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Abstract. The existence of at least three weak solutions for a nonlinear elliptic Navier boundary value problem
involving the p-triharmonic operator is investigated. The main tools used for obtaining our results are two critical
points theorems established in [B. Ricceri, A three critical points theorem revisited, Nonlinear Anal. 9 (2009),
3084-3089] and [G. Bonanno, S.A. Marano, On the structure of the critical set of non-differentiable functionals
with a weak compactness condition, Appl. Anal. 89 (2010), 1-10].
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1. INTRODUCTION

The study of the differential equations with p(x)-growth conditions is an interesting and at-
tractive topic and has been the objective of considerable attention in recent years; see, e.g.,
[1, 2, 3, 4] and the references therein. The interest in studying such problems was stimu-
lated by their applications in elastic mechanics, fluid dynamics, the thermo-convective flows of
non-Newtonian fluids and the image processing. For more information on modeling physical
phenomena by these equations, we refer to [5, 6, 7].

The operator Az(x)u = div (A(|VAu]1’(x)’2VAu)> is the p(x)-triharmonic operator, where

p(+) € C(Q), which is a natural generalization of the p-triharmonic operator (where p > 1 is a
constant).

The following nonlinear Navier boundary value problem involving the p(x)-Kirchhoff type
triharmonic operator

M (fo 5 VAUPDdx) &S = AL ()|l *2u = AE WP 20, xeQ,
u=Au=Au=0  x€dQ,
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where Q C RN (N > 3) is a bounded domain with smooth boundary, A is a positive parameter,
p €CYQ) with 1 < p(x) < § forany x € Qand {,&,a, B € C°(Q), was analysed by Rahal in
[8].

Motivated by the results, in this paper, we establish the existence of three weak solutions for
the following Navier boundary value problem involving the p-triharmonic operator:

{ A= Af(x ) +pglru),  xEQ,

u=Au=Au=0, x € 90Q, (L.

where Q € RY (N > 3) is a bounded domain with boundary of class C!, A is a positive param-
eter, [ is a non-negative parameter, f,g € C°(Q x R) and p > max{l,%’ )

In recent years, many authors investigated the problem of finding solutions of problems with
Navier boundary value condition, we refer the reader to [1, 2, 3,4, 8,9, 10, 11, 12, 13]. As we
see, most of them include p or p(x)-biharmonic operators.

In [12], Yin and Liu studied the following p(x)-biharmonic elliptic problem with Navier
boundary conditions:

{ Ai(x)u - )‘a(x)f(xv I/t) +.Ug(x7u)> RS Qa

1.2
u=Au=0, x€dQ, (1.2)

where Q C RN (N > 2) is a bounded domain with boundary of class C!, A, u are non-negative
parameters, p(-) € C%(Q) with max{2,5} < p~ :=inf gp(x) < p™ :=sup g p(x). By the
three critical points theorem obtained by Ricceri [14], they established the existence of three
weak solutions to problem (1.2).

In [1], by using the critical point theory, the existence of infinitely many weak solutions
for a class of Navier boundary value problem depending on two parameters and involving the
p(x)-biharmonic operator

Alz)(x)u:lf(xalo_l_.ug(xvu)? X € Q;
u=Au=0, X € JQ,
where A is a positive parameter, [l is a non-negative parameter, f,g € C'(Q xR) and p(-) €
C%(Q), was discussed.
In [9], Candito and Molica Bisci proved the existence of three weak solutions for the follow-
ing elliptic Navier boundary problem
A(|AulP=2Au) = Af(x,u), x€EQ,
u=Au=0, X € 0Q,
where A is a positive parameter, p is a constant and f is a suitable continuous function defined
on Q x R.
To the best of our knowledge, there are just a few contributions to the study of the problems

involving p—triharmonic operators. The paper is organised as follows. Section 2, is devoted to
our abstract framework. Section 3, the last section, is dedicated to the main results.

2. PRELIMINARIES

From now on, we assume that € is an open bounded subset of RN, p > max{1, %’}, while

X = W3 (Q)NW, " (Q)
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u| = (/QWAudex)” @.1)

Proposition 2.1 (see [15]). If Q C RY is a bounded domain, then the embedding X — 0 (ﬁ)
is compact whenever p > %

endowed with the norm

foru e X.

From Proposition 2.1, we see that there exists a positive constant k depending on p, N and Q
such that
l|ullo = sup|u(x)| < k||u||, VueX. (2.2)
X€Q
Corresponding to f and g, we introduce the functions F,G : Q x R — R, respectively, as
follows

Flu) = [ feg)ds,  Glon= [ etx8)dg

forallx € Qandt € R.
For every u € X, let us define ®,¥,J : X — R by putting

p
o) = 7 gy Z / Flou(x))dy,  J(u)=— / G(x, u(x))dx.
p Q Q
By standard arguments, we have that ® is Gateaux differentiable and sequentially weakly

lower semicontinuous and its Giteaux derivative is the functional ®'(u) € X*, given by

& (u)(v) = / |VAu|P~2VAu - VAvdx
Q

for any v € X. Furthermore, the differential ®' : X — X* admits a continuous inverse (see [12,
Lemma 3.1]). Similar arguments as those used in [16] imply that ¥,J € C!(X,RR) with the
derivatives given by

V() == [ (o)) ds
T ) == [ gleu)dx

for any u,v € X. Moreover, thanks to the compact embedding X — C%(Q), the operator ¥’ :
X — X* is compact.

Our analysis is based on the following theorems. These tools have been successfully applied
to different problems in [2, 4, 9, 13, 17].

Theorem 2.2 (Ricceri, [14]). Let X be a reflexive real Banach space, and I C R an interval.
Let ® : X — R be a sequentially weakly lower semicontinuous C' functional, bounded on each
bounded subset of X, whose derivative admits a continuous inverse on X*, and let ¥ : X — R
be a C' functional with compact derivative. Assume that

lim (P(x) +A¥(x)) = +oo

[l[|—>—eo
forall A € I, and there exists h € R such that

iupl);g)f( (Px)+A(F(x)+h)) < ;g s/lupl) (P(x)+A(F(x)+h)). (2.3)
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Then, there exist a non-empty open set interval A C I and a positive real number q with the fol-
lowing property: for every A € A and every C' functional J : X — R with a compact derivative,
there exists 8 > 0 such that, for each 1 € [0, 8], the equation

&' (u) + AW (u) + puJ' (u) =0
has at least three solutions in X whose norms are less than q.

In the proof of our first main result, we also use the following result to verify the minimax
inequality in theorem 2.2.

Theorem 2.3 (Bonanno, [18]). Let X be a non-empty set and ®,¥ two real functions on X.
Assume that ®(x) > 0 for every x € X and there exists ug € X such that ®(ug) = ¥(up) = 0.
Further, assume that exist uy € X, r > 0 such that

(k1) P(ur) >r,

(K2) SUPgy(y) < (—P(x)) < r .
Then, for every v > 1 and for every h € R satisfying

—‘P(ul)
rm - Sup¢>(x)<r(_lp(x)) —‘P(ul)
sup (—W(x))+ <h<r ,
<I)(x)<r( ( )) v (I)(ul)
one has
sup inf (®(x) + A (¥(x)+h)) < inf sup (P(x)+A(¥(x)+h)),
AeR¥EX X€X ) ¢cl0,0]
where
. vr
0= ")

r O(u)) Sup@(x)<r(_q](x))
Finally, we recall the following tool, obtained by Bonanno and Marano in [19], that we recall

in a convenient form.

Theorem 2.4 ([19, Theorem 2.6]). Let X be a reflexive real Banach space. Let ® : X — R be
a sequentially weakly lower semicontinuous, coercive and continuously Gateaux differentiable
functional whose Gdteaux derivative admits a continuous inverse on X*, and let ¥ : X — R
be a sequentially weakly lower semicontinuous, continuously Gdteaux differentiable functional
whose Gdteaux derivative is compact such that

®(0) =¥(0)=0.
Assume that there exist r > 0 and X € X, with r < ®(X) such that
(1) supq,(x)gr‘l‘(x) < r¥(x)/®(x),

(i) for each A in
d(x) r
Ar = N ’
<1P<x) Sup(b(x)grlp(x) )

the functional ® + AW is coercive.

Then, for each A € A,, the functional ® + AW has at least three distinct critical points in X.
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3. MAIN RESULTS

In this section, we present our main results.
Let T:= sup,q dist(x,dQ). Simple calculations show that there is x € Q such that B(x", 1) C
Q, where B(x", 7) denotes the ball in RY with center x° and radius of 7. Also, put

T
opN(T) == / |T3(N+1) — 87%s(N +2) + 157> (N 4 3) — 85> (N +4)|Ps" Lds.
2

Finally, let us denote
71 ()
2001 (3K)P Y G (7))
where I" denotes the Gamma function and k is defined by (2.2).
Theorem 3.1. Let f € CO(Q x R) and denote F(x,&) := foé f(x,t)dt for all (x,&) € Q x R.

1
Assume that there exist two positive constants ¢ and d, with d > ¢(K, n(7))? such that

(fi) F(x,&) >0 for each (x,§) € (Q\B(x’, %)) x [0,d];

(f2) meas(Q)sup(y &ycax[—cq F (%,8) < (£) Kpn(7) fB(XO%)F(x,d) dx, where meas(Q) is
the Lebesgue measure of €2;

(f3) there exist a function a € L'(Q) and a positive constant y < p such that

F(x,§) < alx)(1+[&]%),

for almost every x € Q and for every & € R.

KPJ\/(T) =

Then, there exist a number p € R and an open interval A C [0, +o0) with the following property:
for every A € A and for every L' —Carathéodory function g : @ x R — R with

(g1) supgj<y le(-9)] € LY(Q), for all & >0,
there exists 8 > 0 such that, for each i € [0, 8], problem (1.1) has at least three weak solutions
whose norms are less than p.

Proof. Our aim is to apply Theorem 2.2 with X = W37 (Q) N WO1 ?(Q) endowed with the norm
introduced in (2.1). We take ®,W,J as in the previous section. Put

Iy () 7= () + A1) + 1] ()
foru e X and A, u € [0,+e0). Note that the weak solutions of (1.1) are exactly the critical points
of I/l,[.t

If we fix u € X with ||u|| > 1, by condition (f3) and for each A > 0, we have

D(u)+A¥(u) > ||u|| )L/ ) (14 |u|")dx

§ Jul

— Al otl] gy (14 K7 u]| 7).

So, the coercivity of functional ® + AW is obtained, and therefore the first assumption of The-
orem 2.2 holds true. Next, we put
0 if xc€Q\B(x% 1),
wx) =19 64k (t—L)%d it xeB("1)\B(,%), (3.1)
d if xeB(x %),
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where

N
L = dist(x, K Z
i=1

Then, we deduce that
Iw(x) { 0 if xeQ\Bx°,1)UB(XY,%),

o 040 (31,03 126212 415103 — 61%) if x € B(xO,7)\ B(, ),
2 0 if xe Q\B(x",7)UB(x® ,5)s
J ng) _ ] S4ELe— 120712+ 15703 — 614+
: —0)2
ax; Sl ). (3%3 —24r2+45*cL—24L2> if xe B(x*,7)\B(x",3),
N 92w(x) ; 1 BB
y 5= SL(BLTI(N+1)— 1272 L2 (N +2)+
i=1 X ISTI3 (N +3) — 6L4(N +4)) if xe B(x’,7)\B(x",3),
A 0 if x€ Q\B(,7)UB(", %),
-0
av)vfx) _ o) (373%1) —2472(N +2) +457L(N +3) —24L2(N+4))
' if xeB(x%1)\B( %),
and

64d
IVAw(x)| = F\313(N+ 1) — 247%L(N +2) +45TL*(N 4 3) —24L3 (N +4)|.

. _ 1 (c\P
Now, if we let r = (£)”, then

P 6Pl (3 \P P 1
[wl|? (3d)Pr> d <c>P:n (32)

d(w) = = opN(T) > ——— > —
") p PT61’F<%]> ) pkPKy N(T) ~ p

Since, 0 < w(x) <d, for each x € Q, the condition (f}) ensures that

F(x, d / F(x, dx > 0.
/Q\B(xo,r) (i) et B(:x",7)\B(x".3) (3 wl)) dx

Hence, by condition (f>) and (3.2), one has

IN

meas(@) s F(g) < (5) K@) / F(x,d)dx
(x,€)eQx[—c,(] B(x0,3

(m)p /Q F(x, w(x)) dx. (3.3)
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Taking sup, g |u(x)| < k||u|| into account, we obtain that |u(x)| < ¢ for all u € X with ®(u) <r.
So, by (3.2) and (3.3), one has

sup (=P(u)) < /gz¢sup F(x,u)dx

P(u)<r (w)<r

< / sup F(x,u)dx
Q

lr|<c

< meas(Q) sup  F(x,§)

(x,8)€Qx[—c,c]
( ) —¥(w)
=r .
Klwl ) Ja D(w)
Fixing any v > 1, it is easy to see that
—¥(w)
TS~ SWPuea- 1w (—F()
sup  (—¥(u))+ w) " <r q)(())
Ued1 (] —o0,r|) w
If h satisfies
—¥(w)
o) — SUP,cdp—1(]—oo,r (_lP(u)) 4
sup  (—P(u))+ e(v) e<I>v (I 7eorl) <h<r <(M)}),
Ued1(|—o0,r|) w

applying Theorem 2.3 with uy = 0 and u; = w, we obtain

sup)}g)i?(dD(x) +A(¥(x)+h)) < ;g}izili%(cb(x) +A(¥(x)+h)).

A>0

Therefore, the assumption (2.3) of Theorem 2.2 holds true. L]

Let h; € C(Q) be a positive function and iy € C(R) be a function. Let f(x,u) = hy(x)hy(u)

for each (x,u) € Q x R,
= [ ma(&)a

forallt € R and o (x) = a((fc)). Then, applying Theorem 3.1, we have following result.

hy

=

Theorem 3.2. Assume that there exist two positive constants ¢ and d, with d > ¢(K, n(T))
such that

(f1) F(x,&) >0 for each (x,§) € (Q\B(x",3)) x [0,d];
c H(d
(f2) meas(Q)sup(y &ycqu[—c,d F(x,6) < (a)pKnN(T)—H((C)) Jpo, 3y (x) dx;
(f3) there exist a negative function o € L'(Q) and a positive constant y < p such that

F(x,8) < oy (x)(1+(E]),

for almost every x € Q and for every & € R.

Then, there exist a real positive p € R and an open interval A C [0,+o0) with the following
property: for every A € A and for every L' —Carathéodory function g : Q x R — R, thus satis-

fying
(g1) supy<¢y1g(-,9)] € LY(Q), forall & >0,



8 S. SHOKOOH
there exists 8 > 0 such that, for each p € [0, 8], the problem

_A;u = Ah1<X)h2(l/t) —l—ug(x,u), X € Q7
u=Au=Au=0, X € 0Q,

has at least three weak solutions whose norms are less than p

A simple consequence of Theorem 3.2 is as follows
Jof ( f(t)dt for & € R and

Theorem 3.3. Let f: R — R be a continuous function. Put F(§) =
assume that there exist two positive constants ¢ and d, with d > c¢(K, n(T))? » such that

(f1) F(&) >0 foreach & € [0,d];
() meas(@)supy_o g FI(&) < (§)" Kp(0) 555 Fl
(f3) there exist a negative constant o, and a posmve constant 'y < p such that
F(&) < a(l+]8]")
forevery & € R.
Then, there exist a real positive p € R and an open interval A C [0,+o0) with the following
property: for every A € A and for every L' —Carathéodory function g : Q x R — R, thus satis-
Jying
(g1) supgj<y le(-9)] € LY(Q), for all & >0,
there exists 0 > 0 such that, for each . € [0, 8], the problem

3.
—Aju=Af(u)+ug(xu), x€Q,
u=Au=Au=0, X € 0Q,

has at least three weak solutions whose norms are less than p

Our other main result reads as follows.
= foé f(x,t)dt for all (x,E) € Q x R.

Theorem 3.4. Let f € C°(Q x R) and denote F(x,&) :=
Assume that there exist two positive constants d and c, with d > ¢(K, n(7))? such that

(f1) F(x,&) >0 for each (x,&) € (Q\B(xo,%)) x [0,d];

(/2)
max F (x 0t
/QWC ,6)d . /B( 5 F (x.d)dx |
paN<T> dp 2
(f3) there exist a function @ € L1 (Q) and a positive constant y < p such that
F(x,6) < a(x)(1+[&["),
for almost every x € Q and for every & € R.

Then, for every A in
( 26013015 6,y (T)dP cP )

PTOPL(N/2) [p0,3) F (x,d) dx’ pk? [q max | <. F (x,t)d

problem
—Af,u:lf(x,u), xeQ,
u=Au=Au=0, x€0Q,
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has at least three weak solutions.

Proof. Let X,®, ¥ and w be as in the proof of Theorem 3.1. Using Theorem 2.4, we obtain the
desired conclusion immediately. 0
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