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INVARIANT TORI FOR THE QUINTIC SCHRÖDINGER EQUATION WITH
QUASI-PERIODIC FORCING ON THE TWO-DIMENSIONAL TORUS UNDER

PERIODIC BOUNDARY CONDITIONS

MIN ZHANG∗, XIMING WANG, ZHE HU

College of Science, China University of Petroleum, Qingdao 266580, China

Abstract. This paper focuses on the quintic Schrödinger equation with quasi-periodic forcing on the two
dimensional torus under periodic boundary conditions. By utilizing the measure estimation of infinitely
many small divisors, for most values of the frequency vectors, the Hamiltonian of the linear part of the
equation can be reduced to an autonomous system by a symplectic change of coordinates. By some trans-
formations of coordinates, the Hamiltonian of the equation can be transformed into an angle-dependent
block-diagonal normal form, which can be achieved by choosing the appropriate tangential sites. By an
abstract KAM theorem, it is proved that the existence of a class of invariant tori implies the existence of
a class of small-amplitude quasi-periodic solutions to the equation.
Keywords. Hamiltonian; KAM theory; Periodic boundary conditions; Quintic Schrödinger equations;
Quasi-periodic forcing.

1. INTRODUCTION

It is known that KAM theory is an effective approach to solve the existence problem of finite-
dimensional tori for nonlinear Hamiltonian partial differential equations (PDEs). The KAM
theory is the use of a combination of Birkhoff normal form and KAM iterative technique. This
method was originally proposed by Wayne [23], Kuksin [16], and Pöschel [19]. Later, it has
been well developed in one dimensional Hamiltonian PDEs. We refer to [1, 12, 17, 18, 24] and
the references therein.

When the spatial dimension exceeds one, the eigenvalues will be repeated, which leads to
an infinite number of resonance problems. This make it more difficult to prove the second
Melnikov non-degeneracy conditions. In this aspect, Bourgain [4, 5] made a breakthrough.
instead of the KAM theory, he avoided the second Melnikov non-degeneracy conditions by
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solving angle dependent homological equations. This is known as the Craig-Wayne-Bourgain
method, which combines the Lyapunov-Schmidt reduction technique and the Nash-Moser it-
erative scheme to solve the small divisor problem. This method was originally proposed by
Craig-Wayne [7]. For further development, the readers may refer to the literatures [2, 3, 6, 22].
Although the CWB method only needs to satisfy the first Melnikov non-degeneracy conditions,
it cannot give more properties of quasi-periodic solutions, such as their Whitney smooth depen-
dence on parameters, zero Lyapunov exponents, and linear stability as KAM theory does.

In [13, 14], Geng and You constructed small-amplitude quasi-periodic solutions for the higher
dimensional nonlinear beam equations and nonlocal Schrödinger equations by using the meth-
ods from an infinite dimensional KAM theory. In this aspect, Eliasson-Kuksin[9] constructed
quasi-periodic solutions for more interesting higher dimensional Schrödinger equation by us-
ing the block diagonal normal form structure and the Töplitz-Lipschitz property of perturba-
tion to overcome the difficulty caused by infinite resonances. However, all works mentioned
above require artificial parameters, so they cannot be applied directly to the completely reso-
nant Schrödinger equation without external parameters.

In [10], the authors constructed an infinite dimensional KAM theory for completely resonant
NLS on T2 of the form iut−∆u+ |u|2u = 0, x ∈ T2, t ∈R with periodic boundary conditions.
They simplified the proof in [9] by adding momentum conservation conditions and taking an
appropriate admissible set of tangential sites. Procesi and Procesi [20] proved the existence
of linearly stable and unstable quasi-periodic solutions via a KAM algorithm for the com-
pletely resonant cubic Schrödinger equations on Td of the form iut−∆u = κ|u|2u+∂ūG(|u|2),
x ∈ Td := Rd/(2πZ)d, t ∈ R. In [21], they discussed the following more general completely
resonant nonlinear Schrödinger equations on Td iut −∆u = k|u|2qu+ ∂ūG(|u|2), where d ≥ 1
and q≥ 1. The above equation admitted linear stability of quasi-periodic solutions. It is worth
mentioning that the quintic Schrödinger equation has attracted more and more attention in re-
cent years. For the one-dimensional case, we refer to [12, 18]. In the higher dimensional space,
Haus and Procesi [15] considered the quintic completed resonant Schrödinger equation on the
T2

iut−∆u+ |u|4u = 0, x ∈ T2, t ∈ R, (1.1)

and exhibited orbits whose Sobolev norms grow with time. If the nonlinear term of the Schrödinger
equation changes from cubic to quintic, its normal form will also change correspondingly. So,
the KAM method [10], which cannot be applied directly to equation (1.1), needs to be adjusted
accordingly. In [26], the authors, based on the idea in [10], constructed the quasi-periodic so-
lutions of the equation (1.1) with small amplitude under periodic boundary conditions. This
extension is nontrivial and substantial development. Coincidentally, Geng and Xue also dis-
cussed the existence of quasi-periodic solutions of equation (1.1) in [11]. Due to the different
normal forms selected, the specific proof presented in [11] and [26] are quite different.

In this paper, we will focus on the existence of quasi-periodic solutions for the quintic
Schrödinger equation with quasi-periodic forcing on the T2

iut−∆u+ εφ(t)(u+ |u|4u) = 0, x ∈ T2, t ∈ R (1.2)

with periodic boundary conditions

u(t,x1,x2) = u(t,x1 +2π,x2) = u(t,x1,x2 +2π) (1.3)
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where ε is a small positive parameter, and φ(t) is a real analytic quasi-periodic function in t with
frequency vector ω = (ω1,ω2 . . . ,ωb∗) ∈ [ρ,2ρ]b

∗
for some constant ρ > 0. The method used

to study the existence of quasi-periodic solutions of the above equation is based on the KAM
theory in Zhang-Si [26]. The main steps are as follows. First, the linear part of the Hamiltonian
system corresponding to (1.2) is converted to constant coefficients by using the reducibility
theory in [25]. For, the conclusions on the reducibility, we refer to [1, 8]. Then, by taking an
appropriate admissible set of tangential sites and symplectic transformation, the Hamiltonian
system is transformed into some partial Birkhoff normal form of order six for using the KAM
theory in [26]. Finally, the existence of the quasi-periodic solutions of the equation is proved
by using the KAM theory in [26].

When the nonlinear term of Schrödinger equation (1.2) changes from εφ(t)|u|2u to εφ(t)|u|4u,
the admissible set of tangential sites and the normal form of the corresponding Hamiltonian sys-
tem will change essentially. Therefore, we need to solve the following problems.

• The essence of the reducibility theory is to transform the linear part of the Hamiltonian
system from non-autonomous systems to autonomous systems by infinitely many sym-
plectic transformations, but these symplectic transformations act on the nonlinear part
at the same time. Although this paper uses the reducibility theory in [25], it is still not
trivial to prove that the nonlinear part εR̃6 still satisfies the Töplitz-Lipschitz property
after these symplectic transformations.
• When the degree of nonlinear terms changes, different admissible sets of tangential sites

R are needed to be selected in order to minimize the number of items dependent on an-
gular variables contained in the normal form. Therefore, in the process of transforming
the Hamiltonian system into the normal form, it is necessary to select completely dif-
ferent symplectic transformations and solve completely different “small divisors” prob-
lems.
• When the nonlinear term changes from the third term to the fifth term, its corresponding

tangential frequency ω̂ changes from a first polynomial of parameter ξ to a second
polynomial. Therefore, the first derivative of tangential frequency ∂ω̂

∂ξ
no longer satisfies

the non-degenerate property. It is necessary to consider the second derivative ∂ 2ω̂

∂ξ 2 and
find the full rank matrix in it, so as to prove that the tangential frequency ω̂ satisfies the
corresponding non-degenerate property.
• Because the normal form of the quintic Schrödinger equation depends more complicated

on the angular variables, the form of the normal frequency Ω̂ becomes more compli-
cated. Therefore, more skills are needed to prove that the normal frequency Ω̂ satisfies
the Melnikov’s non-degeneracy.
• In order to ensure the simplicity of the normal form, the symplectic transformation

selected X1
F is greatly changed by making the nonlinear term R̃6 more complex after the

symplectic transformation. So it is challenging to prove that {R̃6,F} still satisfies the
Töplitz-Lipschitz property.

The following definition, which was inspired by Zhang-Si [26], quantifies the conditions that
the tangential sites satisfy.

Definition 1.1. A finite set R = {i∗1 = (x1,y1), · · · , i∗b = (xb,yb)} ⊂ Z2 is admissible if
(1) any three of them are not vertices of a rectangle;
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(2) for any {i, j,d, l,n,m}⊂Z2, if they satisfy i− j+d− l+n−m= 0 and |i|2−| j|2+ |d|2−
|l|2+ |n|2−|m|2 = 0 or i− j+d+ l−n−m= 0 and |i|2−| j|2+ |d|2+ |l|2−|n|2−|m|2 =
0, then the intersection of {i, j,d, l,n,m} and R contains at most four elements, i.e.,
]
{
{i, j,d, l,n,m}

⋂
R
}
≤ 4;

(3) for any n ∈ Z2 \R, there exists at most one triplet {i, j,m} with i, j ∈ R,m ∈ Z2 \R
such that i− j+n−m = 0 and |i|2−| j|2 + |n|2−|m|2 = 0. If such triplet exists, we say
that n,m are resonant in the first type and denote all such n by L1;

(4) for any n ∈ Z2 \R, there exists at most one triplet {i, j,m} with i, j ∈ R,m ∈ Z2 \R
such that i+ j−n−m = 0 and |i|2 + | j|2−|n|2−|m|2 = 0. If such triplet exists, we say
that n,m are resonant in the second type and denote all such n by L2.

(5) for any n∈Z2\R, there exists at most one quintuple {i, j,d, l,m}with i, j,d, l ∈R,m∈
Z2 \R such that i− j+d− l+n−m = 0 and |i|2−| j|2+ |d|2−|l|2+ |n|2−|m|2 = 0. If
such quintuple exists, we say that n,m are resonant in the third type and denote all such
n by L3;

(6) for any n∈Z2\R, there exists at most one quintuple {i, j,d, l,m}with i, j,d, l ∈R,m∈
Z2 \R such that i− j+d + l−n−m = 0 and |i|2−| j|2 + |d|2 + |l|2−|n|2−|m|2 = 0.
If such quintuple exists, we say that n,m are resonant in the fourth type and denote all
such n by L4;

(7) any n ∈ Z2 \R is not resonant of any two of the above four classes. Geometrically, any
two of the above defined graphs cannot share vertex in Z2 \R.

In [26], the authors gave a concrete example of the above admissible set and rigorously
proved that the set satisfies all the conditions.

The main conclusion of this paper is as follows.

Theorem 1.2. (Main Theorem) Let ρ and φ(t) be as above, and let [φ ] 6= 0, where [φ ] denotes
the time average of φ . Then, for each admissible set R = {i∗1 = (x1,y1), · · · , i∗n = (xb,yb)} ⊂ Z2

with b ≥ 2, and for 0 < γ < 1,0 < ρ < 1 and γ ′ > 0 be small enough, there is ε∗(ρ,γ,γ ′) > 0
such that, for arbitrary 0 < ε < ε∗, there is S ⊂ [ρ,2ρ]b

∗
with measS > (1− γ)ρb∗ and there

is Σγ ′ ⊂ Σ := S× [ε
3
2 ,2ε

3
2 ]b with meas(Σ \ Σγ ′) = O( 8

√
γ ′) and an absolute constant C so

that, for arbitrary (ω, ξ̃i∗1, . . . , ξ̃i∗b
) ∈ Σγ ′, the Schrödinger equation (1.2)+(1.3) has a solution in

the following u(t,x) = ∑ j∈R
(
1− f j(ωt,ω,ε)

)√ ξ̃ j
4π2 (eiω̃ jtei< j,x>)+O(|ξ̃ |3/2)+O(ερ), where

f j(ϑ ,ω,ε) = ερ f ∗j (ϑ ,ω,ε) is of period 2π in each component of ϑ and for j ∈ R,ϑ ∈
Θ(σ0/2),ω ∈ S, | f ∗j (ϑ ,ω,ε)| ≤C. In addition, the solution u(t,x) is quasi-periodic in terms of
t with the frequency vector ω̃ = (ω,(ω̃ j) j∈R), and ω̃ j = ε−4| j|2 +O(|ξ̃ |2)+O(ερ).

Remark 1.3. According to Definition 1.1, we suppose that R is an admissible set. Then {i,n}⋂
{ j,m}= /0 holds for any n∈L1, {i, j}

⋂
{n,m}= /0 holds for any n∈L2, {i,d,n}

⋂
{ j, l,m}=

/0 holds for any n ∈L3, and {i,d, l}
⋂
{ j,n,m}= /0 holds for any n ∈L4.

2. THE HAMILTONIAN SETTING AND PARTIAL BIRKHOFF NORMAL FORM OF

SCHRÖDINGER EQUATION

In this section, we first convert the linear part of the corresponding Hamiltonian system of
the Schrödinger equation (1.2)+(1.3) from a non-autonomous system to an autonomous system



THE QUINTIC SCHRÖDINGER EQUATION 5

by using the reducibility theory in [25]. Then, we convert the Hamiltonian system into a sixth-
order Birkhoff normal form by using the symmetric transformation, which is applicable to the
KAM theory in [26]. We first introduce some notations.

Let us define R = {i∗1, · · · , i∗b} and Z2
1 =Z2\{i∗1, · · · , i∗b}, where {i∗1, · · · , i∗b} is b vectors in Z2.

Let la be the space of all complex vectors w = (. . . ,w j, . . .) j∈Z2
1
, where the norm is defined as

follows ‖w‖a =∑ j∈Z2
1
|w j|ea| j|<∞, a> 0. Denote θ = (θ j) j∈R , I = (I j) j∈R , w= (w j) j∈Z2

1
, and

ξ = (ξ j) j∈R , and introduce the phase space as follows Pa = T̂b×Cb× la× la 3 (θ , I,w, w̄),
where T̂b is complex neighborhood of the usual (b)-torus Tb. Denote

Da(r,s) := {(θ , I,w, w̄) ∈Pa : |Imθ |< r, |I|< s2,‖w‖ρ < s,‖w̄‖ρ < s}.

Let us define the weighted phase norms

|W ∗|a = |θ |+
1
s2 |I|+

1
s
‖w‖a +

1
s
‖w̄‖a

for W ∗ = (θ , I,w, w̄) ∈Pa. Let O be the parameter set. Denote α ≡ (. . . ,α j, . . .) j∈Z2
1
, β ≡

(. . . ,β j, . . .) j∈Z2
1
, α j, and β j ∈ N with finitely many nonzero components of positive inte-

gers. Suppose that G(θ , I,w, w̄) = ∑α,β Gαβ (θ , I)wα w̄β , where wα w̄β is ∏ j wα j
j w̄β j

j , Gαβ =

∑k,h Gkhαβ Ihei<k,θ> are C8
W functions with respect to parameter ξ . The norm of G is defined as

follows
‖G‖Da(r,s),O ≡ sup

‖w‖a<s,‖w̄‖a<s
∑
α,β

‖Gαβ‖|wα ||w̄β |,

where Gαβ = ∑k∈Zb,h∈Nb Gkhαβ (ξ )Ihei<k,θ>, |Gαβ‖ ≡ ∑k,h |Gkhαβ |Os2|h|e|k|r, and |Gkhαβ |O ≡
supξ∈O ∑0≤î≤8 |∂ î

ξ
Gkhαβ |. Denote XG by the Hamiltonian vector field corresponding to G with

respect to the symplectic structure dθ ∧dI+ idz∧dz̄, which is XG =(∂IG,−∂θ G, i∇z̄G,−i∇zG).
We define its norm by

‖XG‖Da(r,s),O ≡ ‖GI‖Da(r,s),O +
1
s2‖Gθ‖Da(r,s),O

+
1
s
( ∑

j∈Z2
1

‖Gz j‖Da(r,s),Oe| j|a + ∑
j∈Z2

1

‖Gz̄ j‖Da(r,s),Oe| j|a).

Suppose that the vector function Ğ : Da(r,s)×O→Cm̆(m̆ < ∞) is C8
W functions with respect to

parameter ξ , and define its norm as follows ‖Ğ‖Da(r,s),O = ∑
m̆
î=1 ‖Ğî‖Da(r,s),O . Suppose that the

vector function Ĝ : Da(r,s)×O→ lā is C8
W functions with respect to parameter ξ and define its

norm as follows ‖Ĝ‖ā,Da(r,s),O = ‖(‖Ĝî‖Da(r,s),O)î‖ā. Suppose that B(η ;ξ ) us an operator from
Da(r,s) to Dā(r̄, s̄) for (η ;ξ ) ∈ Da(r,s)×O, and define the operator norm as follows

|A(η ;ξ )|ā,a,Da(r,s),O = sup
(η ;ξ )∈Da(r,s)×O

sup
W 6=0

|A(η ;ξ )W ∗|ā
|W ∗|a

,

|A(η ;ξ )|∗ā,a,Da(r,s),O = ∑
0≤î≤8

|∂ î
ξ

A|ā,a,Da(r,s),O .

In the following, we rewrite the Schrödinger equation (1.2)

iut = ∆u− εφ(t)(u+ |u|4u), x ∈ T2, t ∈ R. (2.1)



6 MIN ZHANG, XIMING WANG, ZHE HU

Equation (2.1) is a Hamiltonian system ut = i∂H
∂ ū with hamiltonian function H =< −∆u,u >

+εφ(t)
∫
T2(|u|2 + 1

3 |u|
6)dx, where < ·, · > denotes the scalar product in L2. The eigenval-

ues and eigenfunctions of the operator −∆ with the periodic boundary conditions are λ 0
j =

| j|2 = j12 + j22 and φ j(x) =
√

1
4π2 ei< j,x>, j = ( j1, j2) ∈ Z2. We introduce coordinates q =

(· · · ,q j, · · ·) j∈Z2 and its complex conjugate q̄ = (· · · , q̄ j, · · ·) j∈Z2 via the relations u(t,x) =
∑ j∈Z2 q j(t)φ j(x), where q, q̄ ∈ la. The Hamiltonian system can be rewritten as

q̇ j = i
∂H
∂ q̄ j

j ∈ Z2 (2.2)

with H = Λ+R, where

Λ = ∑
j∈Z2

| j|2|q j|2 + εφ(t)|q j|2, R =
ε

48π4 φ(t) ∑
i− j+d−l+n−m=0

qiq̄ jqd q̄lqnq̄m.

Denoting by ϕ(ϑ) the shell of φ(t), we introduce action-angle variables (J,ϑ) ∈ Rm×Tm.
Then (2.2) can be written as follows ϑ̇ = ω, J̇ = −∂H

∂ϑ
, and q̇ j = i ∂H

∂ q̄ j
, j ∈ Z2 with the corre-

sponding Hamiltonian H =< ω,J >+∑ j∈Z2(| j|2 + εϕ(ϑ))|q j|2 + εR6(x), where

R6(x) =
1

48π4 ∑
i− j+d−l+n−m=0

R6
i jdlnm(ϑ)qiq̄ jqd q̄lqnq̄m

with

R6
i jdlnm(ϑ) =

{
ϕ(ϑ), i− j+d− l +n−m = 0,

0, i− j+d− l +n−m 6= 0.
(2.3)

Let

H = H̄ + εR6, (2.4)

where
H̄ =< ω,J >+ ∑

j∈Z2

(| j|2 + εϕ(ϑ))|q j|2 (2.5)

and
R6 = R6(x) =

1
48π4 ∑

i− j+d−l+n−m=0
R6

i jdlnm(ϑ)qiq̄ jqd q̄lqnq̄m. (2.6)

Next, we use the reducibility theory in [25] to transform the non-autonomous Hamiltonian
function (2.5) into an autonomous Hamiltonian function. This process will involve an infinite
number of small divisor problems. In order to solve these small divisor problems, the following
parameter sets need to be introduced. For 0 6= k ∈ Zb∗ , denote

I 1
k =

{
ω ∈ [ρ,2ρ]b

∗
: |< k,ω > | ≤ ρ

C∗|k|b∗+1

}
, S1 =

⋃
06=k∈Zb∗

I 1
k .

By [25], we have, for arbitrary fixed 0 < γ < 1, measS1 ≤ 1
2γρb∗. Letting S = [ρ,2ρ]b

∗\S1,

we have measS ≥ (1− γ

2)ρ
b∗. By the reducibility theory [25, Lemma 2.1], for given σ0 > 0,

0 < γ < 1, and 0 < ρ < 1, there exists a ε∗(γ)> 0 such that, for any 0 < ε < ε∗(γ) and ω ∈ S,
there is a symplectic transformation Σ0

∞ defined on Da(
σ0
2 ,s)× S changing the Hamiltonian

(2.5) into H0 := H̄ ◦Σ0
∞ =< ω,J >+∑ j∈Z2 λ j|q j|2, where λ j = | j|2+ε[φ ]+ε(1+ρ)λ ∗j , |λ ∗j |S ≤
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C, j ∈Z2, and for given j ∈Z2, j̃ ∈Z2\{0}, the limits limt̃→∞ ∂ ŝ
ωλ ∗j+ j̃t̃ exist for ŝ= 0,1, · · · ,8

and

|λ ∗j+ j̃t̃− lim
t̃→∞

λ
∗
j+ j̃t̃ |S ≤

1
t̃
. (2.7)

Moreover, there exists a constant C > 0 such that |Σ0
∞− id|∗

ā,a,Da(
σ0
2 ,s),S

≤ Cερ , where id is

identity mapping. The transformation Σ0
∞ is linear and diagonal. Thus, there exists a function

f̃ ∗j,∞(ϑ ;ω) such that q j ◦Σ0
∞ = q j + ερ f̃ ∗j,∞(ϑ ;ω)q j, where | f̃ ∗j,∞(ϑ ;ω)|Θ(σ0/2)×S ≤C, and, for

any fixed j ∈ Z2, j̃ ∈ Z2 \ {0}, we have that the limits limt̃→∞ ∂ ŝ
ω f̃ ∗j+ j̃t̃,∞(ϑ ;ω) exist for ŝ =

0,1, · · · ,8 and

| f̃ ∗j+ j̃t̃,∞− lim
t̃→∞

f̃ ∗j+ j̃t̃,∞|Θ(σ0/2)×S ≤
1
t̃
. (2.8)

Thereby, the Hamiltonian (2.6) is transformed into

R̃6 = R6 ◦Σ
0
∞ =

1
48π4 ∑

i− j+d−l+n−m=0
R̃6

i jdlnm(ϑ ;ω)qiq̄ jqd q̄lqnq̄m, (2.9)

where

R̃6
i jdlnm(ϑ ;ω) = R6

i jdlnm(ϑ)
(

1+ ε
ρR6∗

i jdlnm(ϑ ;ω)
)
, (2.10)

with |R6∗
i jdlnm(ϑ ;ω)|Θ(σ0/2)×S ≤C. By (2.8), for given i, j,d, l,n,m∈Z2 and ĩ, j̃, d̃, l̃, ñ, m̃∈Z2 \

{0}, ŝ = 0,1, · · · ,8, we have lim
t̃→∞

∂ ŝ
ω R̃6

i+ĩt̃, jdlnm, lim
t̃→∞

∂ ŝ
ω R̃6

i+ĩt̃, j+ j̃t̃,dlnm, lim
t̃→∞

∂ ŝ
ω R̃6

i+ĩt̃, j+ j̃t̃,d+d̃t̃,lnm
,

lim
t̃→∞

∂ ŝ
ω R̃6

i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,nm
, lim

t̃→∞

∂ ŝ
ω R̃6

i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,n+ñt̃,m
, lim

t̃→∞

∂ ŝ
ω R̃6

i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,n+ñt̃,m+m̃t̃

exist and

|R̃6
i+ĩt̃, jdlnm− lim

t̃→∞

R̃6
i+ĩt̃, jdlnm|Θ(σ0/2)×S ≤

1
t̃
, (2.11)

|R̃6
i+ĩt̃, j+ j̃t̃,dlnm− lim

t̃→∞

R̃6
i+ĩt̃, j+ j̃t̃,dlnm|Θ(σ0/2)×S ≤

1
t̃
, (2.12)

|R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,lnm− lim

t̃→∞

R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,lnm|Θ(σ0/2)×S ≤

1
t̃
, (2.13)

|R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,nm− lim

t̃→∞

R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,nm|Θ(σ0/2)×S ≤

1
t̃
, (2.14)

|R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,n+ñt̃,m− lim

t̃→∞

R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,n+ñt̃,m|Θ(σ0/2)×S ≤

1
t̃
, (2.15)

and

|R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,n+ñt̃,m+m̃t̃− lim

t̃→∞

R̃6
i+ĩt̃, j+ j̃t̃,d+d̃t̃,l+l̃t̃,n+ñt̃,m+m̃t̃ |Θ(σ0/2)×S ≤

1
t̃
. (2.16)

This means Hamiltonian (2.4) is converted by the transformation Σ0
∞ into

H = H0 + εR̃6. (2.17)

From [25], we give the following Lemma.
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Lemma 2.1. For a≥ 0, the gradients R̃6
q, R̃

6
q̄ are real analytic as maps from some neighborhood

of origin in la× la into la with ‖R̃6
q‖a = O(‖q‖5

a), ‖R̃6
q̄‖a = O(‖q‖5

a) uniformly for (ϑ ,ω) ∈
Θ(σ0/2)×S.

Proof. From (2.9), for (ϑ ,ω) ∈Θ(σ0/2)×S, we have∣∣∣∣∂ R̃6

∂qi

∣∣∣∣≤ 1
48π4 ∑

j−d+l−n+m=i
|R̃6

i jdlnm(ϑ ,ω)||q̄ jqd q̄lqnq̄m|.

According to (2.3) and (2.10), we have

‖R̃6
q‖a = ∑

i∈Z2

|R̃6
qi
|e|i|a ≤ 1

48π4 ∑
i∈Z2

∑
j−d+l−n+m=i

C|q̄ jqd q̄lqnq̄m|e| j−d+l−n+m|a

≤ C ∑
j∈Z2

|q̄ j|e| j|a ∑
d∈Z2

|qd|e|d|a ∑
l∈Z2

|q̄l|e|l|a ∑
n∈Z2

|qn|e|n|a ∑
m∈Z2

|q̄m|e|m|a

= C‖q̄‖3
a‖q‖2

a =C‖q‖5
a.

Similarly, we have ‖R̃6
q̄‖a ≤C‖q‖5

a. �

Suppose that R is an admissible set. Denote Z2
1 = Z2 \R. In order to solve the small divisor

problem during the transformation from the Hamiltonian (2.17) to some six-order Birkhoff
normal form, the following lemma is given, which will be proved in the Appendix.

Lemma 2.2. Assume that i, j,d, l,n,m ∈ Z2 such that i− j + d− l + n−m = 0, |i|2− | j|2 +
|d|2−|l|2 + |n|2−|m|2 6= 0 and #(R ∩{i, j,d, l,n,m}) ≥ 4 or i− j+ d− l + n−m = 0, |i|2−
| j|2 + |d|2− |l|2 + |n|2− |m|2 = 0, #(R ∩{i, j,d, l,n,m}) = 4 and k 6= 0. Denote ρ > 0,0 <

γ < 1, and C∗ large enough, and ε small enough, there exists a subset S ⊂ S ⊂ [ρ,2ρ]b
∗

with
measS > (1− γ)ρb∗, Then, for arbitrary ω ∈ S,∣∣λi−λ j +λd−λl +λn−λm+< k,ω >

∣∣≥ ρ

C∗(|k|+δ (|k|))b∗+2 , ∀k ∈ Zb∗, (2.18)

with δ (x) = 1 as x = 0 and δ (x) = 0 as x 6= 0.

Proposition 2.3. Let R be an admissible set. There is a symplectic change of coordinates X1
F

that converts the Hamiltonian (2.17) into

H∗ = H ◦X1
F = N∗+A ∗+B∗+B

∗
+C ∗+D∗+D

∗
+P∗ (2.19)

with

N∗ =< ε
−4

ω,J >+ ∑
i∈R

ω̆i(ξ̃ )Ĩi + ∑
n∈Z2

1

Ω̂n(ξ̃ )|zn|2,

ω̆i(ξ̃ ) = ε
−4

λi +
[R̃6

iiiiii]

16π4 ξ̃
2
i + ∑

j∈R, j 6=i

[
3[R̃6

iiii j j]

16π4 (ξ̃ 2
j +2ξ̃iξ̃ j)+ ∑

d∈R,d 6= j,d 6=i

3[R̃6
ii j jdd]

8π4 ξ̃ jξ̃d

]
,

Ω̂n(ξ̃ ) = ε
−4

λn + ∑
i∈R

[
3[R̃6

iiiinn]

16π4 ξ̃
2
i + ∑

j∈R, j 6=i

3[R̃6
ii j jnn]

8π4 ξ̃iξ̃ j

]
,

A ∗ = ∑
n∈L1

∑
d∈R

3[R̃6
i jddnm]

4π4

√
ξ̃iξ̃ jξ̃dei(θ̃i−θ̃ j)znz̄m,
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B∗ = ∑
n∈L2

∑
d∈R

3[R̃6
nim jdd]

4π4

√
ξ̃iξ̃ jξ̃dei(−θ̃i−θ̃ j)znzm,

B
∗
= ∑

n∈L2

∑
d∈R

3[R̃6
in jmdd]

4π4

√
ξ̃iξ̃ jξ̃dei(θ̃i+θ̃ j)z̄nz̄m,

C ∗ = ∑
n∈L3

3[R̃6
i jdlnm]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃lei(θ̃i−θ̃ j+θ̃d−θ̃l)znz̄m,

D∗ = ∑
n∈L4

3[R̃6
jindml]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃lei(−θ̃i+θ̃ j−θ̃d−θ̃l)znzm,

D
∗
= ∑

n∈L4

3[R̃6
i jdnlm]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃lei(θ̃i−θ̃ j+θ̃d+θ̃l)z̄nz̄m,

P∗ = O(ε2|Ĩ|2 + ε
2|Ĩ|‖z‖2

a + ε
7
4 |ξ̃ |

3
2 |Ĩ|

1
2‖z‖2

a + ε
7
4 |ξ̃ |

3
2‖z‖3

a

+ε
7
2 |ξ̃ |‖z‖4

a + ε
9
4 |ξ̃ |

9
2‖z‖a + ε

4|ξ̃ |4‖z‖2
a + ε

23
4 |ξ̃ |

7
2‖z‖3

a), (2.20)

where [R̃6
i jdlnm] denotes the time average of R̃6

i jdlnm, coinciding with the space average.

Proof. Denote R̃6
i jdlnm(ϑ ,ω) = ∑k∈Zb∗ R̃6

i jdlnm,k(ω)ei<k,ϑ>. Let

F = ε

48π4 ∑
i∈R

∑k 6=0
R̃6

iiiiii,k
i<k,ω>ei<k,ϑ>|qi|6 + 9ε

48π4 ∑
i, j∈R,i6= j

∑k 6=0
R̃6

iiii j j,k
i<k,ω>ei<k,ϑ>|qi|4|q j|2

+ 3ε

4π4 ∑
i, j,d∈R,i6= j,i 6=d, j 6=d

∑k 6=0
R̃6

ii j jdd,k
i<k,ω>ei<k,ϑ>|qi|2|q j|2|qd|2

+ 9ε

48π4 ∑

i∈R,n∈Z2
1

∑
k 6=0

R̃6
iiiinn,k

i<k,ω>ei<k,ϑ>|qi|4|qn|2 + 3ε

4π4 ∑

i, j∈R,n∈Z2
1,i 6= j

∑
k 6=0

R̃6
ii j jnn,k

i<k,ω>ei<k,ϑ>|qi|2|q j|2|qn|2

+ 3ε

4π4 ∑
n∈L1

∑
d∈R

∑
k 6=0

R̃6
i jddnm,k

i(λi−λ j+λn−λm+<k,ω>)e
i<k,ϑ>qiq̄ j|qd|2qnq̄m

+ 3ε

4π4 ∑
n∈L2

∑
d∈R

∑
k 6=0

R̃6
nim jdd,k

i(−λi−λ j+λn+λm+<k,ω>)e
i<k,ϑ>q̄iq̄ j|qd|2qnqm

+ 3ε

4π4 ∑
n∈L2

∑
d∈R

∑
k 6=0

R̃6
in jmdd,k

i(λi+λ j−λn−λm+<k,ω>)e
i<k,ϑ>qiq j|qd|2q̄nq̄m

+ 3ε

4π4 ∑
n∈L3

∑
k 6=0

R̃6
i jdlnm,k

i(λi−λ j+λd−λl+λn−λm+<k,ω>)e
i<k,ϑ>qiq̄ jqd q̄lqnq̄m

+ 3ε

4π4 ∑
n∈L4

∑
k 6=0

R̃6
jindml,k

i(−λi+λ j−λd−λl+λn+λm+<k,ω>)e
i<k,ϑ>q̄iq jq̄d q̄lqnqm
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+
3ε

4π4 ∑
n∈L4

∑
k 6=0

R̃6
i jdnlm,k

i(λi−λ j +λd +λl−λn−λm+< k,ω >)
ei<k,ϑ>qiq̄ jqdql q̄nq̄m

+
ε

48π4 ∑
i− j+d− l +n−m = 0

|i|2−| j|2 + |d|2−|l|2 + |n|2−|m|2 6= 0
#(R ∩{i, j,d, l,n,m})≥ 4

∑
k∈Zb∗

R̃6
i jdlnm,kei<k,ϑ>qiq̄ jqd q̄lqnq̄m

i(λi−λ j +λd−λl +λn−λm+< k,ω >)
.

(2.21)

and X1
F denote the time-1 map of the vector field of the Hamiltonian F . Denote

q j =

{
q j, j ∈R,
z j, j ∈ Z2

1.

Then the transformation of coordinates X1
F transforms H into

Ĥ = H ◦X1
F

= H0 + εR̃6 +{H0,F}+ ε{R̃6,F}+
∫ 1

0
(1− t){{H,F},F}◦X t

Fdt

=< ω,J >+ ∑
i∈R

λi|qi|2 + ∑
n∈Z2

1

λn|wn|2 + ∑
i∈R

ε[R̃6
iiiiii]

48π4 |qi|6

+ ∑
i, j∈R,i 6= j

9ε[R̃6
iiii j j]

48π4 |qi|4|q j|2 + ∑
i, j,d∈R,i 6= j,i6=d, j 6=d

3ε[R̃6
ii j jdd]

4π4 |qi|2|q j|2|qd|2

+ ∑
i∈R,n∈Z2

1

9ε[R̃6
iiiinn]

48π4 |qi|4|zn|2 + ∑
i, j∈R,n∈Z2

1,i6= j

3ε[R̃6
ii j jnn]

4π4 |qi|2|q j|2|zn|2

+ ∑
n∈L1

∑
d∈R

3ε[R̃6
i jddnm]

4π4 qiq̄ j|qd|2znz̄m + ∑
n∈L2

∑
d∈R

3ε[R̃6
nim jdd]

4π4 q̄iq̄ j|qd|2znzm

+ ∑
n∈L2

∑
d∈R

3ε[R̃6
in jmdd]

4π4 qiq j|qd|2z̄nz̄m + ∑
n∈L3

3ε[R̃6
i jdlnm]

4π4 qiq̄ jqd q̄lznz̄m

+ ∑
n∈L4

3ε[R̃6
jindml]

4π4 q̄iq jq̄d q̄lznzm + ∑
n∈L4

3ε[R̃6
i jdnlm]

4π4 qiq̄ jqdql z̄nz̄m

+O(ε|q|3‖z‖3
a + ε|q|2‖z‖4

a + ε|q|‖z‖5
a + ε‖z‖6

a + ε
2|q|10

+ ε
2|q|9‖z‖a + ε

2|q|8‖z‖2
a + ε

2|q|7‖z‖3
a),

where {·, ·} is the Poisson bracket with respect to the symplectic structure dϑ∧dJ+∑ j∈R idq j∧
dq̄ j +∑n∈Z2

1
idwn∧dw̄n, (n,m) are resonant pairs, (i, j) and (i, j,d, l) are uniquely determined

by (n,m). Let us introduce the action-angle variable by

q j =

√
Ĩ j + ξ̃ jeiθ̃ j , q̄ j =

√
Ĩ j + ξ̃ je−iθ̃ j , j ∈R. (2.22)
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The symplectic change (2.22) transform the Hamiltonian Ĥ into

Ĥ =< ω,J >+ ∑
i∈R

{
λi +

ε[R̃6
iiiiii]ξ̃

2
i

16π4

+ ∑
j ∈R

j 6= i


3ε[R̃6

iiii j j](ξ̃
2
j +2ξ̃iξ̃ j)

16π4 + ∑
d ∈R

d 6= j
d 6= i

3ε[R̃6
ii j jdd]ξ̃ jξ̃d

8π4




Ĩi

+ ∑
n∈Z2

1

{
λn + ∑

i∈R

[
3ε[R̃6

iiiinn]

16π4 ξ̃
2
i + ∑

j∈R, j 6=i

3ε[R̃6
ii j jnn]

8π4 ξ̃iξ̃ j

]}
|zn|2

+ ∑
n∈L1

∑
d∈R

3ε[R̃6
i jddnm]

4π4

√
ξ̃iξ̃ jξ̃dei(θ̃i−θ̃ j)znz̄m

+ ∑
n∈L2

∑
d∈R

3ε[R̃6
nim jdd]

4π4

√
ξ̃iξ̃ jξ̃dei(−θ̃i−θ̃ j)znzm

+ ∑
n∈L2

∑
d∈R

3ε[R̃6
in jmdd]

4π4

√
ξ̃iξ̃ jξ̃dei(θ̃i+θ̃ j)z̄nz̄m

+ ∑
n∈L3

3ε[R̃6
i jdlnm]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃lei(θ̃i−θ̃ j+θ̃d−θ̃l)znz̄m

+ ∑
n∈L4

3ε[R̃6
jindml]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃lei(−θ̃i+θ̃ j−θ̃d−θ̃l)znzm

+ ∑
n∈L4

3ε[R̃6
i jdnlm]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃lei(θ̃i−θ̃ j+θ̃d+θ̃l)z̄nz̄m

+O(ε|Ĩ|2 + ε|Ĩ|‖z‖2
a + ε|ξ̃ |

3
2 |Ĩ|

1
2‖z‖2

a + ε|ξ̃ |
3
2‖z‖3

a + ε|ξ̃ |‖z‖4
a

+ ε
2|ξ̃ |

9
2‖z‖a + ε

2|ξ̃ |4‖z‖2
a + ε

2|ξ̃ |
7
2‖z‖3

a).

By the scaling in time

ξ̃ → ε
3
2 ξ̃ , Ĩ→ ε

5Ĩ, J→ ε
5J, θ̃ → θ̃ , ϑ → ϑ , z→ ε

5
2 z, z̄→ ε

5
2 z̄,

we have the rescaled Hamiltonian H∗ = ε−9Ĥ(ε
3
2 ξ̃ ,ε5Ĩ,ε5J,ϑ , θ̃ ,ε

5
2 z,ε

5
2 z̄). Then H∗ satisfies

(2.19) and (2.20), where ξ ∈ [ε
3
2 ,2ε

3
2 ]b. �

Remark 2.4. We also deal with the small divisor λi−λ j +λn−λm+< k,ω > in Lemma 2.2,
which is actually a special case of d = l in (2.18).
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3. AN INFINITE-DIMENSIONAL KAM THEOREM FOR PARTIAL DIFFERENTIAL

EQUATIONS

In this section, we need to state a KAM theorem, which was proved by Zhang-Si [26] for the
main result (Theorem 1.2). Let us denote H0 = N +A +B+B+C +D +D , where

N = ∑
j∈R

ω̂ j(ξ )y j + ∑
n∈Z2

1

Ω̂n(ξ )znz̄n,

A = ∑
n∈L1

an(ξ )ei(xi−x j)znz̄m,

B = ∑
n∈L2

an(ξ )e−i(xi+x j)znzm,

B = ∑
n∈L2

ān(ξ )ei(xi+x j)z̄nz̄m,

C = ∑
n∈L3

an(ξ )ei(xi−x j+xd−xl)znz̄m,

D = ∑
n∈L4

an(ξ )ei(−xi+x j−xd−xl)znzm,

and
D = ∑

n∈L4

ān(ξ )ei(xi−x j+xd+xl)z̄nz̄m,

where (x,y) are b-dimensional angle-action coordinates, (z, z̄) are infinite-dimensional coordi-
nates, and the symplectic structure is defined by ∑i∈R dxi ∧ dyi + i∑n∈Z2

1
dzn ∧ dz̄n. The tan-

gential frequencies ω̂ = (ω̂i)i∈R and the normal frequencies Ω̂ = (Ω̂n)n∈Z2
1

depend on the b

parameters ξ ∈Π⊂ Rb, where Π is a closed bounded set with positive Lebesgue measure. For
each ξ , there exists an invariant b-torus T b

0 = Tb×{0,0,0} with frequencies ω̂(ξ ). The aim is
to prove the persistence of a large part of this family of rotational tori under small perturbations
H = H0 +P of H0. To accomplish this, we make the following assumptions.

Assumption A1. (Non-degeneracy): ∀ξ ∈Π,
rank

{
∂ωi∗1
∂ξ

, · · · ,
∂ωi∗b
∂ξ

}
= κ,

rank

{
∂ β ∗ω

∂ξ β ∗
|∀β ∗,1≤ |β ∗| ≤min{b−κ +1,5}

}
= b,

where κ is a given integer with 1 ≤ κ ≤ b,
∂ωi∗1
∂ξ

, · · · ,
∂ωi∗b
∂ξ

are vectors of all 1−order partial

derivatives in ξ , and, for a fixed β ∗, ∂ β∗ω
∂ξ β∗ =

(
∂ β∗ωi∗1
∂ξ β∗ , · · · ,

∂ β∗ωi∗b
∂ξ β∗

)
. Moreover, ω(ξ ) belongs to

C8
W (O).

Assumption A2. (Asymptotics of normal frequencies): Ω̂n = ε−ς |n|2 + Ω̃n, ς ≥ 0, where
Ω̃

,
ns are C8

W functions of ξ with C8
W -norm bounded by some small positive constant L.
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Assumption A3. (Melnikov’s non-degeneracy): Denote Mn =Ωn for n∈Z2
1\(L1∪L2 ∪L3∪

L4), and denote

Mn =

(
Ω̂n + ω̂i an

am Ω̂m + ω̂ j

)
, n ∈L1

Mn =

(
Ω̂n− ω̂i −an

ām −Ω̂m + ω̂ j

)
, n ∈L2

Mn =

(
Ω̂n + ω̂i + ω̂d an

am Ω̂m + ω̂ j + ω̂l

)
, n ∈L3,

and

Mn =

(
Ω̂n + ω̂ j −an

ām −Ω̂m + ω̂i + ω̂d + ω̂l

)
, n ∈L4

where (n,m) are resonant pairs, (i, j) and (i, j,d, l) are uniquely determined by (n,m). We
suppose that ω̂(ξ ),Mn(ξ ) ∈C8

W (Π) and there is γ ′,τ > 0 (here I is identity matrix)

|< k, ω̂ > | ≥ γ ′

|k|τ
, k 6= 0,

|det(< k, ω̂ > I±Mn)| ≥
γ ′

|k|τ
,

and

|det(< k, ω̂ > I±Mn⊗ I± I⊗Mn′)| ≥
γ ′

|k|τ
.

Assumption A4. (Regularity): A +B+B̄+C +D +D̄ +P is real analytic in x,y,z, z̄ and C8
W

Whitney smooth in ξ . In addition,

‖XA ‖Da(r,s),Π +‖XB‖Da(r,s),Π +‖XC ‖Da(r,s),Π +‖XD‖Da(r,s),Π < 1,

and
‖XP‖Da(r,s),Π < ε.

Assumption A5. (Special Form): A +B + B̄ +C +D + D̄ +P has a special form in the
following

Y = {A +B+B+C +D +D +P : A +B+B+C +D +D +P

= ∑
k∈Zb,ϖ∈Nb,α,β

(A +B+B+C +D +D +P)kϖαβ (ξ )I
ϖ ei<k,θ>zα z̄β},

where k,α,β have the following relations ∑
b
ŝ=1 kŝi∗ŝ +∑n∈Z2

1
(αn−βn)n = 0.

Assumption A6. (Töplitz-Lipschitz property): For any fixed n,m ∈ Z2, c̃ ∈ Z2 \{0}, the limits

lim
t̃→∞

∂ 2(B+D +P)
∂ zn+c̃t̃∂ zm−c̃t̃

, lim
t̃→∞

∂ 2(∑ j∈Z2
1
Ω̃ jz j z̄ j +A +C +P)

∂ zn+c̃t̃∂ z̄m+c̃t̃
, lim
t̃→∞

∂ 2(B̄+ D̄ +P)
∂ z̄n+c̃t̃∂ z̄m−c̃t̃
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exist. Moreover, there exists K > 0 such that, when t̃ > K,N +A +B+ B̄+C +D + D̄ +P
satisfies ∥∥∥∥∂ 2(B+D +P)

∂ zn+c̃t̃∂ zm−c̃t̃
− lim

t̃→∞

∂ 2(B+D +P)
∂ zn+c̃t̃∂ zm−c̃t̃

∥∥∥∥
Da(r,s),Π

≤ ε

t̃
e−|n+m|a,

∥∥∥∥∥∥
∂ 2(∑ j∈Z2

1
Ω̃ jz j z̄ j +A +C +P)

∂ zn+c̃t̃∂ z̄m+c̃t̃
− lim

t̃→∞

∂ 2(∑ j∈Z2
1
Ω̃ jz j z̄ j +A +C +P)

∂ zn+c̃t̃∂ z̄m+c̃t̃

∥∥∥∥∥∥
Da(r,s),Π

≤ ε

t̃
e−|n−m|a,∥∥∥∥∂ 2(B̄+ D̄ +P)

∂ z̄n+c̃t̃∂ z̄m−c̃t̃
− lim

t̃→∞

∂ 2(B̄+ D̄ +P)
∂ z̄n+c̃t̃∂ z̄m−c̃t̃

∥∥∥∥
Da(r,s),Π

≤ ε

t̃
e−|n+m|a.

We can now state the basic KAM theorem, which is attributed to Zhang-Si [26].

Theorem 3.1. ([26] Theorem 2.1) Suppose that the Hamiltonian H = H0 +P = N +A +B+
B+C +D +D +P satisfies (A1)− (A6). Let γ ′ > 0 be small enough. Then there exists a
positive constant ε = ε(b,L,K,τ,γ ′,r,s,a), so that if ‖XP‖Da(r,s),Π < ε , the following conclu-
sions hold: there is a Cantor subset Πγ ′ ⊂ Π with meas(Π \Πγ ′) = O( 8

√
γ ′) and two changes

(analytic in x and C8
W in ξ ) Ψ : Tb×Πγ ′→Da(r,s), ω̃ : Πγ ′→Rb, where Ψ is ε

(γ ′)8 -close to the

trivial embedding Ψ0 :Tb×Π→Tb×{0,0,0} and ω̃ is ε-close to the unperturbed frequency ω̂

so that, for any ξ ∈Πγ ′ and x ∈ Tb, the curve t→Ψ(x+ ω̂(ξ )t,ξ ) is a quasi-periodic solution
of the Hamiltonian equations governed by H.

In order to use the above theorem to prove our problem, we need to deal with the parameter
ω . For any given parameter ω∗ ∈ S, for ω ∈ ¯̄S := {ω ∈ S | |ω−ω∗| ≤ ε∗}, a new parameter ω̄

can be introduced by

ωî = ω
∗
î + ω̄

2
î , ω̄ = (ω̄1, · · · , ω̄b∗)

T ∈ [0,
√

ε∗]
b∗. (3.1)

Then Hamiltonian (2.19) is changed into

H = < ω̂(ξ ), ŷ >+ ∑
n∈Z2

1

Ω̂n(ξ )znz̄n +A +B+B+C +D +D +P, (3.2)

where ω̂(ξ ) = (ε−4ω)⊕ ω̆,ξ = ω̄ ⊕ ξ̃ , x̂ = ϑ + θ , ŷ = J⊕ I, ω̆i(ξ ) = ω̆i(ξ̃ ),Ω̂n(ξ ) = Ω̂n(ξ̃ )

and ω̆i(ξ̃ ),Ω̂n(ξ̃ ) are defined by (2.20), and A ,B,B,C ,D ,D are the corresponding transfor-
mations of A ∗,B∗,B

∗
,C ∗,D∗,D

∗
in the new coordinates. Denote Π = [0,

√
ε∗]

b∗× [ε
3
2 ,2ε

3
2 ]b

and ω̆(ξ ) = ε−4α̃ +Aξ̃ , where α̃ = (. . . ,λi, . . .)
T
i∈R , A = (. . . ,A∗i , . . .)

T
i∈R . with

A∗i =
[R̃6

iiiiii]

16π4 ξ̃
2
i + ∑

j ∈R

j 6= i


3[R̃6

iiii j j]

16π4 (ξ̃ 2
j +2ξ̃iξ̃ j)+ ∑

d ∈R

d 6= i
d 6= j

3[R̃6
ii j jdd]

8π4 ξ̃ jξ̃d

 .
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4. PROOF OF THE MAIN THEOREM

In this section, we verify that Hamiltonian (3.2) satisfies the assumptions (A1)− (A6).
(A1) : According to (3.1), for î = 1, · · · ,b∗, we have

∂ 2ωî(ξ )

∂ω̄î∂ω̄ ĵ
=

{
2, ĵ = î,
0, 1≤ ĵ ≤ b∗, ĵ 6= î,

(4.1)

and
∂ 2ωî(ξ )

∂ω̄î∂ ξ̃i∗
ĵ

= 0, 1≤ ĵ ≤ b. (4.2)

According to (2.20), for l̂ = 1, · · · ,b, we have

∂ 2ω̆i∗
l̂
(ξ )

∂ ξ̃ 2
i∗
l̂

=
1

8π4 [R̃
6
i∗
l̂
i∗
l̂
i∗
l̂
i∗
l̂
i∗
l̂
i∗
l̂
], (4.3)

and
∂ 2ω̆i∗

l̂
(ξ )

∂ ξ̃ i∗
ĵ
∂ ξ̃ i∗

l̂

=
∂ 2ω̆i∗

l̂
(ξ )

∂ ξ̃i∗
l̂
∂ ξ̃i∗

ĵ

=
3

8π4 [R̃
6
i∗
l̂
i∗
l̂
i∗
l̂
i∗
l̂
i∗

ĵ
i∗

ĵ
], 1≤ ĵ ≤ b, ĵ 6= l̂. (4.4)

Denote

K =



ε−4 · ∂ 2ω1(ξ )

∂ω̄2
1

· · · ε−4 · ∂ 2ωb∗(ξ )
∂ω̄b∗∂ω̄1

∂ 2ω̆i∗1
(ξ )

∂ ξ̃ i∗1
∂ω̄1

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃ i∗b
∂ω̄1

· · · · · · · · · · · · · · · · · ·

ε−4 · ∂ 2ω1(ξ )
∂ω̄1∂ω̄b∗

· · · ε−4 ∂ 2ωb∗(ξ )
∂ω̄2

b∗

∂ 2ω̆i∗1
(ξ )

∂ ξ̃i∗1
∂ω̄b∗

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃i∗b
∂ω̄b∗

ε−4 · ∂ 2ω1(ξ )

∂ω̄1∂ ξ̃i∗1

· · · ε−4 · ∂ 2ωb∗(ξ )

∂ω̄b∗∂ ξ̃i∗1

∂ 2ω̆i∗1
(ξ )

∂ ξ̃ 2
i∗1

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃i∗b
∂ ξ̃i∗1

· · · · · · · · · · · · · · · · · ·

ε−4 · ∂ 2ω1(ξ )

∂ω̄1∂ ξ̃ i∗b

· · · ε−4 · ∂ 2ωb∗(ξ )

∂ω̄b∗∂ ξ̃ i∗b

∂ 2ω̆i∗1
(ξ )

∂ ξ̃i∗1
∂ ξ̃i∗b

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃ 2
i∗b


,

where ξ ∈ Π. Then K is the submatrix of matrix {∂ 2ω̂

∂ξ 2 }. Now let us represent K as a parti-
tioned matrix and denote

K11 = ε
−4 ·


∂ 2ω1(ξ )

∂ω̄2
1

· · · ∂ 2ωb∗(ξ )
∂ω̄b∗

· · · · · · · · ·
∂ 2ω1(ξ )
∂ω̄1∂ω̄b∗

· · · ∂ 2ωb∗(ξ )
∂ω̄2

b∗

 , K12 =


∂ 2ω̆i∗1

(ξ )

∂ ξ̃ i∗1
∂ω̄1

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃ i∗b
∂ω̄1

· · · · · · · · ·
∂ 2ω̆i∗1

(ξ )

∂ ξ̃i∗1
∂ω̄b∗

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃i∗b
∂ω̄b∗

 ,

K21 = ε
−4 ·


∂ 2ω1(ξ )

∂ω̄1∂ ξ̃i∗1

· · · ∂ 2ωb∗(ξ )

∂ω̄b∗∂ ξ̃i∗1
· · · · · · · · ·

∂ 2ω1(ξ )

∂ω̄1∂ ξ̃ i∗b

· · · ∂ 2ωb∗(ξ )

∂ω̄b∗∂ ξ̃ i∗b

 , K22 =


∂ 2ω̆i∗1

(ξ )

∂ ξ̃ 2
i∗1

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃i∗b
∂ ξ̃i∗1

· · · · · · · · ·
∂ 2ω̆i∗1

(ξ )

∂ ξ̃i∗1
∂ ξ̃i∗b

· · ·
∂ 2ω̆i∗b

(ξ )

∂ ξ̃ 2
i∗b

 .
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By (4.1), (4.2), (4.3), and (4.4), we have

K21 = 0, lim
ε→0

K11 = 2ε
−4 · Ib∗,

lim
ε→0

K22 =
[φ ]

8π4


1 3 · · · 3
3 1 · · · 3
· · · · · · · · · · · ·
3 3 · · · 1


b×b

:= [φ ]K̂22,

where Ib∗ denotes the unit b∗ × b∗-matrix. It is obvious that det(K̂22) =
1

(8π4)
b [1 + 3(b−

1)](−2)b−1 6= 0. So det(K ) 6= 0 when 0 < ε � 1, i.e., rank(K ) = b∗+ b. Thus assumption
(A1) is verified.

(A2) : Taking ς = 4, we have the proof immediately.
(A3) : From (3.2), Mn is defined as follows,

Mn = Ω̂n n ∈ Z2
1 \ (L1∪L2∪L3∪L4),

Mn =


Ω̂n + ω̆i ∑

d∗∈R

3[R̃6
i jddnm]

4π4

√
ξ̃iξ̃ jξ̃d

∑
d∗∈R

3[R̃6
i jddmn]

4π4

√
ξ̃iξ̃ jξ̃d Ω̂m + ω̆ j

 ,n ∈L1,

Mn =


Ω̂n− ω̆i − ∑

d∗∈R

3[R̃6
nim jdd]

4π4

√
ξ̃iξ̃ jξ̃d

∑
d∗∈R

3[R̃6
in jmdd]

4π4

√
ξ̃iξ̃ jξ̃d −Ω̂m + ω̆ j

 ,n ∈L2,

Mn =


Ω̂n + ω̆i + ω̆d

3[R̃6
i jdlnm]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃l

3[R̃6
i jdlmn]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃l Ω̂m + ω̆ j + ω̆l

 ,n ∈L3,

Mn =

 Ω̂n + ω̆ j −
3[R̃6

jindml]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃l

3[R̃6
i jdnlm]

4π4

√
ξ̃iξ̃ jξ̃d ξ̃l −Ω̂m + ω̆i + ω̆d + ω̆l

 ,n ∈L4,

where Mn could be the transpose of itself, (n,m) are resonant pairs, (i, j) and (i, j,d, l) are
uniquely determined by (n,m). We only prove (A3) for det[< k, ω̂(ξ )> I±Mn⊗ I± I⊗Mn′],
which is complicated. For arbitrary k ∈ Zb∗+b, we define k = (k1,k2),k1 ∈ Zb∗ ,k2 ∈ Zb, and
denote

V (ξ ) = < k, ω̂(ξ )> I±Mn⊗ I± I⊗Mn′

= (ε−4 < k1,ω >+ε
−4 < k2, α̃ >+< k2,A >)I±Mn⊗ I± I⊗Mn′.
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By discussing the following two cases, we prove |V (ξ )| ≥ γ ′

|k|τ ,(k 6= 0).
Case 1. Suppose that k1 6= 0. In view of

∂
(
(ε−4 < k2, α̃ >+< k2,A >)I±Mn⊗ I± I⊗Mn′

)
∂ω̄

= O(ε−3+ρ) · ∂ω

∂ω̄
,

and

ε
−4 · ∂< k1,ω >

∂ω̄
+O(ε−3+ρ) · ∂ω

∂ω̄
= ε

−4(k1 +O(ε1+ρ)) · ∂ω

∂ω̄
6= 0, 0 < ε � 1

all the eigenvalues of V (ξ ) are not identically zero.
Case 2. If k1 = 0, then

V (ξ ) = (ε−4 < k1,ω >+ε
−4 < k2, α̃ >+< k2,A >)I±Mn⊗ I± I⊗Mn′

= (ε−4 < k2, α̃ >+< k2,A >)I±Mn⊗ I± I⊗Mn′,

We assert that none of the eigenvalues of the matrix V (ξ ) are zero. We only prove the case that
n,n′ ∈L4. Denote

Mn = ε
−4Mn,1 +Mn,2, ∀n ∈L2,

where

Mn,1 =

(
λn +λ j 0

0 −λm +λi +λd +λl

)
, Mn,2 =

(
M 11

n,2 M 12
n,2

M 21
n,2 M 22

n,2

)

with

M 11
n,2 = ∑

i∗∈R

3[R̃6
i∗i∗i∗i∗nn]

16π4 ξ̃
2
i∗+ ∑

j∗ ∈R

j∗ 6= i∗

3[R̃6
i∗i∗ j∗ j∗nn]

8π4 ξ̃i∗ ξ̃ j∗

+ [R̃6
j j j j j j]

16π4 ξ̃
2
j

+ ∑
j∗ ∈R

j∗ 6= j


3[R̃6

j j j j j∗ j∗ ]

16π4 (ξ̃ 2
j∗+2ξ̃ jξ̃ j∗)+ ∑

d∗ ∈R

d∗ 6= j∗

d∗ 6= j

3[R̃6
j j j∗ j∗d∗d∗]

8π4 ξ̃ j∗ ξ̃d∗



M 12
n,2 =−

3
4π4 [R̃

6
jindml]

√
ξ̃iξ̃ jξ̃d ξ̃l, M 21

n,2 =
3

4π4 [R̃
6
i jdnlm]

√
ξ̃iξ̃ jξ̃d ξ̃l,



18 MIN ZHANG, XIMING WANG, ZHE HU

M 22
n,2 =− ∑

i∗∈R

3[R̃6
i∗i∗i∗i∗mm]

16π4 ξ̃
2
i∗+ ∑

j∗ ∈R

j∗ 6= i∗

3[R̃6
i∗i∗ j∗ j∗mm]

8π4 ξ̃i∗ ξ̃ j∗


+
[R̃6

dddddd]

16π4 ξ̃
2
d +

[R̃6
iiiiii]

16π4 ξ̃
2
i +

[R̃6
llllll]

16π4 ξ̃
2
l

+ ∑
j∗ ∈R

j∗ 6= i


3[R̃6

iiii j∗ j∗]

16π4 (ξ̃ 2
j∗+2ξ̃iξ̃ j∗)+ ∑

d∗ ∈R

d∗ 6= j∗

d∗ 6= i

3[R̃6
ii j∗ j∗d∗d∗]

8π4 ξ̃ j∗ ξ̃d∗



+ ∑
j∗ ∈R

j∗ 6= d


3[R̃6

dddd j∗ j∗]

16π4 (ξ̃ 2
j∗+2ξ̃d ξ̃ j∗)+ ∑

d∗ ∈R

d∗ 6= j∗

d∗ 6= d

3[R̃6
dd j∗ j∗d∗d∗]

8π4 ξ̃ j∗ ξ̃d∗



+ ∑
j∗ ∈R

j∗ 6= l


3[R̃6

llll j∗ j∗]

16π4 (ξ̃ 2
j∗+2ξ̃l ξ̃ j∗)+ ∑

d∗ ∈R

d∗ 6= j∗

d∗ 6= l

3[R̃6
ll j∗ j∗d∗d∗ ]

8π4 ξ̃ j∗ ξ̃d∗

 .

So, it turns out V (ξ ) = ε−4(< k2, α̃ > I±Mn,1⊗ I± I⊗Mn′,1)+ (< k2,A > I±Mn,2⊗ I±
I⊗Mn′,2). According to |n|2 + | j|2 = |i|2 + |d|2 + |l|2−|m|2 and (2.3),(2.10), we have

lim
ε→0

Mn,1 =

(
|n|2 + | j|2 0

0 |i|2 + |d|2 + |l|2−|m|2
)

:= M̂n,1,

lim
ε→0

Mn,2 = [φ ] ·

 M̂ 11
n,2 M̂ 12

n,2

M̂ 21
n,2 M̂ 22

n,2

 := M̃n,2 := [φ ]M̂n,2,

where

M̂ 11
n,2 =

1
4π4 ξ̃

2
j −

3
8π4 ∑

d∗∈R
ξ̃ jξ̃d∗+< ξ̃ ,2B̂ξ̃ >,

M̂ 12
n,2 =−

3
4π4

√
ξ̃iξ̃ jξ̃d ξ̃l, M̂ 21

n,2 =
3

4π4

√
ξ̃iξ̃ jξ̃d ξ̃l,

M̂ 22
n,2 =

1
4π4 (ξ̃

2
i + ξ̃

2
d + ξ̃

2
l )−

3
8π4 ∑

d∗∈R
(ξ̃i + ξ̃d + ξ̃l)ξ̃d∗+< ξ̃ ,2B̂ξ̃ >



THE QUINTIC SCHRÖDINGER EQUATION 19

with ξ̃ = (ξ̃i∗1, ξ̃i∗2 , · · · , ξ̃i∗b
) and

B̂ =
3

16π4



1 2 · · · 2

2 1 · · · 2

· · · · · · · · · · · ·

2 2 · · · 1


b×b

. (4.5)

Thus,

lim
ε→0

V (ξ ) = ε
−4(< k2, α̂ > I±M̂n,1⊗ I± I⊗M̂n′,1)

+[φ ] · (< k2, Â > I±M̂n,2⊗ I± I⊗M̂n′,2)

= ε
−4 (< k2, α̂ >±(|n|2 + | j|2)± (|i|2 + |d|2 + |l|2−|m|2)

)
+[φ ]

(
< k2, Â >+< ξ̃ ,(±2B̂±2B̂)ξ̃ >

)
I

±[φ ] ·

 ξ̃ 2
j

4π4 −
3∑d∗∈R ξ̃ j ξ̃d∗

8π4 − 3
4π4

√
ξ̃iξ̃ jξ̃d ξ̃l

3
4π4

√
ξ̃iξ̃ jξ̃d ξ̃l

(ξ̃ 2
i +ξ̃ 2

d +ξ̃ 2
l )

4π4 − 3∑d∗∈R (ξ̃i+ξ̃d+ξ̃l)ξ̃d∗
8π4

⊗ I

±[φ ] · I⊗

 ξ̃ 2
j′

4π4 −
3∑d∗∈R ξ̃ j′ ξ̃d∗

8π4 − 3
4π4

√
ξ̃i′ ξ̃ j′ ξ̃d′ ξ̃l′

3
4π4

√
ξ̃i′ ξ̃ j′ ξ̃d′ ξ̃l′

(ξ̃ 2
i′+ξ̃ 2

d′+ξ̃ 2
l′)

4π4 − 3∑d∗∈R (ξ̃i′+ξ̃d′+ξ̃l′)ξ̃d∗
8π4

 := V̂ (ξ )

where α̂ = (|i∗1|
2, |i∗2|

2, . . . , |i∗n|
2) and Â = limε→0 A =

(
. . . , Â∗i , . . .

)T

i∗∈R
, with

Â∗i =
[φ ]

16π4 ξ̃
2
i∗+ ∑

j∗ ∈R

j∗ 6= i∗


3[φ ]
16π4 (ξ̃

2
j∗+2ξ̃i∗ ξ̃ j∗)+ ∑

d∗ ∈R

d∗ 6= i∗

d∗ 6= j∗

3[φ ]
8π4 ξ̃ j∗ ξ̃d∗

 .

The eigenvalues of V̂ (ξ ) are

ε
−4 < k2, α̂ >±ε

−4(|n|2 + | j|2−|i|2)± ε
−4(|n′|2 + | j′|2−|i′|2)

+[φ ]
(
< k2, Â >+< ξ̃ ,(±2B̂±2B̂)ξ̃ >

)
± [φ ]

16π4

{
2(ξ̃ 2

i + ξ̃
2
j + ξ̃

2
d + ξ̃

2
l )−3( ∑

d∗∈R
ξ̃d∗)(ξ̃i + ξ̃ j + ξ̃d + ξ̃l)

±
√

fL4,L4(ξ̃i, ξ̃ j, ξ̃d, ξ̃l)

}
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± [φ ]

16π4

{
2(ξ̃ 2

i′ + ξ̃
2
j′+ ξ̃

2
d′+ ξ̃

2
l′ )−3( ∑

d∗∈R
ξ̃d∗)(ξ̃i′+ ξ̃ j′+ ξ̃d′+ ξ̃l′)

±
√

fL2,L2(ξ̃i′, ξ̃ j′, ξ̃d′, ξ̃l′)

}
,

where

fL2,L2(ξ̃i, ξ̃ j, ξ̃d, ξ̃l) =

[
2(ξ̃ 2

i − ξ̃
2
j +˜̃ξ 2

d + ξ̃
2
l )−3( ∑

d∗∈R
ξ̃d∗)(ξ̃i− ξ̃ j + ξ̃d + ξ̃l)

]2

−144ξ̃iξ̃ jξ̃d ξ̃l.

Now, we have to show that none of the eigenvalues are equal to zero. The result was proved
in [26]. Thus, we gave that none of the eigenvalues of V (ξ ) are equal to zero as 0 < ε � 1.
Moreover, when n∈L1,n′ ∈L1 or n∈L1,n′ ∈L2 or n∈L1,n′ ∈L3 and so on, the situations
are similar. So, we omit them here. Thus we have none of the eigenvalues of V (ξ ) are equal
to zero for k 6= 0. By Lemma 3.1 in [10], we have that det(V (ξ )) is a polynomial function in
the components of ξ with order at most eight. Thus

∣∣∣∂ 8
ξ
(det(V (ξ )))

∣∣∣≥ 1
2 |k| 6= 0. By excluding

some parameter set with measure O( 8
√

γ ′), we have |det(V (ξ ))| ≥ γ ′

|k|τ , k 6= 0. (A3) is verified.
(A4) : Similar to [25], according to Lemma 2.1, it is easy to know that (A4) holds.
(A5) : Similar to [25], we have the proof immediately.
(A6) : We just need to verify that the perturbation term P satisfies (A6). From (2.21), we

have that, for t̃ sufficient large and ∀c̃ ∈ Z2 \{0}, all terms containing zn+c̃t̃ z̄m+c̃t̃ in the function
F are

F1 =
3ε

4π4 ∑
n+c̃t̃∈L1

∑
d∈R

∑
k 6=0

R̃6
i jdd,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ j|qd|2zn+c̃t̃ z̄m+c̃t̃

i(< k,ω >+λi−λ j +λn+c̃t̃−λm+c̃t̃)

=
3ε

4π4 ∑
n+c̃t̃∈L1

∑
d∈R

∑
k 6=0

R̃6
i jdd,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ j|qd|2zn+c̃t̃ z̄m+c̃t̃

i
(
< k,ω >+ε1+ρ(λ ∗i −λ ∗j +λ ∗n+c̃t̃−λ ∗m+c̃t̃)

) ,
F2 =

3ε

4π4 ∑
n+c̃t̃∈L3

∑
k 6=0

R̃6
i jdl,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ jqd q̄lzn+c̃t̃ z̄m+c̃t̃

i(< k,ω >+λi−λ j +λd−λl +λn+c̃t̃−λm+c̃t̃)

=
3ε

4π4 ∑
n+c̃t̃∈L3

∑
k 6=0

R̃6
i jdl,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ jqd q̄lzn+c̃t̃ z̄m+c̃t̃

i
(
< k,ω >+ε1+ρ(λ ∗i −λ ∗j +λ ∗d −λ ∗l +λ ∗n+c̃t̃−λ ∗m+c̃t̃)

)
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and

F3 =
ε

48π4 · ∑
i− j+d− l +n−m = 0

|i|2−| j|2 + |d|2−|l|2 + |n+ c̃t̃|2−|m+ c̃t̃|2 6= 0
#(R ∩{i, j,d, l,n+ c̃t̃,m+ c̃t̃})≥ 4

∑
k∈Zb∗

(
R̃6

i jdl,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ jqd q̄lzn+c̃t̃ z̄m+c̃t̃

i(< k,ω >+λi−λ j +λd−λl +λn+c̃t̃−λm+c̃t̃)

)

=
ε

48π4 · ∑
i, j,d,l,n,m,k

R̃6
i jdl,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ jqd q̄lzn+c̃t̃ z̄m+c̃t̃

F ∗
3

where

F ∗
3 = i(< k,ω >+|i|2−| j|2 + |d|2−|l|2 + |n|2−|m|2

+2t̃ < n−m, c̃ >+ε
(1+ρ)(λ ∗i −λ

∗
j +λ

∗
d −λ

∗
l +λ

∗
n+c̃t̃−λ

∗
m+c̃t̃)).

If < n−m, c̃ >6= 0, then ∥∥∥∥ ∂ 2F3

∂ zn+c̃t̃∂ z̄m+c̃t̃
−0
∥∥∥∥

Da(r,s),Π
≤ ε

t̃
e−|n−m|a;

If < n−m, c̃ >= 0, we show that F3 still satisfies (A6). From Cauchy’s estimation and
(2.7),(2.11)–(2.16), we know that, for any fixed i, j,d, l,n,m ∈ Z2 and c̃ ∈ Z2 \ {0}, the lim-
its limt̃→∞ ∂ ŝ

ω R̃6
i jdl,n+c̃t̃,m+c̃t̃,k, and limt̃→∞ ∂ ŝ

ω(λ
∗
n+c̃t̃−λ ∗m+c̃t̃) exist for ŝ = 0,1, · · · ,8 and

‖R̃6
i jdl,n+c̃t̃,m+c̃t̃,k− lim

t̃→∞

R̃6
i jdl,n+c̃t̃,m+c̃t̃,k‖

∗
S ≤

1
t̃

e−|k|σ0/2, (4.6)

‖λ ∗n+c̃t̃−λ
∗
m+c̃t̃− lim

t̃→∞

(λ ∗n+c̃t̃−λ
∗
n+c̃t̃)‖

∗
S ≤

1
t̃
. (4.7)

Thus the limits limt̃→∞
∂ 2F3

∂ zd+c̃t̃∂ z̄l+c̃t̃
exists and

limt̃→∞
∂ 2F3

∂ zn+c̃t̃∂ z̄m+c̃t̃
= ε

48π4 ∑k 6=0
limt̃→∞ R̃6

i jdl,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ jqd q̄l

iΛi, j,d,l

:= ε

48π4 ∑k 6=0 lim
t̃→∞

R̆6
i jdl,n+c̃t̃,m+c̃t̃,kei<k,ϑ>qiq̄ jqd q̄l,

where

Λi, j,d,l = |i|2−| j|2 + |d|2−|l|2 + |n|2−|m|2+
ε1+ρ(λ ∗i −λ ∗j +λ ∗d −λ ∗l + limt̃→∞(λ

∗
n+c̃t̃−λ ∗m+c̃t̃))+< k,ω > .

According to

i
[
|i|2−| j|2 + |d|2−|l|2 + |n|2−|m|2 + ε1+ρ(λ ∗i −λ ∗j +λ ∗d −λ ∗l

+λ ∗n+c̃t̃−λ ∗m+c̃t̃)+< k,ω >
]
·
[
R̆6

i jdl,n+c̃t̃,m+c̃t̃,k− limt̃→∞ R̆6
i jdl,n+c̃t̃,m+c̃t̃,k

]
= R̃6

i jdl,n+c̃t̃,m+c̃t̃,k− lim
t̃→∞

R̃6
i jdl,n+c̃t̃,m+c̃t̃,k−

ε1+ρ [λ ∗n+c̃t̃−λ ∗m+c̃t̃−limt̃→∞(λ
∗
n+c̃t̃−λ ∗m+c̃t̃)]· limt̃→∞

R̃6
i jdl,n+c̃t̃,m+c̃t̃,k

Λi, j,d,l
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= R̃6
i jdl,n+c̃t̃,m+c̃t̃,k− lim

t̃→∞

R̃6
i jdl,n+c̃t̃,m+c̃t̃,k

−iε1+ρ

[
λ ∗n+c̃t̃−λ ∗m+c̃t̃− lim

t̃→∞

(λ ∗n+c̃t̃−λ ∗m+c̃t̃)

]
· lim

t̃→∞

R̆6
i jdl,n+c̃t̃,m+c̃t̃,k

and ∥∥∥∥i
[

λ ∗n+c̃t̃−λ ∗m+c̃t̃− lim
t̃→∞

(λ ∗n+c̃t̃−λ ∗m+c̃t̃)

]
· lim

t̃→∞

R̆6
i jdl,n+c̃t̃,m+c̃t̃,k

∥∥∥∥∗
S

≤ 1
t̃ ·
(

C∗|k|b
∗+2

ρ

)8

·C1e−|k|σ0/2,

we have
∥∥∥G̃i j,d+c̃t̃,l+c̃t̃,k− limt̃→∞ G̃i j,d+c̃t̃,l+c̃t̃,k

∥∥∥∗
S
≤ 1

t̃ ·
(

C∗|k|b
∗+2

ρ

)8

·C2e−|k|σ0/2. Thus, for any

(θ ,ω) ∈Θ(σ0/3)×S and by i− j+d− l +n−m = 0,∥∥∥ ∂ 2F3
∂ zn+c̃t̃∂ z̄m+c̃t̃

− limt̃→∞
∂ 2F3

∂ zn+c̃t̃∂ z̄m+c̃t̃

∥∥∥
Da(r,s),Π

≤ ∑k 6=0
ε

t̃ ·
(

C∗|k|b
∗+2

ρ

)16

·C3e−|k|σ0/6 · ‖q‖4
a · e−|i− j+d−l|a ≤ ε

t̃ e−|n−m|a.

Similarly, we have∥∥∥ ∂ 2F1
∂ zn+c̃t̃∂ z̄m+c̃t̃

− limt̃→∞
∂ 2F1

∂ zn+c̃t̃∂ z̄m+c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n−m|a

and ∥∥∥ ∂ 2F2
∂ zn+c̃t̃∂ z̄m+c̃t̃

− limt̃→∞
∂ 2F2

∂ zn+c̃t̃∂ z̄m+c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n−m|a.

For ŝ = 0,1,2,3,4, the limit limt̃→∞ ∂ ŝ
ω

∂ 2F
∂ zn+c̃t̃∂ z̄m+c̃t̃

exist, and∥∥∥ ∂ 2F
∂ zn+c̃t̃∂ z̄m+c̃t̃

− limt̃→∞
∂ 2F

∂ zn+c̃t̃∂ z̄m+c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n−m|a.

Similarly, ∥∥∥ ∂ 2F
∂ zn+c̃t̃∂ zm−c̃t̃

− limt̃→∞
∂ 2F

∂ zn+c̃t̃∂ zm−c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n+m|a,

and ∥∥∥ ∂ 2F
∂ z̄n+c̃t̃∂ z̄m−c̃t̃

− limt̃→∞
∂ 2F

∂ z̄n+c̃t̃∂ z̄m−c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n+m|a.

According to (2.9), we have

εR̃6 =
ε

48π4 ∑
i− j+d−l+n−m=0

R̃6
i jdlnm(ϑ ;ω)qiq̄ jqd q̄lqnq̄m.

Therefore, similar to the above discussion, we see that∥∥∥ ∂ 2εR̃6

∂ zn+c̃t̃∂ z̄m+c̃t̃
− limt̃→∞

∂ 2εR̃6

∂ zn+c̃t̃∂ z̄m+c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n−m|a,

∥∥∥ ∂ 2εR̃6

∂ zn+c̃t̃∂ zm−c̃t̃
− limt̃→∞

∂ 2εR̃6

∂ zn+c̃t̃∂ zm−c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n+m|a,
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and ∥∥∥ ∂ 2εR̃6

∂ z̄n+c̃t̃∂ z̄m−c̃t̃
− limt̃→∞

∂ 2εR̃6

∂ z̄n+c̃t̃∂ z̄m−c̃t̃

∥∥∥
Da(r,s),Π

≤ ε

t̃ e−|n+m|a.

So, both εR̃6 and F satisfy the Töplitz-Lipschitz property. According to Lemma 4.4 in [10], the
Poisson bracket {εR̃6,F} preserves Töplitz-Lipschitz property. Thus H satisfies (A6). From
Theorem 3.1([26] Theorem 2.1), we can prove that Theorem 1.2 holds.

5. APPENDIX

Proof of Lemma 2.2. Case 1. Suppose that i− j+d− l+n−m = 0, |i|2−| j|2 + |d|2−|l|2 +
|n|2−|m|2 6= 0 and #(R∩{i, j,d, l,n,m})≥ 4. Then

∣∣|i|2−| j|2 + |d|2−|l|2 + |n|2−|m|2∣∣≥ 1.
Denote h(ε) = λi−λ j +λd −λl +λn−λm. From λd∗ = |d∗|2 + ε[φ ]+ ε(1+ρ)λ ∗d∗ (d∗ ∈ Z2),
we have h(ε) = |i|2−| j|2 + |d|2−|l|2 + |n|2−|m|2 + ε(1+ρ)(λ ∗i −λ ∗j +λ ∗d −λ ∗l +λ ∗n −λ ∗m).

Case 1.1. If k = 0, then |h(ε)+ < k,ω > | = |h(ε)| ≥ 1−Cε(1+ρ) ≥ ρ

C∗
when ε is small

enough and C∗ is large enough.
Case 1.2. Suppose that k 6= 0. Denote

I 2
i jdlnm,k =

{
ω ∈ S⊂ [ρ,2ρ]b

∗
: |h(ε)+< k,ω > |< ρ

C∗|k|b∗+2

}
,

and
S2 =

⋃
06=k∈Zb∗

⋃
i, j,d,l,n,m

I 2
i jdlnm,k.

Case 1.2.1. For #(R ∩{i, j,d, l,n,m}) = 6, we denote

I 2,1
i jdlnm,k =

{
ω ∈ S⊂ [ρ,2ρ]b

∗
: |h(ε)+< k,ω > |< ρ

C∗|k|b∗+1

}
,

S2,1 =
⋃

06=k∈Zb∗

⋃
i∈R, j∈R,d∈R,l∈R,n∈R,m∈R

I 2,1
i jdlnm,k.

It follows that measI 2,1
i jdlnm,k ≤

2ρb∗

C∗|k|b∗+2 . Letting |k|∞ = max{|k1|, |k2|, . . . , |kb∗|}, according to

∑
|k|∞=p

1≤ 2b∗(2p+1)b∗−1, |k|∞ ≤ |k| ≤ b∗|k|∞,

we have

measS2,1 = meas
⋃

0 6=k∈Zb∗

⋃
i∈R, j∈R,d∈R,l∈R,n∈R,m∈R

I 2,1
i jdlnm,k

≤ ∑
06=k∈Zb∗

b6 2ρb∗

C∗|k|b∗+2 ≤
C′′1
C∗

ρ
b∗

∑
06=k∈Zb∗

1
|k|b∗+2

≤
C′1
C∗

ρ
b∗

∞

∑
p=1

(2p+1)b∗−1 p−(b
∗+2) ≤ C1

C∗
ρ

b∗,

where the constant C1 depends on b,b∗. Thus measS2,1 ≤ γ

6ρb∗ when C∗ is large enough.
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Case 1.2.2. #(R ∩{i, j,d, l,n,m}) = 5. Without loss of generality, if i, j,d, l,n ∈R, m ∈ Z2
1

is true, we know that m = i− j+d− l +n is at most b5 different values. Denoting

I 2,2
i jdlnm,k =

{
ω ∈ S⊂ [ρ,2ρ]b

∗
: |h(ε)+< k,ω > |< ρ

C∗|k|b∗+1

}
,

S2,2 =
⋃

06=k∈Zb∗

⋃
i∈R, j∈R,d∈R,l∈R,n∈R,m=i− j+d−l+n

I 2,2
i jdlnm,k,

we have measI 2,2
i jdlnm,k ≤

2ρb∗

C∗|k|b∗+2 , and

measS2,2 = meas
⋃

06=k∈Zb∗

⋃
i∈R, j∈R,d∈R,l∈R,n∈R,l=i− j+d−l+m

I 2,2
i jdlnm,k

≤ ∑
06=k∈Zb∗

b10 2ρb∗

C∗|k|b∗+2 ≤
C2

C∗
ρ

b∗

where the constant C2 depends on b,b∗. Thus measS2,2 ≤ γ

6ρb∗ when C∗ is large enough.
Case 1.2.3. #(R ∩{i, j,d, l,n,m}) = 4. Without loss of generality, if i, j,d, l ∈R,n,m ∈ Z2

1
is true, then m = i− j+d− l +n and

h(ε) = |i|2−| j|2 + |d|2−|l|2 + |n|2−|i− j+d− l +n|2
+ε(1+ρ)(λ ∗i −λ ∗j +λ ∗d −λ ∗l +λ ∗n −λ ∗m)

=−2 < i− j,d− j >+2 <−i+ j−d + l,n− l >
+ε(1+ρ)(λ ∗i −λ ∗j +λ ∗d −λ ∗l +λ ∗n −λ ∗m)

=W + ε(1+ρ)(λ ∗i −λ ∗j +λ ∗d −λ ∗l +λ ∗n −λ ∗m)

where W =−2 < i− j,d− j >+2 <−i+ j−d + l,n− l >∈ Z. Denote

I 2,3
i jdlnm,k =

{
ω ∈ S⊂ [ρ,2ρ]b

∗
: |h(ε)+< k,ω > |< ρ

C∗|k|b∗+2

}
,

S2,3 =
⋃

06=k∈Zb∗

⋃
i∈R, j∈R,d∈R,l∈R,n∈Z2

1,m=i− j+d−l+n

I 2,3
i jdlnm,k.

For any fixed i, j,d, l,W, denote

v∗i jdlW =
{

n ∈ Z2
1 :−2 < i− j,d− j >+2 <−i+ j−d + l,n− l >=W

}
λ
∗
i jdlW,1 = sup

n∈v∗i jdlW

{
λ
∗
n −λ

∗
i− j+d−l+n

}
, λ

∗
i jdlW,2 = inf

n∈v∗i jdlW

{
λ
∗
n −λ

∗
i− j+d−l+n

}
I 2,3,1

i jdlW,k =
{

ω ∈ S⊂ [ρ,2ρ]b
∗

:

|< k,ω >+W + ε
(1+ρ)(λ ∗i −λ

∗
j +λ

∗
d −λ

∗
l +λ

∗
i jdlW,1)|<

ρ

C∗|k|b∗+2

}
,

I 2,3,2
i jdlW,k =

{
ω ∈ S⊂ [ρ,2ρ]b

∗
:

|< k,ω >+W + ε
(1+ρ)(λ ∗i −λ

∗
j +λ

∗
d −λ

∗
l +λ

∗
i jdlW,2)|<

ρ

C∗|k|b∗+2

}
.
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Then,

measI 2,3,1
i jdlW,k ≤

2ρb∗

C∗|k|b∗+3 , measI 2,3,2
i jdlW,k ≤

2ρb∗

C∗|k|b∗+3 .

It is obvious that, for m = i− j+d− l +n,n ∈ v∗i jdlW ,

I 2,3
i jdlnm,k ⊂I 2,3,1

i jdlW,k

⋃
I 2,3,2

i jdlW,k.

It is trivial that the sets I 2,3,1
i jdlW,k and I 2,3,2

i jdlW,k are empty when |W |> |k|ρ +3. Thus,

S2,3 =
⋃

06=k∈Zb∗

⋃
i∈R, j∈I ,d∈R,l∈R

⋃
n∈Z2

1

⋃
m=i− j+d−l+n

I 2,3
i jdlnm,k

⊂
⋃

0 6=k∈Zm

⋃
i∈R, j∈I ,d∈R,l∈R

⋃
W∈Z

(I 2,3,1
i jdlW,k

⋃
I 2,3,2

i jdlW,k).

It follows that

measS2,3 ≤ meas
⋃

06=k∈Zb∗

⋃
i∈R, j∈I ,d∈R,l∈R

⋃
W∈Z

(I 2,3,1
i jdlW,k

⋃
I 2,3,2

i jdlW,k)

= meas
⋃

06=k∈Zb∗

⋃
i∈R, j∈I ,d∈R,l∈R

⋃
1≤|W |≤|k|ρ+3

(I 2,3,1
i jdlW,k

⋃
I 2,3,2

i jdlW,k)

≤ ∑
0 6=k∈Zb∗

4b4(|k|ρ +3)
2ρb∗

C∗|k|b∗+3 ≤
C3

C∗
ρ

b∗

where the constant C3 depends on b,b∗. Thus, measΩ2,3 ≤ γ

6ρb∗ when C∗ is large enough.
Case 2. Supposing that i− j + d− l + n−m = 0, |i|2− | j|2 + |d|2− |l|2 + |n|2− |m|2 = 0,

#(R ∩{i, j,d, l,n,m}) = 4 and k 6= 0. In view of ω ∈ S, we have∣∣λi−λ j +λd−λl +λn−λm+< k,ω >
∣∣= ∣∣∣O(ε(1+ρ))+< k,ω >

∣∣∣
≥ |< k,ω > |−Cε

(1+ρ) ≥ ρ

|k|b∗+1 −Cε
(1+ρ) >

ρ

C∗|k|b∗+2

when ε is small enough and C∗ is large enough. It is obvious that S2 ⊂
(

S2,1∪S2,2∪S2,3
)

, and

then measS2 < γ . Letting S = S\S2, we see that it satisfies as required and measS≥ (1− γ

2)ρ
b∗.

We prove that Lemma 2.2 holds.
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