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Abstract. In this paper, we propose a new iterative algorithm, which is based on the linear search method
to solve a split variational inclusion problem in two Hilbert spaces. Our iteration algorithm does not
involve projection operators, and the step-sizes do not depend on the operator norm. A weak convergence
result on the solutions of the split variational inclusion problem is obtained. The split minimization
problem and split feasibility problem are considered as two applications of our main results.
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1. INTRODUCTION

As a generalization of the classical variational inequality problem, the following variational
inclusion problem (in short, VIP), first introduced by Rockefeller [1] in 1976, is to find a point

x∗ ∈ H, such that 0 ∈ B(x∗), (1.1)

where H is a real Hilbert space, and B : H→ 2H is a maximal monotone mapping (see below).
VIP (1.1) has received much attention since it includes many problems, such as, fixed point

problems, equilibrium problems, saddle problems variational inequality problems, complemen-
tary problems and so on. Many authors investigated this problem due to its wide application
in the real world, such as image recovery, single processing, computer tomography, and so on;
see, e.g., [2, 3, 4] and the references therein.

Recently, many authors studied the relation of solutions of two variational inclusion problems
in two different spaces. In 2011, Moudafi [5] proposed a so-called split variational inclusion
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problem (in short, SV IP), which is to find a point

x∗ ∈ H1, such that 0 ∈ B1(x∗), and 0 ∈ B2(Ax∗), (1.2)

where H1 and H2 are two real Hilbert spaces, A : H1 → H2 is a bounded linear operator, and
B1 : H1→ 2H1 and B2 : H2→ 2H2 are two maximal monotone operators. It is obvious that SVIP
(1.2) reduces to VIP (1.1) when H1 = H2, B1 = B2, and A is a identity on H1.

It is known that x∗ is a solution to VIP (1.1) if and only if x∗ is a fixed point of JB
λ

, the
resolvent mapping of B, which is defined by

JB
λ

:= (I +λB)−1, λ > 0. (1.3)

In 1970, Martinet [6] proposed the following so-called proximal point method (in short, PPM)
to solve VIP (1.1). For given x1 ∈H1 and λn ∈ (0,+∞), the iterative sequence {xn} is generated
via the following scheme

xn+1 = JB
λn
(xn), (1.4)

where the JB
λn

is the resolvent mapping of B.
In 2012, Byrne et al. [7] proposed the following iterative algorithm to solve SVIP (1.2). For

any given x1 ∈ H1, λ > 0, they defined the following algorithm

xn+1 = JB1
λ
(xn + γA∗(JB2

λ
− I)Axn), ∀ xn ∈ H1, ∀n≥ 1, (1.5)

where A∗ is the adjoint operator of A, L is the spectral radius of operator A∗A, γ ∈ (0, 2
L). They

showed that {xn} converges weakly to a solution of SVIP (1.2).
Similarly, it has been shown that x∗ is a solution of SVIP (1.2) if and only if x∗ is a fixed point

of the operator JB1
λ
(I−γA∗(I−JB2

λ
)A). This implies that the iterative techniques for fixed points

could be used to solve the SVIP (1.2). The problem Convergence ratio of an iteration algorithm
is a very important problem from the viewpoint of computation. Recently, researchers intro-
duced various iteration algorithms to enhance the convergence speed of iterative sequences,
such as viscosity iteration algorithms, subgradient extragradient iteration algorithms, inertial
iteration algorithms and so on; see, e.g., [8, 9, 10, 11, 12, 13, 14] and the references therein.
Inertial methods are powerful and popular when accelerating original iterative algorithms. Iner-
tial acceleration is based on a discrete version of a second-order dissipative dynamical system.
Various fast iterative algorithms with the aid of inertial extrapolation methods attached much
attention of researchers recently. In [15], based on the PPM and the inertial method, Alvarez
and Attouch proposed the following algorithm to solve VIP (1.1). For any given x0,x1 ∈ H and
λn > 0, their iterative sequence {xn} was generated via the following scheme

xn+1 = JB
λn
(xn +θn(xn− xn−1), ∀n≥ 0, (1.6)

where θn(xn− xn−1), which satisfies ∑
∞
n=1 θn‖xn− xn−1‖2 < ∞, is the inertial term.

In [16], Thong, Duong, and Cho introduced an iteration method by combining inertial itera-
tion with the viscosity iteration to solve SVIP (1.2). Their iterative process reads as follows

Initialization: Set β > 0 and x0, x1 ∈ H1.

Iterative Steps: Calculate xn+1 as follows:
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Step 1. Given the iterates xn−1 and xn(n≥ 1), choose θn such that 0≤ θn ≤ θ̄n, where

θ̄n =

{
min{θ , τn

‖xn−xn−1‖}, if xn 6= xn−1;
θ , otherwise.

Step 2. Compute wn = xn +θn(xn− xn−1), and

yn = JB1
β
(I− γnA∗(I− JB2

β
)Awn).

If wn = yn, then stop and yn is a solution of SVIP (1.2). Otherwise, go to Step 3.
Step 3. Compute zn = wn−αnDn, where

Dn = wn− yn− γn[A∗(I− JB2
β
)Awn−A∗(I− JB2

β
)Ayn],

and

αn =
〈wn− yn,Dn〉
‖Dn‖2 .

Step 4. Compute xn+1 = σn f (xn)+(1−σn)zn.
Set n := n+1 and go to Step 1, where {γn} ⊂ [a,b]⊂ (0, 1

L) with L = ‖A‖2.
Let f : H1→H1 be a contraction mapping with contraction parameter κ ∈ [0,1), and {τn} ⊂

[0,θ) for some θ > 0 is a positive sequence such that τn = ◦(σn), which means limn→∞
τn
σn

= 0,
where {σn} ⊂ (0,1) satisfies the following conditions:

lim
n→∞

σn = 0,
∞

∑
n=1

σn = ∞.

They obtained the strong convergence for SVIP (1.2). Notice that, in their algorithm, the step-
sizes depend on the norm of operator A. In addition, the iteration step-sizes of many existing
iteration methods heavily depend on the norm of operators when dealing with solving split
feasibility problems. We have to mention that the norm of the involved operators usually is not
easily to be computed. So, some authors often used the linear search method in their numerical
algorithms for solving variational inequality problems, variational inclusion problems, fixed
point problems, equilibrium problems, and various split feasibility problems. For the numerical
algorithms incorporated with the linear search, the step-sizes of the iteration do not depend on
the norm of the involved operator; see, e.g., [17].

As mentioned before, the operator norms and the projection operators are not easily to be
calculated. In this paper, a new iteration algorithm which does not involve projection operators
and the step-sizes do not depend on the operator norm is introduced to solve SVIP (1.2). A
weak convergence theorem of solutions is obtained. Some applications to split minimization
problems and split feasibility problems are also considered.

2. PRELIMINARIES

In this section, we provide some basic definitions and lemmas, which will be used in the
sequel.

Let H be a real Hilbert space, I is the identity mapping in Hilbert space H. If T x = x, then
the point x is called a fixed point of T , where T : H→H is a mapping. We use Fix(T ) to denote
the fixed point set of T .
• the symbols “ ⇀ ” stands for the weak convergence.
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• the symbols “→ ” stands for the strong convergence.
For each x,y ∈ H and α ∈ R, we have the following facts

(i) ‖x+ y‖2 = ‖x‖2 +2〈x,y〉+‖y‖2;
(ii) ‖αx+(1−α)y‖2 = α‖x‖2 +(1−α)‖y‖2 +α(1−α)‖x− y‖2.

Definition 2.1. Let T : H→ H be a single-valued operator. T is said to be

(i) nonexpansive if
‖T x−Ty‖ ≤ ‖x− y‖, ∀x, y ∈ H.

(ii) firmly nonexpansive if

‖T x−Ty‖2 ≤ 〈T x−Ty,x− y〉, ∀x, y ∈ H,

or, equivalently,

‖T x−Ty‖2 ≤ ‖x− y‖2−‖(I−T )x− (I−T )y‖2, ∀x, y ∈ H.

Furthermore, if T is firmly nonexpansive, then I−T is also firmly nonexpansive.

Definition 2.2. Let B : H→ 2H be a set-valued operator. B is said to be
(i) monotone with the domain D(B) := {x ∈ H : B(x) 6= /0} if

〈x− y,u− v〉 ≥ 0, ∀ u ∈ Bx, ∀ v ∈ By.

(ii) maximal monotone if B is a monotone mapping and Graph(B) := {(x,u) : x∈D(B),u∈
B(x)} is not properly contained in the graph of any other monotone mapping.

Lemma 2.3. (Demiclosedness principle) [18] Let C be a nonempty, close, and convex subset
of a real Hilbert space H. Let T : H → H be a nonexpansive mapping. If xn ⇀ x ∈ C and
limn→∞ ‖xn−T xn‖= 0, then x ∈ Fix(T ).

Lemma 2.4. [19] Let H be a real Hilbert space. Let B : H → 2H be a maximal monotone
mapping and β > 0. Then the following statements hold:

(i) JB
β

is a single-valued and firmly nonexpansive mapping;
(ii) D(JB

β
) = H and Fix(JB

β
) = B−1(0) = {x ∈ D(B) : 0 ∈ B(x)};

(iii) ‖x− JB
β

x‖ ≤ 2‖x− JB
γ x‖ for all 0 < β < γ and x ∈ H;

(iv) (I− JB
β
) is a firmly nonexpansive mapping;

(v) If B−1(0) 6= /0, then

‖JB
β

x− z‖2 ≤ ‖x− z‖2−‖JB
β

x− x‖2, ∀x ∈ H, z ∈ B−1(0),

and
〈x− JB

β
x,JB

β
x− z〉 ≥ 0, ∀x ∈ H, z ∈ B−1(0).

Lemma 2.5. [20] Let H1 and H2 be two real Hilbert space. Let A : H1→H2 be a linear operator,
and let A∗ be the adjoint of A. Let β ad λ be two positive real numbers. Let B1 : H1 → 2H1

and B2 : H2 → 2H2 be two maximal monotone mappings. If the solution set of SVIP (1.2) is
nonempty, then, for any x∗ ∈ H1, x∗ is a solution of SVIP (1.2) if and only if

JB1
β
(x∗−λA∗(I− JB2

β
)Ax∗) = x∗.
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Lemma 2.6. [20] Let H1 and H2 be two real Hilbert space. Let A : H1→ H2 be a linear oper-
ator, and let A∗ be the adjoint of A. Let β be positive real number, and let B2 : H2→ 2H2 be a
maximal monotone mapping. Then the following conclusions hold:

(i) ‖(I− JB2
β
)Ax− (I− JB2

β
)Ay‖2 ≤ 〈A∗(I− JB2

β
)Ax−A∗(I− JB2

β
)Ay,x− y〉, ∀x, y ∈ H1;

(ii) ‖A∗(I− JB2
β
)Ax−A∗(I− JB2

β
)Ay‖ ≤ ‖A‖2‖x− y‖, ∀x, y ∈ H1.

Lemma 2.7. [21] A space X is said to satisfy Opial’s condition if, for any {xn} in X with xn ⇀ x,
and for all y ∈ X with y 6= x, the follow inequality holds:

lim sup
n→∞

‖xn− x‖< lim sup
n→∞

‖xn− y‖.

3. MAIN RESULTS

In this section, we always use the following symbols and restrictions:
(i) let H1 and H2 be two real Hilbert spaces;
(ii) let A : H1→ H2 be a bounded linear operator, and let A∗ be the adjoint of A;
(iii) let B1 : H1→ 2H1 and B2 : H2→ 2H2 be two set-valued maximal monotone mappings;
(iv) let Ω denote the solution set of SVIP (1.2). In addition, Ω is assumed to be nonempty

and L is borrowed to denote the spectral radius of A.

Algorithm 3.1. Give β > 0, τ1 > 0, µ ∈ (0,1), α ∈ (1,2), αn ∈ (0,1), and let x1 ∈ H1 be
arbitrarily chosen.

Iterative Steps: Calculate xn+1 as follows:
Step 1. Compute

yn = JB1
β
(I− τnA∗(I− JB2

β
)A)xn, ∀n≥ 1.

Step 2. Compute
zn = xn−αηnd(xn,yn), ∀n≥ 1,

where
d(xn,yn) = xn− yn− τn[A∗(I− JB2

β
)Axn−A∗(I− JB2

β
)Ayn], ∀n≥ 1,

and

ηn =

{
〈xn−yn,d(xn,yn)〉
‖d(xn,yn)‖2 , if d(xn,yn) 6= 0;

0, if d(xn,yn) = 0.

Step 3. Compute
xn+1 = αnxn +(1−αn)zn, ∀n≥ 1.

Update

τn+1 =

 min{τn, µ
‖xn−yn‖

‖A∗(I−JB2
β

)Axn−A∗(I−JB2
β

)Ayn)‖
}, if d(xn,yn) 6= 0;

τn, if d(xn,yn) = 0.
(3.1)

Set n := n+1 and go to Step 1.
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Lemma 3.2. The sequence {τn} generated by (3.1) is a non-increasing sequence and

lim
n→∞

τn = τ ≥ min{τ1,
µ

L2}> 0.

Proof. It is obvious that 0 < τn ≤ τ1. If τn = τ1, then Lemma 3.2 is proved. Otherwise, if
τn < τ1, then

τn = µ
‖xn− yn‖

‖A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn)‖

.

Since A is a bounded linear operator, and (I− JB2
β
) is a firmly nonexpansive mapping, for the

case that ‖A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn‖ 6= 0, we have from Lemma 2.6 that

µ‖xn− yn‖
‖A∗(I− JB2

β
)Axn−A∗(I− JB2

β
)Ayn‖

≥ µ‖xn− yn‖
‖A‖2‖xn− yn‖

=
µ

L2 .

So, min(τ1,
µ

L2 )≤ τn≤ τ1, and {τn} has the lower bounded min{τ1,
µ

L2}, where L = ‖A‖2. Since
{τn} is non-increasing, one sees that there exists τ such that limn→∞ τn = τ ≥ min{τ1,

µ

L2}.
Furthermore, one has

‖A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn‖ ≤

µ

τn+1
‖xn− yn‖, ∀n≥ 1. (3.2)

�

Theorem 3.3. If {αn} ∈ (0,1), limn→∞ αn = 0, and ∑
∞
n=0 αn = ∞, then the sequence {xn} gen-

erated by Algorithm 3.1 converges weakly to a point x̄ in Ω.

Proof. We divide the proof into five steps.

Step 1. Prove that the following conclusion is true.

‖zn− x∗‖2 ≤ ‖xn− x∗‖2− 2−α

α
‖xn− zn‖2, ∀x∗ ∈Ω, ∀n≥ 1. (3.3)

Fixing x∗ ∈ Ω, one has Ax∗ ∈ B−1
2 (0). From Lemma 2.4, we have JB2

β
Ax∗ = Ax∗. It follows

from Lemma 2.6 that

τn〈yn− x∗,A∗(I− JB2
β
)Ayn〉= τn〈yn− x∗,A∗(I− JB2

β
)Ayn−A∗(I− JB2

β
)Ax∗〉

= τn〈Ayn−Ax∗,(I− JB2
β
)Ayn− (I− JB2

β
)Ax∗〉

≥ τn‖(I− JB2
β
)Ayn‖2.

(3.4)

By the definition of yn, Lemma 2.4, and (3.4), we have

〈yn− x∗,d(xn,yn)〉= 〈yn− x∗,xn− yn− τn[A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn]〉

= 〈yn− x∗,xn− yn− τnA∗(I− JB2
β
)Axn〉

+ 〈yn− x∗,τnA∗(I− JB2
β
)Ayn〉

= 〈yn− x∗,xn− yn− τnA∗(I− JB2
β
)Axn〉

+ τn〈yn− x∗,A∗(I− JB2
β
)Ayn〉

≥ τn‖(I− JB2
β
)Ayn‖2.

(3.5)
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In view of τn > 0, we have

〈xn− x∗,d(xn,yn)〉= 〈xn− yn,d(xn,yn)〉+ 〈yn− x∗,d(xn,yn)〉

≥ 〈xn− yn,d(xn,yn)〉+ τn‖(I− JB2
β
)Ayn‖2

≥ 〈xn− yn,d(xn,yn)〉.
(3.6)

From Algorithm 3.1, we have

‖zn− x∗‖2 = ‖xn−αηnd(xn,yn)− x∗‖2

= ‖xn− x∗‖2−2αηn〈xn− x∗,d(xn,yn)〉+α
2
η

2
n‖d(xn,yn)‖2.

(3.7)

Substitute (3.6) into (3.7), we arrive at

‖zn− x∗‖2 ≤ ‖xn− x∗‖2−2αηn〈xn− yn,d(xn,yn)〉+α
2
η

2
n‖d(xn,yn)‖2.

When d(xn,yn) 6= 0, we know that ηn =
〈xn−yn,d(xn,yn)〉
‖d(xn,yn)‖2 . This shows that

ηn‖d(xn,yn)‖2 = 〈xn− yn,d(xn,yn)〉,

which implies

‖zn− x∗‖2 ≤ ‖xn− x∗‖2−2αηn〈xn− yn,d(xn,yn)〉+α
2
ηn〈xn− yn,d(xn,yn)〉

= ‖xn− x∗‖2− (2−α)αη
2
n 〈xn− yn,d(xn,yn)〉

= ‖xn− x∗‖2− (2−α)α‖ηnd(xn,yn)‖2.

(3.8)

From Algorithm 3.1, the definition of zn, we have zn− xn = −αηnd(xn,yn). In view of (3.8),
we obtain

‖zn− x∗‖2 ≤ ‖xn− x∗‖2− 2−α

α
‖xn− zn‖2, ∀x∗ ∈Ω, ∀n≥ 1. (3.9)

Step 2. Prove that limn→∞ ‖xn− x∗‖ exists.
Since α ∈ (1,2), we have 0 < 2−α

α
< 1. It follows from (3.9) that

‖zn− x∗‖ ≤ ‖xn− x∗‖. (3.10)

By the definition of xn+1 and (3.10), we have

‖xn+1− x∗‖ ≤ αn‖xn− x∗‖+(1−αn)‖zn− x∗‖
≤ αn‖xn− x∗‖+(1−αn)‖xn− x∗‖
≤ ‖xn− x∗‖.

So, {‖xn−x∗‖} is a monotone decreasing sequence with a lower bound. Hence, limn→∞ ‖xn+1−
x∗‖ exists. This implies that {xn} is a bounded sequence, so is {zn}.
Step 3. Prove that the following conclusion is true.

‖xn+1− x∗‖2 ≤ ‖xn− x∗‖2− 2−α

α
(1−αn)‖xn− zn‖2, ∀x∗ ∈Ω, ∀n≥ 1.
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From (3.3), we have

‖xn+1− x∗‖2 = α
2
n‖xn− x∗‖2 +(1−αn)

2‖zn− x∗‖2 +2αn(1−αn)〈xn− x∗,zn− x∗〉

≤ α
2
n‖xn− x∗‖2 +(1−αn)

2‖zn− x∗‖2 +2αn(1−αn)‖xn− x∗‖ · ‖zn− x∗‖

≤ α
2
n‖xn− x∗‖2 +(1−αn)

2‖zn− x∗‖2 +αn(1−αn)[‖xn− x∗‖2 +‖zn− x∗‖2]

≤ αn‖xn− x∗‖2 +(1−αn)‖xn− x∗‖2− 2−α

α
(1−αn)‖zn− xn‖2

≤ ‖xn− x∗‖2− 2−α

α
(1−αn)‖zn− xn‖2.

(3.11)

Step 4. Prove that limn→∞ ‖xn+1− xn‖= 0 and limn→∞ ‖xn− JB1
β

xn‖= 0.
Since the lim‖xn−x∗‖ exits for any x∗ ∈Ω, we have limn→∞(‖xn−x∗‖2−‖xn+1−x∗‖2) = 0

holds. In view of limn→∞ αn = 0, we conclude from (3.11) that

lim
n→∞
‖xn− zn‖= 0. (3.12)

From (3.2), we have

〈xn− yn,d(xn,yn)〉= 〈xn− yn,xn− yn− τn[A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn]〉

= 〈xn− yn,xn− yn〉−〈xn− yn,τn[A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn]〉

= ‖xn− yn‖2− τn〈xn− yn,A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn〉

≥ ‖xn− yn‖2− τn · ‖xn− yn‖ · ‖A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn‖

≥ ‖xn− yn‖2− τn ·
µ

τn+1
‖xn− yn‖2

= (1−µ · τn

τn+1
)‖xn− yn‖2.

(3.13)

Observe that

‖d(xn,yn)‖2 = ‖xn− yn‖2 + τ
2
n‖A∗(I− JB2

β
)Axn−A∗(I− JB2

β
)Ayn‖2

−2τn〈xn− yn,A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn〉

≤ ‖xn− yn‖2 + τ
2
n ·

µ2
n

τ2
n+1
‖xn− yn‖2

+2τn|〈xn− yn,A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn〉|

≤ ‖xn− yn‖2 +µ
2
n ·

τ2
n

τ2
n+1
‖xn− yn‖2

+2τn‖xn− yn‖ · ‖A∗(I− JB2
β
)Axn−A∗(I− JB2

β
)Ayn‖

≤ ‖xn− yn‖2 +µ
2
n ·

τ2
n

τ2
n+1
‖xn− yn‖2 +2τn ·

µ

τn+1
‖xn− yn‖2

= (1+µ · τn

τn+1
)2‖xn− yn‖2, (3.14)
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From (3.13) and (3.14), we see that

ηn =
〈xn− yn,d(xn,yn)〉
‖d(xn,yn)‖2 ≥

1−µ
τn

τn+1

(1+µ
τn

τn+1
)2 . (3.15)

Further, we have

ηn‖d(xn,yn)‖2 = 〈xn− yn,d(xn,yn)〉 ≥ (1−µ
τn

τn+1
)‖xn− yn‖2,

which implies that

‖xn− yn‖2 ≤ 1
(1−µ

τn
τn+1

)
ηn‖d(xn,yn)‖2

=
1

(1−µ
τn

τn+1
)
‖αηnd(xn,yn)‖2 · 1

α2 ·
1

ηn

=
1

(1−µ
τn

τn+1
)
‖zn− xn‖2 · 1

α2 ·
1

ηn
.

(3.16)

From (3.15) and (3.16), we obtain

‖xn− yn‖2 ≤
1+µ

τn
τn+1

[(1−µ
τn

τn+1
)α]2

· ‖zn− xn‖2. (3.17)

In view of (3.12) and (3.17), we conclude
lim
n→∞
‖xn− yn‖= 0. (3.18)

From (3.12) and (3.18), we also have limn→∞ ‖zn− yn‖ = 0. The definition of xn+1 and (3.12)
yield that

lim
n→∞
‖xn+1− xn‖= lim

n→∞
‖αn(xn− xn)+(1−αn)(zn− xn)‖

≤ lim
n→∞

(1−αn)‖zn− xn‖

= 0.

Further, from (3.14) and (3.18), we see that
lim
n→∞
‖d(xn,yn)‖= 0. (3.19)

Since ‖yn−x∗‖ ≤ ‖xn−yn‖+‖xn−x∗‖ and limn→∞ ‖xn−yn‖= 0, limn→∞ ‖xn−x∗‖ exists, we
conclude that {yn} is a bounded sequence. Further, from (3.5) and (3.19), we have

lim
n→∞

τn‖(I− JB2
β
)Ayn‖ ≤ lim

n→∞
〈yn− x∗,d(xn,yn)〉

≤ lim
n→∞

(‖yn− x∗‖ · ‖d(xn,yn)‖)

≤ 0.

(3.20)

Since limn→∞ ‖xn−yn‖= 0, τn ≥ 0, and A is a bounded linear operator, we conclude (3.20) that

lim
n→∞
‖Axn− JB2

β
Ayn‖ ≤ lim

n→∞
(‖Axn−Ayn‖+‖Ayn− JB2

β
Ayn‖)

≤ lim
n→∞

(‖A‖ · ‖xn− yn‖+‖Ayn− JB2
β

Ayn‖)

≤ 0.
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Since limn→∞ ‖xn− yn‖= 0, we obtain from (3.20) that

lim
n→∞
‖(I− JB2

β
)Axn‖= 0. (3.21)

By the definition of yn, and the fact that JB1
β

is a firmly nonexpansive mapping, we have

lim
n→∞
‖yn− JB1

β
xn‖= lim

n→∞
‖JB1

β
(xn− τnA∗(I− JB2

β
)Axn)− JB1

β
xn‖

≤ τn‖A∗‖ · lim
n→∞
‖(I− JB2

β
)Axn‖= 0.

(3.22)

Observe that limn→∞ ‖xn− yn‖= 0. It follows from (3.22) that

lim
n→∞
‖xn− JB1

β
xn‖= 0. (3.23)

Step 5. Prove that the xn ⇀ x̄ ∈Ω.
Assume that there exists a subsequence {xn j} of {xn}, which converges weakly to x̄. Thanks

to the fact that A is bounded linear oprerator, we have Axn j ⇀ Ax̄. From Lemma 2.3 and (3.23),
we have x̄ ∈ Fix(JB1

β
). Lemma 2.3 and (3.21) yield that Ax̄ ∈ Fix(JB2

β
). This implies that x̄ ∈Ω.

Since x̄∈Ω, we have that limn→∞ ‖xn− x̄‖ exists. Suppose that there exists another subsequence
{xnk} of {xn} such that xnk ⇀ ȳ and x̄ 6= ȳ. From Lemma 2.3, (3.21), and (3.23), we have ȳ ∈Ω.
It follows from Lemma 2.7 that

lim
n→∞
‖xn− x̄‖= lim

j→∞
‖xn j − x̄‖

< lim
j→∞
‖xn j − ȳ‖= lim

k→∞
‖xnk− ȳ‖

< lim
k→∞
‖xnk− x̄‖= lim

n→∞
‖xn− x̄‖.

This creates a contradiction, which implies that xn ⇀ x̄. This completes the proof. �

4. APPLICATIONS

4.1. The application to the split minimization problem. In this subsection, we will apply
our convergence result to the following split minimization problem (In short, SMP), that is, find
a point x∗ ∈ H1 such that

f (x∗) ∈ arg min
x∈H1

f (x), and g(Ax∗) ∈ arg min
z∈H2

g(z).

where f : H1 → R ∪ {+∞} and g : H2 → R ∪ {+∞} are proper, convex, and lower semi-
continuous functions, and A : H1 → H2 is a bounded linear operator. The proximal operator
of f is defined by

proxβ , f (x) := argmin
y∈H
{ f (y)+

1
2β
‖y− x‖2}, ∀x ∈ H.

The sub-differential ∂ f of f at x is defined by

∂ f (x) := {x∗ ∈ H : f (x)+ 〈y− x,x∗〉 ≤ f (y), ∀y ∈ H}.

It is known that
proxβ , f (x) = (I−β∂ f )−1(x) = J∂ f

β
(x).

Because f is proper, convex, and lower semi-continuous, we have that ∂ f is set-valued maximal
monotone and proxβ , f is firmly non-expansive.
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In Algorithm 3.1, letting JB1
β

= proxβ , f , and JB2
β

= proxβ ,g, we have the following subresult
immediately.

Theorem 4.1. Let H1 and H2 be two real Hilbert space. Let f , g and A be the operators defined
in 3.3. Let β > 0, µ ∈ (0,1), α ∈ (1,2), and αn ∈ (0,1) satisfy limn→∞ αn = 0 and ∑

∞
n=0 αn = ∞.

Then the sequence {xn} generated by Algorithm 3.1 converges weakly to a solution of the SMP.

4.2. The application to the split feasibility problem. The SFP was firstly introduced by Cen-
sor and Elfving [22], which is to find a point

x∗ ∈C, such that Ax∗ ∈ Q,

where C and Q are closed and convex subsets of real Hilbert spaces H1 and H2, respectively,
and A : H1→ H2 is a bounded linear operator with its adjoint operator A∗.

Let C be a nonempty, closed and convex subsets of a real Hilbert spaces H, and let iC be the
indicator function of C, that is,

iC =

{
0, if x ∈C;
∞, if x /∈C.

Further, the normal cone NC of C at x ∈C is defined as

NCx = {z ∈ H : 〈z,y− x〉 ≤ 0, ∀y ∈C}.

It is known that iC is a proper, lower semicontinuous, and convex function on H, the subdiffer-
ential ∂ (iC) of iC is a maximal monotone operator, and the fact that ∂ (iC)x = Ncx holds for each
x ∈C. Then, the resolvent J∂ (iC)

β
of ∂ (iC), for each β > 0, is defined as

J∂ (iC)
β

x = (I +β∂ (iC))−1x, f or all x ∈ H.

Therefore, for each β > 0, we have

x∗ = J∂ (iC)
β

x⇐⇒ x ∈ x∗+β∂ (iC)x∗⇐⇒ x− x∗ ∈ β∂ (iC)x∗

⇐⇒ 〈x− x∗,y− x∗〉 ≤ 0, ∀y ∈C

⇐⇒ x∗ = PCx,

where PC is the metric projection in H onto C.
In Algorithm 3.1, letting JB1

β
= PC, and JB2

β
= PQ, we have the following subresult immedi-

ately.

Theorem 4.2. Let H1 and H2 be two real Hilbert space, and let C and Q be two nonempty,
closed and convex subsets of real Hilbert spaces H1 and H2, respectively. Let A : H1→ H2 be a
bounded linear operator. Let β > 0, µ ∈ (0,1), α ∈ (1,2), and αn ∈ (0,1) satisfy limn→∞ αn = 0
and ∑

∞
n=0 αn = ∞. Then the sequence {xn} generated by Algorithm 3.1 converges weakly to a

solution of the SFP.
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