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Abstract. In this paper, we consider a class of robust nondifferentiable minimax fractional programming problems
containing support functions in both the objective functions and in the constraints. Using the robust subdiffer-
entiable constraint qualification, we obtain necessary and sufficient optimality conditions for the robust convex-
concave nondifferentiable minimax fractional problem. We introduce two types of robust dual problems, robust
Wolfe dual and robust Mond-Weir dual. Moreover, we discuss the scenario uncertainty of a quadratic minimax
fractional programming.
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1. INTRODUCTION

In decision science, the optimization problems where both the minimization and the maxi-
mization processes are performed in the objectives are called minimax fractional programming
problems. This type of problems has numerous applications in game theory [1], economics
[2, 3], minimum risk problems [4], multiobjective programming [5], etc. Several researchers
have investigated the optimality conditions/duality results for the generalized minimax frac-
tional problems. Antczak [6] obtained the optimality conditions for a class of generalized min-
imax problems under invexity assumptions. Under generalized convexity assumptions, Ahmad
and Husain [7] derived optimality conditions and the duality in nondifferentiable minimax frac-
tional programming. Later, the second order duality for a nondifferentiable minimax fractional
problem was discussed in Gupta, Dangar and Ahamd [8] under type I- functions. Fore more
details, the readers are referred to [9, 10].

In several real world problems, the data involved in the optimization problems seem to be un-
certain due to lack of information or error in measurement or estimation. To deal with such type
∗Corresponding author.

E-mail addresses: idmath26@gmail.com (I.P. Debnath), qinxl@yuntech.edu.tw (X. Qin).
Received October 16, 2020; Accepted January 2, 2021.

c©2021 Journal of Nonlinear Functional Analysis

1



2 I.P. DEBNATH, X. QIN

of situations, the robust optimization approach emerged as an efficient deterministic tool for
studying optimization problems involving uncertainty in the data. Therefore, one can study ro-
bust optimization via its counterpart. Indeed, in robust optimization, no probability distribution
information on the uncertain parameters are considered. Moreover, the way the robust solutions
performs are being judged by the multiple objectives conflicting in nature, like, quality/profit
against cost of the material. Henceforth, it is quite interesting to undergo deep investigation
how the theory and applications of robust optimization problems in the practical world works.
Doolittle, Kerivin and Wiecek [11] studied some theoretical techniques for multiobjective ro-
bust optimization problem and gave a relationship between the uncertain robust problem and its
robust counterpart by considering some column-wise and row-wise uncertainty. With the devel-
oped approach, they gave an application to internet routing. An overview of robust uncertainty
approach together with some algorithms to obtain robust optimal solutions was given in [12].
We refer to [13, 14, 15] and the references therein.

In scalar as well as multiobjective optimization, we focus on finding global optimal solu-
tions or global efficient solutions for the problem. But, in general, it is not always possible to
obtain global optimal solutions, particularly, when it comes to the fact that these solutions are
quite sensitive to even small perturbations of variables. For a nondifferentiable multiobjective
robust optimization problem, Gunawan and Azarm [16] discussed the robust Pareto solution
by using a sensitive region concept. Deb and Gupta [15] gave the difference between global
and robust multiobjective optimization principles by discussing two different procedures to find
the robust solutions for multiobjective robust optimization problems. Kuroiwa and Lee [17]
presented three different kinds of finding robust efficient solutions for a multiobjective opti-
mization problem with uncertainty. Gorisson [18] discussed the robust optimal solutions for the
uncertain fractional optimization problems. Recently, Lee and Jiao [19] discussed how to find
the efficient solutions of a multiobjective robust optimization problem by using the ε-constraint
approach, which is a scalarization approach. Utilizing the same technique and an affinely pa-
rameterized uncertain data set, Jiao and Lee [20] gave the idea to obtain the efficient solutions
of a multiple objectives as SOS-convex polynomials functions.

In optimization theory, it is very important to discuss the necessary and sufficient optimality
conditions and duality. However, in literature, only a few papers are available which discussed
the sufficient optimality conditions for fractional optimization problems with uncertainty both
in the objectives and the constraints. For a robust fractional problem with constraint data un-
certainty, Jeyakumar and Li [21] discussed the robust duality with the aid of a Slater-type con-
straint qualification. On the other hand, introducing a robust cone constraint qualification, Sun
and Chai [22] established the robust strong duality for a fractional problem with uncertain data
and also discussed its Wolfe dual. Goberna et al. [23] gave a formula which guarantees the
constraints feasibility for all possible uncertainties under affine data parametrization. They also
presented a characterization of robust weakly efficient solutions against rank one objective data
uncertainty in matrix form. Chuong [24] established the necessary and sufficient optimality
conditions for a robust multiobjective nonsmooth optimization problem in terms of multipliers
and subdifferentials of the functions involved in the problem. Moreover, he also derived the du-
ality relations between a robust dual and the considered problem under generalized convexity.
In a recent work, Lee and Lee [25] considered a robust semi-infinite multiobjective problem
and presented the optimality conditions for a weakly robust efficient solution for the problem.
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Moreover, an Wolfe dual to the problem is intoduced and some duality results are also dis-
cussed. In a recent work, Bokrantz and Fredriksson [26] provided optimality conditions for a
robust optimization problem which states that the solution is efficient only when it is an optimal
solution to a strictly increasing scalarized function. However, the fractional optimization prob-
lems in data uncertainty both in the numerator and the denominator of the objective functions
together with the constraints has not been explored much in the literature. Using the concept of
the subdifferentiability, Sun et al. [27] considered a robust fractional optimization problem with
uncertain data and introduced robust subdifferentiable constraint qualification for the problem.
With these constraint qualifications, some complete characterizations of the problem were given
for robust optimal solutions. They have also extended the proposed approach to the multiob-
jective fractional problems with uncertain data. Recently, Li, Wang and Lin [28] studied the
optimality conditions for a minimax robust nondifferentiable fractional programming problems
by using the subdifferentiability constraint qualification introduced in [27]. Using these opti-
mality conditions, they derived duality results for an Wolfe type and a Mond-Weir type dual
problem.

To the best of our knowledge, there is no such paper which studied the minimax nondif-
ferentiable fractional optimization problems involving support functions with data-uncertainty.
Inspired and motivated by [27, 28], this paper is devoted to a class of minimax nondifferentiable
fractional optimization problems under uncertainty and support functions in both the objective
functions and in the constraints. The sectionwise description of the paper is as follows. In
Section 2, we introduce the minimax nondifferentiable fractional optimization problem with
support functions under uncertain data. We recall some known definitions and introduce non-
differentiable robust constraint qualifications for the minimax fractional problem with support
functions. The main problem is then converted to its robust counterpart. Using a deterministic
approach given in Dinkelbach [29], we, in Section 3, present the necessary and sufficient opti-
mality conditions for the problem under the nondifferentiable robust subdifferentiable constraint
qualification. In Section 4, two different types of robust dual problems are introduced- robust
Wolfe dual and robust Mond-Weir dual. By converting the duals to their robust counterpart, we
obtain weak and strong duality results. In Section 5, the last section, a particular form of the
fractional programming problem, i.e., the quadratic fractional problem with uncertain data is
considered. Using the scenario data unceratinty in quadratic fractional problem, the problem is
converted to its robust counterpart and an Wolfe dual is given in its robust counterpart. Finally,
a strong duality relation is established between the robust counterpart of quadratic minimax
fractional problem and its Wolfe dual.

2. PRELIMINARIES

In this section, some definitions and definitions are given which will be needed in the sequel.
Let Rn denote n-dimensional Euclidean space and let Rn

+ be its non-negative orthant. Let K be a
non-empty closed, convex cone in Rm and let ζ n

+ = {(ζi) ∈ Rn
+ : ∑

n
i=1 ζi = 1}. For a non-empty

set E ⊂ Rn, coE represents the convex hull of E.

Definition 2.1. Let A be a non-empty subset in Rn. The indicator function δA : Rn→ R∪{+∞}
is defined as

δA(x) =

{
0, if x ∈ A,
+∞, if x 6∈ A.
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Definition 2.2. Let C ⊂ Rn be a nonempty, closed and convex cone. The dual cone of C is
defined as

C∗ = {x ∈ Rn : 〈x∗, x〉 ≥ 0, ∀x ∈C},
which is also closed and convex.

Definition 2.3. [28] A vector valued mapping f : Rn→ Rm is said to be K-convex if and only
if, for any u, v ∈ Rn,

f (λu+(1−λ )v)−λ f (u)− (1−λ ) f (v) ∈ −K.

Therefore, a mapping g is said to be K-concave if −g is K-convex.

Definition 2.4. For a convex function φ : Rn→ R, the subdifferential of φ at x ∈ Rn is defined
by

∂φ(x) = {x∗ ∈ Rn : φ(y)−φ(x)≥ 〈x∗,y− x〉, ∀ y ∈ Rn}.

Definition 2.5. A function F : Rn×Rp→ R is said to be a convex-concave function, i.e., F(., p)
is a convex function for any p ∈ P⊂ Rp and F(x, .) is a concave function for any x ∈ X ⊂ Rn.

Definition 2.6. A vector valued function H : Rn×Rp→ Rm is said to be a K-convex-concave
function if H(.,r) is a K-convex function for any r ∈ R⊂ Rp and H(x, .) is a K-concave function
for any x ∈ X ⊂ Rn.

Definition 2.7. [30] Let θ be a compact convex set in Rn. The support function of θ is defined
by

S(x|θ) = max{xT y : y ∈ θ}.

The subdifferential of S(x|θ) is given by

∂S(x|θ) = {z ∈ θ : zT x = S(x|θ)}.

Consider the nondifferentiable minimax fractional problem under data uncertainity:

(NUP) min
x∈Rn

max
1≤i≤k

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)

s.t. {
H1(x,r1)+S(x|W1), ...,Hm(x,rm)+S(x|Wm)

}
∈ −K,

x ∈ S, i = 1,2, ...,k,

where S is a non-empty, closed and convex set of Rn and for, i = 1,2, ...,k, j = 1,2, ...,m,

(i) Fi : Rn×Rp → R and Gi : Rn×Rp → R are convex-concave on Rn×Pi, and concave-
convex on Rn×Qi, respectively. H = (H1,H2, ...,Hm) : Rn×Rp → Rm is K-convex-
concave on Rn×R j. pi ∈ Pi, qi ∈ Qi and r j ∈ R j are the parameters which indicates
uncertainty in the objective functions and the constraints in (NUP). Pi ⊂ Rp, Qi ⊂ Rp

and R j ⊂ Rp, respectively, are the uncertain compact and convex sets.
(ii) Fi(., pi)+S((.)|Di), pi ∈ Pi, are non-negative, and Gi(.,qi)−S((.)|Ei), qi ∈Qi, are pos-

itive over the feasible set of (NUP), where S(x|Di), S(x|Ei) and S(x|Wj) are the support
functions such that the compact convex sets Di ⊂ Rn, Ei ⊂ Rn and Wj ⊂ Rn, respectively.
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Following the methodology given in [13] for a robust optimization problem, problem (NUP)
can be converted to:

(SUP) min
x∈Rn

max
1≤i≤k

max
(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)

s.t. {
H1(x,r1)+S(x|W1), ...,Hm(x,rm)+S(x|Wm)

}
∈ −K,

x ∈ S, r j ∈ R j, i = 1,2, ...,k, and j = 1,2, ...,m.

The nondifferentiable robust feasible set for problem (SUP) is given as:

C = {x ∈ S : (H1(x,r1)+S(x|W1), ...,Hm(x,rm)+S(x|Wm)) ∈ −K, ∀ r j ∈ R j}.

A solution is called a robust optimal solution for problem (NUP) if it is an optimal solution for
problem (SUP).

Remark 2.8. If S(x|Di) = S(x|Ei) = S(x|Wj) vanishes ∀ i = 1,2, ...,k, j = 1,2, ...,m in problem
(NUP), then the problem is reduced to the (UP) in [28].

Definition 2.9. The robust type constraint qualification holds at x ∈C iff

∂δC(x) = ∂δS(x)+
⋃

µ∈K∗, r j∈R j,

∑
m
j=1 µ j(H j(x,r j)+xT w j)=0

m

∑
j=1

µ j∂ (H j(.,r j)+S((.)|w j))(x).

That is, the robust type constraint qualification can be replaced by

∂δC(x)⊂ ∂δS(x)+
⋃

µ∈K∗, r j∈R j,

∑
m
j=1 µ j(H j(x,r j)+xT w j)=0

m

∑
j=1

µ j∂ (H j(.,r j)+S((.)|Wj))(x),

since the other inclusion is easy to show.

Remark 2.10. Let Y be a compact set in some metric space. Let {ζ j} : Rn → R, j ∈ Y be a
collection of convex functions. Assume

ζ (x) = sup{ζ j(x)} j∈Y <+∞, ∀ x ∈ Rn.

Then, ζ is a convex function [31].

Lemma 2.11. Let ζ (.) be upper semicontinuous on Y for each x ∈ Rn. Then

∂ζ (x) = co{∂ζ j(x) : j ∈ Y (x)},

where Y (x) := { j ∈ Y : ζ j(x) = ζ (x)} is the active index-set.

Due to the complex nature of the objective functions involved in (SUP) as fractions of func-
tions, it is necessary to utilize a deterministic approach [29] to convert into a non-fractional
problem (SUP)λ , where λ > 0 is a parameter given below

(SUP)λ minx∈Rn ϕ(x,λ )
s.t. (H1(x,r1)+S(x|W1), ...,Hm(x,rm)+S(x|Wm)) ∈ −K,

∀w j ∈Wj, x ∈ S, j = 1,2, ...,m,
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where ϕ(x,λ ) = max 1≤i≤k
(pi,qi)∈Pi×Qi

[
(Fi(x, pi)+S(x|Di))−λ (Gi(x,qi)−S(x|Ei))

]
.

The following lemma gives a relation between the non-fractional problem (SUP)λ and the prob-
lem (SUP).

Lemma 2.12. A feasible solution x∗ is a robust optimal solution of the problem (NUP) with
value λ̃ iff x∗ is an optimal solution of the problem (SUP)λ with optimal value ϕ(x∗, λ̃ ) = 0.

Proof. First, we assume that x∗ ∈C is a robust optimal solution of the (NUP) with an optimal
value λ̃ . It follows that

max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ max

1≤i≤k
(pi,qi)∈Pi×Qi

Fi(x∗, pi)+S(x∗|Di)

Gi(x∗,qi)−S(x∗|Ei)
= λ̃ .

Recall the fact that Fi(x, .) is a concave and continuous function and Gi(x, .) is a convex and
continuous function i = 1,2, ...,k. Also, the compactness of Ui and Vi imply that, for some i0,
pi0 ∈ Pi0 and qi0 ∈ Qi0 ,

Fi0(x, pi0)+S(x|Di0)

Gi0(x,qi0)−S(x|Ei0)
≥ λ̃

⇒
[
Fi0(x, pi0)+S(x|Di0)

]
− λ̃

[
Gi0(x,qi0)−S(x|Ei0)

]
≥ 0. (2.1)

Now, for x ∈C, one has

ϕ(x, λ̃ ) = max
1≤i≤k

(pi,qi)∈Pi×Qi

[
Fi(x, pi)+S(x|Di)

]
− λ̃

[
Gi(x,qi)−S(x|Ei)

]
≥
[
Fi0(x, pi0)+S(x|Di0)

]
− λ̃

[
Gi0(x,qi0)−S(x|Ei0)

]
Therefore, using (2.1), we have

ϕ(x, λ̃ )≥ 0. (2.2)

Again, the definition of λ̃ implies that

Fi(x∗, pi)+S(x∗|Di)

Gi(x∗,qi)−S(x∗|Ei)
≤ λ̃ , i = 1,2, ...,k

⇒
{

Fi(x∗, pi)+S(x∗|Di)
}
− λ̃

{
Gi(x∗,qi)−S(x∗|Ei)

}
≤ 0, i = 1,2, ...,k.

This yields

max
1≤i≤k

[{
Fi(x∗, pi)+S(x∗|Di)

}
− λ̃

{
Gi(x∗,qi)−S(x∗|Ei)

}]
≤ 0,

which further implies

ϕ(x∗, λ̃ )≤ 0. (2.3)

Equation (2.2) together with equation (2.3) implies 0 = ϕ(x∗, λ̃ ) ≤ ϕ(x, λ̃ ). Hence x∗ is the
optimal solution of the (SUP)λ with optimal value ϕ(x∗, λ̃ ) = 0.
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Conversely, let x∗ be an optimal solution of the (SUP)λ with optimal value ϕ(x∗, λ̃ ) = 0. This
gives, for any pi ∈ Pi, qi ∈ Qi, i = 1,2, ...,k,

ϕ(x, λ̃ )≥ ϕ(x∗, λ̃ ) = 0, ∀ x ∈ S.

⇒
[{

Fi(x, pi)+S(x|Di)
}
− λ̃

{
Gi(x,qi)−S(x|Ei)

}]
≥ 0

⇒ Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ λ̃ , 1≤ i≤ k

⇒ max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ λ̃ .

This further implies

max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ λ̃ = max

1≤i≤k
(pi,qi)∈Pi×Qi

Fi(x∗, pi)+S(x∗|Di)

Gi(x∗,qi)−S(x∗|Ei)
.

Hence, x∗ is an optimal solution of (NUP). �

3. OPTIMALITY CONDITIONS UNDER UNCERTAINTY

In this section, we discuss the necessary and sufficient optimality conditions for (NUP) un-
der robust subdifferential constraint qualifications with uncertainty parameters in the both the
numerator and the denominator of the objective functions. Since (NUP) is a non-convex opti-
mization problem, problem (SUP) can be converted to a deterministic non-fractional problem
(SUP)λ . by virtue of a deterministic approach used in Dinkelbach [29].

Theorem 3.1. Let x̃ be a feasible point of problem (NUP) and the robust constraint qualifica-
tions (RSCQ) hold at x̃. Then x̃ is an optimal solution for (NUP) having optimal value λ iff
there exist ũi ∈ ζ k

+, p̃i ∈ Pi, q̃i ∈Qi, r̃ j ∈ R j and γ̃ j ∈ K∗, i = 1,2, ...,k, j = 1,2, ...,m such that

0 ∈
k

∑
i=1

ũi

[(
∂Fi(., p̃i)(x̃)+di

)
−λ

(
∂Gi(., q̃i)(x̃)+ ei

)]
+∂δC(x̃)+

m

∑
j=1

[
γ̃i

(
∂H j(., r̃ j)+w j

)]
,

(3.1)
k

∑
i=1

ũ j

[(
Fi(x̃, p̃i)+ x̃T di

)
−λ

(
Gi(x̃, q̃i)− x̃T ei

)]
= 0, (3.2)

m

∑
j=1

γ̃ j

(
H j(x̃, r̃ j)+ x̃T w j

)
= 0. (3.3)

S(x̃|Di) = x̃T di,

S(x̃|Ei) = x̃T ei,

S(x̃|Wj) = x̃T w j,

k

∑
i=1

ũi = 1, ũi ≥ 0, di ∈ Di, ei ∈ Ei, w j ∈Wj.
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Proof. Suppose that x̃ is an optimal solution of (NUP). By Lemma 2.12, we have that x̃ is
an optimal solution of (SUP)λ . We know that the support functions are convex sets. Hence,
S((.)|Di) and S((.)|Ei) are convex. Fi(., pi),−Gi(.,qi) i = 1,2, ...,k are also convex functions.
This implies that Fi(., pi)+S(.|Di) and−Gi(.,qi)+S(.|Ei) are convex functions. Consequently,
ϕ((.),λ ) is also convex and then there exists x̂ ∈ ∂ϕ(.,λ )(x̃) such that −x̂ ∈ ∂δ (x̃).

Further, Fi(., pi)+S((.)|Di) and −Gi(.,qi)+S((.)|Ei) are locally Lipschitz functions. Since
Pi and Qi are compact sets for each i = 1,2, ...,k, we obtain from Lemma 2.11 that

∂ϕ(x̃,λ ) = co
{[

(∂Fi(., pi)+di)−λ (∂Gi(.,qi)− ei)
]
(x̃) : (i, pi,qi) ∈ I(x̃)

}
,

where

I(x̃) =
{
(i, pi,qi) : (Fi(x̃, pi)+ x̃T di)−λ (Gi(x̃,qi)− x̃T ei) = ϕ(x̃,λ ) = 0

}
.

For some l, n ∈ N, pi j ∈ Pi, j = 1,2, ..., l and qir ∈ Qi, r = 1,2, ...,n such that

x̃i jr−di−λei ∈ ∂

[
Fi(., pi j)−λGi(.,qir)

]
(x̃), ui jr ≥ 0, (3.4)

where ∑
k
i=1 ∑

l
j=1 ∑

n
r=1 ui jr = 1,

x̂ =
k

∑
i=1

l

∑
j=1

n

∑
r=1

ui jrx̃i jr and (3.5)

ui jr

[
(Fi(x̃, pi j)+ x̃T di)−λ (Gi(x̃,qir)− x̃T ei)

]
= 0. (3.6)

Setting ui = ∑
l
j=1 ∑

n
r=1 ui jr, we have ui ≥ 0, ∑

k
i=1 ui = 1. For any p̂i ∈ Pi and q̂i ∈ Qi, we define

p̃i(x) =

{
∑

l
j=1 ∑

n
r=1

ui jr
ui

pi j, if ui > 0,
p̂i, if ui = 0,

and

q̃i(x) =

{
∑

l
j=1 ∑

n
r=1

ui jr
ui

qir, if qi > 0,
q̂i, if ui = 0.

From the fact that Pi and Qi are convex sets, we have p̃i ∈ Pi and q̃i ∈ Qi. Since Fi(x, .) are
concave and S(x|Di)≥ xT di,di ∈ Di, i = 1,2, ...,k, we have

Fi

( l

∑
j=1

n

∑
r=1

ui jr

ui
(x, pi j)

)
+S(x|Di)≥

l

∑
j=1

n

∑
r=1

ui jr

ui
Fi(x, pi j)+ xT di,

which implies

uiFi(x, p̃i)+uiS(x|Di)≥
l

∑
j=1

n

∑
r=1

ui jrFi(x, pi j)+
l

∑
j=1

n

∑
r=1

ui jr xT di. (3.7)

Since −Gi(x, .) are concave and S(x|Ei)≥ xT ei, ei ∈ Ei, i = 1,2, ...,k, we get

−Gi

( l

∑
j=1

n

∑
r=1

ui jr

ui
(x,qir)

)
+S(x|Ei)≥

l

∑
j=1

n

∑
r=1

ui jr

ui
(−Gi(x,qir))+ xT ei.
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Since λ > 0, the above expression implies

−λuiGi(x, q̃i)+λuiS(x|Ei)≥
l

∑
j=1

n

∑
r=1

ui jr(−λGi(x,qir))+λ

l

∑
j=1

n

∑
r=1

ui jr xT ei (3.8)

Adding (3.7) and (3.8) and taking the summation over i = 1,2, ...,k, we obtain

k

∑
i=1

ui

[
(Fi(x, p̃i)+S(x|Di))−λ (Gi(x, q̃i)−S(x|Ei))

]
≥

k

∑
i=1

l

∑
j=1

n

∑
r=1

ui jr

[
(Fi(x, pi j)+ xT di)−λ (Gi(x,qir)− xT ei)

]
.

(3.9)

From (3.4), we have[
Fi(x, p̃i j)−λGi(x, q̃ir)

]
−
[
Fi(x̃, p̃i j)−λGi(x̃, q̃ir)

]
≥ 〈(x̃i jr−di−λei),x− x̃〉

which yields[
(Fi(x, p̃i j)+ xT di)−λ (Gi(x, q̃ir)− xT ei)

]
−
[
(Fi(x̃, p̃i j)+ x̃T di)−λ (Gi(x̃, q̃ir)− x̃T ei)

]
≥ 〈x̃i jr,x− x̃〉.

(3.10)
Also, we have from (3.6) that

k

∑
i=1

l

∑
j=1

n

∑
r=1

ui jr

[
(Fi(x̃, pi j)+ x̃T di)−λ (Gi(x̃,qir)− x̃T ei)

]
= 0. (3.11)

Taking the summation over i = 1,2, ...,k in (3.10) and using (3.11), we have

k

∑
i=1

l

∑
j=1

n

∑
r=1

ui jr

[
(Fi(x, p̃i j)+ xT di)−λ (Gi(x, q̃ir)− xT ei)

]
≥ 〈

k

∑
i=1

l

∑
j=1

n

∑
r=1

ui jrx̃i jr,x− x̂〉. (3.12)

It follows from (3.5), (3.9) and (3.12) that

k

∑
i=1

ui

[
(Fi(x, p̃i)+S(x|Di))−λ (Gi(x, q̃i)−S(x|Ei))

]
≥ 〈x̂,x− x̃〉. (3.13)

Taking x = x̃ in (3.13), we get

k

∑
i=1

ui

[
(Fi(x̃, p̃i)+ x̃T di)−λ (Gi(x̃, q̃i)− x̃T ei)

]
≥ 0. (3.14)

Since x̃ is an optimal solution of the (NUP) with optimal value λ , we find from (3.14) that

k

∑
i=1

ui

[
(Fi(x̃, p̃i)+S(x̃|Di))−λ (Gi(x, q̃i)−S(x̃|Ei)))

]
= 0. (3.15)

On the other hand, (3.13) and (3.15) imply that

x̂ ∈ ∂

k

∑
i=1

ui

[
(Fi(., pi)+S((.)|Di))−λ (Gi(.,qi)−S((.)|Ei))

]
(x̃),
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which yields that

x̂ ∈
k

∑
i=1

ui∂
[
(Fi(., pi)+S((.)|Di))−λ (Gi(.,qi)−S((.)|Ei))

]
(x̃). (3.16)

Since
[
(Fi(., pi)+ S((.)|Di))− λ (Gi(.,qi)− S((.)|Ei))

]
, i = 1,2, ...,k is locally Lipschitz and

continuous at x̃ ∈ Rn, we have

∂

[
(Fi(., pi)+S((.)|Di))−λ (Gi(.,qi)−S((.)|Ei))

]
(x̃)

= (∂Fi(., pi)(x̃)+di)−λ (∂Gi(.,qi)(x̃)− ei).

Hence, (3.16) is equivalent to

x̂ ∈
k

∑
i=1

ui

[
(∂Fi(., pi)(x̃)+di)−λ (∂Gi(.,qi)(x̃)− ei)

]
. (3.17)

From the fact that −x̂ ∈ ∂δS(x̃) [[21], Theorem 27.4] and (RSCQ), we get

−x̂ ∈ ∂δC(x̃)+
⋃

γ∈K∗,w j∈H j,r j∈R j

∑
m
j=1 γ j(H j(x̃,r j)+x̃T w j)=0

m

∑
j=1

γ(∂H j(.,r j)(x̃)+w j).

Hence, there exist γ̃ ∈ K∗, w̃ j ∈ H j and r̃ j ∈ R j such that

− x̂ ∈ ∂δC(x̃)+
m

∑
j=1

γ̃ j(∂H j(., r̃ j)(x̃)+ w̃ j) (3.18)

and
m

∑
j=1

γ̃ j(H j(x̃, r̃ j)+ x̃T w̃ j) = 0.

Adding (3.17) and (3.18), we obtain

0 ∈
k

∑
i=1

ui

[
(∂Fi(., pi)(x̃)+di)−λ (∂Gi(.,qi)(x̃)− ei)

]
+δC(x̃)+

m

∑
j=1

γ̃ j(∂H j(., r̃ j)(x̃)+ w̃ j),

m

∑
j=1

γ̃ j(H j(x̃, r̃ j)+ x̃T w̃ j) = 0.

(3.19)
Letting ui = ũi ∈ ζ k

+, and using S(x̃|Di) = x̃T di and S(x̃|Ei) = x̃T ei, together with (3.15) and
(3.19), we obtain the expressions (3.1), (3.2) and (3.3).

Conversely, assume that ∃ ũi ∈ ζ k
+, p̃i ∈ Pi, q̃i ∈Qi, r̃ j ∈ R j and γ̃ j ∈ K∗ such that (3.1), (3.2)

and (3.3) are satisfied. From (3.2), we have

0 ∈
k

∑
i=1

ũi

[
∂Fi(., p̃i)(x̃)−λ∂Gi(., q̃i)(x̃)

]
+∂δC(x̃)+

m

∑
j=1

γ̃ j∂H j(.,r j)(x̃)+
k

∑
i=1

ũi(di +λei)+
m

∑
j=1

γ̃ jw j.
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Hence, there exist

ỹ1 ∈
k

∑
i=1

ũi

[
∂Fi(., p̃i)(x̃)−λ∂Gi(., q̃i)(x̃)

]
,

ỹ2 ∈ ∂δC(x̃) and ỹ3 ∈ ∑
m
j=1 γ̃ j∂H j(.,r j)(x̃) such that

ỹ1 + ỹ2 + ỹ3 +
k

∑
i=1

ũi(di +λei)+
m

∑
j=1

γ̃ jw j = 0. (3.20)

Now, ỹ1 ∈ ∑
k
i=1 ũi

[
∂Fi(., p̃i)(x̃)−λ∂Gi(., q̃i)(x̃)

]
implies

k

∑
i=1

ũi

[
Fi(x, p̃i)−λGi(x, q̃i)

]
−

k

∑
i=1

ũi

[
Fi(x̃, p̃i)−λGi(x̃, q̃i)

]
≥ 〈ỹ1,x− x̃〉. (3.21)

Again, ỹ2 ∈ ∂δC(x̃) gives
0≥ 〈ỹ2,x− x̃〉, (3.22)

and ỹ3 ∈ ∑
m
j=1 γ̃ j∂H j(.,r j)(x̃) implies

m

∑
j=1

γ̃ jH j(x,r j)−
m

∑
j=1

γ̃ jH j(x̃,r j)≥ 〈ỹ3,x− x̃〉. (3.23)

Summing (3.21)-(3.23), we obtain
k

∑
i=1

ũi

[
Fi(x, p̃i)−λGi(x, q̃i)

]
−

k

∑
i=1

ũi

[
Fi(x̃, p̃i)−λGi(x̃, q̃i)

]
+

m

∑
j=1

γ̃ jH j(x,r j)−
m

∑
j=1

γ̃ jH j(x̃,r j)

≥ 〈ỹ1 + ỹ2 + ỹ3,x− x̃〉.
Using equation (3.20), we arrive at

k

∑
i=1

ũi

[
Fi(x, p̃i)−λGi(x, q̃i)

]
+

m

∑
j=1

γ̃ jH j(x,r j)≥−
k

∑
i=1

ũi(xT di +λxT ei)−
m

∑
j=1

γ̃ j xT w j,

which implies
k

∑
i=1

ũi

[
(Fi(x, p̃i)+ xT di)−λ (Gi(x, q̃i)− xT ei)

]
≥−

m

∑
j=1

γ̃ j(H j(x, r̃ j)+ xT w j). (3.24)

Using S(x|Wj)≥ xT w j, γ̃ j ∈ K∗ and −
{

H j(x, r̃ j)+S(x|Wj)} ∈ K in (3.24), we get

k

∑
i=1

ũi

[
(Fi(x, p̃i)+ xT di)−λ (Gi(x, q̃i)− xT ei)

]
≥ 0. (3.25)

Since
Fi(x, p̃i)+S(x|Di)≥ Fi(x, p̃i)+ xT p̃i, ∀ p̃i ∈ Pi

and
Gi(x, q̃i)−S(x|Ei)≤ Gi(x, q̃i)− xT q̃i, ∀ q̃i ∈ Qi,

we have from (3.25) that
k

∑
i=1

ũi

[
(Fi(x, p̃i)+S(x|Di))−λ (Gi(x, q̃i)−S(x|Ei))

]
≥ 0. (3.26)
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Next, we prove that x̃ is a robust optimal solution of the problem (NUP). We claim that, for
some i0 ∈ {1,2, ...,k},[

(Fi0(x, p̃i0)+S(x|Di0))−λ (Gi0(x, q̃i0)−S(x|Ei0))
]
≥ 0.

To the contrary, we assume that[
(Fi(x, p̃i)+S(x|Di))−λ (Gi(x, q̃i)−S(x|Ei))

]
< 0, ∀ i = 1,2, ...,k.

Using ũi ∈ ζ k
+, we obtain
k

∑
i=1

ũi

[
(Fi(x, p̃i)+S(x|Di))−λ (Gi(x, q̃i)−S(x|Ei))

]
< 0, i = 1,2, ...,k,

which is a contradiction to (3.26). Thus the claim holds and

max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ λ = max

1≤i≤k
(pi,qi)∈Pi×Qi

Fi(x̃, p̃i)+S(x̃|Di)

Gi(x̃, q̃i)−S(x̃|Ei)
, ∀x ∈C.

Hence, x̃ is a robust optimal solution of (NUP). �

Theorem 3.2. Let x̃ be a feasible point of the problem (NUP). Then, the following statements
are equivalent:

(A) at x̃ ∈C, the robust subdifferential constraint qualification (RSCQ) holds;
(B) x̃ ∈ C is a robust optimal solution of the problem (NUP) with optimal value λ if and

only if ∃ (ũi) ∈ ζ k
+, p̃i ∈ Pi, q̃i ∈ Qi, r̃ j ∈ R j and γ̃ j ∈ K∗, i = 1,2, ...,k, j = 1,2, ...,m

such that (3.1), (3.2) and (3.3) are satisfied.

Proof. From Theorem 3.1, we can conclude the proof (i)⇒ (ii) immediately. It remains to
prove that (ii)⇒ (i). We only need to show

∂δC(x)⊂ ∂δS(x)+
⋃

γ̃∈K∗,w j∈H j,r j∈R j

∑
m
j=1 γ̃ j(H j(x̃,r j)+x̃T w j)=0

m

∑
j=1

γ̃(∂H j(.,r j)(x̃)+w j).

Letting ỹ ∈ ∂δC(x), one has
〈ỹ,x− x̃〉 ≤ 0, ∀ x ∈C. (3.27)

For i = 1,2, ...,k, one defines

Fi(x, pi)+S(x|Di) =−〈ỹ,x〉 and Gi(x,qi)−S(x|Ei) = 1.

From (3.27), one has −〈ỹ,x〉 ≥ −〈ỹ, x̃〉. Hence, for any x ∈C,

max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ max

1≤i≤k
(pi,qi)∈Pi×Qi

Fi(x̃, pi)+S(x̃|Di)

Gi(x̃,qi)−S(x̃|Ei)
.

Consequently, x̃ is an optimal solution of (NUP). Also,

∂

(
Fi(x, pi)+S(x|Di)

)
=−ỹ

and
∂

(
Gi(x,qi)−S(x|Ei)

)
= 0.
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From (3.1), we get

0 ∈ −ỹ+∂δC(x̃)+
m

∑
j=1

[
γ̃i(∂H j(x̃, r̃ j)+w j)

]
⇒ ỹ ∈ ∂δC(x̃)+

m

∑
j=1

[
γ̃i(∂H j(x̃, r̃ j)+w j)

]
and

m

∑
j=1

[
γ̃ j(H j(x̃, r̃ j)+ x̃T w j)

]
= 0.

This completes the proof. �

4. DUALITY RELATIONS

In this section, a Wolfe type nondifferentiable robust dual and a Mond-Weir type nondiffer-
entiable robust dual are introduced for (NUP). Utilizing the necessary and sufficient conditions
developed in Section 3, we focus on the duality relations between the Wolfe type nondifferen-
tiable primal-dual pair and the Mond-Weir type nondifferentiable primal-dual pair.

4.1. Wolfe type robust dual. For the problem (NUP), the usual Wolfe type nondifferentiable
dual problem is given as

(WND) max
(x,λ )∈Rn×R+

γ∈K∗, ui∈ζ k
+

λ s.t.

0∈
k

∑
i=1

ui

[(
∂Fi(., pi)(x)+di

)
−λ

(
∂Gi(.,qi)(x)−ei

)]
+∂δC(x)+

m

∑
j=1

[
γi(∂H j(.,r j)(x)+w j)

]
,

(4.1)
k

∑
i=1

ui

[
(Fi(x, pi)+ xT di)−λ (Gi(x,qi)− xT ei)

]
+

m

∑
j=1

[
γ j(H j(x,r j)+ xT w j)

]
≥ 0.

After maximizing over all possible, pi ∈ Pi, qi ∈ Qi, r j ∈ R j, i = 1,2, ...,k, j = 1,2, ...,m, the
optimistic Wolfe type robust nondifferentiable counterparts of (WRD) is given as:

(WRD) max
(x,λ )∈Rn×R+

γ∈K∗, ui∈ζ k
+

(pi,qi,r j)∈Pi×Qi×R j

λ s.t.

0∈
k

∑
i=1

ui

[(
∂Fi(., pi)(x)+di

)
−λ

(
∂Gi(.,qi)(x)−ei

)]
+∂δC(x)+

m

∑
j=1

[
γi(∂H j(.,r j)(x)+w j)

]
,

(4.2)
k

∑
i=1

ui

[
(Fi(x, pi)+ xT di)−λ (Gi(x,qi)− xT ei)

]
+

m

∑
j=1

[
γ j(H j(x,r j)+ xT w j)

]
≥ 0.

Next, we will give the duality relations between the primal (NUP) and the nondifferentiable
optimistic Wolfe dual (WRD).

Theorem 4.1. (Weak duality). Let x̃ be a feasible point of (NUP) and let (x̃, λ̃ , γ̃, ũi, p̃i, q̃i, r̃ j, d̃i, ẽi,
w̃ j) be a feasible point of (WRD). Then,

max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ λ̃ .
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Proof. Since (x̃, λ̃ , γ̃, ũi, p̃i, q̃i, r̃ j, d̃i, ẽi, w̃ j) is a feasible point of (WRD), we have

0 ∈
k

∑
i=1

ũi

[(
∂Fi(., p̃i)(x̃)+ d̃i

)
− λ̃

(
∂Gi(., q̃i)(x̃)− ẽi

)]
+∂δC(x̃)+

m

∑
j=1

[
γ̃ j(∂H j(., r̃ j)+ w̃ j)

]
,

(4.3)
and

k

∑
i=1

ũi

[
(Fi(x̃, p̃i)+ x̃T d̃i)− λ̃ (Gi(x̃, q̃i)− x̃T ẽi)

]
+

m

∑
j=1

[
γ̃ j(H j(x̃, r̃ j)+ x̃T w̃ j)

]
≥ 0. (4.4)

From equation (4.1), it follows that there exist X̃i ∈
(

∂Fi(., p̃i)(x̃)− λ̃ ∂Gi(., q̃i)(x̃)
)

and z̃ ∈
∂δC(x̃) such that

−
k

∑
i=1

ũiX̃i−
k

∑
i=1

ũi(d̃i + λ̃ ẽi)− z̃−
m

∑
j=1

γ̃ jw̃ j ∈
m

∑
j=1

γ̃ j∂H j(., r̃ j)(x̃). (4.5)

Now, X̃i ∈
(

∂Fi(., p̃i)(x̃)− λ̃ ∂Gi(., q̃i)(x̃)
)

and z̃ ∈ ∂δC(x̃) imply

(Fi(x, p̃i)−λGi(x, q̃i))− (Fi(x̃, p̃i)−λGi(x̃, q̃i))≥ 〈X̃i,x− x̃〉, i = 1,2, ...,k (4.6)

and 0≥ 〈z̃,x− x̃〉. (4.7)

It follows from (4.5) that
m

∑
j=1

γ̃ j∂H j(x, r̃ j)−
m

∑
j=1

γ̃ j∂H j(x̃, r̃ j)

≥
〈(
−

k

∑
i=1

ũiX̃i−
k

∑
i=1

ũi(d̃i + λ̃ ẽi)− z̃−
m

∑
j=1

γ̃ jw̃ j

)
,x− x̃

〉
.

(4.8)

Using (4.7) and (4.8), we arrive at

k

∑
i=1

ũi

[
(Fi(x, p̃i)−λGi(x, q̃i))− (Fi(x̃, p̃i)−λGi(x̃, q̃i))

]
+

m

∑
j=1

γ̃ jH j(x, r̃ j)−
m

∑
j=1

γ̃ jH j(x̃, r̃ j)

≥−
〈( k

∑
i=1

ũi(d̃i + λ̃ ẽi)+
m

∑
j=1

γ̃ jw̃ j

)
,x− x̃

〉
.

By the dual constraint of (OWRD) in the above inequality, we obtain

k

∑
i=1

ũi

[
(Fi(x, p̃i)+ xT d̃i)−λ (Gi(x, q̃i)− xT ẽi)

]
+

m

∑
j=1

[
γ̃ j(H j(x, r̃ j)+ xT w̃ j)

]
≥ 0. (4.9)

From the facts that S(x|Wj) ≥ xT w j, γ̃ j ∈ K∗, and −
{

H j(x, r̃ j)+ S(x|Wj)} ∈ K, we get from
(4.9) that

k

∑
i=1

ũi

[
(Fi(x, p̃i)+ xT d̃i)− λ̃ (Gi(x, q̃i)− xT ẽi)

]
≥ 0. (4.10)
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Since Fi(x, p̃i)+ S(x|Di) ≥ Fi(x, p̃i)+ xT p̃i for all p̃i ∈ Pi and Gi(x, q̃i)− S(x|Ei) ≤ Gi(x, q̃i)−
xT q̃i for all q̃i ∈ Qi, we have from (4.10) that

k

∑
i=1

ũi

[
(Fi(x, p̃i)+S(x|Di))− λ̃ (Gi(x, q̃i)−S(x|Ei))

]
≥ 0. (4.11)

We claim that, for some i0 ∈ {1,2, ...,k},[
(Fi0(x, p̃i0)+S(x|Di0))− λ̃ (Gi0(x, q̃i0)−S(x|Ei0))

]
≥ 0. (4.12)

To the contrary, assume that[
(Fi(x, p̃i)+S(x|Di))− λ̃ (Gi(x, q̃i)−S(x|Ei))

]
< 0, for all i = 1,2, ...,k.

Then it follows from ũi ∈ ζ k
+ and ∑

k
i=1 ũi = 1 that

k

∑
i=1

ũi

[
(Fi(x, p̃i)+S(x|Di))− λ̃ (Gi(x, q̃i)−S(x|Ei))

]
< 0, i = 1,2, ...,k,

which contradicts (4.8). Consequently,

max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ λ̃ .

The proof is complete. �

Theorem 4.2. (Strong duality). Let x̃ be a feasible solution of (NUP). Then, the following are
equivalent:

(A) at x̃ ∈C, the robust subdifferential constraint qualification (RSCQ) holds;
(B) if x̃ ∈ C is a robust optimal solution of (NUP) with optimal value λ , then ∃ (ũi) ∈

ζ k
+, p̃i ∈ Pi, q̃i ∈ Qi, r̃ j ∈ R j, d̃i ∈ Di, ẽi ∈ Ei, w̃ j ∈Wj and γ̃ j ∈ K∗, i = 1,2, ...,k, j =

1,2, ...,m such that (x̃, λ̃ , γ̃, ũi, p̃i, q̃i, r̃ j, d̃i, ẽi, w̃ j) is an optimal solution of (WRD), and
the optimal values of the primal problem (NUP) and the dual problem (WRD) are equal.

Proof. (i)⇒ (ii). Let x̃ ∈C be a robust optimal solution of (NUP) with optimal value λ̃ . From
Theorem 3.2, we see that there exit (ũi) ∈ ζ k

+, p̃i ∈ Pi, q̃i ∈ Qi, r̃ j ∈ R j and γ̃ j ∈ K∗, i =
1,2, ...,k, j = 1,2, ...,m such that (3.1), (3.2) and (3.3) hold. Then (x̃, λ̃ , γ̃, ũi, p̃i, q̃i, r̃ j, d̃i, ẽi, w̃ j)

is a feasible solution of (WRD). Consequently, λ̃ is less than or equal to optimal value of the
problem (WRD). But, from Theorem 4.1, we see that the optimal value of (NUP) is greater than
or equal to the optimal value of the (WRD). Therefore, the optimal value of the primal (NUP)
is equal to the optimal value of the dual problem (WRD).

From the proof of Theorem 3.2, we conclude (ii)⇒ (i) easily. �

4.2. Mond-Weir type robust dual. For the primal (NUP), the conventional Mond-Weir type
nondifferentiable dual problem is given as:

(MND) max
(x,λ )∈Rn×R+

γ∈K∗, ui∈ζ k
+

λ s.t.
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0∈
k

∑
i=1

ui

[(
∂Fi(., pi)(x)+di

)
−λ

(
∂Gi(.,qi)(x)−ei

)]
+∂δC(x)+

m

∑
j=1

[
γ j(∂H j(.,r j)(x)+w j)

]
,

(4.13)
k

∑
i=1

ui

[
(Fi(x, pi)+ xT di)−λ (Gi(x,qi)− xT ei)

]
≥ 0,

m

∑
j=1

[
γ j(H j(x,r j)+ xT w j)

]
≥ 0.

After maximizing over all possible, pi ∈ Pi, qi ∈ Qi, w j ∈Wj, the optimistic Mond-Weir type
robust nondifferentiable counterparts of (MRD) is given below:

(MRD) max
(x,λ )∈Rn×R+

γ∈K∗, ui∈ζ k
+

(pi,qi,r j)∈Pi×Qi×R j

λ s.t.

0∈
k

∑
i=1

ui

[(
∂Fi(., pi)(x)+di

)
−λ

(
∂Gi(.,qi)(x)−ei

)]
+∂δC(x)+

m

∑
j=1

[
γi(∂H j(.,r j)(x)+w j)

]
,

(4.14)
k

∑
i=1

ui

[
(Fi(x, pi)+ xT di)−λ (Gi(x,qi)− xT ei)

]
≥ 0,

m

∑
j=1

[
γ j(H j(x,r j)+ xT w j)

]
≥ 0.

In the following, we give the duality relations between the primal (NUP) and the nondifferen-
tiable optimistic Mond-Weir dual (MRD).

Theorem 4.3. (Weak duality). Let x̃ be a feasible point of (NUP) and let (x̃, λ̃ , γ̃, ũi, p̃i, q̃i, r̃ j, d̃i, ẽi,
w̃ j) be a feasible point of (MRD). Then,

max
1≤i≤k

(pi,qi)∈Pi×Qi

Fi(x, pi)+S(x|Di)

Gi(x,qi)−S(x|Ei)
≥ λ̃ .

Proof. Since (x̃, λ̃ , γ̃, ũi, p̃i, q̃i, r̃ j, d̃i, ẽi, w̃ j) is a feasible point of (MRD), we find from (4.14) that

there exist X̃i ∈
(

∂Fi(., p̃i)(x̃)− λ̃ ∂Gi(., q̃i)(x̃)
)

and z̃ ∈ ∂δC(x̃) such that

−
k

∑
i=1

ũiX̃i−
k

∑
i=1

ũi(d̃i + λ̃ ẽi)− z̃−
m

∑
j=1

γ̃ jw̃ j ∈
m

∑
j=1

γ̃ j∂H j(., r̃ j)(x̃).

From X̃i ∈
(

∂Fi(., p̃i)(x̃)− λ̃ ∂Gi(., q̃i)(x̃)
)

and z̃ ∈ ∂δC(x̃), we have

(Fi(x, p̃i)−λGi(x, q̃i))− (Fi(x̃, p̃i)−λGi(x̃, q̃i))≥ 〈X̃i,x− x̃〉, i = 1,2, ...,k (4.15)

and 0≥ 〈z̃,x− x̃〉. (4.16)
The expression (4.15) implies

m

∑
j=1

γ̃ j∂H j(x, r̃ j)−
m

∑
j=1

γ̃ j∂H j(x̃, r̃ j)≥
〈(
−

k

∑
i=1

ũiX̃i−
k

∑
i=1

ũi(d̃i + λ̃ ẽi)− z̃−
m

∑
j=1

γ̃ jw̃ j

)
,x− x̃

〉
.
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It follows that
k

∑
i=1

ũi

[
(Fi(x, p̃i)−λGi(x, q̃i))− (Fi(x̃, p̃i)−λGi(x̃, q̃i))

]
+

m

∑
j=1

γ̃ jH j(x, r̃ j)−
m

∑
j=1

γ̃ jH j(x̃, r̃ j)

≥−
〈( k

∑
i=1

ũi(d̃i + λ̃ ẽi)+
m

∑
j=1

γ̃ jw̃ j

)
,x− x̃

〉
.

Using the second and the third constraints of (MRD) in the above inequality, we obtain

k

∑
i=1

ũi

[
(Fi(x, p̃i)+ xT di)−λ (Gi(x, q̃i)− xT ei)

]
+

m

∑
j=1

[
γ̃ j(H j(x, r̃ j)+ xT w j)

]
≥ 0.

The rest of the proof follows along the lines of the Theorem 4.1. �

Theorem 4.4. (Strong duality). Suppose that x̃ is a feasible solution for the problem (NUP).
Then, the following are equivalent:

(A) at x̃ ∈C, the robust subdifferential constraint qualification (RSCQ) holds;
(B) if x̃ ∈ C is a robust optimal solution of the problem (NUP) with optimal value λ , then

there exist (ũi)∈ ζ k
+, p̃i ∈Pi, q̃i ∈Qi, r̃ j ∈R j, d̃i ∈Di, ẽi ∈Ei, w̃ j ∈Wj and γ̃ j ∈K∗, i=

1,2, ...,k, j = 1,2, ...,m such that (x̃, λ̃ , γ̃, ũi, p̃i, q̃i, r̃ j, d̃i, ẽi, w̃ j) is an optimal solution of
(MRD), and the optimal value of (NUP) equals to the optimal value of (MRD).

Proof. The proof is similar to that of Theorem 4.2. So, we omit here. �

5. ROBUSTNESS IN QUADRATIC FRACTIONAL PROGRAMMING PROBLEMS

In (NUP), let S=Rn and K =Rt
+ and consider S(x|Di)= S(x|Ei)= S(x|Wj)= 0, i= 1,2, ...,k,

j = 1,2, ...,m. Then the uncertain quadratic minimax fractional problem is given as

(UQFP) min
x∈Rn

max
1≤i≤k

1
2xTCix+ rT

i x+ si
1
2xT Dix+uT

i x+ vi

s.t.
aT

τ x≤ bτ , τ = 1,2, ..., t,

where, for i = 1,2, ...,k,

(i) Ci is a n×n positive definite matrix, Di is a n×n negative semidefinite matrix and ri, ui ∈
Rn. Assume that 1

2xTCix+ rT
i x+ si ≥ 0 for some x ∈ Rn and 1

2xT Dix+uT
i x+ vi > 0 for

all x ∈ Rn;
(ii) pi := (Ci,ri,si)∈ Pi, qi := (Di,ui,vi)∈Qi and wτ := (aτ ,bτ)∈Wτ , Pi, Qi, Wτ represents

the uncertain compact, convex data sets in Rn×n×Rn×R.

We assume that the feasible set of (UQFP) is non-empty. The problem (UQFP) can be written
as:

min
x∈Rn

max
1≤i≤k

1
2

xT K(ξ )x+ c(ξ )T x+d(ξ )

s.t. aT
τ x≤ bτ , τ = 1,2, ..., t, where K(ξ )=Ci−ξ Di is positive definite for ξ ≥ 0, c(ξ )= ri−ξ ui

and d(ξ ) = si−ξ vi.
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Now, the robust counterpart of the problem (UQFP) can be constructed as follows:

(RQFP) min
x∈Rn

max
1≤i≤k

max
(Ci,ri,si)∈Pi
(Di,ui,vi)∈Qi

1
2

xT K(ξ )x+ c(ξ )T x+d(ξ )

s.t.
aT

τ x≤ bτ , τ = 1,2, ..., t,

(aτ ,bτ) ∈Wτ , τ = 1,2, ..., t.

In the following discussion, the Wolfe robust dual of the problem (RQFP) is constructed under
uncertainty in the objective functions and the constraints.

5.1. Scenario uncertainty in quadratic fractional minimax problem. Consider the problem
(RQFP) under scenario uncertainty in the objectives and the constraint data sets. The objective
data sets are given by:

Pi = co{(Ci1,ri1,si1), ...,(CiJ,riJ,siJ)}
and

Qi = co{(Di1,ui1,vi1), ...,(DiL,uiL,viL)},
where (Ci j,ri j,si j), (Dil,uil,vil) ∈ Rn×n×Rn×R, i = 1,2, ...,k, j = 1,2, ...,J, l = 1,2, ...,L.
The constraint data set is given by:

Wτ = co{(aτ1,bτ1), ...,(aτT ,bτT )},

where (aτm,bτm)∈Rn×R, τ = 1,2, ..., t, m= 1,2, ...,T . With the above data sets, the optimistic
Wolfe counterpart of (RQFP) can be written as:

max
(x,λ )∈Rn×R
ρi∈ζ k

+, γ∈Rt
+

λ s.t.

k

∑
i=1

ρi

{
(Cix+ ri)−ξ (Dix+ui)

}
+

t

∑
τ=1

γτaτ = 0,

k

∑
i=1

ρi

{(1
2

xTCix+ rT
i x+ si

)
−ξ

(1
2

xT Dix+uT
i x+ vi

)}
+

t

∑
τ=1

γτ(aT
τ x−bτ)≥ 0,

(Ci,ri,si) =
J

∑
j=1

ηi j(Ci j,ri j,si j),
J

∑
j=1

ηi j = 1, ηi j ≥ 0, ∀ j, (5.1)

(Di,ui,vi) =
L

∑
l=1

µil(Dil,uil,vil),
L

∑
l=1

µil = 1, µil ≥ 0, ∀ l, (5.2)

(aτ ,bτ) =
T

∑
m=1

ντm(aτm,bτm),
T

∑
m=1

ντm = 1, ντm ≥ 0, ∀ m. (5.3)

From (5.1), (5.2) and (5.3), we obtain

(Ci,ri,si) =
J

∑
j=1

L

∑
l=1

ηi jµil(Ci j,ri j,si j), (Di,ui,vi) =
J

∑
j=1

L

∑
l=1

ηi jµil(Dil,uil,vil).
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Taking ρi jl = ρiηi jµil and γτm = γτντm, it follows that ρi jl ∈ ζ kJL
+ and γτm ∈ RtT

+ . Therefore, the
optimistic counterpart of the Wolfe type dual of (RQFP) is converted to:

(OQFP) max
(x,λ )∈Rn×R+

ρi jl∈ζ
kJL, γτm∈RtT

+
+

λ s.t.

k

∑
i=1

J

∑
j=1

L

∑
l=1

ρi jl

{
(Ci jx+ ri j)−λ (Dilx+uil)

}
+

t

∑
τ=1

T

∑
m=1

γτmaτm = 0,

k

∑
i=1

J

∑
j=1

L

∑
l=1

ρi jl

{
(si j−λvil)

}
+

t

∑
τ=1

T

∑
m=1

γτmbτm ≥ 0,

which is a linear programming problem. Thus the dual problem (OQFP) can be solved easily
using computational softwares and the solutions can be obtained.

Remark 5.1. If the positive definite matrices Ci and the negative semidefinite matrices Di,
i = 1,2, ...,k are considered to be null matrices, then the problem (UQFP) is reduced to the
problem (UFLP) in [28] and the problem (OQFP) becomes the problem (ODFLP)1

W in [28].

Next, we establish a relation between the problem (RQFP) and (OQFP).

Theorem 5.2. (Strong duality). Suppose that x̃ is an optimal solution of the problem (RQFP)
with value λ ∈ R. Then, ∃ ρ = ρi jl ∈ ζ kJL

+ and γ = γτm ∈ RtT
+ such that (λ ,ρ,γ)∈ R×ζ kJL

+ ×RtT
+

is an optimal solution of (OQFP) and optimal values of both the problems are same.

Proof. We define the functions Fi(x, pi), Gi(x,qi) and Hτ(x,rτ), i = 1,2, ...,k by

Fi(x, pi) =
1
2

xTCix+ rT
i x+ si, Gi(x,qi) =

1
2

xT Dix+uT
i x+ vi

and
Hτ(x,rτ) = aT

τ x−bτ , τ = 1,2, ..., t.

Consider H(x,r) = (Hτ(x,rτ)) and let R = ∏
t
τ=1 Rτ , rτ ∈ Rτ . Clearly, H(.,r) is a differentiable

convex function. It is observed that all the hypothesis of Theorem 3.2 are satisfied. To show the
strong duality relation between (RQFP) and (OQFP), it is sufficient to show that the (RSCQ)
holds at x̃ ∈C. Hence, from Definition 2.6, we only need to show that

∂δC(x)⊂
⋃

γ̃∈K∗,r j∈R j
∑

m
j=1 γ̃ jH j(x̃,r j)

∂

m

∑
j=1

γ̃H j(.,r j)(x̃),

as S(x|Wj) = 0 in (RQFP) and ∂δC(x̃) = ∂δRn(x̃) = {0}. Let ỹ ∈ ∂δC(x̃). Then,

δC(x)−δC(x̃)≥ 〈ỹ,x− x̃〉
⇒ 〈−ỹ,x〉 ≥ 〈−ỹ, x̃〉, ∀x ∈C.

This implies
{x : aT

τ x≤ bτ , ∀ τ = 1,2, ..., t,} ⊂ {x : 〈−ỹ,x〉 ≥ 〈−ỹ, x̃〉},
which further yields

{x : aT
τmx≤ bτm, ∀ τ = 1,2, ..., t, m = 1,2, ...,T} ⊂ {x : 〈−ỹ,x〉 ≥ 〈−ỹ, x̃〉}.
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Using the Proposition 2.1 in [32], there exits γτm ∈ RtT
+ such that

−ỹ+
t

∑
τ=1

T

∑
m=1

γτmaτm = 0, 〈−ỹ, x̃〉+
t

∑
τ=1

T

∑
m=1

γτmbτm ≤ 0,

which is equivalent to

ỹ =
t

∑
τ=1

T

∑
m=1

γτmaτm,
t

∑
τ=1

T

∑
m=1

γτmbτm ≤
t

∑
τ=1

T

∑
m=1

γτmaτmx̃.

From the fact that γτm ∈ RtT
+ and the feasibility of (RQFP) at x̃, we obtain

ỹ =
t

∑
τ=1

T

∑
m=1

γτmaτm,
t

∑
τ=1

T

∑
m=1

γτm(aT
τmx̃−bτm) = 0. (5.4)

Letting γτ = ∑
T
m=1 γτm ≥ 0, τ = 1,2, ..., t, and for any (ãτ , b̃τ) ∈W , we define

aτ =

{
∑

T
m=1

γτm
γτ

aτm, if γτ > 0,

ãτm, if γτ = 0,

and

bτ =

{
∑

T
m=1

γτm
γτ

bτm, if γτ > 0,

b̃τm, if γτ = 0,

From the above definitions, it is clear that (aτ ,bτ) ∈W as W is a convex set. Therefore,

γτ(aτ ,bτ) =
T

∑
m=1

γτm(aτm,bτm). (5.5)

Substituting (5.5) into (5.4), we get

ỹ =
t

∑
τ=1

γτaτ and
t

∑
τ=1

γτ(aT
τ x̃−bk) = 0.

Consequently,

ỹ ∈
⋃

γ̃∈Rt
+,r j∈R j

∑
m
j=1 γ̃ jH j(x̃,r j)

∂

m

∑
j=1

γ̃H j(.,r j)(x̃).

This completes the proof. �
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