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Abstract. In this paper, we introduce a general iterative algorithm based on the hybrid steepest descent
method for finding a common element of the solution set of split variational inclusion problems and
the fixed point set of a continuous pseudocontractive mapping. We establish strong convergence of the
proposed iterative algorithm in a Hilbert space. We also find the minimum-norm element in the common
set of two sets.
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1. INTRODUCTION

Let H; and H, be two real Hilbert spaces. Let D and Q be nonempty, closed, and convex
subsets of H; and H,, respectively. Let A : Hl — H, be a bounded linear operator. Then the
split feasibility problem (SFP) is to find a point z € H} such that z € DNA~'Q. In 1994, the SFP
was first introduced by Censor and Elfving [8], in finite-dimensional Hilbert spaces, for mod-
eling inverse problems which arise from phase retrievals and in medical image reconstruction.
Since then, the SFP has received much attention due to its wide applications in signal pro-
cessing, image reconstruction, with particular progress in intensity-modulated radiation ther-
apy(IMRT), approximation theory, control theory, biomedical engineering, communications,
and geophysics; see, e.g., [2, 3, 4, 7] and the references therein.

In 2011, based on the split variational inequality problem (SVP) introduced by Censor et
al. [9], Moudafi [16] proposed the following split monotone variational inclusion problem
(SMVIP):

find a point x* € H; such that 0 € fi(x*) + B (x¥), (1.1)

and
y* =Ax" € Hy solves 0 € f2(y") + B2 (y"), (1.2)
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where B : H; — 21 and B, : Hy — 2M2 are multi-valued maximal monotone mappings, A :
H| — H> is a bounded linear operator, and f| : Hy — Hj and f, : H» — H; are two given single-
valued operators. The SMVIP (1.1)-(1.2) includes, as special cases, several split problems, such
as the split zero problem (SZP), the SVP, the SFP, and the split common fixed point problem
(SCFPP) [3, 4,5, 13, 16], which have already been studied and used in practice as a model in the
IMRT treatment planning (see [7, 8]) and in many inverse problems arising for phase retrieval
and other real-world problem; for instance, in computerized tomography, in sensor networks
and date computation (see [3, 10]).

If fi =0and f, =0, then SMVIP (1.1)-(1.2) reduces to the following split variational inclu-
sion problem (SVIP):

find a point x* € H; such that 0 € By (x"), (1.3)

and
y" = Ax* € H; solves 0 € B,(y"). (1.4)

As we know, (1.3) is the variational inclusion problem, and we denote its solution set by
SOLVIP(B;). The SVIP (1.3)-(1.4) consists of a pair of variational inclusion problems, which
need to be solved so that the image y* = Ax*™ under a given bounded linear operator A, of the
solution x* of SVIP(1.3) in H; is the solution of another SVIP (1.4) in another space H,. We
denote the solution set of SVIP(1.4) by SOLVIP(B;). The solution set of SVIP (1.3)-(1.4) is
denote by I' = {x* € H; : x* € SOLVIP(B;) and Ax* € SOLVIP(B,)}.

A fixed point problem (FPP) is to find a fixed point z of a nonlinear mapping S with the
property:

ze€C, Sz=z, (1.5)

where C is a nonempty, closed, and convex subset of a Hilbert space H. We denote the fixed
point set of S by Fix(S).

Many authors considered the SVIP (1.3)-(1.4). In 2012, Byrne et al. [5] introduced the
following iterative algorithm for the SVIP (1.3)-(1.4), which ensured the weak and strong con-
vergence: for given xo € Hj, compute iterative sequence {x,} generated by

Xpet =3 (X +MAT(I3? = DAxy),

where in =+ 7LB,-)_1 is the resolvent of B; for i = 1,2, and A > 0, A* is the adjoint of A,
L= |[AA*||and 11 € (0, 2).

In 2013, in order to study the SVIP (1.3)-(1.4) coupled with the FPP (1.5) of a nonexpansive
mapping S, Kazmi and Rizvi [14] proposed the following iterative algorithm based on the work
of Byrne et al. [5]:

4B x( 7By _
{ ty = I3 (X0 + NAT(J3? —1)Axy), (1.6)

where f: Hy — H| is a contractive mapping and o, € (0, 1), and established the strong conver-

gence of the sequence {x,} generated by (1.6) to the common element of the solution set I" of
SVIP (1.3)-(1.5) and the fixed point set Fix(S) of S.
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In 2015, combining the method (1.6) of Kazmi and Rizvi [14] and the method of Marino and
Xu [15], Sitthithakerngkiet et al. [17] presented the following general iterative algorithm:

(1.7)

tn = J3 (X + AT (I — D) Axy,),
Xni1 = & fxn, + (I — a,D)Su,, n>0,

where D : Hy — H, is a strongly positive bounded linear operator and & > 0, and showed that
the sequence {x,} generated by (1.7) converges strongly to a point of I'N Fix(S), which is the
unique solution of a certain variational inequality related to D.

In 2018, in order to investigate the SVIP (1.3)-(1.4) coupled with the FPP (1.5) for a strictly
pseudocontractive mapping 7', Yang and Yuan [22] considered the following iterative algorithm
based on Yamada’s hybrid steepest descent method [21]:

(1.8)

ty = J3 (50 + A (32 = 1)Ax,),
Xn+1 = Tpg,un — W0, GTg up, n> 0,

where Tg, = (1 — f3,)T + B,/ and G : H; — H| is a k-Lipschitzian and p-strongly monotone
mapping with constants k, p > 0, and showed strong convergence of the sequence {x,} gen-
erated by (1.8) to a point of I'N Fix(T'), which is the unique solution of a certain variational
inequality related to G.

In this paper, motivated by the works of Byrne et al. [5], Kazmi and Rizvi [14], Sitthithak-
erngkiet et al. [17], and Yang and Yuan [22], we introduce a new general iterative algorithm
based on the hybrid steepest descent method for finding a common element of the solution set I"
of SVIP (1.3)-(1.4) and the fixed point set Fix(T) of a continuous pseudocontractive mapping
T. Then we establish strong convergence of the sequence generated by the proposed iterative
algorithm to a point of I'N Fix(T ), which is a solution of a certain variational inequality. As a
direct consequence, we find the unique minimum-norm element of I'N Fix(T'). The results of
in this paper are the supplement, extension, and generalization of the previous known results in
this area; see, e.g., [5, 14, 17, 22]) and the references therein.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||, and let C be a
nonempty, closed, and convex subset of H.
We recall that

(1) a mapping V : C — H is said to be [-Lipschitzian if there exists a constant / > 0 such
that

|[Vx—Vy| <I|x—y| forallx, y€C;

(1) a mapping G : C — H 1is said to be p-strongly monotone if there exists a constant p > 0
such that

(Gx—Gy,x—y) > plx—y|* forallx, y € C;

(ii1)) a mapping T : C — H is said to be pseudocontractive if

|7 = Ty|P < Jox—yIP+ (1= T)x— (I = T)y|P* forall x, y € C;



4 J.S. JUNG

(iv) a mapping T : C — H is said to be k-strictly pseudocontractive [6] if there exists a
constant k € [0, 1) such that

ITx =Ty < lx =y + k(1 =T)x = (I = T)y||* forallx, y € C;
(v) amapping T : C — H is said to be nonexpansive if
|Tx—Ty|| < ||x—yl|, forallx,yeC

where [ is the identity mapping.

Clearly, the class of pseudocontractive mappings includes the class of strictly pseudocontractive
mappings and the class of nonexpansive mappings as subclasses. Moreover, this inclusion is
strict (see [1, Example 5.7.1 and Example 5.7.2]).

Let B be a mapping of H into 2/, The effective domain of B is denoted by dom(B), that is,
dom(B) = {x € H : Bx # 0}. A set-valued mapping B is said to be a monotone operator on H
if (x—y,u—v) >0 forall x, y € dom(B), u € Bx, and v € By. A monotone operator B on H
is said to be maximal if its graph is not properly contained in the graph of any other monotone
operator on H. For a maximal monotone operator B on H and A > 0, we may define a single-
valued operator J& = (I+AB)~! : H — dom(B), which is called the resolvent of B. Let B be
a maximal monotone operator on H and let B0 = {x € H : 0 € Bx}. It is well-known that
B~'0 = Fix(J%) for all A > 0 is closed and convex and the resolvent J? is firmly nonexpansive,
that is,

||Jffx—]/flfy||2 < (x—y,]fx—]fy} forall x, ye H, (2.1)

and that the resolvent identity

Sy =t (%x—i— (1 - %) fo) (2.2)
holds forall A, 4 > 0and x € H.
In a real Hilbert space H, the following hold:
e =117 = llxll* + 111> = 2¢x,), (2.3)
and
lox + By1* = arllx||* + Bllyll> — aBllx—y||* < o[> + By, (2.4)

forallx, ye Hand o, B € (0,1) witha+ f = 1.
It is also well known ([11]) that every nonexpansive mapping 7 : H — H satisfies, for all
(x,y) € H X H, the inequality

1
(x=Tx) = (y=Ty), Ty =Tx) < || (Tx—x) = (Ty = )|,
and hence, for all (x,y) € H x Fix(T),
1
(x—Tx,y—Tx) < EHTx—xHZ. (2.5)

For every point x € H, there exists a unique nearest point in C, denoted by Fcx, such that

|lx = Pex|| = inf{[lx —y|| : y € C}.
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Fc is called the metric projection of H onto C. It is well known ([19]) that P¢ is nonexpansive
and Pc is characterized by the property
u=Px<= (x—u,u—y) >0 forallxe H, y e C. (2.6)
A mapping T : H — H is said to be averaged if it can be written as the average of the identity
I and a nonexpansive mapping, that is,
T=(l-a)l+as, (2.7)

where « is a number in (0,1) and S : H — H is nonexpansive. More precisely, when (2.7)
holds, we say that 7" is a-averaged. We note that averaged mappings are nonexpansive. Further
firmly nonexpansive mappings (in particular, projections and resolvents of maximal monotone
operators) are averaged, and the composite of finitely many averaged mappimgs is averaged
(see [4, 16]).

We need the following lemmas for the proof of our main results.

Lemma 2.1 ([1]). In a real Hilbert space H, the following inequality holds:
x4+ Y117 < llell* +2(nx+y), Vx, yEH.

Lemma 2.2 ([18]). Let {x,} and {z,} be bounded sequences in a real Banach space E, and let
{7} be a sequence in |0, 1] which satisfies 0 < liminf, ., < limsup,,_,., ¥ < 1. Suppose that
Xnt1 = YoXn + (1 = Yu)za for all n > 1 and limsup,_, . (||zn+1 — zul| — [|[Xn+1 — Xul]) < 0. Then
limy,—ye0 |20 — X4|| = O.

Lemma 2.3 ([20]). Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+-1 < (1 - €n>5n+§n5n; Vn > 1;
where {E} and {8, } satisfy the following conditions:

(i) {&) C[0,1]and Yoo &, = oo;
(ii) limsup,_,,0, <0orY -, En|8,| < oo.

Then lim,_e s, = 0.
The following lemma is the Lemma 2.4 of Zegeye [23].

Lemma 2.4 ([23]). Let C be a closed and convex subset of a real Hilbert space H. LetT : C — H
be a continuous pseudocontractive mapping. Then, for r > 0 and x € H, there exists z € C such
that (y —z,Tz) — Ly —z,(14+r)z—x) <0,Vy € C. For r >0 and x € H, define T, : H — C by

1

r

ra={eecip-ara—ty-a(+n-x <0, wec),

Then the following hold:
(1) T, is single-valued,
(1) T, is firmly nonexpansive, that is,

||TVx—Try||2 < <x_y7Tr-x_Try>7 Vx? y € H;
(iii) Fix(T,) = Fix(T);

(iv) Fix(T) is a closed convex subset of C.

The following lemmas can be easily proven from see [21], and therefore, we omit their proof.
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Lemma 2.5. Let H be a real Hilbert space. LetV : H — H be an l-Lipschitzian mapping with a
constant | > 0, and let G : H — H be a k-Lipschitzian and p-strongly monotone mapping with
constants K, p > 0. Then, for 0 <yl < up,

(UG = PV)x— (UG — YV )y,x—y) > (up — 7l)|lx—y|* forallx, y € H.
That is, uG — YV is strongly monotone with constant up — yl.

Lemma 2.6. Let H be a real Hilbert space H. Let G : H — H be a k-Lipschitzian and p-
strongly monotone mapping with constants K > 0 and p > 0. Let 0 < u < i—@ and 0 <t <
0 < 1. Then ol —tuG : H — H is a contractive mapping with a constant G —t7T, where T =

1—/1—p(2p —pux?).

Lemma 2.7 ([12]). Assume that T is nonexpansive self mapping of a closed convex subset of
C of a Hilbert space H. If T has a fixed point, then I — T is demiclosed, i.e., whenever {x,}
is a sequence in C converging weakly to some x € C and the sequence {(I — T )x,} converges
strongly to some y, it follows that (I — T )x =y, where I is the identity mapping H.

We have the following lemma, which is a direct consequence of the definition of resolvent
mapping.

Lemma 2.8 ([14]). SVIP(1.3)-(1.4) is equivalent to find x* € Hy such that y* = Ax* € H,
x'= Jflx* and y* = J52y* for some A, v > 0.

In the following, we write x, — x to indicate that the sequence {x,} converges weakly to x.
x, — x implies that {x, } converges strongly to x.

3. ITERATIVE ALGORITHMS

Throughout the rest of this paper, we always assume the following:

e H; and H, are real Hilbert spaces with inner product (-,-) and induced norm || - |[;

e A: H| — H, is a bounded linear operator;

e A*: Hy — H is the adjoint of A;

e L is the spectral radius of the operator A*A

e B : Hy — 2! is a maximal monotone operator with dom(B) C Hj;

e B; : H, — 22 is a maximal monotone operator with dom(B;) C H,

° BI_IO is the set of zero points of By, that is, BI_IO ={z€H,:0€Bz};

° BEIO is the set of zero points of B», that is, BZ*IO ={z€ H,:0¢€ Byz};

. fnl : Hy — dom(B) is the resolvent of B for 4, € (0,0) and liminf,, . 4, > 0;

. Jﬁf : Hy — dom(By) is the resolvent of B, for v, € (0,00) and liminf,_,c v, > 0;

e G: Hy — Hj is a k-Lipschitzian and p-strongly monotone mapping with constants
K, p>0;

e V : H; — Hj is an [-Lipschitzian mapping with constant / € [0,c0);

e u and 7y, which are two positive constants, satisfy 0 < u < i—@ and 0 < yl < 7, where
T=1—/1—u(2p —ux?);

e T :H; — H, is a continuous pseudocontractive mapping with Fix(T) # 0;
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e T, :H; — H is a mapping defined by

1
Ty x = {z €H: (Tz,y—2)——(—z(l+m)z—x) <0, forallye Hl}
n
for x € Hy and r,, € (0,0), and liminf,, e 1, > 0;
e ' £ ( is the solution set of SVIP (1.3)-(1.4). Thatis, ' = {x* € H, : x* € SOLVIP(B))
and Ax* € SOLVIP(B;)} # 0.
o Q:=T'NFix(T) #0.
By Lemma 2.4, we note that 7}, is nonexpansive, and Fix(7,,) = Fix(T).
Now, we propose a new iterative algorithm which generates a sequence {x,} in an explicit
way: for an arbitrarily chosen xg € C,

{ 2 = 3 (0 + A" (15 — 1)Axiy),

(3.1)
Xnt1 = Puxn + (1= Ba) T, (nYVixn + (I — 0utG)zy), n >0,

where {a,} and {B,} are two real sequences in (0,1), {r,}, {A,}, and {v, } are three positive
real sequences, and {7, } is a real sequence in (0, %) We will establish strong convergence of
this sequence to a common element of Q.

Theorem 3.1. Let the sequence {x,} be generated iteratively by the explicit algorithm (3.1).
Let {0}, {Ba} C (0,1), {ru}, {2}, {Va} C (0,%0) and {n,} C (0, 1) satisfy the following con-
ditions:

(C1) lim; e 0ty = 0;

(C2) Yo O = >

(C3) 0 < liminf,_e B, < limsup,_ ... Br < 1;

(C4) 0 <r<r, <o andlim, se|ryt1 —ry| =0;

(C5) 0 < A <Ay <ooandlimy_yeo|Ayi1 — Ay =0;

(C6) 0 < Vv <V, <ocoandlim, ,e|Vy+1 — Up| =0;

(C7) 0< N <Ny < L and limy—eo [Nps1 — M| = 0.
Then {x,} converges strongly to a point q € Q, which is the unique solution of the variational
inequality

(UG—yV)q,p—q) >0 forall p € Q. (3.2)

Proof. First, let Q = P, where Q := "N Fix(T). Then, by the closedness and convexity of I"
and Fix(T)( Lemma 2.4 (iv)), P is well-defined. Also, it is easy to show that Q(I — uG+vyV):
H) — H] is a contractive mapping with a constant 1 — (7 — /). In fact, from Lemma 2.6, we
have

QU =pG+yV)x= QU —puG+ W)yl <[ =puG+1V)x— (I —uG+V)yl
< (= pG)x— (I = uG)yl|+vl[Vx—Vy|
< (I=(z=7)lx—yll
for any x, y € H. So, Q(I — uG+yV) is a contractive mapping with a constant 1 — (7 —yl) < 1.
Thus, by Banach contraction principle, there exists a unique element ¢ € H; such that g =

Po(I — uG + yV)q. Equivalently, by (2.6), ¢ is a solution of the variational inequality (3.2).
We note that the uniqueness of a solution to variational inequality (3.2) is a consequence of the
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strong monotonicity of 4G — ¥V (due to Lemma 2.5). Below, we will use g € Q to denote the
unique solution to variational inequality (3.2).

From now on, we put K, =+ nnA"‘(J‘I,gn2 — DA, u, = x,+ 17,1A*(J€n2 —DAx, = Kyxy, 7y =
anl up, and y, = o, YVx, + (I — o, uG)z, for n > 0. Let p € Q. Since

Iz =PI = 193 un =I5 pII?
= V5! (% + MaA™ (2 = DA%, — I3 p|?

(3.3)
< |[tn + MnA* (52 = D)Axy — pl|?
= [t — pIP* + Ma IA" (32 = DAXA|> + 21030 — p, A" (Jy2 —1)Axs),
we have
2w = PII* < 160 = PP + N (I3 — 1 Axn, AA™ (32 — 1) Ax;)
21, (% — P, AT (J52 — D) Ax,). G5
Observe that
M (2 = 1Ax, AA* (Jy2 — DAx,) < L[| (2 — DAx, . (3.5)

Moreover, from (2.5), we obtain
21 (%0 — P, AT (J52 — DAX,) = 21, (A(xn — p), (J52 — 1) Axy,)
= 2N (A (0 — p) + (T2 — DAxy — (JB2 — 1) Axy, (J52 — I)Ax,)
= 20, [((J2Axy — Ap,Jy2 — D)Axy) — || (J2 — D)Ax, )]
1
< 251 = DA 2 = [|(7 = 1A

= — Mll (v — D)Ax|.

(3.6)
From (3.3), (3.4), (3.5), and (3.6), we have
2w =PI = 1195 ta =I5 pII* < llun — p]|?
= [+ A" (2 = DA%, — p|®
3.7
< Jln = pIP (= DI 82— DAz 2P
1
< [Jxn _pHZ (by nn € (Oaz))
Now, we divide the proof into the following steps.
Step 1. Show that {x,} is bounded.
In view of p = Jf‘p, p=K,p, and p =T,, p, we obtain from (3.7) that
1yn = pll = 06V xn + (I — 001 G)zp — p|
< 0| YVxn = YV pll + 0| YV p — Gp|| + (1 — 0 T) ||un — p| 3.8)

< oY xn = pll + 0l YV p — uGp|| + (1 — e 7)[|xu —
= (1= (t=¥)ow)||xn = pll + 0wV p — uGpl|.
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Thus, since 7}, is nonexpansive (by Lemma 2.4), we deduce from (3.7) and (3.8) that
%01 =PIl < Ballxn — pll + (1 = Ba) | T, yn — p|
< Ballxa = pll+ (1 = Bu)llya — pll
< Ballxa = pll + (1 = Bu) [(1 = (7= ¥1) 04n) [|xn — pl| + | YV p — LG]]

= (1= (1=Bu) (v =11 o)lpen — pll+ (1 = Bu) (T - Vl)“"w
|1YVp —uGp||

< PR _—m .

< maX{Hxn P”; ‘L'—'}’l

Using an induction, we have

Vp—uG
o —pll < max{”xo—p”,W}_

Hence, {x,} is bounded. So, {yu}, {ta} = {Kuxa}, {zn} = {/5 n}, {Gxu}, {GJ} ttn}, {wn}
= {T,,yn}, and {Vx,} are bounded. It follows from (3.1) and condition (C1) that
19n = zall = [y =I5 tnll = 0| YV 50 — HGT; un]| = 0 as 1 — eo.

Step 2. Show that lim,, e ||x,+1 — X4]| = 0.
For this purpose, we derive

1yn = Yn1ll = @YV + (I = 06t G) 3ty — (O 1 WV 1 + (I = 0y 1 RG) TR 1y )|
< 1(0 — 1) YV X1+ 0 (W — YW1 )|
+[|(I = kG sty — (I = Ot G}ty |
+ (= @G}y — (I = 04y 1 UG)3 1ty
< |0t — 01 |||V 201 || + 0 V1[0 — X0 1|
+ (1= ) |5 wy =I5 sty + |0 — Oyt [ 4G5 1t
= [0y — | ([ PVt || + | RGIF i ])
+ oYy — X1 |+ (1= ) [ 5 g = T3t

< ’O‘n — 01 |M1 + an}’l||xn —Xn—1 || + (1 - anf) HJZ: Un _anlilun—l ||>
(3.9
where M| > 0 is an appropriate constant. From the resolvent identity (2.2) and condition (C5)
(0 < A <A, forn > 0), we have

At An—1
TSI AN s (R ) B

A A
S’ ;n1<un_un—1)+<l— ;1>(Jilun—un_1)’
oy — A1 " (3.10)
< Moty =ty |+ = |
Ap— A
<t — s+ L= 2ty

1 2
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where M, > 0 is an appropriate constant. Again, since K, =1+ 1n,A* (J\lf,Z 2 —J)A is nonexpansive
as averaged ([16]), we calculate

1t — 1t |

= (I +MuA* (J52 = DA)xy — (I + N1 A (2 = DA)x,1 |
= ||KnXn — KnXn—1]| + || KnXn—1 — Kn—1xn—1]|
< 3 = Xn1 |+ | Gn 1 + AT (2 = DAXy—1) = (o1 + a1 A (2, — DA, 1) |
< [t = u 1 | 4 [M0A™ (52 = DAXy 1 = M1 A” (12 = DAx, 1 |

M 1A (2 — D)Ax—1 — M1 AT (I, — DAX, 1 |
< [n = Xn |+ (700 — Mt || A (52 — DA%, |

+ Nt A2 (A1) — T2 (Ax—y) |

(3.11)

n—1

1
< [ln =X |+ = Mt M3 A2 (A1) = T2 (A1)

where M3 > 0 is an appropriate constant. From the resolvent identity (2.2) and condition (C6)
0 < v <y, forn>0), we deduce

2 (Axa—1) = V2 (Axa-1)|

V,_ V,_
B (i—le,,lJr (1— n 1)J@2(Ax,,1)> —JB (Ax, )

n n

\ 7|
< ‘1_"— B2 (Axyr) — Ay | (3.12)
n
Vi —Vu—1
< W =Voctly g8 pa )
Vi
< |Vn_vn71|M4
—_ v b

where M4 > 0 is an appropriate constant. Substituting (3.12) into (3.11), we arrive at

1 My
||un —Up—1 || < Hxn —Xn—1 || + |nn - nn71|M3 + ZHA*H |Vn - Vn71|7- (3.13)

From (3.9), (3.10) and (3.13), we drive
Hyn_yn—IH < ’(Xn_an—l|M1 +(Xn'}/l||xn_xn—l|| +<1 _anT)HJBlun_ Blf un—lH
/’Ln /ln 1
< ’(Xn_an—l|M1 +(Xn'}/l||xn_xn—l||
M,
(1= ) ([ =t + 2o~ )
< |0y — Q1 [M + 04 1|2 — X1 (3.14)

+(1—o7) [Hxn — Xp—1 || + [0 — Mn—1|M3

1 M, M,
#2161 = Voot 4 A = | 2
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On the other hand, let w, = T;, y,. It follows from w, |, =T, y,_; that

1
(y—wp, Twp) — —(y—wp, (1 +r,)w, —yn) <0 forall y € Hy, (3.15)
T,

n

and

(y—wn—1,Twp_1) — (y—=wn-1,I+r—1)Wh—1 —yn—1) <0 forallye H;.  (3.16)

Tn—1
Putting y :=z,_1 in (3.15) and y := z,, in (3.16), we obtain
1

<Wn—1 — Wn, TWn> - _<Wn—1 — Wn, (1 +rn>Wn _Yn> <0, (3.17)
T'n
and .
<Wn _Wn—lvTWn—l> - — <Wn _Wn—17(1 +rn—1)wn—l _yn—1> <0. (3.18)
—
Adding up (3.17) and (3.18), we obtain
1 — YV 1 _ 1= Vn—
<Wn—1_Wn7TWn_TWn—1>_<Wn—1 _Wna( ‘|"’n)Wn Y _( L 1)Wn L= ol <0.
n n—1
(3.19)
Using the fact that 7" is pseudocontractive, we conclude from (3.19) that
<Wnl — Wh, Yn = In - W1 = - > 2 05
I'n Tn—1
and hence
’
<Wn1 —Wno Wy —Wp 1 +Wp 1 —Yn— . nl (anl _yn1)> > 0. (3.20)
e
From (3.20) and condition (C4) (0 < r < r,, for n > 0), we derive
T,
”Wn _Wn—IH2 < <Wn—1 —WnyYn—1—Yn T+ (1 - . nl )(Wn—l _yn—1)>
e
'n —I'n—1
< et =l (et =+ 2= =),
Thus,
n —TIn—1
o=t < et =l 2=
r (3.21)
|rn —Tn—1]

< v =yl + Ms,
where Ms > 0 is an appropriate constant. Substituting (3.14) into (3.21) yields
Wi —wn1l| = 1T, yn — T, yn—1]l
< (1= ou(7—¥))|[xn = Xp—1[| + [0t — Qa1 [M1 + |0 — N1 [ M3 (3.22)
T L R L
In view of conditions (C1), (C4), (C5), (C6), and (C7), we find from (3.22) that

limsup(||wy, —wy—1]] — [|xn —xn—1]| <O.
n—o0
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Thus, by Lemma 2.2, we have

lim ||w, — x,|| = lim || T}, y, —x,|| = 0. (3.23)
n—o0 n—oo

Since x,,+1 — x, = (1 — Bn)(w, — x,,), we conclude from (3.23) and condition (3) that
r}g{}o [%n-+1 — xn|| = 0.
Step 3. Show that 1im,, e[|ty — 2| = imyen |16 — J5 " un ]| = 0.
To this end, by (3.7), we see that
1t = plI* = [l + MaA* (132 — D Ax, — p||*

< [lon = pI? + ML — V)| (J82 — 1) Ax, || (3.24)
1
< ||xn _p||2 (by N € (07 Z))

Again, since Jf ! is firmly nonexpansive, it follows from (2.1) and (2.3) that
2w = pII* < (15 w0y — I3 p, 1 — p)
1
= ltn = pII* + llza = pII* = lltn — 2a1%]

2

and hence
20 = PII* < lln = I = lltn = 2all> < [Pen = pII* = It — 2za|*. (3.25)

Thus, by (2.4), (3.1), and (3.25), we obtain
a1 = plI* < Ballxa = plI* + (1= B T30 — pII?

< Bullen = p 11+ (1= Ba)llyn — pII?

= Bullxn — pI* + (1 = Bl 06a(YVoxn — 1 Gp) + (I = 0t G)J3 = (I — 0t G)p|®
< Bullbxn = plI> + (1= Ba) (0| YV 30 — 1 Gp| + (1 = )|z — p)°

< Bulln = pII* + (1 = Bu) (0| YWoxa — LGl + |20 — 1)

< Bullxa — plI* + (1= Bu) [0aMo + [|xn — P> — [lttn — 2]
< [|xn _PH2+ (1= Bu) (Mg — [Juy _ZnHz)7

(3.26)
where Mg > 0 is an appropriate constant, and so
1
H”n_ZnHZ <a,Mes+ (”xn_pl|2_”xn+l_p”2>
1— B
1
< oMo+ ——([[xa — pll + [[xa—1 = pI) IXn — Xn+1 (3.27)

1— B,
My
< o, Me + ||xn — Xn+1 ||>
1— By,

where M7 > 0 is an appropriate constant. Therefore, by conditions (C1) and (C3), and Step 2,
we derive from (3.27) that ||u, — z,|| — 0 as n — oo.
Step 4. Show that lim,, . ||z, — || = 1imy, seo [[J5" 1ty — ]| = 0.



A GENERAL ITERATIVE ALGORITHM 13

From (3.24) and (3.26), we derive

Pn1 = Pl < Ballxa — pII> + (1= Bo) oM + (1 — 0 T) 120 — %]
< Bullxn = pII* + (1 = Bu) [0 + lun — pl|* — lun — zul|*]
< Bulln — pII? + (1 = Ba) [0 + [l — p||°]
< [pn = plI* + (1= Bu)[06Me + [0 — pI* + Ma(L1h — D[ (Jy2 = DA ||]
= v = pII* + (1= Ba) €M + (1 = Bu) (L1 — DI (2 — DA%,

and hence

1
Ma(1 = L) ||y, = DAx > < 06Ms + - —g, (I =PI = [xnr1 = pI?)
n

M4
< oMo+ —— Hxn xn—i—l”'
1-pB,

Since (1 —Ln,) > 0 and 0 < liminf,_,. 1,, we induce from conditions (C1) and (C3) and Step
2 that

(U5 = D)Ax, || = 0 as n — co. (3.28)

From (2.1), (2.3), (3.7), and 1,, € (0, 1), we have

20 = Pl = 15" (6 + MaA™ (I3 = 1)Ax,) — pl|?
= 175" + A" (I3 1>Axn> J2 I
<< — poXn+ AT (Jy2 —1)Ax, — p)
=—{Hzn P + [+ MaA™ (2 — Ax, — p|®
— (20— p) — (tn -+ MuA* (2 — DA, — p)||*}
< %{Hzn —plI*+ Hxn—p||2+nn(Lnn— Dl (32 = 1) Ax ||
— 1| (zn = Xn) — MaA* (J52 — 1) Axa || *}
< %{Hzn = plI+ 12 = pI* = [lzn — xal?
+ 02 AT (2 = DAx|* = 200 (20 — 2, A* (I3 — DAx)] }

1
< 5 {llzn =PI+ [l = pII* = llzn — xall* + 27 l|A(zn — xa) || (J32 — DAx, ||}
(3.29)
Hence, by (3.29), we obtain

1z =PI < Pon = PI* = llzn = xal® + 2104l Az = %) ]| (2 = 1A% (3.30)
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Again, from (2.4), (3.1) and (3.30), we derive that
a1 = plI* < Ballxa = plI* + (1= Ba) 00| Vi — nGpl| + (1 = eu7) [120 — pII?
< Bulln — P>+ (1= Bu)[aMs + ||z — p|°]

< ﬁn“xn - p“2

+ (1= Bu) [0 + (1% = pII* = 1z = xall* + 2720 [|A (20 — ) [| (2 = DAxa|))]

= || _PH2 + (1= Bu) oMo — (1 — Bu)l|zn _an2
+2(1 = B) MallA(2n — x) || (2 — T Ax|

and hence

1
B
Iz x> <0Me +21ullA (20 —xu) || () = DA + ~—2= (= pII* = [Pss1 = pII)
1-p
n

<0 Mg 421N, [|A(zn — xn) || H(J\Ifgnz —1)Ax,||

1
+ (o = pll + a1 = pID n = xn41]
1-B,

1
SO‘nJ‘%‘*'ZTInHA(Zn_xn)HH(J\L?n2 —1)Ax, || + 1—B X — X 1] M7.
- n

From conditions (C1) and (C3), Step 2, (3.28), and (3.31), we obtain
||zn — xn|| — 0 as n — co.

In fact, by Steps 3 and 4, we have

50 — tn || < ||%n — zn|| + |20 — tn]| — 0 @s n — oo.

Step 6. Show that lim,, . ||x, — y,|| = 0.
In fact, since
[ = Yinll = [1xn = (0 PV 20 + (I = €t Gz )|
< 04| 0Gxn = YWon | + [[(1 = 00 G)xn — (I = G 2|
< 0 Mg+ (1 — 0 7)1 0 — 2n|
< 0 Mg + || — zall,
where Mg > 0 is an appropriate constant, by condition (C1) and Step 4, we obtain
| — Yul| = 0 as n — oo.

Step 7. Show that limy,_e |[yn — T3, V|| = limy—se [[yn — wa|| = 0.
Indeed, from (3.23) and Step 6, we obtain

10 = T yull < lyn —Xall + [[x0 — wal] — 0 as n — oo.

Step 8. Show that
limsup((YV — uG)q,y, —q) <0.

n—yoo

(3.31)
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For this purpose, we can choose a subsequence {y,, } of {y,} such that
lim (Y — uG)gq,yn; — q) = limsup((yV — 1G)q,yn — q)-
i—yoo n—soo
Since {yn,} is bounded, there exists a subsequence {y,,ij} of {yn,} which converges weakly to
some point z. Without loss of generality, we can assume that y,, — z. First of all, we show
z € Q. To this end, we divide its proof into three steps.

(i) We prove that z € Fix(T). To show this, put w, =T,

n

vn. Then, by Lemma 2.4, we have

1
(y—wn, Twy) — r—(y— Wp, (L+r,)w, —yn) <0 forall y € Hy. (3.32)

n
Put ve = ev+ (1 —¢g)z for € € (0,1] and v € H;. Then ve € Hy, and we derive from (3.32) and
pseudocontractivity of T that

1
<Wn - VEaTV8> Z <Wn — Vg, TV€> + <V8 _Wn7TWVl> - _<V8 — Wn, (1 +rn)wn _yn>

I'n
= _<V8_Wn7TV8_TWn>_r_<V8_WnaWn_yn>_<V8_Wnawn>
" (3.33)
, 1
> —||V5—Wn” —r—<Vg—Wn,Wn—yn>—<V5—Wn,Wn>
n
Wp—Yy
= — (Ve — Wn,ve) — (Ve — Wy, ——).

I'n
Since {y,} and {w,} have the same asymptotical behavior (due to Step 7), {wy,} converges
weakly to z as i — 0. Also, by Step 7, we have ”w”r_y"H < HW":y"”

and letting i — oo, we derive from (3.33) that

— 0. So, replacing n by n;

(z—ve, Tve) > (72— ve,ve)
and
—(v—2z,Tve) > —(v—2z,ve) forallv € Hj.
Letting € — 0 and using the fact that 7" is continuous, we obtain
—(v—2z,Tz) > —(v—z,z) forallv € H;. (3.34)
Letv=Tzin (3.34). Then, z = Tz, that is, z € Fix(T).

(ii) We prove that z € BI’IO. To this end, let z,, = Jfl uy,. Then it follows that

tn € (I+ 1uB1)zn, thatis, ””;L_ 1 ¢ Bz
n
Since B is monotone, we know that, for any v € Bu,
(zn — 1, 51y > 0. (3.35)
An

And, by Step 3, Step 5, and Step 6, we obtain that

V0 = znll < M|yn —Xnl| + |20 — ta|| + |[un — za|| — 0 as n — oo

and H”%Z”H < H””;LZ”H — 0 as n — oo. Thus, u,, — z and z,, — z as i — . By replacing n by
n; in (3.35) and letting i — oo, we have (z —u, —v) > 0. Since B] is maximal monotone, we get
0 € Byz, thatis, z € SOLVIP(B;).
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(iii) We prove that Az € SOLVIP(B;). In fact, since {x,} and {u, } have the same asymptotical
behavior (due to Step 5), {Ax,,} converges weakly to Az. Again, let ¥ > 0. Then, using the
resolvent identity (2.2), condition (C6) (0 < v < v, for n > 0), and (3.28), we estimate

% %
I3 (—Axni + (1 -~ —)JEijnJ —JPAxy,
Vi: !

B B
||Jv,,2iAxni - JO ZAxni H =
n; n;

v
< ‘1 - 02 Ay, — Ay, | (3.36)

n;

V,. —V
< MTlﬂ(Jﬁf —1)Ax, || — 0 as i — oo.

Hence, from (3.36), it follows that

lim || (J§* — DAxy, || = lim [|(Jy;2 = 1)Ax,, || = 0. (3.37)
1—ro0 1—>o0

Since JOB2 is nonexpansive, we obtain from (3.37) and Lemma 2.7 that Az = ng (Az), that is,
Az € SOLVIP(B;) This along with (i) and (ii) obtains z € Q.

Thus,
1imjll13<(W ~HG)q,yn —q) = im{(WV — 1G)q,yn —q)
=((YW - uG)q,z—q) <0.

Step 9. Show that lim,,_,.. [|x, — ¢|| = 0.
Indeed, from Lemma 2.1, we derive

llyn — ‘IHZ =YV xn + (I — 0t G)zp — ‘IH2
= |0 (YVn — V) + 0 (W g — 1Gg) + (I — 0t G)zp — (I — 04, 10G) g
<l (PWan — V) + (I = 0t G)zn — (I — 0t G)ql|* + 206, (W q — G, yn — q)
< (au¥l|lxn —qll + (1 — ) ||x — q))* + 20 (YW g — 1Gg,yn — q)

= (1= (=)ot ||xu — ql|)* + 204 (W g — uGq,y, — q).
(3.38)

Thus, by (2.3), (3.1), and (3.38), we obtain
a1 = all* < Ballxa —gll* + (1 = B T30 — qll?
< Bulben =l + (1 = Ba)llyn — all?
< Bulbon —gl* + (1 = Ba) (1 = (= Y1) 0) [ — q[])?
+2(1 = Bn) ot (W q— 1Gq,yn — q)
< Ballxa = qll* + (1= Ba) (1 = (T — 71 0ta) |10 — |
+2(1 = Bu) ot (W q— 1Gq,yn — q)

=(1=(1=Bu)(t— ?’l)an)||xn—CI||2+2(1 — Bu) (T =¥ o

= (1= &) lxn —qll* + &8,

(YVWq—uGq,y,—q)
T—7l
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where &, = (1 — B,)(t — ¥l) o, and §, = 22Y4"KC=9) Erom conditions (C1), (C2), and (C3),

T—vl
it is easy to see from Step 8 that &, — 0, Yo &, =0, and lim SUp,_,. On < 0. Hence, by Lemma
2.3, we conclude limy_c ||, — g[| = 0. This completes the proof. O

By taking V=0, G =1, and u = 1 in Theorem 3.1, we obtain the following result.

Corollary 3.2. Let the sequence {x,} be generated by

20 =JP (X + T],,A*(J@2 —DAx,),
X1 = Puxn + (1= )T, (1 — 0)zn), n>0,
where {a,}, {Ba} C (0,1), {ra}, {2}, {Va} C (0,0), and {n,} C (0,1) satisfy the conditions

(C1), (C2), (C3), (C4), (C5), (C6), and (CT) in Theorem 3.1. Then {x,} converges strongly to a
point q € Q, which is the minimum-norm element of Q.

Proof. From (3.2) with V. =0, G =1, and u = 1, we derive 0 < (g, p — ¢) for all p € Q. This
obviously implies that ||g||*> < (p,q) < ||p|||lg|| for all p € Q. It turns out that ||¢|| < ||p|| for all
p € Q. Therefore, ¢ is the minimum-norm point of Q. 0

If, in Theorem 3.1, we take 7" = I, identity mapping on H, then we obtain the following
result.

Corollary 3.3. Let the sequence {x,} be generated by

2w = T3 (X + MaA™ (I3 = 1)Axy),
Xnt1 =Buxn + (1 = Bo) (@ YVxn + (I — 0,0 G)z,), 1> 0.

where {0}, {Bn} C (0,1), {4}, {Va} C (0,0), and {n,} C (0, 1) satisfy the conditions (C1),
(C2), (C3), (C5), (C6), and (C7) in Theorem 3.1. Then {x,} converges strongly to a point q € T,
which is the unique solution of the following variational inequality: (UG —YV)q,p—¢q) >0
forallpel.

By takingV =0, G=1, and 4 = 1 in Corollary 3.3, we obtain the following result.
Corollary 3.4. Let the sequence {x,} be generated by

Zn = Jf; (20 + MaA* (J52 = D) Axy),
Xpi1 = Buxn + (1= Bo)(1 = 0)zn, n>0.

Let {an}, {Ba} C (0,1), {ru}, {2}, {Va} C (0,0) and {n,} C (0, 1) satisfy the conditions (C1),
(C2), (C3), (C5), (C6) and (C7) in Theorem 3.1. Then {x,} converges strongly to a point q € T,
which is the minimum-norm element of T..

Remark 3.5. 1) Itis worth pointing out that our iterative algorithms are new different from

those announced by several authors; see, e.g., [5, 14, 17, 22] and the references therein.

In particular, we use the variable parameters r,,, 4,, V,, and 1, in comparison with the
corresponding iterative algorithms in [5, 14, 17, 22] and the references therein.

2) Our general iterative algorithm (3.1) is very different from iterative algorithms (1.6) of

[14], (1.7) of [17] and (1.8) of [22] in Introduction 1 because the first iterative steps u, =

5 (o +NA* (172 — DAx,) in [14, 17] and w, = J5" (x, + NA*(J;> — )Ax,) in [22] are
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replaced by the first step z,, = an‘ (xp + MpA* (an 2 —I)Ax,) in our iterative algorithm (3.1),
and the second iterative steps X, 1 = Qi fx, + (1 — &) Suy, in [14], X101 = @, & fxn, + (1 —
0,D)Suy, in [17] and x,, | = I, un — P0y, GTg up in [22] are replaced by the second step
Xnt+1 = Buxn + (1= Bu) T, (0 YV xn + (I — a, uG)z,) in our iterative algorithm (3.1).
3) Theorem 3.1 supplements, improves, and develops the corresponding results in [14, 17,
22] in following aspects:
(a) The nonexpansive mapping S in [14, 17] and the strictly pseudocontractive mapping
T in [22] is extended to the case of the pseudocontractive mapping 7.
(b) A strongly positive bounded linear operator D in [17] is extended to the case of a
k-Lipschitzian and p-strongly monotone mapping G. (In fact, from the definitions,
it follows that a strongly positive bounded linear operator D (i.e., there exists a
constant 7 > 0 with the property: (Dx,x) > 7||x||?>, x € H}) is a || D||-Lipschitzian
and 7y-strongly monotone mapping).
(c) The contractive mapping f with a constant & € (0,1) in [14, 17] is extended to the
case of a Lipschizian mapping V with a constant / > 0.
(d) The condition };>_; |&t;,4+1 — @] < oo on the control parameter { ¢, } in [14, 17, 22]
was dispensed.
4) Corollary 3.2 is a new result for finding a minimum norm point of I' N Fix(T).
5) Corollary 3.4 is also a new result for finding a minimum norm point of I'.
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