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Abstract. In this paper, we propose a new modification of Popov’s subgradient extragradient method for solving
the variational inequality problem involving pseudo-monotone and Lipschitz-continuous mappings in the frame-
work of Banach spaces. The weak convergence theorem of the proposed method is established without the knowl-
edge of the Lipschitz constant of the Lipschitz continuous mapping. Finally, we provide several numerical ex-
periments of the proposed method including comparisons with other related methods. Our result generalizes and
extends many related results in the literature from Hilbert spaces to Banach spaces.
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1. INTRODUCTION

Let E be a real Banach space with norm ‖ · ‖ and let E∗ be the dual space of E. We denote
by 〈x, f 〉 the value of f ∈ E∗ at x ∈ E, that is, 〈x, f 〉 = f (x). Let C be a nonempty, closed and
convex subset of E and let A : C→ E∗ be a mapping. The variational inequality problem (VIP)
is to find an element z ∈C such that

〈x− z,Az〉 ≥ 0, ∀x ∈C. (1.1)

The solution set of the VIP is denoted by V I(C,A). The VIP has been studied widely in many
real-world problems, such as, artificial intelligence, computer science, control engineering,
management science and operations research, and differential equations, fluid flow through
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porous media, contact problems in elasticity, transportation problems and economics equilib-
rium; see, e.g. [1, 2, 3, 4, 5, 6, 7] and the references therein.

A simple method for solving VIP in a real Hilbert space H is known as the projected gradient
method, which is defined by the following scheme:

xn+1 = PC(xn−λAxn), (1.2)

where PC is the projection operator onto the convex and closed subset C of H and λ > 0 is
a suitable stepsize. This method converges weakly to a solution of VIP under the following
Assumption (a1) or (a2)

(a1) A is strongly monotone and Lipschitz continuous, and λ ∈ (0, 2γ

L2 );
(a2) A is inverse strongly monotone and λ ∈ (0,2α),

where γ > 0 and L > 0 are strongly monotone and Lipschitz constants, respectively, and α > 0
is the inverse strongly monotone constant of A.

We remark that Assumptions (a1) and (a2) are strong. Without the strong monotonicity,
this method may diverges (see, e.g., [8]). In order to improve this drawback, Korpelevich
[9] introduced the so-called extragradient method for solving the VIP in a finite-dimensional
Euclidean space Rm as follows: {

yn = PC(xn−λAxn),

xn+1 = PC(xn−λAyn),
(1.3)

where C ⊂ Rm is a nonempty, closed and convex set, A : C→ Rm is monotone and L-Lipschitz
continuous, and λ ∈

(
0, 1

L

)
. It was proved that if V I(C,A) is nonempty, then the sequences {xn}

generated by (1.3) converges to an element in V I(C,A). The idea of the extragradient method
was successfully generalized and extended not only in Euclidean spaces but also in Hilbert and
Banach spaces. In recent years, the extragradient method was further studied intensively and it
has been extended in various ways by many authors; see, e.g., [10, 11, 12, 13, 14, 15, 16] and
the references therein. Note that the extragradient method was based on a double-projection
method onto the feasible set C. It needs to compute two projections onto C in each iteration
step. In fact, in some cases, the structure of the set C is not explicit or complicated. As a result,
the projection onto C might be difficult to compute. Moreover, in each iteration step of the
extragradient method, one has to compute two values of the mapping A at points xn and yn.

To deal with the improvement of the extragradient method (1.3), Popov [17] proposed the so-
called Popov’s extragradient method, which only requires to compute one value of the mapping
A at one point yn per iteration. The Popov’s extragradient method is of the form:{

xn+1 = PC(xn−λAyn),

yn+1 = PC(xn+1−λAyn),
(1.4)

where λ ∈
(

0, 1
3L

)
. In [17], the convergence of this method was proved in a finite dimensional

Euclidean space.
In [18], Censor, Gibali and Reich proposed the so-called subgradient extragradient method

for solving the VIP in a real Hilbert space H. They replaced the second projection onto C of the
extragradient method (1.3) by a projection onto a half-space, which is easier to compute. The
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subgradient extragradient method is of the form:
yn = PC(xn−λAxn),

Tn = {x ∈ H : 〈xn−λnAxn− yn,x− yn〉 ≤ 0},
xn+1 = PTn(xn−λAyn),

(1.5)

where C ⊂ H is a nonempty, closed and convex set, A : C→ H is monotone and L-Lipschitz
continuous, and λ ∈

(
0, 1

L

)
. However, this method was still required to compute the value of

the mapping A at two different points in each iteration step.
Recently, Malitsky and Semenov [19] combined the advantages of Popov’s extragradient

method (1.4) and subgradient extragradient method (1.5). They proposed the so-called Popov’s
subgradient extragradient method for solving VIP in a real Hilbert space H as follows:

yn+1 = PC(xn+1−λAyn),

Tn = {x ∈ H : 〈xn−λnAyn−1− yn,x− yn〉 ≤ 0},
xn+1 = PTn(xn−λAyn),

(1.6)

where λ ∈
(

0, 1
3L

)
. It was proved that the sequence {xn} generated by (1.6) converges weakly

to a solution of the VIP provided that V I(C,A) is nonempty. We remark that this method is not
only requires to compute one projection onto the feasible set C but it also compute one value
of the mapping A in each iteration step. In view of this, the Popov’s subgradient extragradient
method has received great attention in various ways; see, e.g., [20, 21, 22] and the references
therein. However, the Popov’s subgradient extragradient method (1.6) requires to know the
Lipschitz constant or at least to know some estimation of it.

Motivated and inspired by the previous works, in this paper, we extend the Popov’s subgra-
dient extragradient method (1.6) from Hilbert spaces to Banach spaces, which are 2-uniformly
convex and uniformly smooth. We prove the weak convergence result of the proposed algorithm
to a solution of th VIP when A is pseudo-monotone and Lipschitz continuous. The advantage
of our algorithm is that the stepsize does not requires to know the Lipschitz constant of the
Lipschitz continuous mapping.

The outline of this paper is organized as follows: In Section 2, some preliminaries and facts
are presented. In Section 3, we prove the weak convergence result of the proposed algorithm.
Finally, in Section 4, we perform several numerical experiments to show the efficiency and
advantages of the proposed algorithm. The result in this paper generalizes and extends many
known results in the literature.

2. PRELIMINARIES

Throughout this paper, we denote the set of real numbers and the set of positive integers by
R and N, respectively. Let E be a real Banach space and E∗ the dual space of E. For a sequence
{xn} ⊂ E, we denote xn→ x and xn ⇀ x by the strong convergence and the weak convergence
of {xn} to x, respectively. Let U = {x ∈ E : ‖x‖= 1} be the unit sphere of E.

Definition 2.1. [23, 24, 25] Let E be a Banach space.
(1) The modulus of convexity δE : [0,2]→ [0,1] is defined by

δE(ε) = inf
{

1− ‖x+y‖
2 : x,y ∈U,‖x− y‖ ≥ ε

}
.
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(2) The modulus of smoothness ρE : [0,∞)→ [0,∞) is defined by

ρE(t) = sup
{
‖x+ty‖+‖x−ty‖

2 −1 : x,y ∈U
}
.

Definition 2.2. [23, 24, 25] A Banach space E is said to be:

(1) strictly convex if ‖x+y‖
2 < 1 for all x,y ∈U and x 6= y;

(2) smooth if limt→0
‖x+ty‖−‖x‖

t exists for all x,y ∈U ;
(3) uniformly convex if δE(ε)> 0 for allε ∈ (0,2];
(4) uniformly smooth if limt→0

ρE(t)
t = 0;

(5) p-uniformly convex if there exist c> 0 and p≥ 2 such that δE(ε)≥ cε p for all ε ∈ (0,2];
(6) q-uniformly smooth if there exist κ > 0 and 1 < q≤ 2 such that ρE(t)≤ κtq for all t > 0.

Lemma 2.3. [23, 24, 25] Let E be a Banach space. Let 1 < q ≤ 2 < p < ∞ with 1
p +

1
q = 1.

Then the following statements hold:
(i) If E is p-uniformly convex (q-uniformly smooth), then E is uniformly convex (uniformly

smooth.
(ii) E is p-uniformly convex (q-uniformly smooth) if and only if its dual E∗ is q-uniformly

smooth (p-uniformly convex).
(iii) If E is uniformly convex (uniformly smooth), then E is strictly convex and reflexive

(reflexive and smooth).

Remark 2.4. Typical examples of both uniformly convex and uniformly smooth Banach spaces
are Lp and `p, where p > 1. More precisely, Lp and `p are max{p,2}-uniformly convex and
min{p,2}-uniformly smooth, while Hilbert spaces are 2-uniformly convex and 2-uniformly
smooth (see [26] for more details).

Definition 2.5. [23, 24, 25] Let E be a Banach space.
(1) The duality mapping J : E → 2E∗ is defined by Jx = { f ∈ E∗ : 〈x, f 〉 = ‖x‖2 = ‖ f‖2}

for all x ∈ E.
(2) The duality mapping J from E into E∗ is said to be weakly sequentially continuous if

for any sequence {xn} ⊂ E such that xn ⇀ x implies that Jxn ⇀
∗ Jx.

Lemma 2.6. [23, 24, 25] Let E be a Banach space and let J be the duality mapping on E. The
following facts are well-known:

(i) If E is smooth, then J is single-valued and monotone, that is,

〈x− y,Jx− Jy〉 ≥ 0, ∀x,y ∈ E.

Further, if E is strictly convex and 〈x− y,Jx− Jy〉= 0, then x = y.
(ii) If E is strictly convex, then J is one-to-one.

(iii) If E is uniformly smooth, then J is norm-to-norm uniformly continuous on bounded
subsets of E.

(iv) If E is reflexive, smooth and strictly convex, then J−1 is single-valued, one-to-one, sur-
jective and it is the duality mapping from E∗ into E.

(v) If E is a Hilbert space, then J is the identity mapping.

Definition 2.7. Let C be a nonempty subset of a Banach space E. A mapping A : C→ E∗ is
said to be:
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(1) monotone if

〈x− y,Ax−Ay〉 ≥ 0, ∀x,y ∈C;

(2) pseudo-monotone if

〈y− x,Ax〉 ≥ 0 =⇒ 〈y− x,Ay〉 ≥ 0, ∀x,y ∈C;

(3) Lipschitz continuous if there exists a constant L > 0 such that

‖Ax−Ay‖ ≤ L‖x− y‖, ∀x,y ∈C;

(4) hemicontinuous if for each x,y ∈C, the mapping f : [0,1]→ E∗ defined by

f (t) = A(tx+(1− t)y)

is continuous with respect to the weak∗ topology of E∗.

Remark 2.8. Every monotone mapping is a pseudo-monotone mapping but converse is not true
in general. The example of a pseudo-monotone mapping but is not monotone can be found in
[27].

Definition 2.9. [28] Let E be a smooth Banach space. The Lyapunov function φ : E×E → R
is defined by

φ(x,y) = ‖x‖2−2〈x,Jy〉+‖y‖2, ∀x,y ∈ E.

If E is a Hilbert space, then φ(x,y) = ‖x− y‖2 for all x,y ∈ E. From the definition of φ , it is
clear that

(‖x‖−‖y‖)2 ≤ φ(x,y)≤ (‖x‖+‖y‖)2, ∀x,y ∈ E. (2.1)

From (2.1), we can see that φ(x,y) ≥ 0 and if E is additionally assumed to be strictly convex,
then

φ(x,y) = 0 ⇐⇒ x = y. (2.2)

Furthermore, the function φ has the following two important properties:

φ(x,y)+φ(y,x) = 2〈x− y,Jx− Jy〉, ∀x,y ∈ E (2.3)

and

φ(x,y) = φ(x,z)+φ(z,y)+2〈x− z,Jz− Jy〉, ∀x,y,z ∈ E. (2.4)

Following [28], we have the functional V : E×E∗→ R, which is defined by

V (x,x∗) = ‖x‖2−2〈x,x∗〉+‖x∗‖2, ∀x ∈ E, x∗ ∈ E∗.

Then V is nonnegative and V (x,x∗) = φ(x,J−1x∗) for all x ∈ E and x∗ ∈ E∗.

Definition 2.10. [28] Let E be a reflexive, strictly convex and smooth Banach space. Let C
be a nonempty, closed convex subset of E. The generalized projection mapping is a mapping
ΠC : E → C that assigns an arbitrary element x ∈ E to the minimum element of the function
φ(y,x), that is, ΠCx = z, where z is the solution to the following minimization problem:

φ(z,x) = min
y∈C

φ(y,x).

Remark 2.11. If E is a Hilbert space, then ΠC is coincident with the metric projection, denoted
by PC.
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Lemma 2.12. [28] Let E be a reflexive, strictly convex and smooth Banach space and let C be
a nonempty, closed and convex subset of E. Let x ∈ E and z ∈C. Then the following statements
hold:

(i) z = ΠC(x) if and only if 〈y− z,Jz− Jx〉 ≥ 0, ∀y ∈C.
(ii) φ(y,ΠC(x))+φ(ΠC(x),x)≤ φ(y,x), ∀y ∈C.

Lemma 2.13. [29] Let E be a 2-uniformly convex Banach space. Then there exists a constant
δ ≥ 1 such that

1
δ
‖x− y‖2 ≤ φ(x,y), ∀x,y ∈ E.

Lemma 2.14. [10] Let C be a nonempty, closed and convex subset of a reflexive Banach space
E. Let A : C→ E∗ be a pseudo-monotone and hemicontinuous operator. Then

(i) z is a solution of VIP (1.1) if and only if 〈x− z,Ax〉 ≥ 0, ∀x ∈C.
(ii) V I(C,A) is closed and convex.

The following fact can be found in [30, Lemma 3.1].

Lemma 2.15. For any a,b ∈ R and ε > 0, the following inequality holds

2ab≤ a2

ε
+ εb2.

Proof. Since 0≤
(

1√
ε
a−
√

εb
)2

= a2

ε
−2ab+ εb2, we have 2ab≤ a2

ε
+ εb2. �

Lemma 2.16. Let {An} and {Bn} be two nonnegative real sequences such that

An+1 ≤An−Bn, ∀n≥ 1.

Then limn→∞ An exists and ∑
∞
n=1 Bn < ∞.

The following lemma will be needed in the proof of the main result.

Lemma 2.17. Let C be a nonempty, closed and convex subset of a real 2-uniformly convex
Banach space E, which is also uniformly smooth. Let {xn} be a sequence in E. Suppose that
the following two conditions hold:

(i) limn→∞ φ(u,xn) exists for each u ∈C;
(ii) every sequential weak limit point of {xn} belongs to C.

Suppose, in addition, that J is weakly sequentially continuous on E. Then {xn} converges
weakly to some element in C.

Proof. Since limn→∞ φ(u,xn) exists, we have that {φ(u,xn)} is bounded. Applying Lemma
2.13, we obtain that {xn} is bounded. By the reflexivity and the boundedness of {xn}, we can
suppose that there are two subsequences {xnk} and {xmk} of {xn} such that xnk ⇀ u and xmk ⇀ v
for some u,v∈C. From this, we see that limn→∞(φ(u,xn)−φ(v,xn)) exists. From the definition
of φ , we have

φ(u,xn)−φ(v,xn) = ‖u‖2−2〈u,Jxn〉+‖xn‖2− (‖v‖2−2〈v,Jxn〉+‖xn‖2)

= ‖u‖2−‖v‖2−2〈u− v,Jxn〉
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and then

‖u‖2−‖v‖2−2 lim
k→∞
〈u− v,Jxnk〉= ‖u‖

2−‖v‖2−2 lim
k→∞
〈u− v,Jxmk〉.

Since J is weakly sequentially continuous, we have 〈u−v,Ju〉= 〈u−v,Jv〉, that is, 〈u−v,Ju−
Jv〉= 0. By the strict convexity of E, we obtain u = v. This completes the proof. �

3. MAIN RESULT

In this section, we propose a modification of Popov’s subgradient extragradient method for
solving pseudo-monotone variational inequalities in Banach spaces. In order to prove conver-
gence of the proposed method, we need the following assumptions:

(A1) The set C is a nonempty, closed and convex subset of a real 2-uniformly convex Banach
space E, which is also uniformly smooth.

(A2) The mapping A : E→ E∗ is pseudo-monotone and L-Lipschitz continuous.
(A3) The duality mapping J is weakly sequentially continuous on E.
(A4) The solution set of the VIP is nonempty, that is, V I(C,A) 6= /0.

Algorithm 1 Modified Popov’s subgradient extragradient algorithm

Step 0: Give λ0,λ1 > 0 and µ ∈
(

0,
√

2−1
δ

)
, where δ is a constant given by Lemma 2.13. Let

x0,y0 ∈C be arbitrary.
Step 1: Compute {

x1 = ΠCJ−1(Jx0−λ0Ay0),
y1 = ΠCJ−1(Jx1−λ1Ay0).

(3.1)

Step 2: Given the current iterate xn,yn and yn−1, calculate xn+1 as follows:

xn+1 = ΠTnJ−1(Jxn−λnAyn), (3.2)

where

Tn = {x ∈ E : 〈x− yn,Jxn−λnAyn−1− Jyn〉 ≤ 0}. (3.3)

Step 3: Compute

yn+1 = ΠCJ−1(Jxn+1−λn+1Ayn), (3.4)

where

λn+1 =

 min
{

µ

√
2‖xn+1−yn‖2+ 1√

2
‖yn−yn−1‖2

2〈xn+1−yn,Ayn−1−Ayn〉 ,λn

}
if 〈xn+1− yn,Ayn−1−Ayn〉> 0,

λn otherwise.
(3.5)

If xn+1 = xn and yn−1 = yn (or xn+1 = yn = yn+1), then stop and yn is a solution of the VIP.
Otherwise, go to Step 1.

Lemma 3.1. Let {λn} be a sequence generated by (3.5). Then {λn} is nonincreasing and

lim
n→∞

λn = λ ≥min{µ

L
,λ1}.
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Moreover,

2〈xn+1− yn,Ayn−1−Ayn〉 ≤
µ

λn+1

(√
2‖xn+1− yn‖2 +

1√
2
‖yn− yn−1‖2

)
, ∀n≥ 1.

Proof. It is obvious from (3.5) that λn+1 ≤ λn for all n ≥ 1. For the case 〈xn+1− yn,Ayn−
Ayn−1〉> 0, Lemma 2.15 and the L-Lipschitz continuity of A, we have

µ

√
2‖xn+1− yn‖2 + 1√

2
‖yn− yn−1‖2

2〈xn+1− yn,Ayn−1−Ayn〉
≥ 2µ‖xn+1− yn‖‖yn− yn−1‖

2L‖xn+1− yn‖‖yn− yn−1‖
=

µ

L
.

Clearly,

λn+1 ≥min
{µ

L
,λn
}
.

By induction, we immediately obtain that {λn} is bounded from below by min{µ

L ,λ1}. Thus
there exists λ := limn→∞ λn ≥min{µ

L ,λ1}.
On the other hand, from the definition of λn, we have

λn+1 = min
{

µ

√
2‖xn+1− yn‖2 + 1√

2
‖yn− yn−1‖2

2〈xn+1− yn,Ayn−1−Ayn〉
,λn

}
≤ µ

√
2‖xn+1− yn‖2 + 1√

2
‖yn− yn−1‖2

2〈xn+1− yn,Ayn−1−Ayn〉
.

This implies that

2〈xn+1− yn,Ayn−1−Ayn〉 ≤
µ

λn+1

(√
2‖xn+1− yn‖2 +

1√
2
‖yn− yn−1‖2

)
, ∀n≥ 1.

�

Lemma 3.2. Let {xn} be a sequence generated by Algorithm 1. If xn+1 = xn and yn−1 = yn,
then yn is a solution of the VIP.

Proof. If xn+1 = xn, then xn = ΠTnJ−1(Jxn−λnAyn). By Lemma 2.12 (i), we have

〈x− xn,Jxn− J ◦ J−1(Jxn−λnAyn)〉 = 〈x− xn,Jxn− Jxn +λnAyn〉
= λn〈x− xn,Ayn〉 ≥ 0, ∀x ∈ Tn.

This implies that 〈x− yn,Ayn〉 ≥ 〈xn− yn,Ayn〉, ∀x ∈ Tn. It is easy to see that C ⊂ Tn, and

〈x− yn,Ayn〉 ≥ 〈xn− yn,Ayn〉, ∀x ∈C. (3.6)

On the other hand, by the definition of Tn, we have

〈x− yn,Jxn−λnAyn−1− Jyn〉 ≤ 0, ∀x ∈ Tn.

Since xn = xn+1, we have xn ∈ Tn. If yn−1 = yn, then 〈xn− yn,Jxn−λnAyn− Jyn〉 ≤ 0. From
(2.3), we see that

〈xn− yn,Ayn〉 ≥ 〈xn− yn,Jxn− Jyn〉 ≥
1
2

φ(xn,yn)≥ 0. (3.7)

Combining (3.6) and (3.7), we thus get 〈x− yn,Ayn〉 ≥ 0, ∀x ∈C. Hence, yn is a solution of the
VIP. �
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Lemma 3.3. Assume that Assumptions (A1)− (A4) hold. Let {xn} be a sequence generated by
Algorithm 1. For each n≥ 1, we have

An+1 ≤An− (1− (
√

2+1)θn)φ(yn,xn)− (1−
√

2θn−θn+1)φ(xn+1,yn), ∀p ∈V I(C,A),

where An = φ(p,xn)+θnφ(xn,yn−1) and θn =
µδλn
λn+1

.

Proof. Let p ∈V I(C,A). By Lemma 2.12 (ii), we have

φ(p,xn+1)

= φ(p,ΠTnJ−1(Jxn−λnAyn))

≤ φ(p,J−1(Jxn−λnAyn))−φ(xn+1,J−1(Jxn−λnAyn))

=V (p,Jxn−λnAyn)−V (xn+1,Jxn−λnAyn)

= ‖p‖2−2〈p,Jxn〉+2λn〈p,Ayn〉+‖Jxn−λnAyn‖2−‖xn+1‖2

+2〈xn+1,Jxn〉−2λn〈xn+1,Ayn〉−‖Jxn−λnAyn‖2

= ‖p‖2−2〈p,Jxn〉+‖xn‖2−
(
‖xn+1‖2−2〈xn+1,Jxn〉+‖xn‖2

)
−2λn〈xn+1− p,Ayn〉

= φ(p,xn)−φ(xn+1,xn)−2λn〈xn+1− p,Ayn〉
= φ(p,xn)−φ(xn+1,xn)−2λn〈xn+1− yn,Ayn〉−2λn〈yn− p,Ayn〉.

(3.8)

Since yn ∈ C, we have 〈yn− p,Ap〉 ≥ 0. By the pseudo-monotonicity of A, we have 〈yn−
p,Ayn〉 ≥ 0. It follows from (3.8) that

φ(p,xn+1)≤ φ(p,xn)−φ(xn+1,xn)−2λn〈xn+1− yn,Ayn〉. (3.9)

From (2.3), we see that

φ(xn+1,xn) = φ(xn+1,yn)+φ(yn,xn)+2〈xn+1− yn,Jyn− Jxn〉. (3.10)

Substituting (3.10) and (3.9), we have

φ(p,xn+1)≤ φ(p,xn)−φ(xn+1,yn)−φ(yn,xn)−2〈xn+1− yn,Jyn− Jxn〉−2λn〈xn+1− yn,Ayn〉
= φ(p,xn)−φ(xn+1,yn)−φ(yn,xn)+2λn〈xn+1− yn,Ayn−1−Ayn〉
+2〈xn+1− yn,Jxn−λnAyn−1− Jyn〉.

(3.11)
Since xn+1 ∈ Tn, we have 〈xn+1− yn,Jxn−λnAyn−1− Jyn〉 ≤ 0. This implies that

φ(p,xn+1)≤ φ(p,xn)−φ(xn+1,yn)−φ(yn,xn)+2λn〈xn+1− yn,Ayn−1−Ayn〉. (3.12)

From Lemma 3.1, we see that

2λn〈xn+1− yn,Ayn−1−Ayn〉 ≤ µ
λn

λn+1

(√
2‖xn+1− yn‖2 +

1√
2
‖yn−1− yn‖2

)
. (3.13)
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Now, we estimate ‖yn−1− yn‖2. Observe that

‖yn−1− yn‖2 ≤
(
‖yn− xn‖+‖xn− yn−1‖

)2

≤ ‖yn− xn‖2 +2‖yn− xn‖‖xn− yn−1‖+‖xn− yn−1‖2

≤ ‖yn− xn‖2 +(
√

2+1)‖yn− xn‖2 +
1√

2+1
‖xn− yn−1‖2 +‖xn− yn−1‖2

= (
√

2+2)‖yn− xn‖2 +
√

2‖xn− yn−1‖2. (3.14)

Substituting (3.14) into (3.13) and using Lemma 2.13, we have
2λn〈xn+1− yn,Ayn−1−Ayn〉

≤ µ
λn

λn+1

(√
2‖xn+1− yn‖2 +(

√
2+1)‖yn− xn‖2 +‖xn− yn−1‖2

)
≤ µ

λn

λn+1

(
δ
√

2φ(xn+1,yn)+δ (
√

2+1)φ(yn,xn)+δφ(xn,yn−1)
)

= θn

(√
2φ(xn+1,yn)+(

√
2+1)φ(yn,xn)+φ(xn,yn−1)

)
,

(3.15)

where θn =
µδλn
λn+1

. Substituting (3.15) into (3.12), we have

φ(p,xn+1)≤ φ(p,xn)−φ(xn+1,yn)−φ(yn,xn)

+θn

(√
2φ(xn+1,yn)+(

√
2+1)φ(yn,xn)+φ(xn,yn−1)

)
= φ(p,xn)+θnφ(xn,yn−1)− (1− (

√
2+1)θn)φ(yn,xn)− (1−

√
2θn)φ(xn+1,yn).

(3.16)
Adding the term θn+1φ(xn+1,yn) to both sides of (3.16), we get

φ(p,xn+1)+θn+1φ(xn+1,yn) ≤ φ(p,xn)+θnφ(xn,yn−1)− (1− (
√

2+1)θn)φ(yn,xn)

−(1−
√

2θn−θn+1)φ(xn+1,yn). (3.17)

Then (3.17) reduces to the following inequality:

An+1 ≤An− (1− (
√

2+1)θn)φ(yn,xn)− (1−
√

2θn−θn+1)φ(xn+1,yn), (3.18)

where An = φ(p,xn)+θnφ(xn,yn−1). �

Lemma 3.4. Assume that Assumptions (A1)− (A4) hold. Let {xn} be a sequence generated by
Algorithm 1. Suppose that there exists a subsequence {xnk} of {xn} such that {xnk} converges
weakly to z ∈ E. If limn→∞ ‖xn− yn‖= 0 and limn→∞ ‖yn+1− yn‖= 0, then z ∈V I(C,A).

Proof. Let {xnk} be the subsequence of {xn} such that xnk ⇀ z ∈ E. Since limn→∞ ‖xn−yn‖= 0
and {yn} ⊂C, we have ynk ⇀ z and z ∈C. From the definition of ynk , we see that

ynk+1 = ΠCJ−1(Jxnk+1−λnk+1Aynk).

By Lemma 2.12 (i), we have

〈x− ynk+1,Jynk+1− Jxnk+1 +λnk+1Aynk〉 ≥ 0, ∀x ∈C, (3.19)

which implies that

λnk+1〈x− ynk+1,Aynk〉 ≥ 〈x− ynk+1,Jxnk+1− Jynk+1〉, ∀x ∈C.
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Moreover, we have

〈x− ynk ,Aynk〉 ≥
1

λnk

〈x− ynk+1,Jxnk+1− Jynk+1〉+ 〈ynk+1− ynk ,Aynk〉.

Since limk→∞ λnk = λ > 0, {Aynk} is bounded and J is norm-to-norm uniform continuous, we
have

liminf
k→∞

〈x− ynk ,Aynk〉 ≥ 0. (3.20)

Let {εk} be a decreasing sequence of positive real numbers such that εk→ 0 as k→∞. For each
εk, we denote by N the smallest positive integer such that

〈x− ynk ,Aynk〉+ εk ≥ 0, ∀k ≥ N. (3.21)

It is clear that (3.21) can be written as

〈x+ εkvnk− ynk ,Aynk〉 ≥ 0, ∀k ≥ N (3.22)

for some vnk := w ∈ E satisfying 〈vnk ,Aynk〉= 1 (since Aynk 6= 0). By the pseudo-monotonicity
of A, we have

〈x+ εkvnk− ynk ,A(x+ εkvnk)〉 ≥ 0. (3.23)

Since ynk ⇀ z, εk → 0 and A is Lipschitz continuous (hence it is continuous), it follows from
(3.23) that

〈x− z,Ax〉 ≥ 0, ∀x ∈C. (3.24)

By Lemma 2.14 (ii), we obtain z ∈V I(C,A). �

Theorem 3.5. Assume that Assumptions (A1)− (A4) hold. Let {xn} be a sequence generated
by Algorithm 1. Then {xn} converges weakly to an element in V I(C,A).

Proof. Since limn→∞ λn exists and µ ∈
(

0,
√

2−1
δ

)
, we have

lim
n→∞

(1− (
√

2+1)θn) = lim
n→∞

(1−
√

2θn−θn+1) = 1− (
√

2+1)µδ = 1− µδ√
2−1

> 0.

Thus there exists n0 ∈ N such that

1− (
√

2+1)θn > 0 and 1−
√

2θn−θn+1 > 0, ∀n≥ n0,

which implies that

(1− (
√

2+1)θn)φ(yn,xn)+(1−
√

2θn−θn+1)φ(xn+1,yn)≥ 0, ∀n≥ n0.

Now, we can write (3.18) in the following form:

An+1 ≤An−Bn, ∀n≥ n0,

where Bn = (1− (
√

2+ 1)θn)φ(yn,xn)+ (1−
√

2θn−θn+1)φ(xn+1,yn). By Lemma 2.16, we
obtain limn→∞ An exists and

∞

∑
n=n0

Bn =
∞

∑
n=n0

[
(1− (

√
2+1)θn)φ(yn,xn)+(1−

√
2θn−θn+1)φ(xn+1,yn)

]
< ∞.

Thus we have limn→∞ φ(yn,xn) = limn→∞ φ(xn+1,yn) = 0. Using Lemma 2.13, we get

lim
n→∞
‖yn− xn‖= lim

n→∞
‖xn+1− yn‖= 0. (3.25)
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By the uniform continuity of J, we have

lim
n→∞
‖Jyn− Jxn‖= lim

n→∞
‖Jxn+1− Jyn‖= 0,

which implies that

‖Jyn− Jyn−1‖ ≤ ‖Jyn− Jxn‖+‖Jxn− Jyn−1‖→ 0.

Also, by the norm to norm uniform continuity of J−1, we have

lim
n→∞
‖yn− yn−1‖= 0. (3.26)

Since limn→∞ An exists and from (3.25), we have that {φ(p,xn)} is bounded. It follows from
Lemma 2.13 that {xn} is bounded. By the reflexivity of E, there exists a subsequence {xnk} of
{xn} such that xnk ⇀ z ∈ E. As proved in Lemma 3.4, we have z ∈ V I(C,A). In summary, we
have shown that

(i) limn→∞ φ(p,xn) exists for every p ∈V I(C,A);
(ii) every sequential weak limit point of {xn} is in V I(C,A).

Therefore, by Lemma 2.17, we conclude that {xn} converges weakly to an element in V I(C,A).
This completes the proof. �

4. NUMERICAL EXPERIMENTS

In this section, we provide several numerical experiments to illustrate the convergence and
the efficiency of our Algorithm 1 in solving the variational inequality problem. Moreover, we
also compare it with subgradient extragradient method (SEM) (1.5), Popov’s subgradient extra-
gradient method (PSEM) (1.6), Halpern’s subgradient extragradient method (HSEM) proposed
in ([11, Algorithm 3.5]) and modified subgradient extragradient method with an Armijo line
search rule (L-MSEM) proposed in ([31, Algorithm 3.1]). We have used the following values
of the control parameters for the whole numerical part:

(i) subgradient extragradient method (SEM):

λ =
0.7
L

, Dn = ‖xn+1− xn‖;

(ii) Popov’s subgradient extragradient method (PSEM):

λ =
0.7
3L

, x0 = y0, Dn = ‖xn+1− xn‖;

(iii) Halpern’s subgradient extragradient method (HSEM):

λ =
0.7
L

, αn =
1

n+2
, Dn = ‖xn+1− xn‖;

(iv) modified subgradient extragradient method with an Armijo line search rule (L-MSEM):

µ = 0.80, γ = 1, l = 0.20, Dn = ‖xn+1− xn‖;

(v) Algorithm 1 (modified Popov’s subgradient extragradient method (M-PSEM)):

µ = 0.33, λ0 = λ1 = 0.20, x0 = y0, Dn = ‖xn+1− xn‖.
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Example 4.1. We consider the HpHard problem which is taken from [32]. Let A : Rm→Rm be
an operator defined by Ax = Mx+q with q ∈ Rm and

M = NNT +B+D,

where N is an m×m matrix, B is an m×m skew-symmetric matrix and D is an m×m positive
definite diagonal matrix. The feasible set is

C = {x ∈ Rm : Qx≤ b},
where Q is an 100×m matrix and b is a nonnegative vector in Rm. It is clear that A is monotone
and Lipschitz continuous with L = ‖M‖ (hence the variational inequality has a unique solution).
For q = 0, the solution set of the corresponding variational inequality is V I(C,A) = {0}. We
perform numerical experiments with the starting point x0 = (1,1, . . . ,1)T and use ‖xn+1−xn‖<
ε = 10−3 to stop the iterative process. The numerical results of all methods have been reported
in the Figures 1-3.
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Number of iterations
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10-1

100

101

0 0.5 1 1.5 2 2.5
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100

101

FIGURE 1. Numerical comparison of M-PSEM with existing algorithms when
m = 10 for Example 4.1.
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FIGURE 2. Numerical comparison of M-PSEM with existing algorithms when
m = 50 for Example 4.1.

Example 4.2. In this example, we take E = L2([0,1]) with the norm

‖x‖2 =

(∫ 1

0
|x(t)|2dt

)1/2
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FIGURE 3. Numerical comparison of M-PSEM with existing algorithms when
m = 100 for Example 4.1.

and the inner product

〈x,y〉=
∫ 1

0
x(t)y(t)dt

for all x,y ∈ L2([0,1]). The feasible set is C = {x ∈ E : ‖x‖ ≤ 1}. Define an integral operator
A : C→ E by

Ax(t) =
∫ 1

0

(
x(t)− f (t,s)g(x(s))

)
ds−h(t), x ∈C and t ∈ [0,1],

where

f (t,s) =
2tset+s

e
√

e2−1
, g(x) = cosx and h(t) =

2tet

e
√

e2−1
.

It was shown that A is monotone (hence it is pseudo-monotone) and Lipschitz continuous
with L = 2 (see [33]). The solution set of the corresponding variational inequality problem
is V I(C,A) = {0}. We perform numerical experiments with three different starting points and
use ‖xn+1− xn‖< ε = 10−4 to stop the iterative process. The numerical results of all methods
have been reported in the Figures 4-6.
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FIGURE 4. Numerical comparison of M-PSEM with existing algorithms when
x0 = 1 for Example 4.2.
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FIGURE 5. Numerical comparison of M-PSEM with existing algorithms when
x0 = t for Example 4.2.
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FIGURE 6. Numerical comparison of M-PSEM with existing algorithms when
x0 = et for Example 4.2.

Example 4.3. Consider the following pseudo-monotone variational inequalities with

Ax =


x1 + x2 + x3 + x4−4x2x3x4
x1 + x2 + x3 + x4−4x1x3x4
x1 + x2 + x3 + x4−4x1x2x4
x1 + x2 + x3 + x4−4x1x2x3

 .

The feasible set is C = {x ∈ R4 : 1 ≤ x1 ≤ 5, i = 1,2,3,4}. It is easy to see that Ax is not
monotone on C. Using the Monte Carlo approach [34], it can be shown that A is pseudo-
monotone on C. This problem has unique solution z = (5,5,5,5)T . Since the Lipschitz constant
is unknown, thus SEM, PSEM and HSEM do not applicable in this problem. We only perform
the numerical experiments of L-PSEM and M-MSEM with three different starting points x0 and
use ‖xn+1− xn‖< ε to stop the iterative process. The numerical results of mentioned methods
have been reported in the Tables 1 and 2.

In the last example, we use our proposed algorithm to solve the pseudo-convex minimization
problem in a finite dimension space E =Rm. Let C be a nonempty, closed and convex subset of
E. Recall that a differentiable function f : E→ R is called pseudo-convex if

〈∇ f (x),y− x〉 ≥ 0 =⇒ f (y)≥ f (x), ∀x,y ∈C,
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TABLE 1. Numerical tests of L-PSEM with different starting points for Example 4.3.

ε 0.01 0.001 0.0001 0.00001 0.01 0.001 0.0001 0.00001
x0 No. of Iter. No. of Iter. No. of Iter. No. of Iter. Time(s) Time(s) Time(s) Time(s)
(−2,2,8,10)T 3 3 3 3 0.0633 0.0701 0.0865 0.0723
(−1,2,2,5)T 3 3 3 3 0.0723 0.0721 0.0789 0.0768
(3,1,−5,−2)T 3 3 3 3 0.0770 0.0821 0.0871 0.0799

TABLE 2. Numerical tests of M-PSEM with different starting points for Example 4.3.

ε 0.01 0.001 0.0001 0.00001 0.01 0.001 0.0001 0.00001
x0 No. of Iter. No. of Iter. No. of Iter. No. of Iter. Time(s) Time(s) Time(s) Time(s)
(−2,2,8,10)T 5 5 5 5 0.0298 0.0234 0.0395 0.0415
(−1,2,2,5)T 5 5 5 5 0.0394 0.0440 0.0387 0.0382
(3,1,−5,−2)T 4 4 4 4 0.0806 0.0264 0.0271 0.0269

where ∇ f is the gradient of f . The pseudo-convex minimization problem is to find an element
z ∈C such that

f (z) = min
x∈C

f (x), (4.1)

where f is differentiable and pseudo-convex. This problem (4.1) is equivalent to the following
variational inequality problem [35, 36]:

〈∇ f (z),x− z〉 ≥ 0, ∀x ∈C. (4.2)

It is known that a differentiable function is pseudo-convex if and only if its gradient is a pseudo-
monotone mapping (see [37]).

Example 4.4. Consider the quadratic fractional programming problem in the following form
[34]:  min f (x) =

xT Qx+aT x+a0

bT x+b0
,

subject to x ∈ K = {x ∈ R4 : bT x+b0 > 0},
where

Q =


5 −1 2 0
−1 5 −1 3
2 −1 3 0
0 3 0 5

 , a =


1
−2
−2
1

 , b =


2
1
1
0

 , a0 =−2 and b0 = 4.

It is easy to verify that Q is symmetric and positive definite on R4 and consequently f is pseudo-
convex on K. Hence ∇ f is pseudo-monotone. Using the quotient rule, we get

∇ f (x) =
(bT x+b0)(2Qx+a)−b(xT Q+aT x+a0)

(bT x+b0)2 .

In this point of view, we can set A = ∇ f in Theorem 3.5. We minimize f over C = {x∈R4 : 1≤
xi ≤ 10, i = 1,2,3,4} ⊂ K. This problem has a unique solution z = (1,1,1,1)T ∈C. Since the
Lipschitz constant is unknown, thus SEM, PSEM and HSEM do not applicable in this problem.
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We only perform the numerical experiments of L-PSEM and M-MSEM with three different
starting points x0 and use ‖xn+1−xn‖< ε to stop the iterative process. The numerical results of
mentioned methods have been reported in the Tables 3 and 4.

TABLE 3. Numerical tests of L-PSEM with different starting points for Example 4.4.

ε 0.01 0.001 0.0001 0.00001 0.01 0.001 0.0001 0.00001
x0 No. of Iter. No. of Iter. No. of Iter. No. of Iter. Time(s) Time(s) Time(s) Time(s)
(10,10,10,10)T 58 101 141 187 0.6008 1.4598 1.9081 3.7862
(10,20,30,40)T 73 113 156 233 0.9732 1.7781 2.2009 4.5341
(20,−20,20,−20)T 81 141 199 243 1.1023 1.8970 4.0032 4.9032

TABLE 4. Numerical tests of M-PSEM with different starting points for Example 4.4.

ε 0.01 0.001 0.0001 0.00001 0.01 0.001 0.0001 0.00001
x0 No. of Iter. No. of Iter. No. of Iter. No. of Iter. Time(s) Time(s) Time(s) Time(s)
(10,10,10,10)T 49 91 133 175 0.2203 0.4282 0.7989 0.8634
(10,20,30,40)T 69 102 148 191 0.2197 0.6281 1.2019 1.3451
(20,−20,20,−20)T 87 158 201 295 0.5214 1.3122 1.9514 2.4151

5. CONCLUSION

In recent years, several variants of the Popov’s subgradient extragradient method have been
studied intensively by many authors. Note that most of them were studied in Hilbert spaces.
In this paper, we extend the Popov’s subgradient extragradient method to Banach spaces. The
weak convergence theorem of the proposed algorithm was proved without the knowledge of the
Lipschitz constant of the mapping. Several numerical experiments are performed to illustrate
the performance of our algorithm.
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