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Abstract. In this paper, we study an inertial accelerated iterative algorithm with a self-adaptive stepsize for finding
a common solution of an equilibrium problem involving a pseudomonotone bifunction and a fixed point problem of
a quasi-nonexpansive mapping with a demiclosedness property in a real Hilbert space. The algorithm is based on
the subgradient extragradient method and the inertial method and this algorithm does not require a prior knowledge
of the Lipschitz type constants of the pseudomonotone bifunction. We establish a weak convergence theorem
of the modified iterative method under some standard assumptions. We also give some numerical examples to
demonstrate the efficiency and applicability of the new algorithm.
Keywords. Metric projection; Inertial extrapolation term; Equilibrium problem; Subgradient extragradient algo-
rithm; Quasi-nonexpansive mapping.

1. INTRODUCTION

Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T : C→C
be a nonlinear mapping. A fixed point problem for T is to find a point x ∈C such that T x = x.
We denote the set of fixed points of mapping T by F(T ). Recall that T : C→ C is said to be
quasi-nonexpansive if F(T ) 6= /0 and ||T x− y|| ≤ ||x− y|| for all x ∈C,y ∈ F(T ).

Let f : C×C→ R be a bifunction with f (x,x) = 0 for all x ∈C. The Equilibrium Problem
(EP) (see,[1, 2, 3]) for f on C is stated as follows:

find x ∈C such that f (x,y)≥ 0, ∀y ∈C. (1.1)
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In this work, we denote the solution set of EP (1.1) by EP( f ,C). Problem EP (1.1) is also
known as Ky Fan’s inequality (see, e.g., [4]) due to his contributions to this area of research.

Equilibrium problems centralize a large number of essential problems, such as, optimization
problems, variational inequality problems, fixed point problems, saddle point (minimax) prob-
lems, Nash equilibria problems and complementarity problems. The concept of the equilibrium
problem to the best of our knowledge was first introduced in 1992 by Muu and Oettli [3] and
elaborated further by Blum and Oettli [1]. The EPs due to its numerous applications have been
an area of extensive research and a good deal of results concerning the existence and /or the ap-
proximation of solutions for equilibrium problems have been established and generalized by a
number of authors (see, e.g., [5, 6, 7, 8] and the references therein). One of the most fascinating
and vital problems in the equilibrium theory is the study of iterative algorithms for finding ap-
proximate solutions, and the convergence analysis of algorithms. We refer to [9, 10, 11, 12, 13]
for some established iterative methods for equilibrium problems in finite and infinite dimen-
sional spaces.

During the last few years, fixed point methods for finding common elements of the set of so-
lutions to equilibrium problems and the set of solutions to fixed point problems in real Hilbert
spaces has been studied by many authors (see, e.g., [14, 15, 16, 17]). Interests in finding a
common solution of equilibrium problem and fixed point problems stems from its possible ap-
plication to mathematical models whose constraints can be expressed as a fixed point problem.
This kind of problem arises in signal processing, network resource allocation and image recov-
ery, (see, e.g., [18, 19]).

The proximal point method, which was introduced by Martinet [20], has been investigated
to solve equilibrium problems based on a regularized method by Moudafi [21]. In 2007, Taka-
hashi and Takahashi [13], under the assumption that f is a monotone bifunction, introduced the
following algorithm for the approximation of a common solution of equilibrium problem (1.1)
and a fixed point problem of a nonexpansive mapping:

x0 ∈ H, find un ∈C such that
f (un,y)+ 1

rn
〈y−un,un− xn〉 ≥ 0, ∀y ∈C,

xn+1 = αng(xn)+(1−αn)Tun,

(1.2)

where g : C→C is a contraction on C.
Recently, the class of pseudomonotone EPs, which is more general than the class of monotone

EPs has been studied by many authors. For the class of pseudomonotone EPs, the associated
regularized equilibrium problem in the proximal point method is not in general strongly mono-
tone. Thus, the proximal point method is no longer suitable for pseudomonotone EPs. In order
to overcome this drawback, the extragradient method introduced by Korpelevich [22] for solv-
ing saddle point problems was adapted to approximate solutions of pseudomonote EPs under
the assumption that equilibrium bifunctions satisfy the Lipschitz-type condition [23, 24]. In
2013, Anh [25] proposed the following algorithm

x0 ∈C,

yn = argmin{λn f (xn,y)+ 1
2 ||y− xn||2 : y ∈C},

zn = argmin{λn f (yn,y)+ 1
2 ||y− xn||2 : y ∈C},

xn+1 = αn(x0)+(1−αn)T zn,

(1.3)
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where f is a pseudomonotone and Lipschitz-type continuous bifunction and T is a nonexpansive
mapping. Recently, Hieu [26], in 2019, used the following algorithm to approximate a com-
mon solution of an equilibrium problem with a pseudomonotone and Lipschitz-type continuous
bifunction f and a fixed point problem of a quasi-nonexpansive mapping T

x0 ∈C,

yn = argmin{λn f (xn,y)+ 1
2 ||y− xn||2 : y ∈C},

zn = argmin{λn f (yn,y)+ 1
2 ||y− xn||2 : y ∈C},

xn+1 = (1−αn−βn)xn +(1−βn)T zn,

(1.4)

It is worthy to mention here that many extragradient-type algorithms were also proposed re-
cently for the approximation of solutions of EPs [27, 28, 29, 30]. However, most of the re-
sults obtained based on these methods use the stepsizes that depend on the prior knowledge
of the Lipschitz-type constants of equlibrium bifunctions. This is not easy in practice because
Lipschitz-type constants are often unknown or difficult to approximate. On the other hand, the
method of inertial extrapolation whose main feature is that the next iterate is constructed from
two previous iterates has recently been considered by many authors. The inertial method, which
originated from a second-order dissipative dynamical system in time has the advantage that it
can accelerate the convergence properties of original algorithms. The examples of inertial-type
algorithms for the cases of equilibrium problems can be found in [31, 32, 33].

The main purpose of this paper is to introduce an iterative algorithm with a step self-adaptive
stepsize that does not depend on the Lipschitz constants of the equilibrium bifunction and it
also has an inertial term to speed up the rate of the convergence.

2. PRELIMINARIES

Definition 2.1. Let C be a nonempty closed and convex subset of a real Hilbert space H. A
bifunction f : H×H→ R is said to be

(1) strongly monotone on C if there exists a constant γ > 0 such that

f (x,y)+ f (y,x)≤−γ||x− y||2, ∀x,y ∈C;

(2) monotone on C if
f (x,y)+ f (y,x)≤ 0, ∀x,y ∈C;

(3) pseudomonotone on C if

f (x,y)≥ 0⇒ f (y,x)≤ 0, ∀x,y ∈C.

From the definitions above, it is clear that a strongly monotone bifunction is monotone and
a monotone bifunction is pseudomonotone. Furthermore, for solving EP (1.1), we assume that
bifunction f : H×H→ R satisfies the following conditions [34]
(A1) f is pseudomonotone on C and f (x,x) = 0, for all x,y ∈C;
(A2) f is Lipschitz-type continuous on H, i.e., there exists two positive constants c1,c2 such
that

f (x,y)+ f (y,z)≥ f (x,z)− c1||x− y||2− c2||y− z||2, ∀x,y,z ∈ H;
(A3) if limsupn→∞ f (xn,y) ≥ 0, where {xn} is a sequence with xn ⇀ x, for all y ∈ C, then
x ∈ EP( f ,C).
(A4) f (x, ·) is convex and subdifferentiable on H for every fixed x ∈ H;
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(A5) for any bounded sequences {xn},{yn}⊂C with ||xn−yn||→ 0, we have limsupn→∞ f (xn,yn)≥
0.

Remark 2.2. From [35], one has that the condition that f is jointly weakly lower semicontinu-
ous on C×C implies condition (A5).

Lemma 2.3. Let H be a real Hilbert space. For each x,y ∈ H and λ ∈ R, we have
(i) ||x+ y||2 = ||x||2 + ||y||2 +2〈x,y〉;
(iii) ||λx+(1−λ )y||2 = λ ||x||2 +(1−λ )||y||2−λ (1−λ )||x− y||2.

Definition 2.4. (Demiclosedness Principle) Let T : H→H be a nonlinear operator with F(T ) 6=
/0. Then I− T is said to be demiclosed at zero if for any sequence {xn} in H, the following
implication holds:

xn ⇀ x and (I−T )xn→ 0⇒ x ∈ F(T ).

Lemma 2.5. [36] Let {ψn},{δn} and {αn} be sequences in [0,+∞) such that

ψn+1 ≤ ψn +αn(ψn−ψn−1)+δn,∀n≥ 1,
+∞

∑
n=1

δn <+∞.

and there exists a real number α with 0≤ αn ≤ α < 1 for all n ∈ N. Then the following hold:
(i) ∑

+∞

n=1[ψn−ψn−1]+ <+∞, where [t]+ := max{t,0};
(ii) there exists ψ∗ ∈ [0,∞) such that limn ψn = ψ∗.

We now recall that the subdifferential of a proper, convex and lower semicontinuous function
f : H→ (−∞,∞] at x ∈ H is defined as the set of all subgradients of f at x:

∂ f (x) := {w ∈ H : f (y)− f (x)≥ 〈w,y− x〉,∀y ∈ H}.
The normal cone of C at x ∈C is defined by

NC(x) := {q ∈ H : 〈q,y− x〉 ≤ 0,∀y ∈C}.

Lemma 2.6. [37] Let C be a nonempty convex subset of a real Hilbert space H and let g : C→R
be a convex, subdifferentiable and lower semicontinuous function on C. Then, x∗ is a solution
to the following convex problem min{g(x) : x ∈ C} if and only if 0 ∈ ∂g(x∗)+NC(x∗), where
∂g(·) denotes the subdifferential of g and NC(x∗) is the normal cone of C at x∗.

Consider the following auxiliary equilibrium problem (AUEP), which consists of finding
x∗ ∈C such that

ρ f (x∗,y)+L(x∗,y)≥ 0, (2.1)

for all y ∈ C, where ρ > 0 is a regularization parameter and L : C×C→ R is a nonnegative
differentiable convex bifunction on C with respect to the second argument y, for each fixed
x ∈C, such that
(i) L(x,x) = 0 for all x ∈C,
(ii) ∇2L(x,x) = 0 for all x ∈C,
where ∇2L(x,x) denotes the gradient of the function L(x, ·) at x.

Lemma 2.7. [38] Let C be a nonempty, closed and convex subset of a reflexive Banach space E
and let f : C×C→ R be a bifunction. Let x∗ ∈C and suppose that f (x∗; ·) : C→ R is convex
and subdifferentiable on C. Let L : C×C→ R be a differentiable convex function on C with
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respect to the second argument y such that
(i) L(x∗;x∗) = 0,
(ii) ∇2L(x∗;x∗) = 0.
Then x∗ ∈C is a solution to EP( f ,C) if and only if x∗ is a solution to (AUEP).

3. MAIN RESULTS

In this section, we present the inertial self-adaptive subgradient extragradient algorithm for
finding a solution of the pseudomonotone equilibrium problem which is also a solution of the
fixed point problem of quasi-nonexpansive mappings, and obtain a weak convergence result.

Algorithm 3.1. Initialization: Choose x0,x1 ∈ H, µ ∈ (0, 1
2), λ1 > 0.

Step 1. Set

un = xn +αn(xn− xn−1)

and

yn = argmin{λn f (un,y)+
1
2
||un− y||2 : y ∈C}.

Step 2. Compute

zn = argmin{λn f (yn,y)+
1
2
||un− y||2 : y ∈ Tn}.

where

Tn = {v ∈ H : 〈v− yn,un−λnwn− yn〉 ≤ 0}.

and

wn ∈ ∂2 f (un,yn) := ∂ f (un, ·)(yn).

Step 3. Compute

xn+1 = (1−βn)un +βnT zn.

and

λn+1 =

 min
{

µ(||un− yn||2 + ||yn− zn||2)
dn

,λn

}
, if dn > 0,

λn, Otherwise.
(3.1)

with dn = f (un,zn)− f (un,yn)− f (yn,zn). If un = yn = zn = xn+1, then un ∈ EP( f ,C)∩F(T ).
Else set n := n+1 and return to Step 2.

Lemma 3.2. The sequence {λn} generated by (3.1) is a monotonically decreasing sequence

and its lower bound is min
{

λ1,
µ

max{c1,c2}

}
.

Proof. Since f is Lipschitz type continuous on H with Lipschitz type constants c1 and c2, we
have

f (un,zn)− f (un,yn)− f (yn,zn)≤ c1||un− yn||2 + c2||yn− zn||2.
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Thus, in the case of f (un,zn)− f (un,yn)− f (yn,zn)> 0, we have

µ(||un− yn||2 + ||yn− zn||2)
f (un,zn)− f (un,yn)− f (yn,zn)

≥ µ(||un− yn||2 + ||yn− zn||2)
c1||un− yn||2 + c2||yn− zn||2

≥ µ(||un− yn||2 + ||yn− zn||2)
max{c1,c2}(||un− yn||2 + ||yn− zn||2)

=
µ

max{c1,c2}
.

Thus, the lower bound of the sequence {λn} is min
{

λ1,
µ

max{c1,c2}

}
. �

Lemma 3.3. If un = yn = zn = xn+1, then un ∈ F(T )∩EP( f ,C).

Proof. If un = yn, we obtain from the definition of yn, condition (A1) and the fact that {λn} is
monotonically decreasing that

0 = λn f (un,yn)+
1
2
||un− yn||2 ≤ λ1 f (un,y)+

1
2
||un− y||2, ∀y ∈C.

Set ||un−y||2 = L(un,y). From Lemma 2.7, we have that un ∈ EP( f ,C). If un = zn = xn+1, then
we conclude that un = (1−βn)un +βnTun. It follows that Tun = un, which means un ∈ F(T ).
Therefore, un ∈ F(T )∩EP( f ,C). �

Lemma 3.4. Assume that x∗ ∈ F(T )∩ EP( f ,C). Let {xn},{yn} and {zn} be the sequences
defined as in Algorithm 3.1. Then

||zn− x∗||2 ≤ ||un− x∗||2− (1−2µγ)||yn−un||2− (1−2µγ)||zn− yn||2.

where γ =
1+ 1

2µ

2 .

Proof. First, we show that C ⊂ Tn. Since

yn = argmin{λn f (un,y)+
1
2
||un− y||2 : y ∈C},

we have that there exists wn ∈ ∂2(un,yn) such that λnwn + yn− un ∈ −Nn(yn). Thus, it means
that 〈λnwn + yn−un,x− yn〉 ≥ 0, ∀x ∈C, that is,

〈un−λnwn− yn,x− yn〉 ≤ 0, ∀x ∈C,

which implies that ∀x ∈ C,x ∈ Tn. Thus C ⊂ Tn. Now, since zn ∈ Tn, we have 〈un− λnwn−
yn,zn− yn〉 ≤ 0. Thus

〈un− yn,zn− yn〉 ≤ λn〈wn,zn− yn〉. (3.2)

From wn ∈ ∂2 f (un,yn) and the definition of subdifferential, we obtain

f (un,y)− f (un,yn)≥ 〈wn,y− yn〉,∀y ∈ H. (3.3)

Combining (3.2) with (3.3), and putting y = zn, we have

λn[ f (un,zn)− f (un,yn)]≥ 〈un− yn,zn− yn〉. (3.4)

It follows from Lemma 2.6 and zn = argmin{λn f (yn,y)+ 1
2 ||un− y||2 : y ∈ Tn} that

0 ∈ ∂2{λn f (yn,y)+
1
2
||un− y||2}(zn)+NTn(zn).
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Thus, there exists w ∈ ∂2 f (yn,zn) and w̄ ∈ NTn(zn) such that

λnw+ zn−un + w̄ = 0. (3.5)

From the definition of normal cone and w̄ ∈ NTn(zn), we get 〈w̄,y− zn〉 ≤ 0 for all y ∈ Tn. This
together with (3.5) implies that λn〈w,y− zn〉 ≥ 〈un− zn,y− zn〉, for all y ∈ Tn. Since x∗ ∈ Tn, we
have

λn〈w,x∗− zn〉 ≥ 〈un− zn,x∗− zn〉. (3.6)

By w ∈ ∂2 f (yn,zn), we have f (yn,y)− f (yn,zn)≥ 〈w,y− zn〉, ∀y ∈ H. This together with (3.6)
gives

λn[ f (yn,x∗)− f (yn,zn)]≥ 〈un− zn,x∗− zn〉. (3.7)

Since x∗ ∈ EP( f ,C) and yn ∈ C, we have that f (x∗,yn) ≥ 0. The pseudomonotonicity of f
implies that f (yn,x∗) ≤ 0. Since {λn} is a monotonically decreasing sequence and bounded

below, the limit of {λn} exists and
λn

λn+1
≥ 1. Let λ = limn→∞ λn. Then, limn→∞

λn
λn+1

= 1. From

µ ∈ (0, 1
2), we have 1

2µ
> 1. Setting γ =

1+ 1
2µ

2
, we have 1 < γ < 1

2µ
. Therefore, there exists

N ∈ N such that λn
λn+1

< γ, ∀n≥ N. Moreover, 1−2µγ > 0. Now, from (3.7) and the definition
of λn, we have

〈un− zn,zn− x∗〉 ≥ λn f (yn,zn)

≥ λn f (un,zn)−λn f (un,yn)−
µλn

λn+1
||un− yn||2−

µλn

λn+1
||zn− yn||2

≥ λn f (un,zn)−λn f (un,yn)−µγ||un− yn||2−µγ||zn− yn||2, ∀n≥ N.

(3.8)

Therefore, from (3.4) and (3.8), we obtain

〈un− zn,zn− x∗〉 ≥ 〈un− yn,zn− yn〉−µγ||un− yn||2−µγ||zn− yn||2.
It follows from Lemma 2.3 (i) and (ii) that

1
2
||un− x∗||2− 1

2
||zn−un||2−

1
2
||zn− x∗||2 ≥ 1

2
||un− yn||2 +

1
2
||zn− yn||2−

1
2
||un− yn||2

−µγ||un− yn||2−µγ||zn− yn||2,
which implies

||zn− x∗||2 ≤ ||un− x∗||2−||un− yn||2−||zn− yn||2 +2µγ||un− yn||2 +2µγ||zn− yn||2

= ||un− x∗||2− (1−2µγ)(||un− yn||2 + ||zn− yn||2). (3.9)

�

Theorem 3.5. Let C be a nonempty closed and convex subset of a real Hilbert space H. Assume
that f : H ×H → R is a bifunction that satisfies conditions (A1)-(A5). Let T : H → H be a
quasi-nonexpansive mapping such that I−T is demiclosed at 0 and EP( f ,C)∩F(T ) 6= /0. Let
{αn}n≥1 be a nondecreasing sequence with α1 = 0, 0≤ αn ≤ α < 1, β ,σ ,δ > 0 and

δ >
α2(1+α)+ασ

1−α2 and 0 < β ≤ βn ≤
δ −α[α(1+α)+αδ +σ ]

δ [1+α(1+α)+αδ +σ ]
,∀n≥ 1.
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Then the sequence {xn} generated by Algorithm 3.1 converges weakly to an element of EP( f ,C)∩
F(T ).

Proof. Let x∗ ∈ EP( f ,C)∩F(T ). From Lemma 3.4, we find that there exists N > 0 such that
‖zn− x∗‖ ≤ ‖un− x∗‖. Thus, it follows from Lemma 2.3 (iii) and the quasi-expansiveness of T
that, ∀n≥ N,

||xn+1− x∗||2 = ||(1−βn)(un− x∗)+βn(T zn− x∗)||2

= (1−βn)||un− x∗||2 +βn||T zn− x∗||2−βn(1−βn)||T zn−un||2

≤ (1−βn)||un− x∗||2 +βn||zn− x∗||2−βn(1−βn)||T zn−un||2

≤ ||un− x∗||2−βn(1−βn)||T zn−un||2, (3.10)

and

||un− x∗||2 = ||(1+αn)(xn− x∗)−αn(xn−1− x∗)||2

= (1+αn)||xn− x∗||2−αn||xn−1− x∗||2 +αn(1+αn)||xn− xn−1||2. (3.11)

Therefore, from (3.10) and (3.11), we obtain

||xn+1− x∗||2− (1+αn)||xn− x∗||2 +αn||xn−1− x∗||2

≤−βn(1−βn)||T zn−un||2αn(1+αn)||xn− xn−1||2.

Moreover, we have

||T zn−un||2 =
∣∣∣∣∣∣ 1

βn
(xn+1− xn)+

αn

βn
(xn−1− xn)

∣∣∣∣∣∣2
=

1
β 2

n
||xn+1− xn||2 +

α2
n

β 2
n
||xn− xn−1||2 +2

αn

β 2
n
〈xn+1− xn,xn−1− xn〉

≥ 1
β 2

n
||xn+1− xn||2 +

α2
n

β 2
n
||xn− xn−1||2

+2
αn

β 2
n

(
−ρn||xn+1− xn||2−

1
ρn
||xn− xn−1||2

)
, (3.12)

where ρn := 1
αn+δβn

. In view of (3.12) and (3.12), we obtain

||xn+1− x∗||2− (1+αn)||xn− x∗||2 +αn||xn−1− x∗||2

≤ (1−βn)(αnρn−1)
βn

||xn+1− xn||2 + γn||xn− xn−1||2,
(3.13)

where

γn := αn(1+αn)+αn(1−βn)
1−ρnαn

ρnβn
> 0 (3.14)

due to ρnαn < 1 and βn ∈ (0,1). Furthermore, from the choice of ρn, we have δ = 1−ρn
ρnβn

. It
follow from (3.14) that γn = αn(1+αn)+αn(1−βn)δ ≤ α(1+α)+αδ , ∀n ≥ 1. Set Γn :=
||xn−x∗||2−αn||xn−1−x∗||2+γn||xn−xn−1||2. Since {αn}n≥1 is monotonically nondecreasing,
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we have

Γn+1−Γn = ||xn+1− x∗||2−αn+1||xn− x∗||2 + γn+1||xn+1− xn||2

−||xn− x∗||2 +αn||xn−1− x∗||2− γn||xn− xn−1||2

≤ ||xn+1− x∗||2− (1+αn)||xn− x∗||2 +αn||xn−1− x∗||2

+γn+1||xn+1− xn||2− γn||xn− xn−1||2.

Using (3.13), we obtain

Γn+1−Γn ≤
((1−βn)(αnρn−1)

βn
+ γn+1

)
||xn+1− xn||2, ∀n≥ 1. (3.15)

From [39], we have

(1−βn)(αnρn−1)
βn

+ γn+1 ≤−σ ∀n≥ 1,

which together with (3.15) yields

Γn+1−Γn ≤−σ ||xn+1− xn||2 ∀n≥ 1. (3.16)

This implies that {Γn} is nonincreasing. Moreover,

Γn = ||xn− x∗||2−αn||xn−1− x∗||2 + γn||xn− xn−1||2

≥ ||xn− x∗||2−αn||xn−1− x∗||2

and

Γn+1 = ||xn+1− x∗||2−αn+1||xn− x∗||2 + γn+1||xn+1− xn||2

≥ −αn+1||xn− x∗||2. (3.17)

Hence,

||xn− x∗||2 ≤ αn||xn−1− x∗||2 +Γn

≤ α||xn−1− x∗||2 +Γ1
...

≤ α
n||x0− x∗||2 +(1+ · · ·+α

n−1)Γ1

≤ α
n||x0− x∗||2 + Γ1

1−α
. (3.18)

Therefore, we have that {xn} is bounded. From (3.17) and (3.18), we obtain

−Γn+1 ≤ αn+1||xn− x∗||2

≤ α||xn− x∗||2

≤ α
n+1||x0− x∗||2 + αΓ1

1−α
.
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Now, from (3.16), we have

σ

k

∑
n=1
||xn+1− xn||2 ≤ Γ1−Γk+1

≤ Γ1 +α
k+1||x0− x∗||2 + αΓ1

1−α

≤ ||x0− x∗||2 + Γ1

1−α
.

which gives ∑
∞
n=1 ||xn+1− xn||2 <+∞ and

lim
n→0
||xn+1− xn||= 0. (3.19)

Thus, ||xn+1−un|| ≤ ||xn+1− xn||+αn||xn− xn−1|| → 0, as n→ ∞. From (3.13), we have

||xn+1− x∗||2 ≤ (1+αn)||xn− x∗||2−αn||xn−1− x∗||2

+
(1−βn)(αnρn−1)

βn
||xn+1− xn||2 + γn||xn− xn−1||2

≤ (1+αn)||xn− x∗||2−αn||xn−1− x∗||2 + γn||xn− xn−1||2.

Using Lemma 2.5, we conclude that there exists p ∈ [0,+∞) such that

lim
n→∞
||xn− x∗||2 = p. (3.20)

It follows from (3.11) that

lim
n→∞
||un− x∗||2 = p (3.21)

and

||xn−un|| ≤ ||xn− xn+1||+ ||un− xn+1|| → 0, n→ ∞. (3.22)

Observe that

||xn+1− x∗||2 ≤ (1−βn)||un− x∗||2 +βn||zn− x∗||2−βn(1−βn)||T zn−un||2

≤ (1−βn)||un− x∗||2 +βn||zn− x∗||2,

which gives that

||zn− x∗||2 ≥ ||xn+1− x∗||− ||un− x∗||2

βn
+ ||un− x∗||2. (3.23)

On the other hand, we have from (3.9) that

||zn− x∗||2 ≤ ||un− x∗||2. (3.24)

Combining (3.23) and (3.24), we have

||xn+1− x∗||− ||un− x∗||2

βn
+ ||un− x∗||2 ≤ ||zn− x∗||2 ≤ ||un− x∗||2. (3.25)

Therefore, it follows from (3.25) that limn→∞ ||zn− x∗||2 = p. From Lemma 3.4, we have

(1−2µγ)(||un− yn||2 + ||zn− yn||2)≤ ||un− x∗||2−||zn− x∗||2,
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which yields

lim
n→∞
||un− yn||= lim

n→∞
||zn− yn||= 0. (3.26)

Hence, ||zn−un|| ≤ ||zn−yn||+ ||yn−un|| → 0, as n→∞. It follows from (3.22) and (3.26) that

||xn− yn|| ≤ ||xn−un||+ ||un− yn|| → 0,n→ ∞. (3.27)

Using (3.19) and (3.27), we get ||xn+1−yn|| ≤ ||xn+1−xn||+ ||xn−yn|| → 0, as n→ ∞. Again,
(3.10), (3.20) and (3.21) imply that ||T zn− un|| → 0, as n→ ∞. Furthermore, ||T zn− zn|| ≤
||T zn−un||+ ||zn−un|| → 0, as n→∞. Since {xn} is bounded, there exist a subsequence {xnk}
of {xn} and x̄ ∈ H such that xnk ⇀ x̄. Consequently, we have unk ⇀ x̄, ynk ⇀ x̄, and znk ⇀ x̄.
Since I−T is demiclosed at zero, we have x̄ ∈ F(T ). Next, we show that x̄ ∈ EP( f ,C).

Since ynk ∈C and C is closed and convex, we have that x̄ ∈C. Furthermore, it follows from
Lemma 2.6 and yn = argmin{λn f (un,y)+ 1

2 ||un− y||2 : y ∈C} that

0 ∈ ∂2{λn f (un,y)+
1
2
||un− y||2}(yn)+NC(yn).

Thus, there exist ν ∈ ∂2 f (un,yn) and ν̄ ∈ NC(yn) such that

λnν + yn−un + ν̄ = 0. (3.28)

From the definition of normal cones and ν̄ ∈ NC(yn), we get 〈ν̄ ,y− yn〉 ≤ 0 for all y ∈ C.
This together with (3.28) implies that λn〈ν ,y− yn〉 ≥ 〈un− yn,y− yn〉, for all y ∈ C. By ν ∈
∂2 f (un,yn), we have f (un,y)− f (un,yn)≥ 〈ν ,y− yn〉, ∀y ∈ H. This together with (3.6) gives

λn[ f (yn,y)− f (un,yn)]≥ 〈un− yn,y− yn〉, ∀y ∈C, (3.29)

which yields

f (yn,y)− f (un,yn)≥
〈un− yn,y− yn〉

λn
, ∀y ∈C. (3.30)

Note that the right-hand side of the above inequality converges to zero. By replacing n by nk in
(3.30), and using (3.26) and the assumption (A5), we find that

0≤ limsup
k→∞

f (unk ,ynk) = limsup
k→∞

(〈unk− ynk ,y− ynk〉
λnk

+ f (unk ,ynk)
)

≤ limsup
k→∞

f (ynk ,y), ∀y ∈C.

This implies that x̄ ∈ EP( f ,C). Thus under the condition (A3), we have that x̄ ∈ EP( f ,C)∩
F(T ). �

4. NUMERICAL EXPERIMENT

In this section, we give some numerical examples to demonstrate the efficiency of our pro-
posed algorithm. We compare our result with the algorithm 1.4 proposed by Hieu in [26].

Example 4.1. Let H = R and C = [0, π

2 ], and define f : H×H→ R by f (x,y) = (y− x)sin(x).
Define T : H → H by T (x) = xcos(x). Then T is a quasi-nonexpansive mapping, which is not
nonexpansive [40]. We consider different values of the initial points and µ for comparison
purpose. We use the stopping criterion ‖en‖2 := ‖xn+1− yn‖2 ≤ 10−3.

The following parameters are used for comparison:
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TABLE 1. Methods Parameters for Example 4.1

Algorithm 3.1 αn =
1
4

(
n−1

n

)
α = 0.5 λ1 = 1

βn =
1
3 αn = 0.4

Hieu’s Algorithm αn =
1

n+1
βn = 0.5(1−αn) λn =

1
5

TABLE 2. Example 4.1: Algorithm 3.1 vs Hieu’s Algorithm with µ = 0.2

(x0,x1) Algorithm 3.1 Hieu’s Algorithm

(0.5,1.0) No. of Iterations 13 44

CPU (Time) 1.7236 1.9403

(0.9,0.1) No. of Iterations 9 47

CPU (Time) 1.0625 2.0576

(1.0,1.0) No. of Iterations 13 47

CPU (Time) 1.6792 2.0693

(1.0,0.1) No. of Iterations 9 47

CPU (Time) 1.0208 1.9986

Example 4.2. This example is taken from Example 2 of [26]. Let H = L2[0,1], and let the
feasible set C be the unit ball B1(0). Define the equilibrium bifunction f by f (x,y) = 〈Ax,y−x〉,
where A : H→ H is the operator defined by

A(x(t)) =
∫ 1

0
[x(t)−F1(t,s) f1(x(s))]ds+g1(t),x ∈ H, t ∈ [0,1] (4.1)

and define the mapping T : H→ H by

T (x(t)) =
∫ 1

0
F2(t,s) f2(x(s))ds+g2(t),x ∈ H, t ∈ [0,1]; (4.2)
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TABLE 3. Example 4.1: Algorithm 3.1 for different values of µ

µ (0.5,1.0) (0.9,0.1) (1.0,1.0) (1.0,0.1)

0.001 No. of Iterations 13 9 13 9

CPU (Time) 1.6651 1.0324 1.6779 1.0309

0.01 No. of Iterations 13 9 13 9

CPU (Time) 1.6737 1.0323 1.7143 1.0250

0.1 No. of Iterations 13 9 13 9

CPU (Time) 1.6625 1.0203 1.6768 1.0449

0.2 No. of Iterations 13 9 13 9

CPU (Time) 1.6689 1.0281 1.7787 1.0249

0.3 No. of Iterations 13 9 13 9

CPU (Time) 2.1156 1.0268 1.8032 1.0416

0.4 No. of Iterations 13 9 13 9

CPU (Time) 1.7152 1.0275 1.8919 1.0235

where

F1(t,s) =
2tset+s

e
√

e2−1
, f1(x) = cosx, g1(t) =

2tet

e
√

e2−1
,

and

F2(t,s) =

√
21
7

(t + s), f2(x) = exp(−x2),g2(t) =−
√

21
7

(
t +

1
2

)
.

Since the mappings Si(x(t))=
∫ 1

0 Fi(t,s) fi(x(s))ds, i= 1,2 are Fréchet differentiable and ||S′i(x)h||
≤ ||x||||h|| for all x,h ∈ H. Thus a straightforward computation implies that f is monotone
(which further implies that it is pseudomonotone) and satisfies the Lipschitz type condition
with c1,c2 = 1 and T is nonexpansive (thus, quasi-nonexpansive). We compare our proposed
algorithm 3.1 with the Unaccelerated algorithm (αn = 0). Different initial points are considered
with stopping criterion ‖en‖2 := ‖xn+1− xn‖2 ≤ ε , where ε = 10−4. The following are used in
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FIGURE 1. Example 4.1: Algo-
rithm 3.1 vs Hieu’s Algorithm
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FIGURE 2. Example 4.1: Algo-
rithm 3.1 vs Hieu’s Algorithm
(x0,x1) = (0.9,0.1)
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FIGURE 3. Example 4.1: Algo-
rithm 3.1 vs Hieu’s Algorithm
(x0,x1) = (1.0,1.0)
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FIGURE 4. Example 4.1: Algo-
rithm 3.1 vs Hieu’s Algorithm
(x0,x1) = (1.0,0.1)

our algorithm for computation: αn =
1
4

(
n−1

n

)
, α = 0.5, λ1 = 2, µ = 0.2, and βn =

1
3 . The cases

are:

Case I: x0 =
3

174
et and x1 =

cos(t)
150

,

Case II: x0 =
3t2 +5

196
and x1 =

sin(t)
150

,

Case III: x0 =
(t2 +3t +7)sin(t)

114
and x1 =

(t2 +3t +7)
115

,

Case IV: x0 =
(t +1)

119
e2t and x1 =

t3 + cos(2t)
150

.
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FIGURE 5. Example 4.1: Algo-
rithm 3.1 with different values of
µ , (x0,x1) = (0.5,1.0)
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FIGURE 6. Example 4.1: Algo-
rithm 3.1 with different values of
µ , (x0,x1) = (0.9,0.1)
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FIGURE 7. Example 4.1: Algo-
rithm 3.1 with different values of
µ , (x0,x1) = (1.0,1.0)
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FIGURE 8. Example 4.1: Algo-
rithm 3.1 with different values of
µ , (x0,x1) = (1.0,0.1)

TABLE 4. Example 4.2: Algorithm 3.1 vs Unaccelerated Algorithm (αn = 0)

Algorithm 3.1 Unaccelerated Algorithm

Case I No. of Iterations 16 21

CPU (Time) 22.7555 32.7569

Case II No. of Iterations 16 21

CPU (Time) 22.6716 33.0259

Case III No. of Iterations 16 21

CPU (Time) 26.0858 33.5970

Case IV No. of Iterations 16 21

CPU (Time) 22.5914 33.3828
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FIGURE 9. Example 4.2: Algo-
rithm 3.1 vs Unaccelerated Al-
gorithm Case I
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FIGURE 10. Example 4.2: Al-
gorithm 3.1 vs Unaccelerated
Algorithm Case II
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FIGURE 11. Example 4.2: Al-
gorithm 3.1 vs Unaccelerated
Algorithm Case III
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FIGURE 12. Example 4.2: Al-
gorithm 3.1 vs Unaccelerated
Algorithm Case IV

5. CONCLUSION

In this paper, we introduced a modified inertial subgradient extragradient algorithm for the
approximation of common solutions of pseudomonotone equilibrium problems and fixed point
problems of quasi-nonexpansive mappings with the step sizes constructed such that the knowl-
edge of the Lipschitz type constants of the equilibrium bifunction is not required in the analysis
of the convergence result. We gave some numerical experiments to demonstrate the effective-
ness and performance of our iterative algorithm by comparing with Hieu’s algorithm [26]. We
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also demonstrated the effect of the inertial term by comparing our algorithm with its unacceler-
ated version. It follows that our iterative method improve and extend many recent results in the
literature.
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