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Abstract. To relate the existence of equilibria to the existence of fixed points is the main aim of this
paper. Game theory is to study a situation under some conflict among certain agents (or players). Each
one seeks for their own minimum loss in such situation. Moreover, game can be divided into two main
broad categories characterized as cooperative or non-cooperative manner. In other words, cooperative
game allows agents to collaborate, but non-cooperative does not. Due to the equivalence of the existence
of a solution of a non-cooperative equilibrium and a couple fixed point, the existence problem of the non-
cooperative equilibrium of two person games is clarified by applying some coupled fixed point theorems
in partial metric spaces.
Keywords. Couple fixed point; Generalized F -contraction; Partial metric space; Non-cooperative equi-
librium.

1. INTRODUCTION

There are several interesting problems, which can be modeled in form of either linear or
nonlinear equations. To solve these problems, the first thing should be done is to make sure
that the equations have a solution. The mathematical analysis of this issue usually leads to the
theory of fixed points. In mathematics, a point that is mapped to itself by a mapping is said to
be a fixed point of the mapping. Let F : X → X be a mapping on a set X . A point x0 ∈ X is said
to be a fixed point of F if and only if F(x0) = x0. For example, let f be defined on the set of
the real line by f (x) = x2−4x+3. Then the roots of f (x) = 0 can be solved by rewriting it in
the form F(x) = x, where F(x) can be expressed in many forms. One is F(x) = x2−3x+3. It
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can be seen that 1 and 3 are fixed points of F . Moreover, 1 and 3 are the roots of the equation
f (x) = 0. It is clear that if the mappings have a fixed point, then the corresponding equations
absolutely have a solution.

These existence theorems of fixed points play an important role in many fields, such as,
differential equations, integral equations, operational research, computer science and so on. A
lot of real world problems can be solved via fixed point methods. There are many classical
existence theorems of fixed points of single-valued and multi-valued nonlinear mappings in
nonlinear functional analysis. For example, Brouwer [3] proved that a continuous mappings
on a convex and compact set always have a fixed point. In 1922, a mapping on a complete
metric space, which satisfies a contraction mapping had been proved that it has a unique fixed
point by Banach [2] and this famous theorem is known as Banach contraction principle. The
principle is a powerful tool in various fields of pure and applied matheamtics. In 1987, Guo
and Lakshmikantham [7] extended the concept of fixed points to coupled fixed points. That is,
the determined mapping is changed to be the mapping mapped from Cartesian product of the
two same sets to itself. Let F : X ×X → X be a mapping on a set X . A point (x0,y0) ∈ X ×X
is said to be a coupled fixed point of F if F(x0,y0) = x0 and F(y0,x0) = y0. In 2004, Oltra
and Valero [11] studied the Banach contraction principle in the framework of a partial metric
space. In 2011, Ilić et al. [8] also extended the results in such a direction. A partial metric
space introduced by Matthews [9] is slightly different from the classical metric space for some
properties. After that, Piri et al. [13] introduced an interesting contraction, named the F -
contraction, to prove some fixed point theorems in 2014. Recently, Duc et al. [5] investigated
(coupled) fixed points by using F-contractions in a partial metric space in 2015. Moreover, they
considered an application of the results in the game theory.

In economics, game theory applies the knowledge from the fixed point theory to solve some
problems in the area [4, 6, 10]. One of the most common ways of representing a game, espe-
cially, non-cooperative, is described under the requirement that there are at least 2 players such
that the preference of players must be defined over the set of all possible outcomes of all the
player. That is, each player may be affected not only about his own action but also about the
actions taken by the other players. Consequently, a game [12] is defined to be any situation in
which

(1) there are at least two players,
(2) each player has a number of possible strategies and the courses of action which the players

may choose to follow,
(3) the strategies chosen by each player determine the outcome of the game which is a col-

lection of numerical payoffs, one to each players.
Let us consider subsets X and Y . To determine a pair (x,y) ∈ X ×Y , called a bistrategy, we

consider the problems only under the static framework for 2 players. With the limitation, game
theory provides useful tools for many clarifying concepts.

For any loss function or cost functions, a player behaves so as to minimize his losses as far
as possible. However, the direction of the inequality for utility functions and gain functions is
inverted, that is, the player behaves to maximize his evaluation function.

We now suppose that player 1 and player 2 separately choose their strategies by using their
loss functions f 1 and f 2, respectively, and define from X ×Y to R, which, in R, the values
mapped by f 1 and f 2 can be determined by the total order ≥.
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Definition 1.1. [1] A pair (x,y) ∈ X×Y is called a non-cooperative equilibrium (or Nash equi-
librium) of the game if and only if

f 1(x,y) = min
x∈X

f 1(x,y) and f 2(x,y) = min
y∈Y

f 2(x,y).

The aim of this paper is to ensure the non-cooperative equilibrium of two-person game. To
achieve the goal, we present an existence theorem of a coupled fixed point by using a general-
ized F -contraction mapping in partial metric spaces. We also apply the fixed point results to
the problems in such games.

2. PRELIMINARIES

From now on, we always assume that X is a partial metric space. In this section, we gather
the basic definitions and important tools, which are utilized in the main results.

Definition 2.1. [7] A pair (x,y) ∈ X ×X is called a coupled fixed point of the mapping T :
X×X → X if

T (x,y) = x, T (y,x) = y.

Definition 2.2. [9] Let X be a nonempty set. The mapping p : X ×X → [0,∞) is said to be a
partial metric on X if, for any x,y,z ∈ X , the following conditions hold true:

(P1) x = y if and only if p(x,x) = p(y,y) = p(x,y);
(P2) p(x,x)≤ p(x,y);
(P3) p(x,y) = p(y,x);
(P4) p(x,z)≤ p(x,y)+ p(y,z)− p(y,y).

The pair (X , p) is then called a partial metric space (in short, PMS).

Next, we consider a class of functions which plays a crucial role in this work. Let F : R+
0 be

a mapping satisfying the restrictions:
(F1) F is strictly increasing and continuous;
(F2) for each sequence (an)⊆ R+

0 , limn→∞ an = 0 if and only if limn→∞ F(an) =−∞;
(F3) there exist k ∈ (0,1) such that limn→∞ akF(α) = 0.

We denote by F the family of all such functions that satisfy the conditions (F1)-(F3).

Definition 2.3. [14] Let (X , p) be a partial metric space. A sequence (xn) ⊆ X is called a
0−Cauchy sequence if limn,m→∞ p(xn,xm) = 0. Moreover, we say that (X , p) is 0−complete if
every 0−Cauchy sequence in X is a convergence sequence, with respect to the partial metric p
to a point x ∈ X such that p(x,x) = 0.

If (X , p) is complete, then it is 0−complete, but the converse does not hold.

Example 2.4. [5] Let X = [0,∞) and define p(x,y) = max{x,y}, for all x,y ∈ X . Then (X , p) is
a complete partial metric space. It is clear that p is not a (usual) metric.

Example 2.5. [5] Let X = [0,∞)∩Q, where Q is the set of rational numbers. Define

p(x,y) = max{x,y},
for all x,y ∈ X . Then (X , p) is a 0-complete partial metric space, which is not complete.

In this paper, we introduce the following mapping.
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Definition 2.6. Let T : X ×X → X be a mapping. The mapping T is said to be generalized
F -contraction if there exist α,β ∈ [0, 1

2) such that

τ +F(p(T (x,y),T (u,v)))≤ F(α p(x,u)+β p(y,v))

for all x≤ u,y≥ v, for some F ∈F and τ > 0.

Remark 2.7. If α = β = 1, the generalized F -contraction is reduced to the classical F -
contraction.

3. EXISTENCE OF A COUPLE FIXED POINT

In this part, we provide the results of existence of a couple fixed point theorem including a
consequent corollary under some assumptions.

Theorem 3.1. Let (X ,≤) be a partially ordered set and suppose there exists a partial metric p
on X such that (X , p) is a 0-complete partial metric space. Let T : X ×X → X be a continuous
mapping with the mixed monotone property on X. Suppose also that T is a generalized F -
contraction. Moreover, there exist x0,y0 ∈ X such that x0 ≤ T (x0,y0),T (y0,x0) ≤ y0. Then T
has a coupled fixed point, that is, there exist x,y ∈ X such that x = T (x,y) and y = T (y,x).

Proof. Let x0,y0 ∈ X be such that x0 ≤ T (x0,y0) and y0 ≥ T (x0,y0). Let x1 = T (x0,y0) and
y1 = T (y0,x0). Then x0 ≤ x1 and y0 ≥ y1. Again, let x2 = T (x1,y1) and y2 = T (y1,x1). We
obtain x1 ≤ x2 and y1 ≥ y2 because T satisfies the mixed monotone property. Keep going this
process, it turns out that there exist two sequences {xn} and {yn} in X such that xn+1 = T (xn,yn),
yn+1 = T (yn,xn), and

x0 ≤ x1 ≤ x2 ≤ ·· · ≤ xn ≤ xn+1 · · · , y0 ≥ y1 ≥ y2 ≥ ·· · ≥ yn ≥ yn+1 · · · .

Now, for each n = 0,1,2, · · · , we have

τ +F(p(xn,xn+1)) = τ +F(p(T (xn−1,yn−1),T (xn,yn)))

≤ F(α p(xn−1,xn)+β p(yn−1,yn)) (3.1)

and

τ +F(p(yn,yn+1)) = τ +F(p(T (yn−1,xn−1),T (yn,xn)))

≤ F(α p(yn−1,yn)+β p(xn−1,xn)). (3.2)

Since F is strictly increasing, we obtain from (3.1) and (3.2) that

p(xn,xn+1)≤ α p(xn−1,xn)+β p(yn−1,yn)

and
p(yn,yn+1)≤ α p(yn−1,yn)+β p(xn−1,xn).

Therefore, by letting pn = p(xn,xn+1)+ p(yn,yn+1), we have

pn ≤ (α +β )(p(xn−1,xn)+ p(yn−1,yn)) = (α +β )pn−1

for all n ∈ N. Since α +β ≤ 1, we obtain pn ≤ pn−1 for all n ∈ N. Consequently,

τ +F(pn)≤ F(pn−1)

for all n ∈ N. It follows that

F(pn)≤ F(pn−1)− τ ≤ ·· · ≤ F(p0)−nτ (3.3)



A GENERALIZED F -CONTRACTION MAPPING 5

for all n ∈N. If we take limit as n→∞ in (3.3), we obtain limn→∞ F(pn) =−∞. From property
(F2), we have that limn→∞ pn = 0. Using property (F3), we can say that there exists k ∈ (0,1)
such that limn→∞ pk

nF(pn) = 0. Using inequation (3.3), we obtain

pk
nF(pn)− pk

nF(p0)≤ pk
n(F(p0)−nτ)− pk

nF(p0) =−nτ pk
n ≤ 0. (3.4)

If we take limit as n→ ∞ in (3.4), then limn→∞ npk
n = 0. So, there exists n0 ∈ N such that

npK
n ≤ 1 for all n ≥ n0. Hence, pn ≤ 1

n
1
k
, for all n ≥ n0. We consider m,n ∈ N such that,

m > n > n0,

p(xm,xn)+ p(ym,yn) ≤ p(xm,xm+1)p(ym,ym+1)+ · · ·+ p(xn−1,xn)+ p(yn−1,yn)

= pm−1 + pm−2 + · · ·+ pm

=
m−1

∑
i=n

pi ≤
∞

∑
i=1

pi ≤
∞

∑
i=1

1

i
1
k
. (3.5)

Since the series ∑
∞
i=1

1

i
1
k

are convergence, {xn} and {yn} are Cauchy sequences in X . From the

0-completeness of (X , p), we can say that there exist x,y ∈ X such that

limn→∞ xn = x and limn→∞ yn = y.

From property of partial metric, we obtain

p(T (x,y),x)≤ p(T (x,y),xn+1)+ p(xn+1,x)

and
p(T (x,y),x)− p(xn+1,x)≤ p(T (x,y),xn+1). (3.6)

In addition, from τ +F(p(T (x,y),T (u,v)))≤ F(α p(x,u)+β p(y,v)), we have

F(p(T (x,y),T (xn,yn)))< τ +F(p(T (x,y),T (xn,y)))≤ F(α p(x,xn)+β p(y,yn)).

From property of (F1), we further obtain

p(T (x,y),T (xn,yn))< α p(x,xn)+β p(y,yn). (3.7)

In view of (3.6) and (3.7), we obtain

p(T (x,y),x)− p(xn+1,x)< α p(x,xn)+β p(y,yn).

Letting n→∞ yields that p(T (x,y),x)→ 0, which in turn implies that T (x,y) = x. Similarly, we
have also T (x,y) = y. Then (x,y) is a coupled fixed point of T . This completes the proof. �

Theorem 3.2. Let (X ,≤) be a partially ordered set and suppose there exists a partial met-
ric p on X such that (X , p) is a 0-complete partial metric space. Let T : X ×X → X be a
continuous mapping with the mixed monotone property on X. Assume that T is a general-
ized F -contraction. Moreover, there exist x0,y0 ∈ X such that x0 ≤ T (x0,y0),T (y0,x0) ≤ y0.
Furthermore, assume that X has the properties:

(a) for a non-decreasing sequence {xn} in X, if it converges to x, then xn ≤ x for all n.
(b) for a non-increasing sequence {yn} in X, if it converges to x, then yn ≥ y for all n.

Then T has a coupled fixed point, that is, there exist x,y ∈ X such that x = T (x,y),y = T (y,x).
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Proof. We claim that
lim
n→∞

p(xn+1,F(u,v)) = 0,

where xn+1 = T (xn,yn) and xn ≤ u and yn ≥ v. Since

τ +F(p(xn+1,T (u,v)) = τ +F(p(T (xn,yn),T (u,v))

≤ F(α p(xn,u)+β p(yn,v)),

we obtain that
p(T (xn,yn),T (u,v))≤ α p(xn,u)+β p(yn,v).

We have to prove that
lim
n→∞

(α p(xn,u)+β p(yn,v)) = 0.

This implies that
lim
n→∞

α p(xn,u) = 0

and
lim
n→∞

β p(yn,v) = 0.

In view of the 0-complete partial metric space, there exist u,v ∈ X such that

lim
n→∞

α p(xn,u) = α lim
n→∞

p(xn,u)

= α p(u,u)

= 0

and

lim
n→∞

β p(yn,v) = β lim
n→∞

p(yn,v)

= β p(v,v)

= 0.

It remains to show that u = T (u,v) and v = T (v,u). Indeed, since u≤ u and v≥ v, we have

τ +F(p(T (u,v),T (u,v)))≤ F(α p(u,u)+β p(v,v)) = F(0).

By the definition of F , we see that limn→∞ F(0) =−α . Therefore,

lim
n→∞

p(xn+1,F(u,v)) = lim
n→∞

p(T (xn,yn),T (u,v)) = 0.

�

Corollary 3.3. Let (X ,≤) be a partially ordered set and suppose there exists a partial metric p
on X such that (X , p) is a 0-complete partial metric space. Let T : X ×X → X be a continuous
mapping with the mixed monotone property on X. Assume that T is a generalized F -contraction
such that

τ +F(p(T (x,y),T (u,v)))≤ F(
p(x,xn)+ p(y,yn)

2
).

Moreover, there exit x0,y0 ∈ X such that x0 ≤ T (x0,y0),T (y0,x0) ≤ y0. Then T has a coupled
fixed point, that is, there exist x,y ∈ X such that x = T (x,y) and y = T (y,x). Also, assume that
X has the properties;

(a) T is continuous; or
(b) if a non-decreasing sequence {xn} in X converges to x, then xn ≤ x for all n;
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(c) if a non-increasing sequence {yn} in X converges to x, then yn ≥ y for all n.

Then T has a coupled fixed point, that is, there exist x,y ∈ X such that x = T (x,y),y = T (y,x).

4. NON-COOPERATIVE EQUILIBRIUM PROBLEM FOR TWO PLAYERS

A two person game G in a normal form consists of the following data:

(1) topological space S1 and S2, called strategies for player 1 and player 2, respectively;
(2) a topological subspace U ⊆ S1×S2, which is a feasible set of all possible strategy pairs;
(3) a biloss operator, i.e., f : U → R2 is defined by

f (s1,s2) = ( f1(s1,s2), f2(s1,s2)),

where fi : U → R is the loss function of player i determined all strategies.

Recall that a pair (s′1,s
′
2) is said to be a non-cooperative equilibrium if

f1(s′1,s
′
2)≤ f1(s1,s′2)

for all s1 ∈ S1 and
f2(s′1,s

′
2)≤ f2(s′1,s2)

for all s2 ∈ S2.

Next, define mappings C : S2→ S1 and D : S1→ S2 such that the following equations hold:

f1(C(s2),s2) = min
s1∈S1

f1(s1,s2)

and
f2(s1,D(s1)) = min

s2∈S2
f2(s1,s2).

Such mappings C and D are called optimal decision rules. Then, any solution (s′1,s
′
2) satisfying

the system
C(s′2) = s′1 and D(s′1) = s′2

is a non-cooperative equilibrium. Let T0 : S1×S2→ S1×S2 be a mapping defined by

T0(s1,s2) = (C(s2),D(s1)).

Observe that the existence of a solution to a non-cooperative equilibrium problem is equivalent
to the existence of a coupled fixed point.

In this section, we also consider the same strategy sets for each player, that is, S1 = S2 =: S.
Also, we determine C(s) = D(s) for all s ∈ S. It implies that if f1(s1,s2) = f2(s1,s2) for all
(s1,s2) ∈ S×S, then C(s) = D(s) for all s ∈ S, but the converse is not true.

Define T : S× S→ R by T (x,y) = C(y) for all x,y ∈ S. Suppose that T has a coupled fixed
point (a,b) ∈ S×S. It follows that

a = T (a,b) =C(b) and b = T (b,a) =C(a).

That is, (a,b) is also a non-cooperative equilibrium of such setting.
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Theorem 4.1. Let G be a two-person game, and let S be a strategy set. Suppose that the optimal
decision rule is a monotone continuous function C and there exist α,β ∈ [0, 1

2) such that

τ +F(p(C(x),C(y))≤ F(min{α,β}p(x,y))

for all x,y ∈ S with x≤ y for some F ∈F and τ > 0. Moreover, there exit x0,y0 ∈R+
0 such that

x0 ≤C(y0) and y0 ≥C(x0). Then the two-person game G has a non-cooperative equilibrium.

Proof. Let T : S×S→ S be defined by

T (x,y) =C(y)

for all x,y ∈ S. Since C is continuous, then T is also continuous. Since C is monotone, we have
that T has the mixed monotone property on X . For all x,y,u,v ∈ R+

0 with x≤ u, y≥ v we have

p(T (x,y),T (u,v) = p(C(y),C(v)).

We also obtain that

τ +F(p(T (x,y),T (u,v)) = τ +F(p(C(y),C(v)))

≤ F(min{α,β}p(y,v))

for every x ≤ u and y ≥ v. Since α p(x,u)+β p(y,v) ≥ min{α,β}p(x,y), and F is increasing,
we obtain that

τ +F(p(T (x,y),T (u,v))≤ F(α p(x,u)+β p(y,v))
for every x ≤ u and y ≥ v. By Theorem 3.1, we can conclude that T has a coupled fixed point.
This implies that the two person game G has a non-cooperative equilibrium. �

Corollary 4.2. Let G be a two-person game, and let S be a strategy set. Suppose that (S,d) is a
metric space and the optimal decision rule is a monotone continuous function C, and there exist
α,β ∈ [0, 1

2) such that

τ +F(p(C(x),C(y))≤ F(min{α,β}p(x,y))

for all x,y ∈ S with x≤ y for some F ∈F and τ > 0. Moreover, there exit x0,y0 ∈R+
0 such that

x0 ≤C(y0) and y0 ≥C(x0). Then the two-person game G has a non-cooperative equilibrium.

Example 4.3. Consider S =R+
0 endowed with metric d(x,y) = |x−y| for all x,y ∈ S. Let G be

a two person game with biloss operator

f1(s1,s2) = 9s2
1(1+ s2)eτ −6s1,

f2(s1,s2) = 9s2
2(1+ s1)eτ −6s2,

where s1,s2 ∈ S and τ > 0. Choose α = 1
3 ∈ [0, 1

2) and β = 2
5 ∈ [0, 1

2). Then, we define

C(s2) = s1 =
e−τ

3(1+s1)
and D(s1) = s2 =

e−τ

3(1+s2)
.

In this case, we consider that C(s2) = C(s) = D(s) = D(s1) and C, D are continuous maps.
Then,

d(C(s),D(s))≤ 1
3

e−τd(x,y) = min{α,β}e−τd(x,y).

It implies that ln(d(C(x),D(y))) ≤ lne−τ + ln(min{α,β}d(x,y)). Since we can set F(x) =
ln(x) ∈ F , we consider x0 = 0 and y0 = 1. It follows that C(x0) =

1
3e−τ and C(y0) =

1
6e−τ

which can be seen that y0 ≥C(x0) and x0 ≤C(y0). By Corollary 4.2, this two-person game has
an equilibrium.
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