions
for a p-Kirchhoff type elliptic system involving the nonlocal fractional p-Laplacian by using
the three point critique theorem. In [13], Colasuonno and Pucci investigated higher order p(x)-
Kirchhoff type equations via symmetric mountain pass Theorem, even in the degenerate case.
In the very recent paper [14], Fiscella and Valdinoci first provided a detailed discussion about
the physical meaning underlying the fractional Kirchhoff models and their applications; see
[14] for further details.

For the problems involving fractional Kirchhoff type, we refer the reader to the works [15,
16, 17].
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Notice that if a(t) = tP~2, where 1 < p < oo, then problem (P,) is reduced to the fractional
p-Laplacian problem

M([ulsp)(=A)pu = flxu) in Q,

u = 0 in RV\Q,

where (—A)j, is the fractional p-Laplacian operator define by

SN o Ju(x) —u(y) [P~ (u(x) — u(y))
(FApulx) =2 lim RV\B (x) e —y|Ntsp dy'

In recent years, problem (P,) has been studied in many papers, we refer to [11, 18, 19, 20]. If
M =1 and p = 2, then problem (P,) is reduced to the fractional Laplacian problem

(—=A)’u = f(x,u) in Q,

(P)
u = 0 in RV\Q.

One typical feature of the problem is the nonlocality in the sense that the value of (—A)*u(x)
at any point x € Q depends not only on £, but actually on the entire space RY. We refer also to
[21, 22, 23] for further details on the functional framework and its applications to the existence
of solutions. Motivated by the above results, the aim of this paper to study the existence of a
weak solution for problem (7, ). This paper is organized as follows. In Section 2, we recall some
properties on fractional Orlicz-Sobolev spaces. In Section 3, using the mountain pass theorem,
we obtain the existence of a weak solution of problem (P,). In Section 4, the last section is
devoted to giving an example which illustrates the mains abstracts results.

2. VARIATOINAL SETTING AND PRELIMINARIES RESULTS

To deal with this situation, we introduce the fractional Orlicz-Sobolev space to investigate
problem (P,). Let us recall the definitions and some elementary properties of this spaces. We
refer the reader to [24, 25, 26] for further reference and for some of the proofs of the results in
this subsection.

Let Q be an open subset of RN with N > 1. We assume that a : R — R in (P,) is such that
¢ : R — R, defined by

a(|t))t for t#0,

o(1) =
0 for t=0,
is increasing homeomorphism from R onto itself. Let
t
®(1) = / (). @.1)
0
Then, & is a N-function (see [27]), i.e. @ : Rt — R is a continuous, convex and increasing
L D(r) (1)
function, with ——= —0ast —0and —= — 0 ast — co.

t t
For the function @ introduced above, we define the Orlicz space:

Le(Q) = {u : Q — R mesurable : / D (A|u(x)|)dx < oo for some A > 0} :
Q
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The space Ly (Q) is a Banach space endowed with the Luxemburg norm

||u||q>=inf{7L >0 /Qcp(@) dx < 1}.

The conjugate N-function of @ is defined by ®(t) = [ @(7)dt, where ¢ : R — R is given by
@(t) =sup{s: ¢@(s) <t}. Furthermore, it is possible to prove a Holder type inequality, that is,

uvdx| < 2||ul|le||v|lg Vu € Lep(Q)andv e Ly (Q). (2.2)

Throughout this paper, we assume that

_ o) 19(1)
= inf —= < =Ssup —— oo, .
I<o : tlgg 0 <o sup <+ (2.3)

The above relation implies that @ € A; i.e., P satisfies the global A,-condition (see [28]):
®(2t) < KP(t) forallz >0,

where K is a positive constant.
Furthermore, we assume that @ satisfies the following condition

the function [0,00) > ¢+ ®(+/1) is convex. (2.4)

The above relation assures that L (Q) is an uniformly convex space (see [28]).

Definition 2.1. Let A, B be two N-functions. A is said to be stronger (resp essentially stronger)
than B, A > B (resp A >> B) in symbols if

B(x) < A(ax), ,x=>x9 >0,
for some (resp for each) a > 0 and x( (depending on a).
Remark 2.1. [27, Section 8.5] A > B is equivalent to the condition

. B(Ax)
T

forall A > 0.

Now, we defined the fractional Orlicz-Sobolev space W¥Lg(Q) as follows:

WiLe(Q) = {u € Lp(Q / / (M”|x y|5(y)|) |xdf(i)|)N < oo for some A > 0}.

This space is equipped with the norm,

ul|e + [us,®, (2.5)

where [.|5 ¢ is the Gagliardo seminorm, defined by

[]sqs—lnf{7L>0 // ( Thee y\f)’)|xdfcj,)‘;N<1}'

To deal with the problem under consideration, we choose

WoLe(Q) = {u EWLe(RY) : u=0ae. RN\Q}.
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which can be equivalently renormed by setting ||.|| = [.]s,@. By [26], WjL&(£2) is Banach space.
Indeed, it is separable (resp. reflexive) space if and only if @ € A, (resp. @ € Ay and @ € Ay).
Furthermore if @ € A, and @(+/7) is convex, then the space W¥Lg () is uniformly convex.
The dual space of (W*Lg(Q),]|.||) is denoted by ((W'Lg(R2))*,|]-|«) -

Lemma 2.1. [26] Let & be an N-function as defined in (2.1). Assume condition (2.3) is
satisfied. Then we have,

D(@(t)) <cP(t) forallt =0 (2.6)

where ¢ > 0.
Lemma 2.2. [28] Assume condition (2.3) is satisfied. Then, for every b > 1 and ¢ > 0, we have
d(bt) < b? D(1). 2.7)

Proposition 2.1. [24] Assume condition (2.3) is satisfied. Then the following relations hold
true,

y)|) dxdy or g .
<lul g, Vu € WLe(Q) with [ulye > 1, (2.8)
// ( |x — y|s ox — y[V o 2(@) s

y)|> dXdy (O s .
<lul g, Vu e WLe(Q) with [ulse < 1. (2.9)
// ( |x y|s |x—y\N [ ] , P ( ) [ ]

In this paper, we assume the following conditions :

Lo!(1)
/ v dT <o, (2.10)
0 T N
and
=@ !(7)
/ v dT= (2.11)
1 TN
We define the inverse Sobolev conjugate N-function of & as follows
t ¢—
(1) = / . ff) dr. (2.12)
0 TN

Theorem 2.1. [24] Let Q be a bounded open subset of R with C%!-regularity and bounded
boundary. If (2.3), (2.11) and (2.12) hold, then

WSLq_s(Q.) — Lq;* (Q.) (2.13)

Theorem 2.2. [24] Let Q be a bounded open subset of RY with C%!-regularity and bounded
boundary. If (2.3), (2.11) and (2.12) hold, then

WLy (Q) — Lp(Q), (2.14)
is compact for all B << &,.
Theorem 2.3. [24] Let Q2 be a bounded open subset of RN, Then,
Co(Q) C C3(Q) C WLe(Q).
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Lemma 2.3. Let Q be a bounded open subset of RY, and let s € (0,1). Assume that condition
(2.3) is satisfied. Then, there exists a positive constant 7Ll such that

u(y)|'\ _dxdy
| olunax<a [ [ @ ( e >|x—ny’ (2.15)

for all u € WjLa(Q).

Proof. Letu € WyLo(Q) and Bg C RN \ Q, that is, the ball of radius R > 0 in the complement
of Q. Then, for all x € Q, y € Bg and all A > 0 we have,

uix X — N
|ulx) — ()H__|)| Y|

x—y[*

®(u(w)) =
which implies that
diam(QU Bg)N
®(Ju(x)]) < @ (|u(|)—|()‘d1am(QUB ) ) fam(QU Br)”
x—=y*
Putting o0 = diam(Q U Bg)* and using estimation (2.7), we get

lu(x) —u(y)] ) diam(Q UBR)N.

lx—yl[s x—y[N

D (|u(x)]) < max{a, a‘P+} D (

Therefore

|Br| @ (Ju(x)]) < max{ava“ﬁ}diam(QUBR)N/B

()

x—y|* lx —y|V

Jy2tuonar<a [ f o ( I y|sy)|)|xdfciyw’

max {OC, a®’ } diam(QU Bg)N
|BR|

Then

where

A =

O

We conclude this section by recalling the version of the mountain pass theorem [29] as given
in [30] (see also [31]).

Theorem 2.4. Let X be a real Banach space and I € C'(X,R) with I(0) = 0. Suppose that the
following conditions hold:

(G1) there exists p > 0 and r > 0 such that I(u) > r for ||u|| = p

(G») there exists e € X with ||e|| > p such that I(e) < 0.
Let

c:= inf max I(y(r)) withI'= {y € C([0,1],X);y(0) =0,y(1) = e} .
rel'te0,1]

Then there exists a sequence {u, } in X such that

I(u,) = ¢ and I'(u,) — 0.
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3. MAIN RESULTS

In this section, we prove the existence of a weak solution in fractional Orlicz-Sobolev spaces
applying the mountain pass theorem. For this, we suppose that f : Q x R — R is a Carathéodory
function satisfying:

[f ()| < er(1+g(fe]))- (f1)
where ¢ is a nonnegative constant and g : Rt — R™ is a non-decreasing, right continuous
function with g(0) =0, g(r) > 0, V¢ > 0 and g(r) — o as t — oo. By setting

G(r) = /O o()dr,  Gl) = /O 2(0)dr, 3.1)

where g(t) = sup{s: g(s) <t}, we obtain complementary N-functions which define corre-
sponding Orlicz spaces L and L . We will also assume that

L) _ gl
1 <qg =inf < gt =sup == < oo,
T EGe ST TG < (f2)
. G(kr)
lim b.(0) 0 for all k > 0. (f3)
tf(x,t) = uF(x,t) >0 forall || > randa.e. x€Q, (f1)
1 -
where F(x,t) := [ f(x,T)dt, r>0,u> %, and 0 is given in assumption (M>),
0
F(x,t 1
lim sup M < — uniformly for a.e. x € Q, (fs)

t—0 (D(t) M
where A, is as in (2.15).

Remark 3.1. The assumption ( f4) is not the usual Ambrosetti-Rabinowitz condition since we
+

here suppose that pt > % This difference is caused by the function M in problem (P,).

To simplify the notation, we let

pu= G wo v = [ fLo (MRS 25

Now, we give the definition of weak solutions of problem (F,).

Definition 3.1. u € WjLg(Q) is called a weak solution of problem (P,) if,

P ¢ s dxdy
u))/g/ga(\D u|)D’uD’v PRI /f x,u)vdx, (3.2)

for all v € WiLa ().
The main result of this paper is as follows.

Theorem 3.1. Suppose that M satisfies (M, ) and (M, ), and f satisfies (f1)-(f5). Then, problem
(P,) has a nontrivial solution u € WL (€2), which is a critical point of mountain pass type for

the functional
dxd
(// ( e — y\sy)|> Ixiyy!N> _/QF(X’”)‘IX‘ (3-3)
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Let us denote by I; : WyLa () — R, i =1, 2, the functionals

([ [ (MO 050N )= [ e

Remark 3.2. We note that the functional 7 : WjLe(Q) — R in (3.3) is well defined. Indeed,
if u € WiLo(Q), then we have from condition (f3) that u € L(Q) and thus u € L'(Q). Hence,
it follows from the condition (f) that

Fl) < [ 1) lde = e (ful + G(Ju)).

Thus
/ |F (x,u)|dx < oo.
Q

3.1. Auxiliary results.

Lemma 3.1. If f satisfies assumption (f}) . Then I : Lg(Q) — R is of class C! with Frechet
derivative given by

<Ié(u),v> = /Qf(x, u(x))v(x)dx (3.4)
for all u,v € WjLa(Q).

Proof. First, from the assumption of (f;) and the embedding theorem, we have that I, is well-
defined on WLa(€2). Usual arguments shown that I, is Gateaux-differentiable on WjLe ()
with the derivative given by (3.4). Actually, let {u,} C WjLs(Q) be a sequence converging
strongly to u € WLs(Q). Since WyLa(Q) is embedded in L;(Q), then {u, } converges strongly
to u in Lg(Q). So, there exists a subsequence of {u,}, still denoted by {u,}, and a function
i € Lg(Q) such that {u, } converges to u almost everywhere in Q and |u,| < |#| for all n € N and
almost everywhere in Q. Since f satisfies the assumption (f]), we have that, for all measurable
functions u : Q — R, the operator defined by u — f(.,u(.)) maps L;(L) into L5 (L2). Fixing
v € WiLa () with ||v|| < 1, we use the Holder inequality and the embedding of WjLs (Q) into
L;(Q), we have

(B (un) = I (u),v) | = | /Q (f (6, un (%)) = f (3, u(x))) v(x)dx|,

< (e un(x)) = f (x ()51 V|6
< e[ f(x, un(x)) = f (e, u () [G1 VI,

for some ¢, > 0. Thus, passing to the supremum for ||v|| < 1, we get

1 (un) = B ()|« < [1f () = £ Cu( )G
By (f1), we deduce
flx,uy(x)) — f(x,u(x)) — O0asn — o
and
| (s () = f (xr,u(x))| < €12+ g([u(x)]) + g (|u(x)])
for almost everywhere x € Q. Note that the majorant function in the previous relation is in

Ls(Q). Hence, by applying the dominate convergence theorem, we get that || f(x,u,(x)) —
f(x,u(x))||g — 0 as n — oo. This proves that I’ is continuous. O
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Lemma 3.2. The functional 7; : WiLg(Q) — R is of class C! and

, W1\ () —u(y) v(x) —v(y) dxdy
(@) = Mxw) | fLa ( — ) FET e
for all u,v € WjLa(Q).

Proof. First, it is easy to see that
— — dxdy
Y R ) O R S
o) RTINS
for all u,v € W§Le(Q). It follows from (3.5) that I (u) € (WL (Q))* for each u € WiLe ().
Next, we prove that I} € C'(WSLa(Q),R). Let {u,} C WiLa(Q) with u, — u strongly in
WiLa(€2). Then D*u, — D’uin Le(Q x Q,d ), where

du := |x—y|Ndxdy

is a regular Borel measure on the set Q x Q. So, by dominated convergence theorem, there
exists a subsequence {D*u,, } and a function 4 in Le(Q x Q,d ) such that

a(|D’uy, |)D’uy, — a(|D’ul)D’u ace. (x,y) € Q x Q.
Using Lemma 2.1, we have
la(|D’uy, |)D’uy, | < |a(|h|)h| € La(Q x Q,du) a.ein Q x Q.

So, for w € W*Lg () we have D'w € Ly(Q x Q,du). In view of the Holder’s inequality, we
have

a(|D’up,|)D’uy, — a(|DSu|)Dsu)Dswdu‘
< 2[a(|Dun |)D’up, — a(|D’ul) D’ul 5 [wls,0
< 2[a(|D’u, ) D — a(|D*ul)D’u] g5 ||wl|.

It follows from the dominated convergence theorem that

sup
[Iwl|<1

/ /Q(a(|Dsunk|)Dsunk —a(|DSu])DSu)Dswdu‘ — 0. (3.6)

Then, we have
|[¥(un) =¥ (u)|[« = sup [(¥(un)—"¥(u),v)|—0.

[Ivl]<1
On the other hand, the continuity of M implies that
M (¥ (up)) — M (¥(u)). 3.7)
Combining (3.7) with the Holder inequality, we have
111 (n) = L ()] = sup [ {11 (un) =11 (u),v)| —O.

IvI<1
The proof of Lemma 3.2 is completed. U

Next, we show an important lemma. That is, if the functional / of (3.3) satisfies the conclusion
of Theorem 2.4, then it has a critical point.
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Lemma 3.3. Let (f1)-(/f3) hold true. Let I be the functional defined in (3.3), and let {u, } be a
sequence in WL (£2) such that
(i) I(up) —c3>0, I (u)|]« — 0.
Then there exists u € WjLg(£2) such that
I(u)=c3, [I'(u)=0.

Proof. Tt follows from (i) that there exists ¢4 > 0 such that |I(uy,)| < cq and | {I'(up),un) | <
c4||un||. By assumption (2.3) and (f)-(f3), we have

0<tp(t) <o (1) forallt >0, (3.8)

0<tg(t) <q G(t)forallt >0 (3.9)
and

<o [T+ r+(1+u"gh)G(r)]
< Cs.
Thus, by (M), (M), and (3.8)-(3.10), we get

.
ooy (P o) =7 ) 510

1
C4+C4||un|| P I(”n) - ﬁ <1/(”n)7un>

dxdy
e —y[V

M(‘I‘(u,,) ——M (un) //(p () h(uy)

/ (F (x,up) —,uflf(x, Up ) Uy )dx
ﬂ{\un|<r} 311
4 (3.11)

J’_
>mo—¢|mwlq
u

Hence, {u, } is bounded in WL (L2). Since WL (L2) is a reflexive space, we may assume that

u,, converges weakly to u in WjLg (Q). Further, since the embedding of WL (€2) into L;(Q) is

compact, we obtain that u, — u in Lg(Q). It follows from Lemma 3.1 that li_r>n L (up) = L(u)
n—oo

and lim L (uy) =I5 (u) in (WjLe(Q))*, and as I'(u,) — 0 in (WJLe(Q))*, we have
n—yoo
I (un) — I(u) in (WyLa(2))" (3.12)
since W is a convex function and M is a convex non-decreasing function. So, /; is convex and
then
1 (un) < I () 4 (1) (un) , un —ut) -

Using (3.12), we deduce that
limsup/; (u,) < I (u).

n—soo
It further follows from the convexity of /; that it is weakly lower semicontinuous. Hence

liminfl (u,) > I (u),
n—oo
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which implies that
lim 11 (un) = 11 (u)

n—yoo
and

,115201(””) =1(u).
We finally show that I'(«) = 0. The convexity of I; implies that /] is monotone. Hence

(I (un), un —v) = (I} (v),un —v), forall v € WiLa(Q).
From (3.12), we have
(L(u) =1 (v),u—v) >0 forall v € WiLa(Q).
Setting v=u—th, h € WjLs(Q),t € RT, we get
(I5(u) — I} (u—th), ) > 0

for all h € WyLa(Q2). Letting t — 0, and using the fact that £ is arbitrary in W;jLe (L2), we find
that

I'(u) = I (u) = I(u) = 0.
Therefore, u is a critical point of /. 0J

3.2. On the geometry of the functional /. In this subsection, we will show that, under the
conditions we have imposed on the functions a and f, the geometric conditions (G;) and (G»)
of Theorem 2.4 will hold.

Lemma 3.4. Under the assumptions of Theorem 3.1, the geometric condition (G ) of the moun-
tain pass Theorem 2.4 hold for the functional I defined in (3.3).

Proof. For all u € WjLs(Q) \ {0}, the functional [ is satisfied:

(3.13)
/ F(x,u)d
=mo¥(u
— Mo moW¥ (u
Using condition (f5), we have that there exist € € (0, 1) and #y > 0 such that
1—
F(x,1) < 1 gcb( t) for all |t| <ty and all x € Q.
1
We pose Qp :={x € Q: |u(x)| >t} to have
1—
/ F(x,u(x))dx < £ D(u(x))dx+ [ F(x,u(x))dx. (3.14)
Q 11 Q\Qp Qo
By (2.15), we have
(1-e) [ ®(ut))dx
- <l-—e. (3.15)

AP ()



12 E. AZROUL, A. BENKIRANE, M. SRATI

Next, from ( f]), we have
Fx,1) <er(le]+6(Jt)),
for all |t| > 1y and for a.e. x € Q. Then

/ F(x,u)dx < ¢y (||u||L1 +/ G(|u|)dx)
Q Q
- +
<er (Il + 1l +11ullZ )
From the embedding WL (Q) — Ls(Q) and WLy (Q) — L'(Q), we have
[ F oy < coerla + [l + 1l 316
0

Then, for ||u|| < 1,

F (x,u(x))dx < 3cecy ||ul]. (3.17)
Qq

By Proposition 2.1, we have

[Jul |9 (3.18)

Now, using (3.13), (3.14), (3.15) and (3.18), we obtain that

3
1) > mo® () (e _ 3esct Huu“"*)
mo

whenever

1
_ot
pgmin{l,(m‘)e)”” } (3.19)
6cgC

Finally, by Proposition 2.1, we get
[|lu|| — 0 <= ¥(u) — 0.

Hence, for p > 0 as given in (3.19), we see that there exists a &« = o(p) > 0 such that, for all u
with [|ul[ = p,

Y(u)>a
It follows that
I(w) > at
u) > o—.
2
€
Setting r = o 50 We obtain that (G ) is satisfied. O

Lemma 3.5. Under the assumptions of Theorem 3.1, the geometric condition (G») of the moun-
tain pass Theorem 2.4 hold for the functional I defined in (3.3).
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Proof. First, by assumption (M, ), we get that

~

M(r) < M(1)te (3.20)

for any ¢ > 1. From ( f4), it follows that
F(x,&) = r *min{F(x,r),F(x,—r)} &M (3.21)
for all |§] > r and a.e. x € Q. Thus by (3.21) and F(x,&) < IaiXF( ,€) for all |E| < r, we

NS4

obtain

F(x,&) = r *min{F(x,r),F(x,—r)} E} — ‘m|axF( x,&) —min{F(x,r),F(x,—r)} (3.22)
for any £ € R and a.e. x € Q. From Theorem 2.3, we can fix ug € Cy’(Q) such that ||ug|| =1
and let > 1. Combining (3.20) with (3.22), we have

I(tug) = M(P(tup)) — /Q F(x, tug)dx

< M(||ruo)|®T) — / F(x, tuo)dx
Q

ot
0

< M) — rH g /Qmin{F(x,r),F(x,—r)}|u0(x)|“dx

+ [ maxF(x,&)+min{F(x,r),F(x,—r)}dx.
Q&l<r

From assumptions (f;) and (f5), we get that 0 < F(x,&) < c1(|r] + G(|r|)) for |E] < r ae.
J’_
x € Q. Thus, 0 < min {F (x,r), F(x,—r)} < c1(]r]| + G(|r])), ace. x € Q. Observe that 1 > ‘%.

Using assumption (f;) and passing to the limit as # — oo, we obtain that /(fug) — —oo. Thus,
the assertion follows by taking e = Tug with T sufficiently large. U

3.3. Proof of Theorem 3.1. It follows from Lemma 3.4 and Lemma 3.5 that the hypotheses of
Theorem 2.4 are satisfied. So, Lemma 3.3 implies the existence of a nontrivial critical point of
the functional 1, which is a weak solution to problem (P,).

4. THE EXAMPLE

We present in this section an example of functions that satisfies the conditions of Theorem
3.1. Take

M(t)=a+bt* !, (4.1)
¢(r) =log(1+|e])Ie["", (4.2)
flat)=f@e)=1°""1, (4.3)
where p € (I,N—1), ¢ >1and 6§ +1 > a(p+1). We considerer the problem
(a+b(Pu)* 1) (- Mgt = lu|®'u  in Q,
(Piog)
u = 0 in RV\Q,

where
dy

_ -2
(—A)ogtt =2 pv /R Jog(1 DM DD
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So, from (4.1) — (4.3), we have

B(t) = Llog(1+]¢))t]” 1/t| L (4.4)
=— —= T, .
p o8 plo 1+71
M(t) = at + gz“, (4.5)
F Fro - M 46
(x,1) = (f)—5—+1- (4.6)

We will next show that all the hypotheses of Theorem 3.1 are satisfied.
e First, we verify that (2.3) holds. By [32, Example 2], we find that
" =p+1 and ¢ =p. (4.7)

Then (2.3) hold true.
e On the other hand, it is easy to see that

M) =a+bt*'>a>0forallr >0

and . |
M) = / M(2)dx > —M(1)t forall 1 > 0.
0

1
So, for mp =a and 6 = 5 e find that (M) and (M>) holds true.
e By L Hopital’ s rule, we have
D(t t
lim (1) = lim L
i—0 tPt 150 (p+1)ep
1 1
BT )

p+1:=0 t

1 . 1
= —lim——
p+1t=>01+4¢
B 1
o p+1

We deduce that @ is equivalent to t”*! near zero. Using that fact and the remarks in [27, p.248
], we infer that the condition (2.11) holds true if and only if
1

I g+t
/ Wdf < oo,
0 T~
or
s(p+1) <N. (4.8)
The last inequality holds since p < N — 1. On the other hand, by the change of variable T = ®(¢),
we have | o
td (1) ) ro(t) _
—df:/ L (@(r)) V. 4.9
[ Zmdr= [ e (20 9

A simple calculation yields

/l il art /trpdr 1
s 1
O<lim01i<limL : p

~X AN < T T N
t—eolog(1+1)tP ~ 1= log(1l+1)tP — log(141)tP
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Thus .
T
/ I dt
lim 20 —tT__ _g
i—o log(1+1)tP
A first consequence of the above relation is that
(1) 1

lim ——————— = —.
i—elog(l+1)tP  p
On the other hand, by (4.10), we have

t P J
T
to(t) . 1 /()H—v:

lim ——= = lim —
1—e0 P(t) 1o log(1+¢)tP

and

1
lim @(¢) = lim —log(1+1)

Relations (4.9), (4.12) and (4.13) yield

Equivalently, we can write

/°° dt B
o) [o(7))/N
or, by (4.11),

/°° dt o
>1(1) [log(1+ )]/ ¢sp/N
Since

log(1+4x) < x, forall x >0,

we deduce that,
1 1

> .
[log(141)]*/N gsp/N ~ gslp+1)/N

Since s(p+1) < N, we find

which conclude that

So, (2.12) is satisfied.

e We next check that, for any given § > 0, conditions (f;) and ( f4) are satisfied. Indeed,

tf (1)

is trivially satisfied with ¢; = 1 and g(r) = [¢|]'z. Also, since I

-1

el P
) e
|1 Lo 147

[—yo0 t—eo p log(141)[t|P

=0+1>a(p+1)=
(f4) is satisfied. On the other hand, it is easy to see that ( f3) is satisfied.

15

(4.10)

.11

(4.12)

(4.13)

4.14)

<

)

2

c1:4|‘e+
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e By Adams [27], we have

1+6
,152 . (kt) =O0forallk >0
if and only if
ot
lim L0 =0. (4.15)
t—oo l,m
Using I Hopital® s rule, we deduce that
o 1t o1
limsup — 1( ) < (64 1)limsup — (S)
t—roo 1 1+6 t—o  f5+1 "N
Setting T = &~ !(¢), we obtain
D, ! (kt T
limsup — 1( ) < (64 1)limsup —.
t—oo  fT48 T—oo ¢(T)m+ﬁ
Now, since
t Tp —1
N(6+1) N(6+1) dt
_ tNEs(E+D) . fN+s(8+1) /0 147
lim——— =1lim————— [ 120 2T° | (4.16)
t—oo  P(1) t—e log(1 +1)tP log(1+1)tP

by using (4.10) and (4.16), we see that condition ( f3) is satisfied if

N(@6+1)  Np—(8+1)(N—ps)

_ — =
P NFs@ 1) Nis@+1) 20

which is equivalent to

Np
N—ps’
e Now we verify that ( f5) holds. By (4.10), We have that

t »L-p d
F(1) P 1ot /o 1rc "

0+1< 4.17)

-1

li = 1
S0 D() S+ 150log(1 1 1)P log(1+1)tP

F(t
So, th_r)r(l)% =0 if and only if p < 6.

In conclusion, if
Np
N —ps’

l<p<N-landa(p+1)<d+1<

we find from Theorem 3.1 that problem (P, ) has a nontrivial nonnegative weak solution u €
WiLe(Q).
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