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STRONG CONVERGENCE OF A RELAXED INERTIAL THREE-OPERATOR
SPLITTING ALGORITHM FOR THE MINIMIZATION PROBLEM OF THE SUM

OF THREE OR MORE FUNCTIONS

YANNI GUO∗, WEIXIA WANG

College of Science, Civil Aviation University of China, Tianjin 300300, China

Abstract. This paper investigates a relaxed inertial three-operator splitting algorithm for solving the
convex optimal problems of the sum of three functions in a real Hilbert space. The corresponding sum-
mable perturbation algorithm is also studied. The algorithm is then applied to the general minimization
problem of the sum of finite convex functions. Strong convergence of the algorithms are obtained. These
algorithms improve the existing results, and the feasibility of them are illustrated by two numerical ex-
amples.
Keywords. Convex minimization problem; Fixed point; Inexact algorithm; Relaxed inertial splitting
algorithm.

1. INTRODUCTION

We consider the minimization problem of the sum of one convex differentiable function and
two convex functions in a real Hilbert space H, and the following more general problem:

min
x∈H

[
K

∑
i=1

fi(x)+
N

∑
j=1

g j(x)], (1.1)

where fi,g j, i = 1,2, · · · ,K, j = 1,2, · · · ,N are proper, lower semicontinuous, and convex func-
tions, fi is differentiable Lipschitz continuous with Lipschitz constants Li for each i, K, N are
some finite positive integers. This kind of problems has wide applications in signal processing,
control, and machine learning [1, 2, 3, 4]. To solve (1.1) at K = 1 and N = 2, Raguet et al. [5]
proposed a generalized forward-backward splitting algorithm. Davis and Yin [6] proposed the
following three-operator splitting algorithm: for n = 0,1,2 · · · ,

yn = proxγg2zn,
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xn = proxγg1 [2yn− zn− γ∇ f (yn)],

zn+1 = zn +λn(xn− yn).

They proved that proxγg2zn converges weakly to a critical point of the problem. Subsequently,
Yurtsever et al. [7] proposed a stochastic three-operator splitting algorithm. Zong et al. [8] stud-
ied an inexact three-operator splitting algorithm. Zhang and Chen [9] proposed a parameterized
three-operator splitting algorithm. Cui et al. [10] studied the following inertial three-operator
splitting algorithm: for n = 1,2 · · · ,

θn = zn +ξn(zn− zn−1),

yn = proxγng2θn,

xn = proxγng1[2yn−θn− γn∇ f (yn)],

zn+1 = (1−λn)θn +λn(θn− yn + xn). (1.2)

They proved the weak convergence of algorithm (1.2) based on the inertial method, which is
also called the heavy ball method. The method was first introduced by Polyak [11] for speed-up
the classical gradient algorithm. In 1983, Nesterov [12] modified the heavy ball method and
proposed accelerated gradient algorithms. This modification makes the inertial method more
and more popular. For recent results, we refer to [13, 14, 15, 16, 17, 18] and the references
therein.

Another technique for acceleration is the relaxation method, which was introduced by Richard-
son [19] for solving linear systems. In 1992, Eckstein and Bertsekas [20] proposed a relaxed
proximal point algorithm to accelerate the standard proximal point algorithm, and pointed out
that over-relaxation may indeed speed up the convergence. For more recent results and applica-
tions, we refer to [21, 22, 23] and the references therein.

Due to the advantages of relaxation techniques and inertial effects in solving monotone in-
clusion and convex optimization problems, Alvarez [24] proposed the following relaxed and
inertial hybrid proximal point algorithm to solve the inclusion problem: find x ∈ H such that
0 ∈ A(x) by coupling this two acceleration strategies in an iteration:

xn+1 = [(1−ρn)I +ρnJλnA](xn +αn(xn− xn−1)) (1.3)

where A is a maximal monotone operator, JλnA = (I+λnA)−1 is the resolvent of A, λn > 0, and
the relaxed factor ρn ∈ (0,2). They established the weak convergence under some assumptions.
In 2008, Maingé [25] improved (1.3) by introducing the algorithm:

yn = zn +ξn(zn− zn−1),

zn+1 = (1−αn)yn +αnTn(yn)

for finding a common fixed point of a countably infinite family of nonexpansive operators {Tn}
and discussed the weak convergence of it. Very recently, Attouch and Cabot, in [26], studied
algorithm (1.3) under different parameters conditions, and in [27] specialized it in the non-
smooth convex minimization problems to obtain the convergence rates of the algorithm:

yn = xn +αn(xn− xn−1),

xn+1 = (1−ρn)yn +ρn proxλnAyn.
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Furthermore, Attouch and Cabot [28] studied the weak convergence properties of a class of
relaxed inertial forward-backward algorithms:

yn = xn +αn(xn− xn−1),

xn+1 = (1−ρn)yn +ρnJµnA(yn−µnB(yn)) (1.4)

for the resolution of the structured monotone inclusion:

find x ∈ H such that 0 ∈ Ax+Bx, (1.5)

which is a natural extension of [24]. Besides, Alves et al. [17] derived the alternating direc-
tion method of multipliers with inertia and over-relaxation for solving the convex optimization
problem minx∈Rd( f (x)+ g(x)). The authors [29, 30] addressed a relaxed inertial Tseng’s type
method for solving (1.5). Iutzeler and Hendrickx [21] proposed generic acceleration schemes
based on relaxation and inertia.

Motivated by the above results, we propose a relaxed inertial three-operator splitting algo-
rithm for solving the minimization problem of the sum of three convex functions and analyze
the strong convergence, which further improves (1.4). We also study the corresponding per-
turbation algorithm as well as the convergence property. In order to solve problem (1.1) via
the proposed algorithm, we transform (1.1) into a form in a product space to make it formally
the minimization problem of the sum of three functions. As a result, the strong convergence
follows.

The remainder of this paper is organized as follows. In Section 2, we briefly review some
definitions and lemmas. In Section 3, we propose the relaxed inertial three-operator splitting
algorithm, and prove the strong convergence. We also explore the associated summable per-
turbation algorithm. In Section 4, we generalize the relaxed inertial three-operator splitting
algorithm to solve problem (1.1). In the last section, Section 5, we present two numerical ex-
amples to illustrate the performance of the proposed algorithms.

2. PRELIMINARIES

Let H be a real Hilbert space endowed with inner product 〈·, ·〉 and induced norm ‖ · ‖. Let
Γ0(H) be the set of the proper, lower semicontinuous, and convex functions. Let {zn} be a
sequence in H, and let z be an element of H. zn→ z denotes {zn} converges strongly to z, and
zn ⇀ z denotes {zn} converges weakly to z. If a subsequence {zn j} of {zn} converges weakly to
z, we call z a weak cluster point of {zn}. The set of all weak cluster points of {zn} is denoted
by ωw({zn}).

Let T : H → H be a nonlinear operator. Denote the fixed point set of T by FixT , that is,
FixT := {z ∈ H : T z = z}.

Definition 2.1. (i) T is said to be nonexpansive if

‖T x−Ty‖ ≤ ‖x− y‖, ∀x,y ∈ H.

(ii) T is said to be firmly nonexpansive if

‖T x−Ty‖2 ≤ ‖x− y‖2−‖(I−T )x− (I−T )y‖2, ∀x,y ∈ H.

(iii) T is said to be L-Lipschitz continuous with L≥ 0 if

‖T x−Ty‖ ≤ L‖x− y‖, ∀x,y ∈ H.
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Especially, T is said to be a contractive mapping if 0≤ L < 1.
(iv) T is said to be α-averaged if

T = (1−α)I +αS

where α ∈ (0,1) and S : H→ H is a nonexpansive mapping.
(v) T is said to be v-inverse strongly monotone (v-ism) with v > 0 if

〈T x−Ty,x− y〉 ≥ v‖T x−Ty‖2, ∀x,y ∈ H.

Definition 2.2. [31] Let g ∈ Γ0(H). The proximal operator of g is defined by

proxg(x) := argmin
y∈H

{
‖y− x‖2

2
+g(y)

}
, ∀x ∈ H.

The proximal operator of g of order α > 0 is defined as the proximal operator of αg, that is,

proxαg(x) := argmin
y∈H

{
‖y− x‖2

2α
+g(y)

}
, ∀x ∈ H.

The following lemmas 2.3 and 2.4 give us the property of proximity operators.

Lemma 2.3. [32] Let g ∈ Γ0(H) and α > 0,µ > 0. Then
(i) proxαg(x) = (I +α∂g)−1(x);
(ii) proxαg(x) = proxµg(

µ

α
x+(1− µ

α
)proxαgx).

Lemma 2.4. [33] Let g ∈ Γ0(H) and α > 0. The proximity operator proxαg is nonexpansive,
that is,

‖proxαg(x)− proxαg(y)‖ ≤ ‖x− y‖, ∀x,y ∈ H.

Lemma 2.5. [34] Let T : H → H be a nonexpansive mapping with FixT 6= /0. If {xn} is a
sequence in H converging weakly to x, and if {(I− T )xn} converges strongly to y, then (I−
T )x = y.

Lemma 2.6. [35] Assume that {an} is a sequence of nonnegative real numbers satisfying

an+1 ≤ (1− λ̄n)an + λ̄nβn +Un, n≥ 0,

where {λ̄n}, {βn} and {Un} satisfy
(i) λ̄n ∈ [0,1], ∑

∞
n=0 λ̄n = ∞;

(ii) limsupn→∞ βn ≤ 0;
(iii) Un ≥ 0 (n≥ 0), ∑

∞
n=0Un < ∞.

Then limn→∞ an = 0.

Lemma 2.7. [6] Suppose that T1, T2 : H→H are firmly nonexpansive, and C : H→H is β -ism
with β > 0. Let γ ∈ (0,2β ). Then

Tγ = I−T2 +T1 ◦ (2T2− I− γC ◦T2)

is α-averaged with coefficient α = 2β

4β−γ
< 1. In particular, it holds

‖Tγz−Tγw‖2 ≤ ‖z−w‖2− 1−α

α
‖(I−Tγ)z− (I−Tγ)w‖2,∀z,w ∈ H.
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Lemma 2.8. [6] Let f ,g1,g2 ∈Γ0(H), x∈H, and γ > 0. Assume that f has Lipschitz continuous
gradient ∇ f , and the solution set of the problem:

min
x∈H

f (x)+g1(x)+g2(x) (2.1)

is nonempty. Then x is a solution of problem (2.1) if and only if there exists z ∈ H satisfying
x = proxγg2z such that z solves the fixed point equation:

z = z− proxγg2z+ proxγg1(2proxγg2− I− γ∇ f (proxγg2))z.

Denote by Tγ = I− proxγg2 + proxγg1(2proxγg2− I− γ∇ f (proxγg2)). Then

FixTγ = {x+ γa|a ∈ ∂g2(x)∩ (∇ f (x)+∂g1(x))}.

In view of [36], we have the following result.

Lemma 2.9. Let f ,g1,g2 ∈ Γ0(H). Assume that f has Lipschitz continuous gradient ∇ f
with Lipschitz constant L > 0, and 0 < γ < 2

L . Set Tγ = I− proxγg2 + proxγg1(2proxγg2 − I−
γ∇ f (proxγg2)), and k = 4−γL

2 . Then kTγ +(1− k)I is nonexpansive, that is,

‖(kTγ +(1− k)I)x− (kTγ +(1− k)I)y‖ ≤ ‖x− y‖, ∀x,y ∈ H.

3. ITERATIVE ALGORITHMS AND THEIR CONVERGENCE ANALYSIS

In this section, we present the relaxed inertial three-operator splitting algorithm (RITSA),
and discuss the strong convergence of it in subsection 3.1. Then we study the corresponding
perturbation algorithm and the convergence property in subsection 3.2. To begin with, let us
denote by S the solution set of problem (2.1) or (1.1) and always assume that S is nonempty.

3.1. Relaxed inertial three-operator splitting algorithm. The proposed algorithm is as fol-
lows.

Let z0, z−1 ∈ H be two arbitrary initials. For n = 0,1,2, · · · , the iterative sequence {zn+1} is
generated by

θn = zn +ξn(zn− zn−1),

yn = proxγng2θn,

xn = proxγng1[2yn−θn− γnD(yn)∇ f (yn)],

zn+1 = λnh(θn)+ tnθn +αn(θn− yn + xn), (3.1)

where γn > 0, {ξn}⊂ (0,1), {λn}⊂ (0,1), {tn}⊂ (−1,1), {αn}⊂ (0,2) such that λn+tn+αn =
1 for all n≥ 0, h : H→H is a ρ-contraction mapping for some ρ ∈ [0,1), and D(x) : H→H is
a linear operator for each x ∈ H satisfying

∞

∑
n=0
‖δ (yn)‖ :=

∞

∑
n=0
‖∇ f (yn)−D∇ f (yn)‖ :=

∞

∑
n=0
‖∇ f (yn)−D(yn)∇ f (yn)‖< ∞.

Theorem 3.1. Suppose that the following conditions hold:
(i) There exists γ > 0 such that ∑

∞
n=0 |γn− γ|< ∞, where 0 < γn ≤ γ := supn γn <

2
L ;

(ii) limn→∞ λn = 0, ∑
∞
n=0 λn = ∞;

(iii) ∑
∞
n=0 ξn‖zn− zn−1‖< ∞;

(iv) limn→∞
λn
αn

= 0, supn
αn

1−λn
< 4−γL

2 .
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Then the sequence {zn} generated by algorithm (3.1) converges strongly to a point z∗ ∈FixTγ ,
where Tγ = I− proxγg2 + proxγg1(2proxγg2 − I− γ∇ f (proxγg2)). Hence, x∗ = proxγg2z∗ is a
solution of problem (2.1).

Proof. The proof is split into two parts. In the first part, we verify the weak cluster points of
some subsequence of {zn} are the fixed points of Tγ , where Tγ = I− proxγg2 + proxγg1(2proxγg2−
I− γ∇ f (proxγg2)). In the second part, we prove that {zn} converges strongly to some z∗ in
Fix(Tγ). From Lemma 2.8, we have that x∗ = proxγg2z∗ is a solution of problem (2.1).

To complete the first part, it is necessary to prove that {zn} is a bounded sequence in H. To
this end, we denote by

Dn := I− proxγng2 + proxγng1(2proxγng2− I− γnD∇ f (proxγng2)),

Tn := I− proxγng2 + proxγng1(2proxγng2− I− γn∇ f (proxγng2)),

En := Dn−Tn, (3.2)

and observe that

‖Enθn‖= ‖Dnθn−Tnθn‖
= ‖θn− proxγng2θn + proxγng1(2proxγng2− I− γnD∇ f (proxγng2))θn

−θn + proxγng2θn− proxγng1(2proxγng2− I− γn∇ f (proxγng2))θn‖
= ‖proxγng1(2proxγng2− I− γnD∇ f (proxγng2))θn

− proxγng1(2proxγng2− I− γn∇ f (proxγng2))θn‖
≤ γn‖D∇ f (proxγng2θn)−∇ f (proxγng2θn)‖,

which yields

∞

∑
n=0
‖Enθn‖=

∞

∑
n=0
‖Dnθn−Tnθn‖

≤
∞

∑
n=0

γn‖D∇ f (proxγng2θn)−∇ f (proxγng2θn)‖

< ∞. (3.3)

Furthermore, we rewrite algorithm (3.1) as

zn+1 = λnh(θn)+ tnθn +αn(θn− yn + xn)

= λnh(θn)+ tnθn +αnDnθn

= λnh(zn)+(1−λn)un,

where un =
tn

1−λn
θn +

αn
1−λn

Dnθn. Letting ρn =
αn

1−λn
, we have

0 < ρn ≤ sup
n

ρn = sup
n

αn

1−λn
<

4− γL
2
≤ 4− γnL

2
< 2 (3.4)

so that un = (1−ρn)θn +ρnDnθn. Now, fix x ∈ S. Lemma 2.8 states that there exist v, vn ∈ H
satisfying vn ∈ (I + γn∂g2)x and v ∈ (I + γ∂g2)x such that vn = Tnvn, v = T v and vn− v =
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(γn− γ)a, n = 0,1,2, · · · . Utilizing Lemma 2.7, we have

‖Tnθn− vn‖2 ≤ ‖θn− vn‖2− 2− γnL
2
‖(I−Tn)θn− (I−Tn)vn‖2

= ‖θn− vn‖2− 2− γnL
2
‖θn−Tnθn‖2,

and

‖(1−ρn)θn +ρnTnθn− vn‖2

≤ (1−ρn)‖θn− vn‖2−ρn(1−ρn)‖θn−Tnθn‖2 +ρn

[
‖θn− vn‖2− 2− γnL

2
‖θn−Tnθn‖2

]
= ‖θn− vn‖2−ρn

(4− γnL
2
−ρn

)
‖θn−Tnθn‖2

≤ ‖θn− vn‖2.

Consequently,

‖zn+1− v‖
≤ λn‖h(θn)− v‖+(1−λn)‖un− v‖
≤ λn‖h(θn)−h(v)‖+λn‖h(v)− v‖+(1−λn)‖un− v‖
≤ λnρ‖θn− v‖+λn‖h(v)− v‖+(1−λn)‖(1−ρn)θn +ρnTnθn− vn‖
+(1−λn)ρn‖Dnθn−Tnθn‖+(1−λn)‖vn− v‖
≤ λnρ‖θn− v‖+λn‖h(v)− v‖+(1−λn)‖θn− vn‖
+(1−λn)ρn‖Enθn‖+(1−λn)‖vn− v‖

< (1−λn(1−ρ))‖θn− v‖+λn‖h(v)− v‖
+(1−λn)[2‖Enθn‖+2‖vn− v‖] (since 0 < ρn < 2)

≤ (1−λn(1−ρ))
[
‖θn− v‖+2‖Enθn‖+2‖vn− v‖

]
+λn‖h(v)− v‖

≤max
{
‖zn− v‖+ξn‖zn− zn−1‖+2‖Enθn‖+2|γn− γ|‖a‖, ‖h(v)− v‖

1−ρ

}
.

An induction argument shows that

‖zn+1− v‖

< max{‖z0− v‖+
n

∑
i=0

(ξi‖zi− zi−1‖+2‖Eiθi‖+2|γi− γ|‖a‖), ‖h(v)− v‖
1−ρ

‖}

≤max
{
‖z0− v‖+M1,

‖h(v)− v‖
1−ρ

}
,

where M1 = ∑
+∞

i=0(ξi‖zi− zi−1‖+ 2‖Eiθi‖+ 2|γi− γ|‖a‖) < ∞. This is due to (3.3) and the
conditions (i) and (iii) of Theorem 3.1. Hence, {zn} is a bounded sequence. In addition, {θn},
{h(zn)}, and {proxγg2zn} are also bounded sequences since θn = zn + ξn(zn− zn−1), {ξn} ⊂
(0,1), h is a ρ-contraction, and proxγg2 is a nonexpansive operator.
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Next, we employ Lemma 2.5 to prove that there exists a subsequence {zn j} ⊂ {zn} such that
ωw({zn j})⊂ FixTγ . To this end, let us prove lim j→∞ ‖Tn jθn j −θn j‖= 0. We need to estimate

‖zn+1− v‖2 = ‖λn(h(θn)−h(v))+(1−λn)(un− v)+λn(h(v)− v)‖2

≤ ‖λn(h(θn)−h(v))+(1−λn)(un− v)‖2 +2λn〈zn+1− v,h(v)− v〉

= λn‖h(θn)−h(v)‖2 +(1−λn)‖un− v‖2

−λn(1−λn)‖h(θn)−h(v)− (un− v)‖2 +2λn〈zn+1− v,h(v)− v〉

≤ λnρ
2‖θn− v‖2 +(1−λn)‖un− v‖2 +2λn〈zn+1− v,h(v)− v〉.

Observe that

‖un− v‖2

= ‖θn− v+ρn(Tnθn−θn)+ρnEnθn‖2

≤ ‖θn− v+ρn(Tnθn−θn)‖2 +ρ
2
n‖Enθn‖2 +2ρn‖Enθn‖‖θn− v+ρn(Tnθn−θn)‖

≤ ‖θn− v‖2 +ρ
2
n‖Tnθn−θn‖2−2ρn〈θn− v,θn−Tnθn〉+M2‖Enθn‖

= (1−ρn)‖θn− v‖2−ρn(1−ρn)‖Tnθn−θn‖2 +ρn‖Tnθn− v‖2 +M2‖Enθn‖,

where M2 = supn
(
ρ2

n‖Enθn‖+2ρn‖θn− v+ρn(Tnθn−θn)‖
)
, and

‖Tnθn− v‖2

≤ ‖Tnθn−Tnvn‖2 +‖vn− v‖2 +2‖θn− vn‖‖vn− v‖

≤ ‖θn− vn‖2− 2− γnL
2
‖Tnθn−θn‖2 +‖vn− v‖2 +2

(
‖θn− v‖)+‖vn− v‖

)
‖vn− v‖

≤ ‖θn− v‖2 +2‖θn− v‖‖vn− v‖− 2− γnL
2
‖Tnθn−θn‖2 +4‖vn− v‖2 +2‖θn− v‖‖vn− v‖

= ‖θn− v‖2− 2− γnL
2
‖Tnθn−θn‖2 +4‖vn− v‖2 +4‖θn− v‖‖vn− v‖.

It follows that

‖un− v‖2 ≤ (1−ρn)‖θn− v‖2−ρn(1−ρn)‖Tnθn−θn‖2 +ρn‖Tnθn− v‖2 +M2‖Enθn‖

≤ (1−ρn)‖θn− v‖2−ρn(1−ρn)‖Tnθn−θn‖2 +M2‖Enθn‖

+ρn

[
‖θn− v‖2− 2− γnL

2
‖Tnθn−θn‖2 +4‖vn− v‖2 +4‖θn− v‖‖vn− v‖

]
= ‖θn− v‖2−ρn

(
4− γnL

2
−ρn

)
‖Tnθn−θn‖2 +M2‖Enθn‖

+4ρn‖vn− v‖
[
‖θn− v‖+‖vn− v‖

]
.
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Consequently,

‖zn+1− v‖2

≤ λnρ
2‖θn− v‖2 +(1−λn)‖un− v‖2 +2λn〈zn+1− v,h(v)− v〉

≤ λnρ
2‖θn− v‖2 +(1−λn)

{
‖θn− v‖2−ρn

(
4− γnL

2
−ρn

)
‖Tnθn−θn‖2 +M2‖Enθn‖

+4ρn‖vn− v‖
[
‖θn− v‖+‖vn− v‖

]}
+2λn〈zn+1− v,h(v)− v〉

≤ (1−λn(1−ρ
2))‖θn− v‖2 +2λn〈zn+1− v,h(v)− v〉−αn

(
4− γnL

2
−ρn

)
‖Tnθn−θn‖2

+(1−λn)
[
M2‖Enθn‖+4ρn‖vn− v‖(‖θn− v‖+‖vn− v‖)

]
≤ (1−λn(1−ρ

2))‖zn− v‖2−αn

(
4− γnL

2
−ρn

)
‖Tnθn−θn‖2

+2λn〈zn+1− v,h(v)− v〉+(1−λn)
[
M2‖Enθn‖+4ρn‖vn− v‖(‖θn− v‖+‖vn− v‖)

]
+(1−λn(1−ρ

2))[ξ 2
n ‖zn− zn−1‖2 +2ξn‖zn− zn−1‖‖zn− v‖]. (3.5)

Take

βn =
2〈zn+1− v,h(v)− v〉

1−ρ2 − αn

λn(1−ρ2)

(
4− γnL

2
−ρn

)
‖Tnθn−θn‖2. (3.6)

Then {βn} is a sequence with an upper bound. So there exists {βn j}, a subsequence of {βn},
such that

+∞ > limsup
n→∞

βn

= lim
j→∞

βn j

= lim
j→∞

[ 2
1−ρ2 〈zn j+1− v,h(v)− v〉−

αn j

λn j(1−ρ2)

(4− γn jL
2

−ρn j

)
‖Tn jθn j −θn j‖

2
]

=
1

1−ρ2

(
lim
j→∞

2〈zn j+1− v,h(v)− v〉− lim
j→∞

αn j

λn j

(4− γn jL
2

−ρn j

)
‖Tn jθn j −θn j‖

2
)
.

(3.7)

Here, without loss of generality, we assume that lim j→∞〈zn j+1−v,h(v)−v〉 exists since 〈zn+1−
v,h(v)− v〉 is a bounded sequence. Then the second term in the parentheses of (3.7) implies

lim
j→∞
‖Tn jθn j −θn j‖= 0

owing to (3.4) and that lim j→∞

αn j
λn j

= ∞. To verify lim j→∞ ‖Tγzn j − zn j‖= 0, we set

Sn j := 2proxγn j g2− I− γn j∇ f (proxγn j g2),S := 2proxγg2− I− γ∇ f (proxγg2),
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and observe

‖Tγzn j − zn j‖
≤ ‖Tγzn j −Tγθn j‖+‖Tγθn j −θn j‖+‖θn j − zn j‖
≤ 2‖θn j − zn j‖+‖Tγθn j −Tn jθn j +Tn jθn j −θn j‖
≤ 2ξn j‖zn j − zn j−1‖+‖Tγθn j −Tn jθn j‖+‖Tn jθn j −θn j‖. (3.8)

By using Lemma 2.3 (ii) and Lemma 2.4, we conclude that

‖Tn jθn j −Tγθn j‖
= ‖θn j − proxγn j g2θn j + proxγn j g1Sn jθn j −θn j + proxγg2θn j − proxγg1Sθn j‖
≤ ‖proxγg2θn j − proxγn j g2θn j‖+‖proxγg1Sθn j − proxγn j g1Sn jθn j‖

= ‖proxγn j g2(
γn j

γ
θn j +(1−

γn j

γ
)proxγg2θn j)− proxγn j g2θn j‖

+‖proxγn j g1(
γn j

γ
Sθn j +(1−

γn j

γ
)proxγg1Sθn j)− proxγn j g1Sn jθn j‖

≤ ‖(1−
γn j

γ
)(proxγg2θn j −θn j)‖+‖

γn j

γ
Sθn j +(1−

γn j

γ
)proxγg1Sθn j −Sn jθn j‖

= ‖(1−
γn j

γ
)(proxγg2θn j −θn j)‖

+‖
γn j

γ
Sθn j −

γn j

γ
Sn jθn j +

γn j

γ
Sn jθn j −Sn jθn j +(1−

γn j

γ
)proxγg1Sθn j‖

≤
∣∣∣1− γn j

γ

∣∣∣(‖proxγg2θn j −θn j‖+‖proxγg1Sθn j −Sn jθn j‖
)
+

γn j

γ
‖Sθn j −Sn jθn j‖. (3.9)

A similar calculation gives

‖Sθn j −Sn jθn j‖

≤
∣∣∣1− γn j

γ

∣∣∣(2+ γn jL)‖proxγg2θn j −θn j‖+
∣∣γ− γn j

∣∣‖∇ f (proxγg2)θn j‖. (3.10)

Substituting (3.9), (3.10) into (3.8) and noticing that limn→∞ γn = γ , {‖proxγg2θn j − θn j‖},
{‖proxγg1Sθn j −Sn jθn j‖}, and {‖∇ f (proxγg2)θn j‖} are bounded sequences, we deduce

lim
j→∞
‖Tγzn j − zn j‖= 0. (3.11)

On the other hand, the boundedness of {zn} implies its subsequence {zn j} is bounded. So
there is a weak convergent subsequence of {zn j}. Without loss of generality, we use {zn j} to
represent any of its weak convergent subsequences, and assume that {zn j} converges weakly
to some point z∗ as j→ ∞. The nonexpansiveness of Tγ together with (3.11) guarantees that
z∗ ∈ Fix(Tγ), that is, ωw({zn j})⊂ FixTγ .
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We now show that {zn} converges strongly to z∗ ∈ FixTγ to complete the second part. In view
of (3.5) and (3.6),

‖zn+1− z∗‖2 ≤ (1−λn(1−ρ
2))‖zn− v‖2 +λn(1−ρ

2)βn

+(1−λn)
[
M2‖Enθn‖+4ρn‖vn− v‖(‖θn− v‖+‖vn− v‖)

]
+(1−λn(1−ρ

2))[ξ 2
n ‖zn− zn−1‖2 +2ξn‖zn− zn−1‖‖zn− v‖].

Take

λ̄n = λn(1−ρ
2) ∈ [0,1],

Un = (1−λn)
[
M2‖Enθn‖+4ρn‖vn− v‖(‖θn− v‖+‖vn− v‖)

]
+(1−λn(1−ρ

2))[ξ 2
n ‖zn− zn−1‖2 +2ξn‖zn− zn−1‖‖zn− v‖]≥ 0.

We verify that {λ̄n}, {βn}, and {Un} meet the conditions of Lemma 2.6. Obviously, ∑
∞
n=0 λ̄n =

∞, ∑
∞
n=0Un < ∞. To explain limsupn→∞ βn ≤ 0, let us certify zn j+1 ⇀ z∗ as j→∞. In fact, from

zn j ⇀ z∗ ( j→ ∞) and

‖zn j+1− zn j‖
= ‖λn jh(θn j)+ tn jθn j +αn jDn jθn j − zn j‖
= ‖λn j(h(θn j)− zn j)+ tn j(θn j − zn j)+αn j(En jθn j +Tn jθn j − zn j)‖
≤ λn j‖h(θn j)− zn j‖+‖θn j − zn j‖+αn j

[
‖En jθn j‖+‖Tn jθn j −θn j‖+‖θn j − zn j‖

]
≤ λn j [‖h(θn j)‖+‖zn j‖]+ (1+αn j)ξn j‖zn j − zn j−1‖+αn j

[
‖En jθn j‖+‖Tn jθn j −θn j‖

]
→ 0, as j→ ∞,

it is easy to see that zn j+1 ⇀ z∗ as j→ ∞. Hence, by choosing v = z∗ in (3.7), we have

limsup
n→∞

βn = lim
j→∞

βn j

=
1

1−ρ2

(
lim
j→∞

2〈zn j+1− z∗,h(z∗)− z∗〉− lim
j→∞

αn j

λn j

(4− γn jL
2

−ρn j

)
‖Tn jθn j −θn j‖

2
)

≤ 1
1−ρ2 lim

j→∞
2〈zn j+1− z∗,h(z∗)− z∗〉= 0.

From Lemma 2.6, we have limn→∞ ‖zn− z∗‖ = 0. That is, {zn} converges strongly to z∗ ∈
FixTγ . In addition, Lemma 2.8 shows that x∗ = proxγg2z∗ solves problem (2.1). �

3.2. Perturbation Algorithm. In this subsection, we discuss an inexact version of (3.1) with
summable perturbations, and prove the strong convergence under the same conditions as in
Theorem 3.1. The sequence {z̃n} is generated by the following iteration.

Let z̃0, z̃−1 ∈ H be two arbitrary initials. For n = 0,1,2, · · · , define {z̃n+1} by

θ̃n = z̃n +ξn(z̃n− z̃n−1),

ỹn = proxγng2(θ̃n + en),

x̃n = proxγng1[2ỹn− (θ̃n + en)− γnD(ỹn)∇ f (ỹn)],

z̃n+1 = λnh(θ̃n + en)+ tn(θ̃n + en)+αn(θ̃n + en− ỹn + x̃n), (3.12)
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where h,D, and the parameters are defined as in (3.1). The perturbation terms en (n= 0,1,2, · · ·)
satisfy ∑

∞
n=0 ‖en‖< ∞.

Algorithm (3.12) is the general form of the bounded perturbation algorithm introduced in
[37], which can be used to construct its superiorization version that has been found wide appli-
cations in practical problems, such as computed tomography, medical image recovery, convex
feasibility problems, inverse problems of radiation therapy and so on. The convergence result
of {z̃n} generated by (3.12) is as follows.

Theorem 3.2. Assume that the conditions in Theorem 3.1 are satisfied. Then the sequence {z̃n}
generated by algorithm (3.12) converges strongly to a point z∗ ∈ FixTγ , and x∗ = proxγg2z∗

solves problem (2.1).

Proof. Let Dn and Tn be defined as (3.2). Put

ẽn = λn

(
h(θ̃n + en)−h(θ̃n)

)
+ tnen +αn

(
Dn(θ̃n + en)−Dnθ̃n

)
.

We write (3.12) in the following form:

z̃n+1 = λnh(θ̃n + en)+ tn(θ̃n + en)+αn(θ̃n + en− ỹn + x̃n),

= λnh(θ̃n + en)+ tn(θ̃n + en)+αnDn(θ̃n + en)

= λnh(θ̃n)+ tnθ̃n +αnDnθ̃n + ẽn.

In order to estimate ‖ẽn‖, we put ρn = αn
1−λn

(see (3.4) ), kn = 4−γnL
2 , and write nonexpansive

operator knTn +(1− kn)I = Rn (see Lemma 2.9). Then 0 < ρn
kn

< 1, and

ρn[Tn(θ̃n + en)−Tnθ̃n]+ (1−ρn)en =
ρn

kn
[Rn(θ̃n + en)−Rnθ̃n]+ (1− ρn

kn
)en.

Consequently,

‖ẽn‖ ≤ λn‖h(θ̃n + en)−h(θ̃n)‖+‖tnen +αn

(
Dn(θ̃n + en)−Tn(θ̃n + en)

+Tn(θ̃n + en)−Tnθ̃n +Tnθ̃n−Dnθ̃n

)
‖

≤ λnρ‖en‖+(1−λn)‖(1−ρn)en +ρn(Tn(θ̃n + en)−Tnθ̃n)‖
+αn‖Dn(θ̃n + en)−Tn(θ̃n + en)‖+αn‖Tnθ̃n−Dnθ̃n‖

≤ λnρ‖en‖+(1−λn)

∥∥∥∥ρn

kn
[Rn(θ̃n + en)−Rnθ̃n]+ (1− ρn

kn
)en

∥∥∥∥
+αn‖δ (ỹn)‖+αn‖δ (proxγng2 θ̃n)‖

≤ λnρ‖en‖+(1−λn)
ρn

kn
‖Rn(θ̃n + en)−Rnθ̃n‖+(1− ρn

kn
)‖en‖

+αn‖δ (ỹn)‖+αn‖δ (proxγng2 θ̃n)‖

≤ λnρ‖en‖+(1−λn)

[
ρn

kn
‖en‖+(1− ρn

kn
)‖en‖

]
+αn

(
‖δ (ỹn)‖+‖δ (proxγng2 θ̃n)‖

)
= (1−λn(1−ρ))‖en‖+αn

(
‖δ (ỹn)‖+‖δ (proxγng2 θ̃n)‖

)
,
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which implies ∑
∞
n=0 ‖ẽn‖< ∞.

Now, let {zn} be generated by algorithm (3.1). Then {zn} converges strongly to some fixed
point z∗ of Tγ by Theorem 3.1. By using

‖z̃n+1− zn+1‖
≤ λn‖h(θ̃n)−h(θn)‖+‖tn(θ̃n−θn)+αn(Dnθ̃n−Dnθn)‖+‖ẽn‖
≤ λnρ‖θ̃n−θn‖+‖tn(θ̃n−θn)+αn(Dnθ̃n−Tnθ̃n +Tnθ̃n−Tnθn +Tnθn−Dnθn)‖+‖ẽn‖
≤ λnρ‖θ̃n−θn‖+‖ẽn‖+(1−λn)‖(1−ρn)(θ̃n−θn)+ρn(Tnθ̃n−Tnθn)‖
+αn‖Dnθ̃n−Tnθ̃n‖+αn‖Tnθn−Dnθn‖

= λnρ‖θ̃n−θn‖+‖ẽn‖+(1−λn)‖(1−
ρn

kn
)(θ̃n−θn)+

ρn

kn
(Rnθ̃n−Rnθn)‖

+αn‖δ (ỹn)‖+αn‖δ (yn)‖
≤ (1−λn(1−ρ))‖θ̃n−θn‖+αn‖δ (ỹn)‖+αn‖δ (yn)‖+‖ẽn‖
≤ (1−λn(1−ρ))‖z̃n− zn‖+ξn(‖z̃n− z̃n−1‖+‖zn− zn−1‖)+αn(‖δ (ỹn)‖+‖δ (yn)‖)+‖ẽn‖

and taking λ̄n = λn(1−ρ), βn = 0 and

Un = ξn(‖z̃n− z̃n−1‖+‖zn− zn−1‖)+αn(‖δ (ỹn)‖+‖δ (yn)‖)+‖ẽn‖

in Lemma 2.6, we obtain
lim
n→∞
‖z̃n+1− zn+1‖= 0,

which guarantees that {z̃n} converges strongly to z∗. �

4. THE GENERALIZED THREE-OPERATOR SPLITTING ALGORITHM

In this section, we consider problem (1.1):

min
x∈H

K

∑
i=1

fi(x)+
N

∑
j=1

g j(x),

which can be converted into the form:

min
xi∈H

N

∑
i=1

[ fi(xi)+gi(xi)]

subject to x1 = x2 = · · ·= xN , (4.1)

where fi(x) is a function in Γ0(H) with Li-Lipschitz continuous gradient ∇ fi, gi(x) is a function
in Γ0(H) that may not be differentiable for each i = 1,2, · · · ,N, and N is an arbitrary positive
integer.

In order to apply algorithm (3.1) to problem (4.1), we further turn (4.1) into a problem
in the product space HN = H ×H × ·· · ×H. HN becomes a Hilbert space with inner prod-
uct 〈x,y〉HN = ∑

N
i=1〈xi,yi〉, ∀x = (x1,x2, · · · ,xN),y = (y1,y2, · · · ,yN) ∈ HN , and induced norm

‖x‖HN = (∑N
i=1 ‖xi‖2)

1
2 . Set

F(x) :=
N

∑
i=1

fi(xi), G(x) :=
N

∑
i=1

gi(xi), ∀x ∈ HN .
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Denote by C = {x = (x1, · · · ,xN) ∈ HN |x1 = x2 = · · ·= xN}. We transform (4.1) into

min
x∈HN

[F(x)+G(x)+χC(x)], (4.2)

where

χC(x) =
{

0, x ∈ C,
+∞, otherwise

is the indicator function of set C.
Assume that the solution set S of problem (4.2) is nonempty. We have the generalized three-

operator splitting algorithm from algorithm (3.1):
Let z0 = {z1,0,z2,0, · · · ,zN,0} and z−1 = {z1,−1,z2,−1, · · · ,zN,−1} ∈ HN be two arbitrary ini-

tials. Define {zn} by

θn = zn +ξn(zn− zn−1),

yn = proxγnχC(θn),

xn = proxγnG[(I− γnD∇F)yn +yn−θn],

zn+1 = λnh(θn)+ tnθn +αn(θn−yn +xn). (4.3)

The corresponding component form is

θi,n = zi,n +ξn(zi,n− zi,n−1),

yn =
1
N

N

∑
i=1

θi,n,

xi,n = proxγngi[(I− γnDi∇ fi)yn + yn−θi,n],

zi,n+1 = λnhi(θi,n)+ tnθi,n +αn(xi,n− yn +θi,n). (4.4)

Here

θn = (θi,n)
N
i=1, yn = (yi,n)

N
i=1, xn = (xi,n)

N
i=1,

proxγχC(y) = PC(y) = j(
1
N

N

∑
i=1

yi),

proxγG(y) =
(

proxγg1y1, proxγg2y2, · · · , proxγgN yN
)
,

∇F(y) = (∇ f1(y1),∇ f2(y2), · · · ,∇ fN(yN)), ∀y = (y1,y2, · · · ,yN) ∈ HN .

D(x) : HN → HN defined by D(x)y = (D1(x1)y1,D2(x2)y2, · · · ,DN(xN)yN) satisfies
N

∑
i=1

∞

∑
n=0
‖∇ fi(yi,n)−Di(yi,n)∇ fi(yi,n)‖< ∞,

h(x) = (h1(x1), · · · ,hN(xN)) is a ρ-contraction mapping for ρ = max{ρ1, · · · ,ρN} ∈ [0,1),
where ρi is the corresponding contraction constant for contraction mapping hi, i = 1,2, · · · ,N,
j : H → HN is defined by j(x) = (x,x, · · · ,x), and {λn} ⊂ (0,1), {tn} ⊂ (−1,1), and {αn} ⊂
(0,2) such that λn + tn +αn = 1 for all n≥ 0.

Corollary 4.1. Suppose the following conditions hold:
(i) There exists some positive number γ such that ∑

∞
n=0 |γn− γ| < ∞, where 0 < γn ≤ γ :=

supγn <
2
L ;
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(ii) limn→∞ λn = 0 and ∑
∞
n=0 λn = ∞;

(iii) ∑
∞
n=0 ξn‖zn− zn−1‖HN < ∞;

(iv) limn→∞
λn
αn

= 0, supn
αn

1−λn
< 4−γL

2 .
Then the sequence {zn} generated by (4.3) converges strongly to a point z∗ ∈ FixTγ , where
Tγ = I−PC + proxγG(2PC− I− γ∇F(PC)). In addition, x∗ = 1

N ∑
N
i=1 z∗i solves problem (1.1).

Similar to the proof of Theorem 3.1, we can obtain the strong convergence of the sequence
{zn} generated by (4.3). We omit the proof here.

5. NUMERICAL EXPERIMENTS

In this section, two numerical examples are presented to illustrate the validity of the proposed
algorithms. Example 1 is a special case of problem (2.1), which can be solved by algorithms
(1.2), (3.1), and (3.12), respectively. We compare the performances of these three algorithms in
this example. Example 2 is the case of the general problem (1.1) to show the performance of
algorithm (4.3).

Example 1. Let A =

(
1 1
2 2

)
, b =

(
1
2

)
, and ϕ(x) = − ln(x1x2) for x1x2 > 0, ϕ(x) = +∞

otherwise, where x = (x1,x2)
T ∈ R2.

We consider the following convex minimization problem:

min
x∈R2

1
2
‖Ax−b‖2 +‖x‖1 +ϕ(x). (5.1)

(5.1) is a case of the minimization problem (2.1) with f (x) = 1
2‖Ax− b‖2, g1(x) = ‖x‖1, and

g2(x) = ϕ(x). The gradient ∇ f = AT (Ax−b) satisfies

‖∇ f (x)−∇ f (y)‖ ≤ ‖AT A‖ · ‖x− y‖, ∀x,y ∈ R2.

To show the validity of algorithms (3.1) and (3.12), and compare the performances of them
with (1.2), we calculate the critical point of this problem:

x∗ = (x1,x2)
T = (

2+
√

14
10

,
2+
√

14
10

)T .

Choose λn =
1

10(n+1) , αn =
9n

10(n+1) , γn =
1.99n

L(n+1) , and

ξn =

{
1

n2‖xn−xn−1‖
, ‖xn− xn−1‖ 6= 0,

0, otherwise,

the contraction operator h(xn) = 0.1xn, and the scaled operator D(xn) = diag{1+ 1
n2}. Take the

perturbation terms en = ln× vn in algorithm (3.12), where vn = [ n
n+1 ,

n
n+1 ]

T and ln = 0.9n. Give
the stopping criterion ‖xn−x∗‖< ε and denote the number of iterations by “Iter”, the minimum
value of f (x)+g1(x)+g2(x) by “Obj”. We have Table 1 and Figure 1.



16 Y. GUO, W. WANG

Table 1: Results for Example 1

Methods
‖xn− x∗‖< 10−6

Iter Time(s) xn Obj

Algorithm 1.2 1244 0.010317 [0.574165,0.574165]T 2.313011
Algorithm 3.1 378 0.003434 [0.574166,0.574166]T 2.313011
Algorithm 3.12 305 0.003065 [0.574166,0.574166]T 2.313011
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Algorithm1.2
Algorithm3.1

Algorithm3.12

Figure 1: The numerical results of Algorithms (1.2), (3.1), and (3.12).

From the numerical results of Table 1 and Figure 1, we can see that the inertial algorithm (3.1)
and the corresponding inertial bounded perturbation algorithm (3.12) improve the performance
of algorithm (1.2) in running time and iteration steps under the same algorithm parameters.
Especially, the bounded perturbation algorithm (3.12) achieves the same effect in less time and
fewer iterative steps, which may indicate that the proposed algorithm in this paper provides a
new choice when applying the superiorization method.

Example 2. Let A be a non-zero M× J real matrix, b a non-zero M× 1 real matrix, C = {x ∈
RJ|‖x‖ ≤ 1}, and

ϕ(x) =
{

− ln(x1x2 · · ·xJ), x1x2 · · ·xJ > 0,
+∞, otherwise,

x = (x1,x2, · · · ,xJ)
T . We solve the minimization problem defined on the unit ball:

min
x∈C

1
2
‖Ax−b‖2 +‖x‖1 +ϕ(x),

which can be converted into a minimization problem of the sum of four convex functions:

min
x∈RJ

1
2
‖Ax−b‖2 +‖x‖1 +ϕ(x)+χC(x).
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This is a scenario of (1.1) with K = 1, N = 3, f (x) = 1
2‖Ax−b‖2, g1(x) = ‖x‖1, g2(x) = ϕ(x),

and g3(x) = χC(x). It is easy to see that proxγχC(x) = PC(x),∀x ∈ RJ .
Choose λn =

1
10(n+1) ,

ξn =

{
1

n2‖xn−xn−1‖
, ‖xn− xn−1‖ 6= 0,

0, otherwise,

the contraction operator h(xn) = 0.1xn, and the scaled operator D(x) = I in algorithm (4.4). We
investigate the performances of (4.4) under the varying values of algorithm coefficients αn and
γn and obtain Figure 2 and Figure 3.
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Figure 2: Numerical results of (4.4) for 25×
25 matrix A
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Figure 3: Numerical results of (4.4) for 256×
256 matrix A

The numerical results in Figure 2 and Figure 3 show that algorithm (4.4) has similar perfor-
mance under the stopping criterion ‖xn− xn−1‖ ≤ 10−6 when γn approaches to 2/L, and the
values of αn are not near 1. Algorithm (4.4) has best performance when the relaxation param-
eters αn approach to 1.1 whatever the proximal parameters γn approach to 2/L or 1/L, which
shows that the over-relaxation parameters can indeed reduce the iteration steps of the algorithm.
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