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Abstract. In this paper, we study the existence of entropy solutions for a class of nonlinear elliptic problems
in weighted Orlicz-Sobolev spaces of with the form Au + g(x,u) = f, where A(u) = —div (p(x)a(x,u,Vu)) is a
Leray-Lions operator defined from the weighted Orlicz-sobolev spaces WolLM(p, Q) into its dual. The right hand
side f € L!(Q), and the function a(x, s, &) satisfies only the large monotonicity instead of the monotonicity strict.
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1. INTRODUCTION

The aim of this paper is to study the existence of entropy solutions to the following nonlinear
Dirichlet problem
{A<u>+g<x,u> — /) i © o
0 on JQ, '
where A(u) = —div (p(x)a(x,u,Vu)), Q is a bounded domain of RN, N > 2. a(x,u,Vu) =
(ai(x,u,Vu))i1<i<n, a; : @ x R x RY — R is a Carathéodory functions (that is measurable with
respect to x in Q for every (s,£) € R x R", and continuous with respect to (s,£) € R x RY for
almost every x € Q) such that, for all £, &" in R,

jai(x,,&)] < ¢i(x)| +K-F‘1<p—1<x> (Cz|S|))+K'(1‘_/1_1M(Cl ED), (1.2)
(a(x s,&)—al(x,s ) (1.3)
a(x,s é)é <Al|!;|> (1.4)
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where ¢y, ¢3, A1 and K; belongs to R and M, P are two N-functions such that P << M. More-
over M, P are the complementary functions of M and P, respectively, p is a weight function on
Q (that is, measurable and positive a.e. on ) and ¢; € Ey;(2,p).

Moreover, the function g(x, s) is a Carathéodory function satisfying

g(x,s)s >0, (L.5)
sup |g(x,s)| = hu(x) € Ll(Q), (1.6)
|s|<n

feLll(Q), (1.7)

The notion of entropy solutions, used in [1], allows us to give a meaning to a possible solution
of (1.1). In fact, in [1], Boccardo proved, for p(x) = 1 and p such that 2 —1/N < p < N, the
existence and the regularity of an entropy solution u of problem (1.1). For the case that p(x) =1,
¢ =0 and f is a bounded measure, Bénilan et al. [2] proved the existence and the uniqueness
of entropy solutions. The same problem is treated by using the notion of entropy solutions
introduced in [3], where p(x) = 1,f € L'(Q), and F € L” (Q)V. In the framework of weighted
Sobolev spaces, Akdim, Azroul and Rhoudaf [4] proved the existence of T-solutions for the
elliptic problem

—diva(x,u,Vu)=F inQ
{ u=20 on dQ.

where F € W17 (Q,w*), and only used the large monotonicity on the Carathéodory func-
tion a(x,u, Vu). For the case of Orlicz spaces, Gossez and Mustonen [5] studied the following
strongly nonlinear elliptic problem

Alu)+gxu)=f in Q. (1.8)

They proved the existence of solutions for the unilateral elliptic problem (1.8). We refer to [6]
for the anisotropic case, and [7] for the case of variable exponent.
In the general framework of weighted Orlicz-Sobolev spaces, the authors in [8] investigated
the equation
—div(p(x)a(x,u,Vu)) —div®(u) + g(x,u,Vu) = f

with @ = 0 and the fact that g is a nonlinear with the following (natural) growth condition:

|8 (x,5,8)] < b(|s|)(c(x) +M([E])p(x)),
which satisfies the sign condition
g(x,s,8)s >0,
and the right-hand side f € W 'Ey(Q,p), in the case f € L'(Q), ¢ =0 and g = 0. The
existence theorem was proved by the authors in [9]. Recently, much attention has been paid
to the existence of solutions of elliptic and parabolic problems under various assumptions; see,
e.g., [9, 10, 11, 12, 13, 14, 15] and the references therein.

It is well known that the setting of weighted Orlicz—-Sobolev spaces includes many spaces
as special spaces, such as, Lebesgue spaces, weighted Lebesgue spaces and Orlicz spaces; see
[16]. These spaces have many applications in various fields, such as, PDE, electrorheological
fluids, and image restoration; see [17, 18, 19]. The feature of this paper is to treat a class
of problems for which the classical monotone operator methods (developed by Minty [20],
Browder [21], Brézis [22] and Lions [23] in WO1 P (Q) case) do not apply. The reason for this is
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that a(x, u, Vi) does not need to satisfy the strict monotonicity condition, that is, (a(x,s,&) —
a(x,5,&"))(E—¢&') >0, forall £,&" € RV, (& # &), of a typical Leray-Lions operator but only
a large monotonicity, that is,

(a(x,s,&) —a(x,s,é')) (E—&) >0, forall £,& € RV,

The aim of this paper is to demonstrate the existence of solutions of (1.1) under the weaker as-
sumption, the large monotonicity condition, without using the almost everywhere convergence
of the gradients of the approximate equations, since this is impossible to prove in our setting.
The main tools in our proof are a version of Minty’s Lemma (Now we follow the idea in Minty
[24]). The paper is organized as follows: We introduce some basic definitions and properties in
the setting of weighted Orlicz—Sobolev spaces as well as an abstract theorem, and prepare some
auxiliary results to prove our theorem in the following section, Section 2. In Section 3, the last
section, we state the main result and its proof.

2. PRELIMINARIES

This section presents some definitions and well-known results about N-functions,and weighted
Orlicz-Sobolev spaces (see, e.g., [25] and [26].

2.1. N-function. Let M : R™ — R™ be an N-function, i.e. M is continuous and convex with

M(t) > 0fort >0, @%Oast%()and@—woast—wxx
Equivalently, M admits the representation M(t) = [{m(t)dt, where m : R* — RT is non-
decreasing right continuous with m(0) = 0, m(¢) > 0 for t > 0 and m(t) — oo as t — co. The
N-function M conjugates to M defined by M(t) = [3m(t)dt, where 71 : RT™ — R is given by
m(t) = sup{s:m(s) <t}. It is well known that we can assume that m and 7 are continuous
and strictly increasing. We will extend the N-functions into even function on all R*. Clearly

M = M and has Young’s inequality
st <M(t)+M(s) for all s, > 0.

The N-function M is said to satisfy the Ap-condition every-where (resp. infinity) if there exist
k > 0 (resp. tp > 0) such that, M(2t) < kM(t) for all t > O (resp. t > to).
Let P and Q be two N-functions. The notation P << Q means that P grows essentially less

rapidly than Q, that is, for all € > 0, QP(Q) — 0 as t — +oo. That is the case if and only if
0 '(r)

0

—0ast —> oo,

2.2. Orlicz-Sobolev space. Let Q be a domain in R, M be an N-function and p (x) be a weight
function on €, i.e. measurable positive a.e. on Q such that

peL(Q). 2.1)

The weighted Orlicz classe Ky (Q,p) (resp. the weighted Orlicz space Ly (2, p)) is the set
of all (equivalence classes modulo equality a.e. in Q) of real-valued measurable functions u
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defined in Q satisfying mp (u,M) = [o M(|u(x)|)p(x)dx < oo

(resp. mp <%,M) = /QM<|M(A—X)|>p(x)dx < oo for some A > 0).

Ly (L, p) is a Banach space under the norm

lullp = inf {2 > 0:m(5,0) <1} (2.2)
_ The closure in Ly (Q,p) of the set of bounded measurable function with compact support in
Q is denoted by Ey(Q,p) (we have usual Ey(Q,p) C Ky (2,p) C Ly (Q,p)). The equality
Ly(Q,p) = Eyn(L,p) holds if and only if M satisfies the Ap-condition, for all ¢ or for 7 large ac-
cording to whether Q has a infinite measure or not. The dual of Ej/ (€, p) can be identified with
Ly;(Q,p) by means of the pairing [ u(x)v(x)p (x)dx, where u € Ly(Q,p) and v € Ly;(Q,p)
and the dual norm on Lz7(€, p), which is equivalent to |.|[57 o (see [8]). The space Ly(£2,p)
is reflexive if and only if M and M satisfy the Ay-condition for all ¢ or for ¢ large according to
whether Q is infinite measure or note. We return now to the weighted Orlicz-Sobolev spaces
WLy (Q,p) (resp. W'Ep(Q,p)), the spaces of all functions u such that u € Ly (Q) (resp.
u € Ep(Q)) and their distributional derivatives up to order 1 in Ly (Q,p) (resp. Epy(Q,p)). It
is a Banach space under the norm

”uHLM,p = ||MHM+HV”||M,p7 (2.3)
where [|ul|y, = [lullys o Thus, W'Ly(Q,p) and W'Ey(Q,p)) can be identified with the sub-
spaces of [[Lyp = Ly x [TLu(2,p). Te have the weak topology G(HLM,p,HEﬂp) and
o ([1Lm,p:I1Lzz ) The space W) Em(Q,p) (resp. WyLy(Q,p)) is defined by the closure
of D(Q) in W!Ep(Q,p)) (resp. WLy (€, p)) for norm (2.3) (resp. for the topology & (I1Lw,p,
HEM,p))-

Definition 2.1. The sequence u, converges to u in Ly (Q,p) for the modular convergence (de-
noted by u,, — u (mod) Ly (Q,p)) if fQM<W)p(x)dx — 0 as n — oo for some A > 0.

Definition 2.2. The sequence u, converges to u in W'Ly(Q,p) for the modular convergence
(denoted by u,, — u (mod) WLy (Q,p)) if, for some A > 0, fQM( |”";”|>dx — 0 asn — o and

fQM<|m(L/f+”)|>p(x)dx 5 0asn— oo for o = 1.
Lemma 2.3. [27] Let M be an N-function. If u, € Ly (Q) converges a.e. to u and u, is bounded
in Ly (Q), then u € Ly (Q) and u,, — u for the topology o (Ly(Q), Ey;(Q)).

Lemma 2.4. [27] If the sequence u, € Ly(Q,p) converges to u a.e. is bounded in Ly (Q,p),
then u € Ly (Q, p) and u,, — u for the topology o (Ly(Q,p), Ez;(2,p)).

2.3. Compactness results. Let Q be an open bounded locally-border lipschitzian in RV, p the
weight function and M an N-function. Let the following integrability assumptions hold: There
exists a real s > 0 such that

(M(t))51 be N-function and that p—* € L}(Q), (2.4)

o t
——————dM(t) = oo, (2.5)
/1 M(I)HN(M) (1)



ENTROPY SOLUTIONS OF NONLINEAR ELLIPTIC EQUATIONS 5

s+1

1o Mt
lim / MW 4o, 2.6)
t—e0 M~1() W NG

Remark 2.5. In the particular case where M(t) = % (I < p < o), the first part of (2.4) is
satisfied if s > ﬁ.

Theorem 2.6. [28, Theorem 9-5] Let Q be an open bounded subset of RN with locally-lipschitzian,
and M an N-function. Suppose that assumptions (2.4)—(2.6) are satisfied. So, we have the fol-
lowing compact injection :

WLy (Q,p) —— En(Q).
Theorem 2.7. (Weighted Poincaré inequality) Let Q be a bounded open subset of RN with

locally Lipschitzian boundary, p a weight function, and M an N -function. If u € WO1 Ly(Q),
then

lullsr < e[| Vallap
where c is a positive constant, which implies that ||Vul|y,p and ||u||1 pm are equivalent norms on
W()l LM.p .

Proof. Under the assumptions (2.4)-(2.6), the Sobolev conjugate N -function M; of M; is well
defined by

sM—l
M :/ mdr
0

1
A+y

and we have WolLMX C Ly Since M < M;, we have Ly C Ly Hence

[l < crllullm; <

where ¢y and ¢ are two positive constants. Then, by using the Poincaré inequality in the
non-weighted Orlicz-Sobolev space, we find that there exists a positive constant ¢’ such that
uel|1.m, < '||Vul|a,. We will show that

IVaellag, < cl[Vullarp-

Note that
||v||M</M dx+1—/M )
/ (M, (v(x))) p (x dx+/ X)dx+2

_ /Q M(v(x))p(x)dx + /Q p‘S(x)dx+1,

which implies that ||v|[a, < c[[v||m,p, for some positive constant c. In fact, if this is not true,
then there exists a sequence v, such that [|v,||), — o and for n large, ||va||y; , < 1. Hence, for
n sufficiently large, we get

/M () p(x)elx < [allygp < 1.
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Then
vl < [ MOEDP@Idx+ [ p*(dx-+1

< vnllep + [ P @idx+1,

which is a contradiction since the left hand-side tends to infinity while the right hand-side is
bounded. Finally, by taking v = Vu, we conclude the result immediately. 0

We will also use the following technical lemmas.
2.4. Some technical lemmas.

Lemma 2.8. Let f, and f be in L' (Q) such that f, > 0 a.e. in Q, and let f, — f a.e. in Q such
that [o f(x)dx — [ f(x)dx. Then f, — f strongly in L'(Q).

Lemma 2.9. Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let u € Wy Ly (Q, p).
Then F (u) € Wy Ly (Q, p). Moreover, if the set D of discontinuity points of F' is finite, then

iF(u):{ F/(u)g—)’:i a.e. in{xeQ;u(x) ¢ D},
dx; 0 a.e. in{xe Q;u(x) € D}.

Proof. We suppose for the moment that F is also C'. Then, there exist a sequence u, € D(Q)
such that u, — u (mod) WILM(Q, p)). Passing to subsequence, we can assume that

D%y, — D% V|o| <1ae.inQ.
From the relation |F(s)| < k|s|, where k denote the Lipschitz constant for F, and %F (uy) =
F'(uy) %Z’? , we deduce that F (u,) remains bounded in W Ly (Q,p). It follows that

F(u,) > we W(}LM(Q,p) for G(HLM,p,HEMJ)).

By a local application of the compact imbedding theorem, we have that F(u,) — w a.e. in Q.
Consequently, w = F(u), and F(u) € Wi Ly(Q,p). Finally, by the usual chain rule for weak
derivatives, we have

0 / du
— Fu)=F (u)=—=
o F ) =F (7o
For the general case, taking the convolution with the mollifiers, we get a sequence F;,, € C*(R)
such that F, — F uniformly on each compact, F,(0) = 0 and |F,| < k. For each n, Fy(u) €

W)Ly (Q,p), we have (2.7) with F replaced by F,. Finally, (2.7) follows from the generalized
chain rule for weak derivatives. This completes the proof. 0

a.e. in Q. 2.7)

The following lemmas follow from the previous lemma.
Lemma 2.10. Let u,v € Wy Ly(Q, p) and let w = min(u,v). Then, w € Wy Ly (Q, p) and
ow g_;l a.e. in {x € Q;u(x) <v(x)},
ox; g—;l a.e. in {x € Qyu(x) >v(x)}.

Proof. Note that min(u,v) =u— (u—v)". Using Lemma 2.9 with F(s) = s, we get the desired
conclusion immediately. U
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We introduce the truncate operator. For a given constant k > 0, we define the function 7} :

R — R as
s, |s| <k,
To(s) =
(s) {ki 5] > k.

sl

Lemma 2.11. Assume that (2.4)—(2.6) holds. Let u € WOILM(Q,p), and let T, (u),k € R™, be
the usual truncation. Then, Ty.(u) € W)Ly (Q,p). Moreover,

Ty () — u strongly in Wy Ly (Q,p).

Lemma 2.12. Let u, be a sequence in WOILM(Q, p) such that u, — u for the topology & (I1Lm.p
[1E3 ). Then, Ti(un) — Ti(u) for o(I1Lup, [1Ex )

Proof. Since u, — u and Wy Ly (Q,p) < Epn(Q), we have u, — u strongly in Ep(Q) and
a.e. in Q. Then, Ty (u,) — Ti(u) a.e. in Q. On the other hand, for some A > 0,

/£2M<|Tk()ztn)|)dx§/QM<”’;:l|>dx

LM(W%LM)p(x)dx:/QM<WLM>p(x)dx§LM(‘V;L—url‘)p(x)dx

which imply that

and

||Tk(”n)”1,M,p < ||”n”1,M,p-
Then, (7j(u)) is bounded in W) Ly (Q,p). It follows that Ty (u,) — Ti (1) in Wy L (Q, p) for
o(Lm(Q,p),Ez(Q,p)). This completes the proof. O

Lemma 2.13. If the sequence u, € Ey(Q,p) converges a.e. in Q with p € L'(Q), then it
converges in norm in Ey(Q,p) if and only if the norms are uniformly absolutely continuous,
i.e., for each € > 0, there exist § > 0 such that ||uy XE ||y , <€ for allnand E C Q with |E| < 8.

Proof. By the same argument introduced in the proof of Lemma 11.2 in [29], we find E, ,, =

{x € Q: |up(x) —upn(x)| > a}, where o« = M1 (ﬂli#h) such that

E

letnzellpr,p < 5-

We denote by H(Ep(Q),r) the set of functions u € Ly(Q) whose distance to Ep(Q) (with
respect to the Orlicz norm) is strictly less than r and by By, (Q)(0,r) the ball in Ly (Q) (with

respect to the Orlicz norm) of radius r and center 0. 0J

Lemma 2.14. Let Q be a bounded subset of RN with finite mesure. Let M, R and Q be N-
functions such that Q << R, and let f be a Carathéodory function such that, for a.e. x € Q and
all s € R,

1f(x,8)] <bx)+ kR (o7 () Q(kas])) (2.8)
where 0 < b(x) € Ey(Q,p),p € L'(Q) and ky,k» € RT. Then, the Nemytskii operator Ny (u)(x) =
f(x,u(x)) satisfies:

. 13\7 . . . 13\7
(1) it sends (H(EQ(Q),5)> into Lr(,p) and is continuous from (H(EQ(Q),E)> to
the norm topology of (Lp(Q))? into Lr(Q, p) to the modular convergence;
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(2) it is uniformly bounded on (BLQ(Q) (0, é))p;
(3) If b(x) € Eg,(Q,p) with Ry << R, then Ny is continuous to the norm topology of
ER] (va)
Proof. (1) Let u = (uy,uy, ...,up) € (H(EQ(Q),%DP. Since d(u;, Ep(Q)) < é (1<i<p),

we have [ Q(ka|u|)dx <1, (see Theorem 10.1 [ Zb/{x) € Kp(Q,p).
By the growth condition (2.8) and the convexity of R, we get

/QR(’f();L’S)’>p(x)dx§ %/QR(2b}fx)>p(x)dx+%/s_2R(k2]u(x)\)dx<oo.

On the other hand, suppose that

Up — U E (H(EQ(Q), kl—2)>p,

and let o > 0 be such that d(k2|u| Ep(Q)) <o <1 and d(ky|u|,Eg(Q)) <1 —a < 1. We

have % u| € Kp(Q) and 7% |u| € Kp(L) (see Theorem 10.1 [29]). For A > 4k; with élb;tﬂ €
KR(Q7P)’ we get

JoR (M)p(x)dx
141 ~1(p—
< [ R (2R o7 thaluh) kiR (o 1@C)Q("Z'”')))p(%)dx

Lo (442) oo 1,0 ) oo
1@ fQQ<% ]ul)dx—king(kz’”Ddx‘

Since Q (ka |u|) < Q (% |u]> , the last inequality becomes

JoR (Mletnh L 000 p )

§5/9R<4b/1ﬁ)p(x>dx+/gQ<lk2

B yun—uy> dx+/QQ(k2|u\)dx

which implies from the Vitali’s theorem that f(x,u,) — f(x,u) (mod) in Lg(Q, p), for a subse-
quence, denoted again by u,, (which holds for the whole sequence).

(2) Letue (BLQ(Q) (0, %))p and let A > 2k such that [ R (@) p(x)dx < 1. By the growth

condition (2.8) and the convexity of R, we get

/Q (If();u)) _2/ <2b ) )dx+%/QQ(k2|u(x)|)dx§1,

which implies (2).
(3) Suppose that b(x) € Eg, (Q,p) with R << R. As in (1), since Lr(Q,p) C Eg,(2,p)),
we can show that f(x,u) € Eg,(Q,p) forall u € <EQ ) Suppose now that

p
Uy, — U E (EQ(Q),klz)) in (Lo(Q))?,
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We next show that f(x,u,) — f(x,u) (mod) in Eg, (€, p). Fixing € > 0, we have as above

/QR] (|f<x’u")8_f<x7u)|)p(x)dx
<t () peaes y [ w (SR (o 0t ) ploas

4/ (4k1 (X)Q(k2|u|))> p(x)dx.

Since R; << R, we have that there exists K such that R1( 1) <R(t)+K forall¢ > 0. Then,
the last inequality can be written as the form

/QRI (\f(x,un);f(x,u)|>p(x)dx

< %/QRI (4b£x>>p(x)dx+%/QQ(k2|un|)dx

1 K
+4 [ leludx+ = [ plxdx
4J)o 2 Jo
As in (1), by using the Vitali’s theorem, we get

/QR1 <|f(x,un)8—f(x,u)’)p(x)dxéoasn%%

for a subsequence (which holds for the whole sequence). Since € is arbitrary, we conclude the
desired conclusion immediately. U

3. MAIN RESULTS
Let Y be a closed subspace of W'Ly(Q, p) for o ([1Lmp,I1Es; ) and let
Yo=YNW!Ly(Q,p),

such that Y is the closure of Y for G(HLM,p,HEM p). In the next, we consider the comple-

mentary system (Y,Yy,Z,Z) generated by Y, that is, ¥j can be identified to Z and Z; can be

identified to Y by the means (.,.). Let the mapping T (associated to the operator A) be defined

from D(T) = {u € Y,ao(x,u, Vu) € Ly;(Q),a;(x,u,Vu) € L3;(Q,p)} into Z by the formula
a(u,v) = / ao(x,u, Vu)v(x)dx+ Y / air Vi) 2 o ax W e v,

Q Ix;

1<i<N /L

We consider the complementary system
(Y,Y0,2,20) = (W Lt (Q,0), Wy Ent(2,0), W Egz(Q,p), W' Liz(Q, p)).

As in [1], we define the entropy solution of our problem.

Definition 3.1. An entropy solution of problem (1.1) is a measurable function if 7; (1) € W) Ly (Q,
p) for every k > 0 and

[ alxu V) VTiu— 9)p()dr+ [ gleu)Tulu—9)dx < [ fTi(u—9)dx
Q Q Q
for every ¢ € Wi Ey(Q,p) NL7(Q).
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The following is the main result of this paper.

Theorem 3.2. Let (1.2) -(1.7) and (2.4)—(2.6) hold. Let p(x) be a weight function on Q satisfing
(2.2). Then, there exist an entropy solution, u, of problem (1.1).

3.1. Main Lemma.

Lemma 3.3. Let u be a mesurable function such that Ty(u) belongs to WLy (Q,p) for every
k > 0. Then

/ a(x,u,V9)VTi(u—9) dx < / f Ti(u— ¢)dx, (3.1)
Q Q

is equivalent to

/ a(x,u, Vu)VTi(u—¢)p(x) dx+/ gx,u)Ti(u—¢)dx = / f Tie(u—@)dx, (3.2)
Q Q Q
forevery ¢ € WolLM(Q,p), and for every k > 0.

Proof. 1t is obvious that (3.2) can imply (3.1). Thus, it remains to prove that (3.1) implies (3.2).
Let h and k be positive real numbers, and let A € ]—1, 1] and ¥ € Wy Ly (Q,p) NL=(Q). Choose
¢ =T(u— AT (u—Y)) € Wy Ly (Q,p) NL7(Q) as test a function in (3.1). Then

T < T, (3.3)

where

T = /Qa(x,u,wh(u—ka(u—\P)))VTk(u— Ty (u— AT (u—W))) dx

+ [ gl T (=T (u = AT = ) dx = T+ I
and
D= | f Telu=Th(u = ATi(u = ¥)) d.
Putting
A ={x e Q,|u—TH(u— AT (u—¥))| <k},
and
By ={x € Q,|u— AT (u—"¥)| < h}.
we obtain

L, = a(x,u, VT,(u — AT (u —P))) VT (u— Ty(u — ATy (u — ¥))) dx
AgnNBpk

+ a(x,u, VT,(u — AT (u —P))) VT (u— Ty (u — ATy (u—¥))) dx
Akhmng

+/C a(x,u, VT (4 — ATy (1 — B)))\V T (1 — Ty (4 — ATy (1 — P))) dx.
Akh

Since VTi(u — Tj,(u — ATi.(u —¥))) is different to zero only on Ay, we have

/C a(x,u, VT (u — ATy (u —¥)))VTi(u — Tp(u — AT (u —¥))) dx = 0. (3.4)
A

kh
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Moreover, if x € BS,, we have VT, (u — AT (u—¥)) = 0. Using (1.4), we deduce that

/A VT, (= AT (0= ) VT = Ty (1= ATy (u— ¥)) d

= a(x,u,0)VT(u—Ty(u— AT (u—¥))) dx=0. (3.5)

Akhmng
From (3.4) and (3.5), we obtain

I, = / a(x,u, VT,(u — AT (u— ")) VT (u—Ty(u — ATy (u — ¥))) dx.
AgnBpk

Letting i — +o0,|A| < 1, we have
Agn = {1, [A||Ti(u =) < h} = Q, (3.6)
B — Q  whichimplies A, N By — Q2. (3.7

Using the Lebesgue theorem, we conclude that

lim a(x,u, VT,(u— AT (u —P))) VT (u—Ty(u — ATy (u — ¥))) dx
h—+eo J ANBi

:/1/ a(,u,V (4 — ATy (1 — ) VT (4 — V) dix, (3.8)
Q

which implies that

h—>o0

lim 7, = ;L/ a(x,u,V (u— ATy (4 — W) VT (u — P) dx.
Q
Moreover, it is easy to see that

Jim [ g (u =Ty (u= AT =) dx =4 | glxu)Tilu—ylax.

which implies that

lim Ihk:/l/ a(x,u,V(u— AT (u—Y)))VTi(u—¥) dx+l/ g(x,u)Ti[u— yldx. (3.9)
h—s o0 Q Q

On the other hand, we have
I = /Qf To(u— Ty (u— ATy (u—P))) dx.
Then
hgrfw/gf To(t— Ty (u— ATi(u—P))) dx = A /Qka(u _W)dx, (3.10)

i.e.,
lim Jhk:?L/ fT(u—¥)dx. (3.11)
h—+oo Q

Using (3.9) and (3.11), and passing to the limit in (3.3), we obtain

A (/Qa(x,u,V(u—/'LTk(u—‘P)))VTk(u—‘P) dx+/gg(x, u) Ty [u — l//]dx)

<2 (/Qka(u—‘P)dx)
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for every W € WOILM(Q,p) NL>(Q), and for every k > 0. Choose A > 0. Dividing by A, and
letting A tend to zero, we obtain

/a(x,u,Vu)VTk(u—‘P) dx+/g(x,u)Tk[u—l//]dxg/ka(u—‘I’)dx. (3.12)
Q Q Q

For A < 0, dividing by A, and letting A tend to zero, we obtain

/a(x,u,Vu)VTk(u—‘P) dx+/g(x,u)Tk[u—l//]dxz/ka(u—‘I’)dx. (3.13)
Q Q Q

Combining (3.12) and (3.13), we conclude
/ a(x,u, Vu)VTi(u—¥) dx+ / g(x,u)Ti[u— yldx = / fTi(u—W)dx. (3.14)
Q Q Q
This completes the proof of Lemma 3.3.

3.2. Proof of Theorem 3.2.

3.2.1. Approximate problem and a priori estimate. For n € N, define f, := T,(f). Let u, be a
solution in Wy Ly (L) to the problem

— div(a(x,un, Vitn)) + gn (X, ) = fu in Q, (3.15)
u, =0 on dQ, '
where
g(x,s)
gnlx,s) = —F———,
" 1+ 1g(x,9)]

which exists due to [30]. Choosing T (uy,) as a test function in (3.15), we have
/Qa(x, tp, Vi, ) VT (un) dx—i—/ggn (x, ) Ty (uy) dx = /anTk(un)dx.
Note that g, (x,un) Tx (un) > 0. Using VTi(un) = Vityy (1, <k} and assumption (1.4), we obtain

/ (%, t, Vit VT (1) dx > / M(M|VTi(un)|dx.
Q Q

It follows that
[ PCOMIV Tk ) N < Kl f11 (3.16)

and
[ PCOM VT () ) < ik (3.17)

where C] is a constant, which is independent of n.
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3.2.2. Local convergence of u, in measure. Taking %|Tk(un)| in (3.15) and using (3.17), one
has

/p M(2\ WT"A(”” Ydx </p M (A |VTi(u,)|)dx < Cik. (3.18)

Then, we deduce by using (3.18) that

meas{|up| >k} < ;/ M(|un(x)|)dx
{lun| >k}

nlsz()L)
[ MO )b
_ — | Ty (uy,)|)dx
= (5 Jo" 2 (.19)
< — fj/]lkk Vn, Vk>0.
lfkl (7)

For any 8 > 0, we have
meas{|up — up| > B} < meas{|uy| > k} +meas{|uy| > k} +meas{|T(un) — Tr(um)| > B},

and then

2C1k
meas |y — Upy| > Py < ———— +meas{|Ti(un) — Ti(um)| > p}.
{lun —um| > B} < lrklfM(%) T (un) — T (um)| > B} (3.20)
By using (3.17) and the Poincaré inequality in weighted Orlicz-Sobolev spaces, we deduce
that (Ti(uy)) is bounded in WLy (,p), and then there exists @, € Wy Ly/(Q,p) such that
Ti(un) — @y weakly in W)Ly (Q,p) for o(I1Ly,T1E;); strongly in Ezz(Q,p) and a.e. in Q.
Consequently, we can assume that (7;(u,)), is a Cauchy sequence in measure in Q. Let € > 0.

From (3.20) and the fact that - ?AC;(k 5~ 0 as k — oo, we have that there exists some k = k(&) >
k A

0 such that meas{|u, —u,| > A} < €, for all n,m > hg (k(€),A). This proves that u,, is a Cauchy
sequence in measure. Thus, u,, converges almost everywhere to some measurable function u.

Finally, there exist a subsequence of {u, },,, still indexed by n, and a function u € Wy Ly (L, p)
such that

up —u  weakly in Wy Ly (Q, p) for o(TILy p, T1Eyz; ) 3.21)
u, — u strongly in Ey(Q,p) and a.e. in Q. '
3.2.3. Equi-integrability of nonlinearities. we need to prove that
gn (x,1,) — g(x,u) strongly in L' (Q). (3.22)

In particular, it is enough to prove the equi-integrable of g, (x,u,) to this purpose. Taking
Tp 1 (uy) — Tp (uy) as a test function in (3.15), we obtain

/Qa (o, tn; Vitn) V (Tii1 () — Ty (un) )x + /an (o, tn) (Tr1 (un) = T (un)) dx

= [ T () =T (1))
Q
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which implies that

/ a(x,u,.Vuy) , Vupdx + |gn (x,u,)| dx
{I<]un|<I+1}

{lun|=1+1}
< c/ fldx
{\un|21}’ |

From (1.4), we have

/ |gn (-xv un)|dx < C/ |fn|dx.
{un|20+1} {lun| =1}
Letting € > 0, we find that there exist /(€) > 1 such that

€
n yUn d §_~ 323
/{|un|>1<e>}|g (3 0n)| 2 G:29)

For any measurable subset E C Q, we have

g0 () < [ 0 ) -+ [ 0 (3, t0)
/E EN{[un|<I(g)} EN{|un|>1(€)}

< | |y @)] dx+ / o (x,t,)| dlx.

- /E} o) () d¥ EN{Ju,|>1(e)} ()| dx
In view of (1.6), we have that there exist (&) > 0 such that

€
< — .
/E e ()| dx < 2, (3.24)

for all E such that meas (E) < n(€)
Finally, by combining (3.23) and (3.24), one easily obtains [ |g (x,u,)|dx < € for all E such
that meas (E) < n(¢).

3.2.4. An intermediate Inequality. In this step, we shall prove that, for ¢ € WOILM(Q,p) N
L=(Q),

/ a(x,un, VO)VTi(uy — ) dx+/ gn (X, 1) Tj (upy — @) dx < / foTi(up— @)dx.  (3.25)
Q Q Q
We choose now T (u, — ¢) as a test function in (3.15) with ¢ in Wy Ly (Q, p) NL™(Q). Then,

/ a(x,up, Vun)VTi(uy — 9) dx—l—/ gn (X, un) Ty (uy — @) dx = / fuTi(uy — @)dx.  (3.26)
Q Q Q

Adding and substracting the term / a(x,u,, Vo), VTi(u, — 9) dx, i.e.,
Q
/ a(x,u, Vun)VTi(up — @) dx+/ a(x,u,, VO)VTi(u, — @) dx (3.27)
Q Q

~ [ a0, V)V Tyt = 0) dt [ g0 (ot Tty — )= [ fuTi(un — 9)av
Q Q Q

Thanks to (1.3) and the definition of truncation functions, we have
/ (a(x,up, Vup) —a(x,un, VO))VTi (1 — @) dx > 0. (3.28)
Q

Combining (3.26) and (3.28), we obtain (3.25).
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3.2.5. Passing to the limit. We shall prove that, for ¢ € WLy (Q,p) NL=(Q),
/Qa(x,u,V¢))VTk(u — @) dx+ /Qg (x,u) T (u—¢)dx < /Qka(u — ¢)dx.
First, we claim that
/Qa(x, un, VO)VTi(up — @) dx — /Qa(x,u,V¢))VTk(u — @) dxas n— +oo.

Since Ty (un) — Ty (1) weakly in Wy Ly (Q, p), with M = k+ ||§]|o, then

Ti(un — @) — Te(u— @) in Wy Lyr(Q,p), (3.29)
which gives
T Ty : .
e (un—(]))—,a—xi(u—(p) weakly in Ly (Q,p) Vi=1,..,N. (3.30)

Note that
a(x, Ty (un), Vo) — a(x, Ty (u), V) strongly in (Lz;(Q))N.
Thanks to assumption (1.2), we obtain

i, Toa (1), V)| < [95(x)| + KiP ' (p~ ()M (2| Toa (wn) ) + KiM ' M(c1[V9]),

where B and p are positive constants. Since Tj(un) — Ty (u) weakly in Wy Ly (Q,p) and
Wi Ly (Q,p) —— Liz(Q,p), then Ty (uy) — Ty (u) strongly in Ly (Q,p) and a.e. in Q. Hence,

la(x, Ty (un), V)| — |a(x, Tayr(u), V)| ae. in Q.

and
[6:(x)| + KiP ' (p ™ (x)M (ca| Tog () ])) + KiM ' M(c1 [V9]) —

-1, _ —1
10i(x)| +KiP~ (p~' (x)M(ca|Tw(w)])) + KiM— M(cy [V)),
a.e. in Q. Then, By Vitali’s theorem, we deduce that

a(x, Ty (), V) — a(x, Ty (u),Ve) strongly in (Lz;(Q,p))", asn — oo, (3.31)
Combining (3.30) and (3.31), we obtain
/ a(x,u,, VO )VTi(up — @) dx — / a(x,u,V@)VTi(u— @) dx as n — +oo. (3.32)
Q Q

Second, we show that
/ JnTi(un — @)dx — / fTi(u— @)dx. (3.33)
Q Q

We have f,Ti(up — @) — fTi(u— @) ae. in Q and |fTi(u, — ¢)| < k|f|. By using Vitali’s
theorem, we obtain (3.33). Similarly, thanks to (3.22), we can show that

/ gn (X, 1) T (uy — @) dx — / g(x,u)Ti(u— @)dx as n — oo. (3.34)
Q Q
Thanks to (3.32), (3.33) and (3.34), V¢ € WolLM(Q, p)NL>(Q), we deduce
/ a(x,u,V¢)VTk(u - ¢) dx+/ g(X,M)Tk(M - d))dx S / ka(u - (P)dx
Q Q Q

In view of the main Lemma, we can deduce that u is an entropy solution of problem (1.1). This
completes the proof of Theorem 3.2.
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