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INVARIANT TORI FOR THE QUINTIC SCHRODINGER EQUATION WITH
QUASI-PERIODIC FORCING ON THE TWO-DIMENSIONAL TORUS UNDER
PERIODIC BOUNDARY CONDITIONS

MIN ZHANG*, XIMING WANG, ZHE HU
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Abstract. This paper focuses on the quintic Schrédinger equation with quasi-periodic forcing on the two
dimensional torus under periodic boundary conditions. By utilizing the measure estimation of infinitely
many small divisors, for most values of the frequency vectors, the Hamiltonian of the linear part of the
equation can be reduced to an autonomous system by a symplectic change of coordinates. By some trans-
formations of coordinates, the Hamiltonian of the equation can be transformed into an angle-dependent
block-diagonal normal form, which can be achieved by choosing the appropriate tangential sites. By an
abstract KAM theorem, it is proved that the existence of a class of invariant tori implies the existence of
a class of small-amplitude quasi-periodic solutions to the equation.

Keywords. Hamiltonian; KAM theory; Periodic boundary conditions; Quintic Schrodinger equations;
Quasi-periodic forcing.

1. INTRODUCTION

It is known that KAM theory is an effective approach to solve the existence problem of finite-
dimensional tori for nonlinear Hamiltonian partial differential equations (PDEs). The KAM
theory is the use of a combination of Birkhoff normal form and KAM iterative technique. This
method was originally proposed by Wayne [23], Kuksin [16], and Pdschel [19]. Later, it has
been well developed in one dimensional Hamiltonian PDEs. We refer to [1, 12, 17, 18, 24] and
the references therein.

When the spatial dimension exceeds one, the eigenvalues will be repeated, which leads to
an infinite number of resonance problems. This make it more difficult to prove the second
Melnikov non-degeneracy conditions. In this aspect, Bourgain [4, 5] made a breakthrough.
instead of the KAM theory, he avoided the second Melnikov non-degeneracy conditions by
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solving angle dependent homological equations. This is known as the Craig-Wayne-Bourgain
method, which combines the Lyapunov-Schmidt reduction technique and the Nash-Moser it-
erative scheme to solve the small divisor problem. This method was originally proposed by
Craig-Wayne [7]. For further development, the readers may refer to the literatures [2, 3, 6, 22].
Although the CWB method only needs to satisfy the first Melnikov non-degeneracy conditions,
it cannot give more properties of quasi-periodic solutions, such as their Whitney smooth depen-
dence on parameters, zero Lyapunov exponents, and linear stability as KAM theory does.

In [13, 14], Geng and You constructed small-amplitude quasi-periodic solutions for the higher
dimensional nonlinear beam equations and nonlocal Schrédinger equations by using the meth-
ods from an infinite dimensional KAM theory. In this aspect, Eliasson-Kuksin[9] constructed
quasi-periodic solutions for more interesting higher dimensional Schrodinger equation by us-
ing the block diagonal normal form structure and the Toplitz-Lipschitz property of perturba-
tion to overcome the difficulty caused by infinite resonances. However, all works mentioned
above require artificial parameters, so they cannot be applied directly to the completely reso-
nant Schrédinger equation without external parameters.

In [10], the authors constructed an infinite dimensional KAM theory for completely resonant
NLS on T2 of the form iu, — Au+ |u|*u =0, x e T2, t € R with periodic boundary conditions.
They simplified the proof in [9] by adding momentum conservation conditions and taking an
appropriate admissible set of tangential sites. Procesi and Procesi [20] proved the existence
of linearly stable and unstable quasi-periodic solutions via a KAM algorithm for the com-
pletely resonant cubic Schrodinger equations on T¢ of the form iu; — Au = K]u|2u + 902G (|ul?),
x € T?:=R¢/(2xZ)¢, t € R. In [21], they discussed the following more general completely
resonant nonlinear Schrodinger equations on T¢ iu; — Au = k|u|?u + 9;G(|u|?), where d > 1
and g > 1. The above equation admitted linear stability of quasi-periodic solutions. It is worth
mentioning that the quintic Schrodinger equation has attracted more and more attention in re-
cent years. For the one-dimensional case, we refer to [12, 18]. In the higher dimensional space,
Haus and Procesi [15] considered the quintic completed resonant Schrodinger equation on the
’JI‘2

w,—Au+ul*'u=0, xeT? teR, (1.1)

and exhibited orbits whose Sobolev norms grow with time. If the nonlinear term of the Schrodinger
equation changes from cubic to quintic, its normal form will also change correspondingly. So,
the KAM method [10], which cannot be applied directly to equation (1.1), needs to be adjusted
accordingly. In [26], the authors, based on the idea in [10], constructed the quasi-periodic so-
lutions of the equation (1.1) with small amplitude under periodic boundary conditions. This
extension is nontrivial and substantial development. Coincidentally, Geng and Xue also dis-
cussed the existence of quasi-periodic solutions of equation (1.1) in [11]. Due to the different
normal forms selected, the specific proof presented in [11] and [26] are quite different.

In this paper, we will focus on the existence of quasi-periodic solutions for the quintic
Schrodinger equation with quasi-periodic forcing on the T?

i — Au+eo (1) (u+|ul*u) =0, xeT? reR (1.2)
with periodic boundary conditions

u(t,xy,x2) = u(t,x; +2mw,x3) = u(t,x1,x + 27) (1.3)
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where € is a small positive parameter, and @ (¢) is a real analytic quasi-periodic function in # with
frequency vector @ = (@1, @;. .., @) € [p,2p]”" for some constant p > 0. The method used
to study the existence of quasi-periodic solutions of the above equation is based on the KAM
theory in Zhang-Si [26]. The main steps are as follows. First, the linear part of the Hamiltonian
system corresponding to (1.2) is converted to constant coefficients by using the reducibility
theory in [25]. For, the conclusions on the reducibility, we refer to [1, 8]. Then, by taking an
appropriate admissible set of tangential sites and symplectic transformation, the Hamiltonian
system is transformed into some partial Birkhoff normal form of order six for using the KAM
theory in [26]. Finally, the existence of the quasi-periodic solutions of the equation is proved
by using the KAM theory in [26].

When the nonlinear term of Schrodinger equation (1.2) changes from £¢ (1) |u|*u to £¢ () |u|*u
the admissible set of tangential sites and the normal form of the corresponding Hamiltonian sys-
tem will change essentially. Therefore, we need to solve the following problems.

e The essence of the reducibility theory is to transform the linear part of the Hamiltonian
system from non-autonomous systems to autonomous systems by infinitely many sym-
plectic transformations, but these symplectic transformations act on the nonlinear part
at the same time. Although this paper uses the reducibility theory in [25], it is still not
trivial to prove that the nonlinear part R still satisfies the Toplitz-Lipschitz property
after these symplectic transformations.

e When the degree of nonlinear terms changes, different admissible sets of tangential sites
Z are needed to be selected in order to minimize the number of items dependent on an-
gular variables contained in the normal form. Therefore, in the process of transforming
the Hamiltonian system into the normal form, it is necessary to select completely dif-
ferent symplectic transformations and solve completely different “small divisors” prob-
lems.

e When the nonlinear term changes from the third term to the fifth term, its corresponding
tangential frequency @ changes from a first polynomial of parameter & to a second
polynomial. Therefore, the first derivative of tangential frequency 9 ho longer satlsﬁes

the non-degenerate property. It is necessary to consider the second derivative 2 3 62 9 and
find the full rank matrix in it, so as to prove that the tangential frequency @ satisfies the
corresponding non-degenerate property.

e Because the normal form of the quintic Schrodinger equation depends more complicated
on the angular variables, the form of the normal frequency Q becomes more compli-
cated. Therefore, more skills are needed to prove that the normal frequency Q satisfies
the Melnikov’s non-degeneracy.

e In order to ensure the simplicity of the normal form, the symplectic transformation
selected X}  1s greatly changed by making the nonlinear term R® more complex after the
symplectic transformation. So it is challenging to prove that {R6,F } still satisfies the
Toplitz-Lipschitz property.

The following definition, which was inspired by Zhang-Si [26], quantifies the conditions that
the tangential sites satisfy.

Definition 1.1. A finite set Z = {i{ = (x1,y1),"* i} = (xp,y5)} C Z? is admissible if
(1) any three of them are not vertices of a rectangle;
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(2) forany {i,j,d,l,n,m} C Z2, if they satisfy i — j+d —[+n—m=0and |i|* — | j|* +|d|* —
P +n)?=|m*=0o0ri—j+d+I—n—m=0and |i|* — |j]>+|d|>+|I|* — |n|* — |m|* =
0, then the intersection of {i, j,d,l,n,m} and % contains at most four elements, i.e.,
ﬂ{{i,j,d,l,n,m}ﬂ,%’} <4,

(3) for any n € 72\ %, there exists at most one triplet {i, j,m} with i, j € Z,m € 7>\ #
such that i — j+n—m =0 and |i|* — | j|* + |n|* — |m|* = 0. If such triplet exists, we say
that n,m are resonant in the first type and denote all such n by .£7;

(4) for any n € Z*\ %, there exists at most one triplet {i, j,m} with i, j € Z,m € 7>\ #
such that i+ j —n—m=0and |i|* + | j|* — |n\2 — |m|* = 0. If such triplet exists, we say
that n,m are resonant in the second type and denote all such n by .%5.

(5) for any n € 7>\ %, there exists at most one quintuple {i, j,d,l,m} withi, j,d,l € #,m €
Z2\ % suchthati— j+d —I+n—m=0and |i|* — | j|*+ |d|* = |I]* + |n)* — |m|* = 0. If
such quintuple exists, we say that n,m are resonant in the third type and denote all such
nby Zs;

(6) for any n € Z*\ %, there exists at most one quintuple {i, j,d,l,m} withi, j.d,l € Z#,m €
Z2\ % such thati— j+d+1—n—m=0and |i|* — j|>+|d|> +|I|* = |n|* = |m|* = 0.
If such quintuple exists, we say that n,m are resonant in the fourth type and denote all
such n by .%4;

(7) any n € Z?\ Z is not resonant of any two of the above four classes. Geometrically, any
two of the above defined graphs cannot share vertex in Z? \ .

In [26], the authors gave a concrete example of the above admissible set and rigorously
proved that the set satisfies all the conditions.
The main conclusion of this paper is as follows.

Theorem 1.2. (Main Theorem) Let p and ¢(t) be as above, and let (@] # 0, where [¢] denotes
the time average of ¢. Then, for each admissible set # = {i} = (x1,y1), -+ it = (xp,y5)} C Z*
withb > 2, and for 0 <y < 1,0 < p < 1 and Y > 0 be small enough, there is €*(p,v,7) >0
such that, for arbitrary 0 < € < €, there is S C [p,2p]?" with measS > (1 —y)p”" and there
is Ly CX:=8x [8%,28%]17 with meas(2\ Z,) = O(3/Y) and an absolute constant C so
that, for arbitrary (®, Ei’{a ey E,-Z) € Xy, the Schrodinger equation (1.2)+(1.3) has a solution in
the following u(t,x) =¥ jeq (1 — fi(01,0,€)) \/g(eia’ftekj’p) +O0(|EP/?) 4+ 0(eP), where
[i(D,w,€) = P f; (¥, 0,€) is of period 27 in each component of ¥ and for j € %, €
©(00/2),w €S, |f; (¥, w,€)| <C. In addition, the solution u(t,x) is quasi-periodic in terms of
t with the frequency vector & = (®,(®;) jez), and @; = €| j|* + O(|€]?)+ O(eP).

Remark 1.3. According to Definition 1.1, we suppose that Z is an admissible set. Then {i,n}
N{Jj,m} =0holds forany n € £, {i, j} {n,m} =0holds forany n € %, {i,d,n} N{j,l,m} =
0 holds for any n € £, and {i,d,l} "{j,n,m} = 0 holds for any n € .%.

2. THE HAMILTONIAN SETTING AND PARTIAL BIRKHOFF NORMAL FORM OF
SCHRODINGER EQUATION

In this section, we first convert the linear part of the corresponding Hamiltonian system of
the Schrodinger equation (1.2)+(1.3) from a non-autonomous system to an autonomous system
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by using the reducibility theory in [25]. Then, we convert the Hamiltonian system into a sixth-
order Birkhoff normal form by using the symmetric transformation, which is applicable to the
KAM theory in [26]. We first introduce some notations.

Letus define Z = {i},--- ,if} and Z3 = Z*\ {i},--- ,i} }, where {%,--- ,i}} is b vectors in Z*.
Let [“ be the space of all complex vectors w = (...,wj,...) ..,2, where the norm is defined as

JEZ]

follows ||w||, = Yjez? wileVl < 0o, a> 0. Denote 8 = (0)) jep, I = (I;) jesp, W= (Wj)jeZ%’ and
& = (&) jew and introduce the phase space as follows 2% = T? x C? x 1 x 19> (0,1, w, W),

o~

where T? is complex neighborhood of the usual (b)-torus T?. Denote
Da(l”,S) = {(G,I,W,W) S |Im9| <r |I| < S27 HWHP <9, HWHP < S}'

Let us define the weighted phase norms
1 1 1
Wl = 18]+ 51+~ [wila+ ol
for W* = (6,I,w,w) € &% Let O be the parameter set. Denote @ = (...,ocj,...)jez%, B =
(..., Bjs--) jezzs % and B; € N with finitely many nonzero components of positive inte-

gers. Suppose that G(6,1,w,w) = Y5 g Gop(0,1)w*WP, where w*Wwh is TJ; w?jwfj

Yk 1 Grna ﬁlhei<k’9> are C5, functions with respect to parameter &. The norm of G is defined as
follows

7GaB:

IGllpyrso=  sup Y [Gaplllw®([w],
[wlla<s,[Wlla<s o,
where Gop = Yiezb nent Grnap (§)1"¢ 50> |G gl = Lin |Grnaplos
SUPg o Yo<i<s |8é Ginapl- Denote Xg by the Hamiltonian vector field corresponding to G with
respect to the symplectic structure d0 AdI +idz A\dZ, which is Xg = (9;G, —dgG,iV:G, —iV.G).
We define its norm by

2Jh] Ikl

, and |Gyoplo =

1
IX6lpars).0 = Gillpyrs).o + 2 1GollDy(rs).0

1 . .
+_( Z ||GZj ||Da(r,s),ﬁema + Z ||GZ_,' ||Da(r,s),ﬁe|j‘a)'
s =, =~
JEZ] JEZ]

Suppose that the vector function G : Dy(r,5) x € — C™(jir < =) is C, functions with respect to
parameter £, and define its norm as follows ||G|| Da(rs),0 = )::”: | 1G]] Da(rs),0- Suppose that the
vector function G : Dy (r,5) x € — 19 is Cgv functions with respect to parameter & and define its
norm as follows ||G\|a—7Da(,7s)ﬁ = H(HéfHDa(ns),ﬁ)fHﬁ' Suppose that B(1; ) us an operator from
D,(r,5) to Ds(7,5) for (n;&) € D4(r,s) x O, and define the operator norm as follows

|A(n;§)|d.a.Da(r,s),ﬁ = sup sup M,
B (M;E)ED,(1,5)x O W0 W+,

|A(n;§)|27a7Da(r7s)7ﬁ: Z |aéA|é,a,Du(r,s),(}"'

0<i<8
In the following, we rewrite the Schrodinger equation (1.2)

i, = Au—ed(t)(ut|u*u), xeT? reR. 2.1)
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Equation (2.1) is a Hamiltonian system u; = i22 with hamiltonian function H =< —Au,u >
q y il )

+£¢(1) fpo (Jul* + %\u|6)dx, where < -,- > denotes the scalar product in L?. The eigenval-
ues and eigenfunctions of the operator —A with the periodic boundary conditions are )»]Q =

|jI* = 12+ j»% and 0j(x) = #eiq’”, j = (j1,j2) € Z?. We introduce coordinates g =
(“+*.qjs ) jege and its complex conjugate § = (---,§;, -*-) ez via the relations u(t,x) =
Y jez24(t)9;(x), where g,g € 1. The Hamiltonian system can be rewritten as
JH 5
gi=1=—— Jj€Z (2.2)
J aqj

with H = A+ R, where
. 2 2 &€ _ -
A=Y liPlail* +e0@)lg;l", R= o ~6() ) 43943190 Gm-
JEZ? i—j+d—I4+n—m=0

Denoting by @(1) the shell of ¢(¢), we introduce action-angle variables (J,7%) € R™ x T™.

Then (2.2) can be written as follows ¥ = , J = —3—%1, and ¢; = ig—g, j € 7Z?* with the corre-
J

sponding Hamiltonian H =< ©,J > + ¥ ;c2(|jI* +£9(8)) |q,|* + €R®(x), where
1

R6<x) = W Z R?jdlnm(ﬁ)QinQdQanqm
i—j+d—Il4+n—m=0
with
6 Je®), i—j+d—I+n—-m=0,
Let
H=H+¢eR°, (2.4)
where
H=<0,J>+Y (i’ +e0(®))q,’ (2.5)
JEZ?
and
6_ pb 1 6 S
R =R"(x) = Ty Y R} tnm (D) 491G j94G19nGm- (2.6)

i—j+d—Il4+n—m=0

Next, we use the reducibility theory in [25] to transform the non-autonomous Hamiltonian
function (2.5) into an autonomous Hamiltonian function. This process will involve an infinite
number of small divisor problems. In order to solve these small divisor problems, the following
parameter sets need to be introduced. For 0 # k € Z!", denote

f;:{we[p,zp]”*:|<k,w>|sme}7 s'= U s
Culk| 0#keZb"

By [25], we have, for arbitrary fixed 0 < y < 1, measS' < %ypb*. Letting S = [p,2p]""\S",
we have measS > (1 — 1) p®". By the reducibility theory [25, Lemma 2.1], for given oy > 0,
0<y<l,and 0 < p < 1, there exists a €*(y) > 0 such that, for any 0 < € < €*(y) and w € S,
there is a symplectic transformation X2, defined on D,(%,s) x S changing the Hamiltonian
(2.5)into Hy:= HoXl =< w,J > + Y jez2 Ajlq;|?, where ; = |j|* + €[¢] +g(1+P)A}k, Afls <
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C, j€Z? andforgiven j € Z?, j € Z?\ {0}, the limits lim;_,., ag)x;;ﬁ existfor§=0,1,---,8
and

AT, - — lim ),*

JHIT e I

Nzl —_

(2.7)

ls <

Moreover, there exists a constant C > 0 such that ]ZO id|* < CeP, where id is

a.a,Da( 3 5).8
identity mapping. The transformation X2 is linear and diagonal. Thus, there exists a function
f To(¥; @) such that g; oXd =g+ Spf*w(ﬁ' ®)q;j, where \f*w(ﬁ‘ a))\@((,o/z)X§ < C, and, for
any fixed j € Z%,j € Z*\ {0}, we have that the limits lim;_,..d5 f* - _(9;®) exist for § =

JHJTe
0,1,---,8and
e 1
e = M T alo(on2)s < 5 (2.8)
Thereby, the Hamiltonian (2.6) is transformed into
- 1 ~ o
RO=R0o¥) = o3 Y R 0)4idi94d1qnGm, (2.9)
T i—j+d—Il4+n—m=0
where
1]dlnm(l9 (D) z]dlnm(ﬁ) (1 + Spledlnm(ﬁ; (D)) ) (210)
with |Rud,nm(19~ ®)|o(cy/2)xs < C. By (2.8), for given i, j.d,l,n,m € Z* and i, j,d, I, 71,1 € Z* \
6 : $ po6 : $ po6
{0}, §=0,1,---,8, we have ,lgfi,aSR+ im0 00 oo 5 gt M ORY 5 5 01 i
lim 95 R lim 95 RS . lim 95 R®

oo oR z+tt JHTRd+dE T am’ 7o O i, j+ A+ dE T AR m F ey @ itil, j+ jT.d+dE 11T i meiE
exist and

56 1
| i+if, jdlnm ;1 l+ll,jdlnm| 0O(0p/2)xS < ?7 (2.11)
5 ~ 1
6 .56
|Ri+7f7j+ff,dlnm - ;ILTORH??, i+ ff,dlnm| ©(0o/2) xS = 7 (2.12)
56 . =6 1

i+, j+ JT.d i Inm R 3 i 7. dnml ©0(00/2) x5 < 7 (2.13)

B> = 1

6 T 6 i i 1
| i3, T d+dF 1T m }LH;RHE, i+ ff,d+df,l+lf,nm|®(co/2)><§ < 2 (2.14)

56 . =6 1
| i+, j+ JT d+dE I+ 1T n+ifm ;ll_ggRi+7f7j+ff,d+(if,l+l~f,n+ﬁf,m|®(Go/2)XE < 7 (2.15)
and
539) . ~6 1

| i+F, j+ JT,d+dE 41T n+f momi }EEORI-H;, o JE ddE T it m il ©(on/2)xs < 7 (2.16)

This means Hamiltonian (2.4) is converted by the transformation ¥Y into
H = Hy+€eR°. (2.17)

From [25], we give the following Lemma.
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Lemma 2.1. For a > 0, the gradients R6 R6 are real analytic as maps from some neighborhood
of origin in 1* x 1 into 1* with HRSHa = 0(||q\|2), HRS'Ha = 0(||q|l3) uniformly for (¥,®) €
®(0p/2) x S.
Proof. From (2.9), for (¥, w) € ®(0p/2) x S, we have

IR® 1

—(<mm Y R (S, 0)11394G19nGnl-
| = 4 dl ) ] nYm
8q’ 481 Jj—d+l—n+m=i v
According to (2.3) and (2.10), we have
Bl = LRI < oY Y Clajaadandnle
i€7? i€7? j—d+l—n+m=i
< CY (gl Y lqale Y |ale" Y lgule!™ Y |gnle™
JEZ? deZ7? lez? nez? meZ?
—1311 112
= Cllgli3llallz = Cllqll3-
Similarly, we have ||RS||o < C|lq]3. O

Suppose that Z is an admissible set. Denote Zf =72\ Z. In order to solve the small divisor
problem during the transformation from the Hamiltonian (2.17) to some six-order Birkhoff
normal form, the following lemma is given, which will be proved in the Appendix.

Lemma 2.2. Assume that i, j,d,l,n,m € Z? such that i — j+d —1+n—m = 0,]i|* — | j|* +
d|> =12+ |n|*> — |m|> # 0 and #(# N {i,j,d,l,n,m}) >4 ori—j+d—1+n—m=0,]i|* -
1124 |d)?> = |1]> + |n|> — |m|> = 0, #(# N {i, j,d,l,n,m}) = 4 and k # 0. Denote p > 0,0 <
Y < 1, and C large enough, and € small enough, there exists a subset S C S C [p,2p]b* with
measS > (1 —y)p?", Then, for arbitrary @ € S,

P

b*
kT oquy e HEE @Y

Mi—ﬂ«j-l-ld—ll-i-)u lm+<k(0>|

with d(x) =lasx=0and 6(x) =0asx #0.

Proposition 2.3. Let % be an admissible set. There is a symplectic change of coordinates X}
that converts the Hamiltonian (2.17) into

H' =HoX} =N+ A*+ B +B +€ +9"+F +P* (2.19)
with
N =<e*0,J>+ Y &5+ Y Qu(E)lzl
i€# nez?
o F g4 R iiiiii] 2 3[Rz6mu] £2 3[~t6wdd]
B(§)=e ht G Y | SohE g+ Y
JEZR, j#i deR d+j,d+i

Q&) =e*N,+ Z

3RS
16””271] 52 Z [Sll_jinn] é é]]

o = 3[R?jddnm] £ £ i(é,'—éj —
=Y Y /& )ZnZm;

4
ne L dex 4m
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% = Z Z e L éléjéde o jZana

4
neL dex# 4m
— 3[RS . ] .
B = Z Z :l_n—JZldd\/ glgjgde (6:6)) Zana
nes dex T
3[R'6'dl | 222 7 66168
¢ = Z %\/ @‘5;’@15161(9’_ef+9“_9’)zn2m,
nes;
SR ] (755 a5, 6
7= Y, g 8L Ot g,
ney 4z
_ 3[I§6dl] —
7' = ¥ i\ JEE L OOt g,
nesy
. - 7020351 7.2.3
P* = 011>+ ||zl + €21 &2 112 |1z115 + €% 112 1212
7.z 9,29 = Bz
+e2 &zl + €7 1€ lzlla+ €*IE I IzlI2 + €7 €12 12]12), (2.20)

where [RO | denotes the time average of R® coinciding with the space average.

ijdinm ijdinm

Proof. Denote RS, (¥, m) = Yiczp R?jdlnm’k(a))ekk’ﬁ? Let

ijdinm

k k, O 6 k k, O 4 2
F= 487‘[4 Z Zk#o 1<l]?lZ)>el< >|ql| + 487‘[4 Z Zk 01<l;¢”jc{)> 1< >’q| |qJ‘

iL,JER

3e R, jdd k <k19>’ ’ ‘ ‘ ’ |2
+ia r Yiro iase qil"1q;1"qq

AT e it it T RO

9¢ RS k i<k, 9> 4 2 3¢ RS k i<k,9> 2

iiiinn, 1 iijjnn, 1
g L L Tres |Gil*|gnl” + 5 Y Y lese |9i1* |41 |qn
i€ R neT? k#0 i,jJER €L i jk#0

RO
3¢ i jddnm k o<k, 0>
T nezg dg@kgo AT A+ Ko@) © 4314a1"nn
1 K

R
3e nimjdd.k 1<k o>
4 Z Z Z qu’qd‘ qndm
4m ne.,%de,%’kyéo( Ai= A Ant At <k w>)

RO
3e injmdd k 1<k o>
T L, dg}%’k;o A resye 0 4i19d] Gnm
2

3
3¢ ijdlnm.k 1<k o>
T nezz k§0 A Ag =Ryt <K0>) € 4iqj4a919nqm
3

RO

3e Jindml k 1<k o> =

Tans L k§0 AT A k@) € 9i49aq19ndm
4
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3¢ Rijdnlmk k,

4 € . , 1< >
4mt Z}m;) T P P T W W S M

o 5 y RS tum i€ "7 41319aG19nGm (2.21)
487 = s i(A — /lj+7Ld—7Ll+7Ln—7Lm+<k,w >)

[i[* = 1>+ |d[* = |1 + |n|* = |m[* # 0
# AN i, j,d,1n,m}) > 4

and X 1!" denote the time-1 map of the vector field of the Hamiltonian F. Denote

qi= 4qj, jef%v
/ Zj, jGZ%.

Then the transformation of coordinates X } transforms H into
H=HoX}

= Hy+&R® + {Hy,F} +e{R° F} +/1(1 —t){{H,F},F}oXpdt

=<0, 0>+ Y AlgiP+ Y Aalwal? +Z mm]| 8

4
74 neZ2 =4 487
9e[R% ] 4 3R jjad oy o
+ Y i Elalal + Y —lail’1a;laal
98[R6 ] 4 2 38[§6 ] 2 2 2
Y e lallal Y ant il gl
i€R.nELR LJEARNELY iF ]
3e[RE.,, | 3[R, jadl
LY i adsladl it ¥ Y = ad aal
ne de neLp dex
3e[RS . ] 3RS i)
+ Y Y o aailaa Bt Y — 4 9adin
neL dex ness
3e[RS. ] 3€[RY i)
+ Y g Gi9idadimin Y, g 4idj4a i n
n€$4 HGDZ;

3,113 2114 5 6 221,10
+O0(elglllzlla + elgl llzlla + €lalllzllz + €llzlla + €74

219 2 1811112 1 2 3
+€%lqP”lzlla + €2 lgl*l|201Z + €lal"[12I12),

where {-, -} is the Poisson bracket with respect to the symplectic structure d® AdJ +Y jczidq; A
dq; +Znez% idwy, A dw,, (n,m) are resonant pairs, (i, j) and (i, j,d,l) are uniquely determined
by (n,m). Let us introduce the action-angle variable by

q]=\/ij+éjeiéj, q_jZ\/ij—i—gje_iéj, JEZR. (2.22)
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The symplectic change (2.22) transform the Hamiltonian H into

~ 8[1?.6....,152
H =< (D,J > 2‘ il 21

+ Z [ lul“](‘gz + 2@&]) 4 Z 3e [Rl6ljjdd]5 éd i
4 4 i
JEZ 167 de# 87
JF#i d#j

d#i

3 PO
n Z {ln n Z [381[61112;1;1] (gfl Z S[Rujjnn] élé]] } ’Zn’2

HEZ% IS4 JER, j#i

38[RI6 nm] S i(0—-0:
+Y Y ZTb ijddnm] EE & 000z, 7,

4
neL dexz 41
+ Z Z % glgjgde b= Zan
nes dex
3e[RS . ]
+ Z Z 4l;::j4m glé}éd Zan
neL dex
3¢S, o
L i Bl OO0y,
U
nE$3
3eRS, ] s s
+ Z 4ﬂzm V élé]édéle 66 =04~ e)znzm
T
ney

3€[RY. 1)
' %% Ei&j8aie OOtz z,
nezy

=2 ~, 2 2.3, ~1 2 .3 3 g 4
+O(ell]” +elllllzllz + el 2|12 [1zllz + €l 12 lzllz + €[Szl
2182 21140112 1 e2(E12 11113
+ 7|51 [|zlla + €7 E 1 Izllz + €781 [lzll2)-
By the scaling in time

3 Toe, Joed), 050, 00, ez Ioe

l\.)\w

& -

Y

we have the rescaled Hamiltonian H* = 8‘9ﬁ( %E e1,e7,9,0, egz, S%Z). Then H* satisfies
(2.19) and (2.20), where & € [e2,2¢2]°. 0

Remark 2.4. We also deal with the small divisor A; — A;+ A, — 4,4+ < k, @ > in Lemma 2.2,
which is actually a special case of d =/ in (2.18).
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3. AN INFINITE-DIMENSIONAL KAM THEOREM FOR PARTIAL DIFFERENTIAL
EQUATIONS

In this section, we need to state a KAM theorem, which was proved by Zhang-Si [26] for the
main result (Theorem 1.2). Let us denote Hy =N+ .o/ + B+ B+ C + 2 + &, where

N=Y 0j(&)yj+ ), Qu(&)znZn,

JEZ nEZ%
of = Z Cln(é)ei(xiixj)Zany
ne.,i”l
Z Z an ity )anma
nes,
B=Y, an(&) Tz,
ne.,%
C=Y, an(&)dTi g,
nes;
=Y, an(§)e Iz,
ne%y

and

F=Y a,(&)eitatnz,z,
ne%y

where (x,y) are b-dimensional angle-action coordinates, (z,Z) are infinite-dimensional coordi-
nates, and the symplectic structure is defined by Y ;e dx; ANdy; + 1Zn€Zz dz, NdZ,. The tan-

gential frequencies @ = (@;);c% and the normal frequencies Q=(Q) nez? depend on the b

parameters & € IT C R, where IT is a closed bounded set with positive Lebesgue measure. For
each &, there exists an invariant b-torus .J> = T? x {0,0,0} with frequencies ®(&). The aim is
to prove the persistence of a large part of thls family of rotational tori under small perturbations
H = Hy+ P of Hy. To accomplish this, we make the following assumptions.

Assumption A1. (Non-degeneracy): V& € I1,

. o'?a)* 80),7;
ran 9E R FE =K,
a *

rank IEP ’Vﬁ*,lg]ﬁ*]gmin{b—K—l—l,S}}:
. . . . J ;x 0 ;e .
where x is a given integer with 1 < x < b, 8_517 e ,a—é" are vectors of all 1—order partial
. . . % aﬁ*w (9ﬁ*(1)l>i< 8ﬁ (x)*
derivatives in &, and, for a fixed 8%, e = | geF agﬁ* . Moreover, ®(&) belongs to

Cy ().

Assumption A2. (Asymptotics of normal frequencies): Q, = e 5|2+ Q,, ¢ >0, where
Qs are C‘Efv functions of £ with Cf}v—nonn bounded by some small positive constant L.
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Assumption A3. (Melnikov’s non-degeneracy): Denote .#, = Q, forn € Z% \(AQULH ULAHU
%44), and denote

//nz it o Aan,\ R nG.iﬂl
ay Qm+a)j

Q,— —a
My = " ' o , neL
" ( am —Q,n+(1)j

am Qp+ @+ @
and
My = an—wj A :anA ~ R ne%,
am _Qm+a)i+a)d+wl

where (n,m) are resonant pairs, (i, ) and (i, j,d,l) are uniquely determined by (n,m). We
suppose that & (), .#,(&) € C3,(I1) and there is ¥/, 7 > 0 (here / is identity matrix)

- Y
ko>|>—, k#0
|<7 >|_‘k|1’-, #7
det(< k,® > I+ .4,)| > %
and
|det(<k,6>li%n®lil®//n,)\2%.

Assumption A4. (Regularity): < + %+ %8B +% + P+ P + P is real analytic in x, y,z,Z and C§V
Whitney smooth in &. In addition,

X7 | Do (rs).01 + 11X || Dy (r5) .11 + 11X D) ,11 + [1 X2 Dy (1)1 < 1,
and

1XPlpy(rs)1 < €
Assumption AS5. (Special Form): &/ + % + %+ %€ + 2 + 2 + P has a special form in the
following
Y = {A+B+B+C+D+D+P:. A +B+B+C+D+D+P
= Y (AAB+BAEC+D+D+P)igap (&) F070

keZb N’ o
where k, o, B have the following relations ZS’Z: sty + Znez% (a, — By)n=0.
Assumption A6. (Toplitz-Lipschitz property): For any fixed n,m € Z?, ¢ € 72\ {0}, the limits
P #+9+P) P T Qjzj2j+ 4 +6 +P) B+ T+P)

lim , — ) - -
oo 02,4707 o7 T 0217 0Zmy e e 021 0%m—if
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exist. Moreover, there exists K > 0 such that, when7 > K, N+ o + B+ B+C+ D+ D+ P
satisfies

O (L e QjzjZj+ S +6 +P)

0*(B+ 2 +P) i 0*(B+ 2 +P)

E
<=
azn+6fazm—5t f—oo azn-i—ctazm of

ef\n+m|a,

Da(r,s),H

O (L jer2 QjzjZj+ S +6 +P)

— — lim _
0216792t f—voo 021679t
Dy (r,s),I1
< E —|n—ml|a
t )
‘82(@+@+P) . 0*(#+ 9 +P) < € —lntnla
azn—kéfazm—ft f—reo aZn-i—ctazm at 1ID,(rs), 11 T f

We can now state the basic KAM theorem, which is attributed to Zhang-Si [26].

Theorem 3.1. ([26] Theorem 2.1) Suppose that the Hamiltonian H = Hy+P =N + </ + % +
B+C + D+ D + P satisfies (A1) — (A6). Let ¥ > 0 be small enough. Then there exists a
positive constant € = £(b,L,K,,Y,1,s,a), so that if | Xp||p,(rs)m < & the following conclu-
sions hold: there is a Cantor subset I1,y C I1 with meas(IT\I1,) = O(¥/Y') and two changes

(analytic in x and Cl; in &) ¥ : T? x I, — Dy(r,s), @ : 11, — R?, where W is ﬁ—close to the

trivial embedding ¥ : T? x IT — T? x {0,0,0} and @ is e-close to the unperturbed frequency @
so that, for any & € Iy and x € T?, the curve t — ¥ (x+ @(&E)t, &) is a quasi-periodic solution
of the Hamiltonian equations governed by H.

In order to use the above theorem to prove our problem, we need to deal with the parameter
®. For any given parameter ©* € S, forw € §:={w € S| |® — 0*| < &,}, a new parameter @
can be introduced by

=0+ @, = (@, @) €0,y (3.1)
Then Hamiltonian (2.19) is changed into

H = <@), 9>+ Y Q)i+ A +B+B+C+D+T+P, 3.2)

neZ%

where &(§) = (e *0) ©®,E =02 =0+60, =T L &(§) = @(§), (&) = Qu(S)
and (&), Q,(€) are defined by (2 20), and o7, B, B,€, 9,7 are the corresponding transfor—
mations of &7*, B*, A ,¢*,9*, 7" in the new coordinates. Denote I1 = [0, \/_]” [82,282]
and @(E) =& *a+AE, where & = (... is- e A= (... A, ) co - With

...... 3RS, ] 3RS - s
a=Wle v | Mg ey, y Mg,
JEZXR dex
Jj#i d#i
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4. PROOF OF THE MAIN THEOREM

In this section, we verify that Hamiltonian (3.2) satisfies the assumptions (A1) — (A6).
(A1) : According to (3.1), for i = 1,---,b*, we have

Fw&) (2, j=i
_{ ' 4.1)

~

<J<b A

8@86); 0,
and
9% w: .
’(§) =0, 1<;5<b. 4.2)
d@:9&;
J
According to (2.20), for [=1,---,b, we have
(&)
0&2 87:4[ ’i’i’i’i’i’i]’ (4.3)
i
and
aza)"’t(é)—a%’f{ )— 3 RS |, 1<j<b,j#I (4.4)
IE.IE.. - 9&.0&,  8m* i =J=0 7 '
7 ] l J
Denote
L4 PouE) 4 PopE) P8 E) 7 (8)
£ . = R i, 2 - — - —
8(0] awb*awl 85*8601 (95-*(9(01
g b
4 Pay(E) 4w PO () 7 (8)
€ Jade, T € Toa FEREr 0&. @y
% b i b i, b
— 2 2~ 5
g4 Poi) o4 0y () 9" (&) af")il’;(?)
0@0& 0@y 0E  9E2 9. IE.
1 1 i b 'l
874.82(0—1(;) 874‘ aZwb*(é) 82~d)i7(f§) 8267),;(5)
90108 0098, 08:0E: agl%

. . . 2% .
where £ € I1. Then % is the submatrix of matrix {‘;T“z’} Now let us represent %~ as a parti-
tioned matrix and denote

02y 92 dx
Paoy(E) | Py @) f"n(?) ~wlb(_§)
8(7)12 8d)b* 3§lT3w1 aélzaa)l
—4
PaE) Lo Py (&) Py (&)
awlawb* awb* anga@b* o Bgi;;&wb*
2 2
PoE) . Popl) A I AL
I 9E; 9@y 08 E) 21 &8
—4
%/21:8 . ce e . , %/22: R .. -
Qo) .. Lop@) 9%ty (€) 9% (§)
8w18§iz &a')b*& i;; ag*ag PN 852
'
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By (4.1), (4.2), (4.3), and (4.4), we have
Hry =0, lim 4 =24 1),
e—0

1 3 3
- ol 3 1 - 3 __
lim 5y = 20 O\
gmAR=od | [¢]%22,
303
where I+ denotes the unit b* x b*-matrix. It is obvious that det(%//z\z) = —(87:4)17 [143(b—

1)](=2)>"1 £ 0. So det(.#) # 0 when 0 < £ < 1, i.e., rank(.#") = b* + b. Thus assumption
(A1) is verified.

(A2) : Taking ¢ = 4, we have the proof immediately.

(A3) : From (3.2), .#, is defined as follows,

My=8, n€TI\(LULBULUL),

. 3RS, ]

y jjdd T
//n = ne 317
Sl — _
ijddmn .
d*%%’ A7t gz g J gd m +
. 3[RS. il Ia e s
Q, — @y —d%%)% Gi8jSa
My = ME DL,
3[R?n ] s g g ~
Jjmdd Y
d*%@ 4754 él éj éd m T j
- 3RS, ) 55
Q, + & + By #\/ &i8iSaSi
M, = n €23,
Wl 7755 A L. L
#\/ Gi&i&aSi Q+ @+ ay
. 3RS, . ] 55 s
Q, + 0 —% Gi¢i&a&i
f%n = 5 T ne 347

W irE A
%\/ Ei&iCa&i  —Qu+ @+ g+

where ., could be the transpose of itself, (n,m) are resonant pairs, (i, j) and (i, j,d,l) are
uniquely determined by (n,m). We only prove (A3) for det[< k, @ (&) > 1 + .4, QI+ 1R M,,],
which is complicated. For arbitrary k € Z” ™7, we define k = (ki ,k2),ky € Z" ,ky € ZP, and
denote
V(E) = <k,®(&)>I+ MAJNFIR My
= (et <k, 0> 4e <hky,@ >+ <k, AS) £ MQIEID My,
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By discussing the following two cases, we prove | ¥ (&)] > %, (k#£0).
Case 1. Suppose that k; 7 0. In view of

(e <hy,0t >+ <k, A>) £ M QI EIR My) 34p, 0O
- =0(¢ ) ==
e I0) J0)
and
< ki, > Jw oW
—4 5 -3+py . _ o4 1+p\y .
TS +0(e ) 36 ¢ (ki +0(e"™P)) 36 #0, O<exl

all the eigenvalues of ¥'(£) are not identically zero.
Case 2. If k; =0, then

V(E) = (et <hk,0>4e* <ky 0>+ <k, A+ MyQIEID My
= (e <k,0>+ <k AS)+ MR My,

We assert that none of the eigenvalues of the matrix ¥/ () are zero. We only prove the case that
n,n’ € 4. Denote

%n = 874%11,1 + ,ﬂmz, Vn e 9%27

where
2
% | = ln"‘arj O % 5= %11175 %}1172
" 0 A+ Ai+A+A )] i //nzé '//nz’%
with
%15 _ 3[Rl6*l*l*l*}’m Z l i J J n"]g é + [E?jjjjj]§2
n2 — i*
= o lemt o 1674
A
3[R6'"" ] 6 *d*d*] ~ ~
+ Z J]JJQJ (52 +2§]€J + Z JJJ J4 ((;] gd*
. 167 81
ez d'ex
JF#J d*#j*
d#j

M= R EEEE, A= R i) EEEE,
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n2— T 144 S —4 5
ey 167 fea 81
j*yél'*
p6 p6
+ [Rdddddd]EZ_F [ iiiiii] é2 [Rllllll] 52
16t 4" 16m4 1674 7!
3[RS,. . ] Il
n Z 1111141 (52 +2§z€1 + Z %gj*gd*
. 16w 81
ez d"e%#
J#i dar#j*
dr#i
2 dd d*d
vy B ey Miealg g,
j ex d*ex
Jr#d dr#
d*#d
3[Ry 5 SR i) s
+ Y | (B 28+ Y, ILTELE,
. 167 — 81
ez d ez
7 #L da #j*
d*#1

So, it turns out ¥ (&)

[® My ). According to |n|? + | j|* = |i?

lim 4,1 = <
e—0

0

lim .4, > = [§]-
=0

where

11
n2 —

> +1j1?

—e (< kp, @ > T+ M RTI+I@ My )+

+|d]? + |12 -

211 12
’//n,Z ’%n@

72
My M

n,

0
117 +[d? +[1 = |m? ) -

= ‘//”72 =

47[4§J 8 Qd Z 5]5d*‘|‘<§ ZBé >,

d*eR

&8l M

d*eX

Im|? and (2.3),(2.10), we have

—

%mla

o~

[(P]‘%n,%

aVEEEE

348 - ¥ Gl EEer <E2BE >
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with E = (51”{75137' o 751';) and

1 2 2
- b (4.5)
~ 16x? ' '
2 2 1 bxb
Thus,
1in67/(§):e*4(<k2,a>1i%1®1i1®//2,1)
E—
0] (< kA > T Mya QT+ @ My )
=&t (<ky,a>+(n+j1H) £ (] '|2+ [+ 1> = |m[*))
+[0] (<k2,A>+<e§ (+2B+2B)E )
& 3y, ]
g, [ o T ~e\/ &858 .
/¢ g +&7+ 3Y greq (& E)E
% éiéjédél (& 457;14 &) 3%gee 1(%;§d+§1)§d
& 3Y & ———
#-% — o/ &r&rady s
i[¢]l® (E%“’Ezﬁ‘g%) 3Y i*cq (E-/+E/+c§/)§* T /1/(5)
47r4 /éﬁjéwéz' i 4;;4 i) O Lld*en l87r4d 11)5d
A |2 k)2 |2 n . no T .
where & = (|if|%, ]3], ..., ]iy|7) and A =limg_,0A = <...,Ai,...>. ﬂ,wnh
<74
A*_ 52+ Z [ ](€2+25*§ + Z
Ai 167r4 "oy S
d e
i #z d*# i

The eigenvalues of ¥ (&) are
et <ko, &> e (|n? + |j1P i) £ e ('[P + |7 = 1i)
+[9] << ky,A >+ < & (£2B+2B)E >)

1[%]{ G & +8+e) =3 Y &)Gtdi+eatd)

i\/fﬂ,&(éi, &84 51)}
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M{z<s,z+sg,+g;+sﬁ>—s< Y &)+ L+ Bt &)

167+ d*eX

iwgz,gz@,sj,,éd,,sm},

where

fo,»EE,818) = [(5 —E I+ EN -3 Y E)E-E+E+E)

d*ex
—144&E€,8,.

Now, we have to show that none of the eigenvalues are equal to zero. The result was proved
in [26]. Thus, we gave that none of the eigenvalues of ¥/ () are equal to zero as 0 < € < 1.
Moreover, whenn € Z,n' € L orne L ,n' € L orne L ,n € % and so on, the situations
are similar. So, we omit them here. Thus we have none of the eigenvalues of ¥'(&) are equal
to zero for k # 0. By Lemma 3.1 in [10], we have that det(¥(§)) is a polynomial function in

the components of § with order at most eight. Thus ‘8? (det(?¥ (é)))‘ > 1]k| # 0. By excluding

some parameter set with measure O({/Y’), we have |det(7(&))| > | Z'T ,  k#0.(A3) is verified.

(A4) : Similar to [25], according to Lemma 2.1, it is easy to know that (A4) holds.

(AS) : Similar to [25], we have the proof immediately.

(A6) : We just need to verify that the perturbation term P satisfies (A6). From (2.21), we
have that, for 7 sufficient large and V¢ € Z?\ {0}, all terms containing z,, | %7 in the function
F are

p6 i<k, 0>, = . 2 5
T 3e Z Z Z Rijdd,n-i—ff,m—i—éf,ke qlqj|qd| Ln+efim+éi
1= 1 .
Amt o dcnizy (<K o> +hi— i+ Ay — i)
6 i<k, 9> = 2 =
_ 3e Z Ri jdd n+-éf,m+ét .k ' qiq; |Qd| Ln+eilm+-¢i
- 47[4 = . l )
n+éie s derk#01 ( <k, > +el TP (A) — /l* + A= M)
6 i<k, 9>, = = =
7z 3e Z Z Rijd[7n+5f7m+gf7k qi49j9d91Zn+ciZm+ét
2= 3 .
ant o 20 (< ko> +Ai—Aj+Ag — A+ A — Amevai)
514} i<k,9>
3¢ Rijdl,n—i—Ef,m—Q—EfJge1 qlq] q4dq1Zn+ciZm+éi

47r4n+€'fe,ff3k7éoi<< k0> +EP (AT — AT A~ A AT A >)

n+ét ‘m-+Ct
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and
o E
P = )» )3
i—j+d—Il+n—-m=0 kczb*
i) = 11> +1d|* = I|> + |n+ &> — |m+ &> £ 0
##N{i,j,d,l,n+cf,m+éf}) >4
56 i<k, 9>, - - -
Rt]dl n+¢f,m—+¢i, k€ 449 j4dq91<n+ci<m+-¢f
i(< k’ w > +)’i - /lj + A’d - A'l + ln—O—Ef_ /lm—i-ElN)
6 i<k,0>_, = = = .
& Z R; jdl -+t m+-ci k€ 4i4 j4d41Zn+ciim+ci
=—- _
AT i Tmk 2
where

Fi =i(< ko> +[il* = | j2+[d = {2+ |n2 = m]?

+2f <n—m,é>+e1 TP (A — Mg =N+ A = Amiar))

If <n—m,¢é>=0, we show that .73 still satisfies (A6). From Cauchy’s estimation and
(2.7),(2.11)=(2.16), we know that, for any fixed i, j,d,l,n,m € 7? and & € 72\ {0}, the lim-

1 1Mz 6 f $ * *
its lim;_, o, 9 ol a1 n et mo e o A0d im0 o (A iz — Apni) existfor §=0,1,--- 8 and

If <n—m,¢é>7#0, then

2 g,
d0*.F3 < ge_|n_m|a;

Da(r,s),H

-0

02p 167 9Zmtci

—|k|00/ 2,
||ledl n+éfm+-efk hm Rl]dl n-+¢t,m-+¢i, k”S t (46)
1
*
H n+éf m+ct hm (A’n-l—cz n—l—ct)HS — ? (47)
.. . 02 F3
Thus the limits lim; ., 5——5>— exists and
Zd+-er 9214t
: po k%
lim~ 82,/3 £ Z hmf%‘x’Rijdl.n+Et“,m+ctk 1< >C]1£] i9aq1
1% O ci0mia,_ 4878 &k#0 o iAijal
i<k, 9> _ = =
48 4874 Zk?’éo hm Rz]dl n—+¢ét,m+cf, K€ qiqj44491,
where
+12 £12 2 2 2 2
Aijai = [i[7 = [JI° +1d ] = [I|7 + |n|= = |m[*+
+P(Fx _ q* x 9% . %
eTP(Af —AF+ A — A +Hlimp (A 5 — A )+ <k,o >

According to

11512 -2 2 2 2 2 1+ * * *

il = 1P+ [P =17+ n* = [m|* + 4P (A7 = A; + A5 = 4,

* * 6 - 6
+A’n+ct 2'm—&-ct)—i_ < k’ ® > } |:Rz]dl n—+¢ét,m+-¢t k hmt—>°° Rijdl,n+éf,m+5f,k
l * . %
R6 1 R P [A‘rH»Ll m+€'t~7hmf—>°°(2’n+cl }LerEt)] li)r?oledl n-+ét,m+ét k
= “Nijdln+ct,m-ct Lk fgl;lo ijdln+éf,m+étk Aijai
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= RO — 1im R¢

ijdl,n+ct,m+¢t k P so0 ijdl,n+ct m+ct k
_ipol4p * Y * Y
ie |:)Ln+ct )‘m+ct th (anrct A‘m+ct):| tlgngjdl n—+ct,m—+ct k

and
*

i

* * *
{A’n—l—ct A’m—l—ct ~hm (;Ln—i-ct - A’m+ct>‘| hm ledl n—+¢ct,m+¢t k

i\ ~|k|op/2
(S5 -Creko2,
* i |kloo/2
we have HGZ] A+t 1+cfk — llm[%w Gl] A+, 1+¢F k S S 7 o . Cze 0/=, ThU.S, for any

(60,w) € ®(0p/3) xSandbyi—j+d—1+n—m=0,

16
£ C*|k\b*+2 —|k|op/6 4 —|i—j+d—1 —ln—
SZk;ﬁo?'(T . Cye Koo/ lgl®-e li—j |a§?e In—mla_

<

~q—

2
9°F3
02,467 9Zm e

2.7,

——3— —lim;
02,467 9Zm e 1=re0

Dg(rs),I1

Similarly, we have

2, . 2,, _|p—
Int-eF O Tmtef It O+t || Dy (rs) T 1
and
2 g . 2 g e
T iy 50— < Eeminmmla,
Int-&F 9 Tm+-et e Om+ét || D, (rs) 1 !

N . ¢ 2 .
For § =0,1,2,3,4, the limit lim;_,., g,ﬁ exist, and
n+ct Y <m-+-ct

_9*F i 0°F < E,—|n—mla
azn+€fazm+ff hmt*}oo aZ,1+gfaZ,n+gf Da('?s),n - fe )
Similarly,
2 . 2 _
—O0F _im;,, —2F < Eelntmla
9217 9%m—ci i OTm—ci Dy(rs)I1 — 1
and
J%F li 0%F € ,—|n+m|a
a— = — 1Mz = o= . < ze .
aszrEf&mec’f e aszrffaZm*f'f Da(r,s),H -1

According to (2.9), we have

~6 8 ~6 . _ — —_
ER = 1858 )y R idim (0 ©)4iG j9adigndm-
i—j+d—I4+n—m=0
Therefore, similar to the above discussion, we see that
9%eR® li 9%eR® € ,—|n—mla
55— — 11Im7 o 3. 3= < =€
‘ 9201 9T e 1% 92y 179 Zmsar Da(rs) 1 — ! ’
2,736 . 2,736 _
Zn+efO%m—ct Zn+éf9m—ci Da(rJ),H 4
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and

9%eR0
Zp i 9Zm—ci

2%eR®

%17 Zm—ct — 1

|

So, both €R® and F satisfy the Toplitz-Lipschitz property. According to Lemma 4.4 in [10], the
Poisson bracket {€R%, F'} preserves Toplitz-Lipschitz property. Thus H satisfies (A6). From
Theorem 3.1([26] Theorem 2.1), we can prove that Theorem 1.2 holds.

— limf oo
- Dy (rs),I1

5. APPENDIX

Proof of Lemma 2.2. Case 1. Suppose that i — j+d —[+n—m=0,]i|*> — | j|*> + |d|* — |I|* +
n> = |m|* £ 0 and #(Z N {i, j,d,l,n,m}) > 4. Then |i|* — [ j|*+|d|* — ||+ |n]* — |m|*| > 1.
Denote h(€) = A — Aj+ Ay — A + Ay — Ay From Ay = |d*[> + €[] +eHPIA% (4 € Z?),
we have h(€) = [il* — |j> +[d]* = [[2 + |n* = |m|* + eHPVAF — A7 + A7 = Af + 2 — Ay,).

Case 1.1. If k =0, then |h(g)+ <k, > | = |h(g)] > 1 —Cel™P) > £ when ¢ is small
enough and C is large enough.

Case 1.2. Suppose that k # 0. Denote

* p
Fhams = {05 Clp 2o s e+ <k> | < ),

and

S2 = U U j]dlnmk

0#k€Zb* i7j7d7l?n7m
Case 1.2.1. For #(#Z N {i, j,d,l,n,m}) = 6, we denote

21 . p
jijdlnm,k = {w eScClp,2p]” :|h(e)+ <kw>|< W}7

21 _ 2,1
S0 = U U ‘yz’jdlnm,k'
o7gkgzb* IER,JER AER IER NEX , MEX

It follows that meas.#> Letting |k|.. = max{|k;|, |k2|,...,|kp*|}, according to

z]dlnmk < C. \k|b*+2

1<26*2p+ 1)1 [kleo < |K| < b*|k]oo,

|kleo=p
we have
21 _ 2.1
meassS = meas U U fudlnmk
OyékeZb* ie%’,je%’ AdERIER NERX MER
C” . 1
6 1 b
= L g |k|b*+2 <of L e
OyékeZb* 0#£kezb”
> C1p .+
—1 —(b*+2 | )
< p 2p+1) ( )Sc—p :
p=1 *

where the constant C; depends on b, b*. Thus measS>! < %’ p”" when C, is large enough.
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Case 1.2.2. #(%ZN{i, j,d,l,n,m}) = 5. Without loss of generality, if i, j,d,l,n € #, m € 73
is true, we know that m = i — j+d — [+ n is at most b° different values. Denoting

2,2 * p
T = {0EsClp 20l s e+ <ko> | < o),
22 _ 2,2
§o7 = U U Jijdznm,k’

0£ke7b* I€ER,JER AER | ER NERX ;m=i— j+d—l+n

b*
we have measﬂudlnm P < W’ and
22 2,2
measS”” = meas U U 7 jdlnm.k
0£keZb" IER, JER AER |ER NER I=i— j+d—I+m
b*
- plo_2P Gy
04k,

where the constant C, depends on b, b*. Thus measS>? < %’ p”" when C, is large enough.
Case 1.2.3. #(Z N {i, j,d,l,n,m}) = 4. Without loss of generality, if i, j,d,l € Z,n,m € 73
is true, thenm =i— j+d — [ +n and
h(e) = li> = |jI> +1d> = || +[n]* = |i— j+d — I +n?
(”p)(/l* AT+ =N+ A —Ay)
= —2<z—],d J>H2<—i+j—d+Iln—-1>
(Hp)(/l* A+ =N+ A —Ay)
= W+e<1+P>(A,.* — AT+ AS = A A — A

where W = -2 <i—jd—j>+42<—i+j—d+1,n—1>€c Z. Denote

23 P
jzjdlnmk {wGSC[p 2[)] | ( )+<kuw>|<m}y
23 2,3
7= U U ‘ﬁljdlnmk

0£keZY" i€ R, jeR AER IER NEL? m=i— j+d—I+n
For any fixed i, j,d,l,W, denote

ijdzwZ{nGZ%:—2<i—j,d—j>+2<—i+j—d+l,n—l>:W}

* o * * * o . *
lijdlw,l = Ssup {/ln - ifj+dfl+n}v /lijdlw,z = 19f {)Ln i— ]+d l+n}
nev nEVijaw

fjjml/k {0’ esclp,2p)”

* * p
|<k,a)>+W+£(1+p)(7Li —lj+/ld N +7szdzw1)| <W},

T ={@escip.2p)”

* * * * * p
| <k,o>+W+elP)(} = A+ A =N+ Ajaw )| < W}
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Then,

b* b*

231 2p

2
measﬂ]lek < meas.# 22 P

C*|k|b*+3’ ]lek S C |k|b*+3
It is obvious that, for m = i—j+d— [+n,ne V;'kdeWv

23,1 2372
fz jdlnm k © Laiw i\ iw ke

It is trivial that the sets f lek and ﬂ]lek are empty when |W| > |k|p + 3. Thus,

2,3 2,3
S = U U U U 'jijdlnm,k
0£kezb” ie%je/,de%,le%’neZZ m=i—j+d—Il+n
g3l 232
c U U U arw e \J T jaiw )
0£keZM i€ R, je I dERIERW EL
It follows that

2,3 231 232
measS S meas U U U ijdIW k l]le K
0AkeZV" I€EX, €I dER |€R W EL
= 231 232
= meas | J U U Fiawx 7w )
0£keZb" I€EX,jE€I AER IER 1§\W\§|k\p+3
*

< 4b*(|k|p +3) s < —
0£keZ:
where the constant C3 depends on b, b*. Thus, measQ>?> < %’pb* when Ci is large enough.
Case 2. Supposing that i — j+d —[+n—m = 0,|i|> — |j|> + |d|* = |I|* + |n|> — |m|* = 0,
#(ZN{i,j,d,l,n,m})=4and k #0. In view of ® € S, we have

A= 2+ Ag = M Py — Aot < k00> = ]0(e<1+/’>)+ <k, >\

p (1+p) p
—Ce >
|k|b*+1 C*|k|b +2

> | <ko>|—CceltP) >

when € is small enough and C, is large enough. It is obvious that $> C (52,1 us*?u 5273>’ and
then measS? < 7. Letting S = S\ S2, we see that it satisfies as required and measS > (1 — 5 p?.
We prove that Lemma 2.2 holds.
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