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FORCING STRONG CONVERGENCE OF A VISCOSITY ITERATION FOR
NONEXPANSIVE AND COCOERCIVE OPERATORS IN A HILBERT SPACE
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Abstract. A viscosity iteration is introduced and considered for nonexpansive operators and the varia-
tional inequality with cocoercive operators. A common element theorem of strong convergence is estab-
lished in the setting of Hilbert space without compact restrictions.
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1. INTRODUCTION-PRELIMINARIES

In the real world, there are a lot of nonlinear phenomena, which can be modelled into vari-
ational inequalities and variational inclusions, such as, single processing, image recovery, ma-
chine learning; see, e.g., [1,11,14,20,21,23,31] and the references therein. Fixed point methods
are powerful and popular for dealing various nonlinear operator equations and inequalities in ab-
stract spaces, in particular, for variational inequalities and variational inclusions. Recently, vari-
ous efficient fixed point methods have been introduced and investigated; see, e.g., [4,6,7,15,16]
and the references therein. Let 7' be a nonlinear operator on a Hilbert space H, which is en-
dowed with inner product (-,-) and induced norm || - ||. The fixed point set of T is presented by
Fix(T). Recall that T is said to be contractive iff there is a real number a € (0, 1) such that

ITx=Ty|| <allx—yll, Vx,yeH.
Recall that 7 is said to be nonexpansive iff
[Tx=Ty|| <[lx—=yl, VxyeH.
Recall that T is said to be firmly nonexpansive iff
||TX—Ty||2§<)C—y,TX—Ty>, \V/X,yEH.

It is clear the class of firmly nonexpansive mappings is a special class of nonexpansive map-
pings. One knows the projection operator (see below) is firmly nonexpansive. The class of
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nonexpansive operators is significant in various nonlinear equations and mathematical program-
ming computation. It also has a wide real applications in applied and industrial fields. For var-
ious iterative methods, Mann iteration is popular for dealing with fixed points of nonexpansive
operators. It reads

Xn+1 = (1 - an>Txn + Oyxy,
where {a,} is a real number sequence in the interval (0,1). However, the Mann iteration is
weakly convergent only in infinite dimensional spaces; see, e.g., [8] and the references therein.
To force the strong convergence without possible compact assumptions, various regularized
methods have been investigated in Hilbert spaces and Banach spaces recently; see, e.g., [10,12,
13,19, 24] and the references therein. One of the efficient regularized method is the Halpern
iteration, which reads

Xnt1 = (1= 0ty)Tx, + O,
where {a,} is a real number sequence in the interval (0,1), and x is a fixed anchor. With
some conditions on { ¢, }, it was proved that {x, } converges to x, which is a special fixed point
of T, that is, the nearest point in Fix(7T) to x. Halpern [9] pointed out that the conditions
(cl) 04, — 0 as n — oo and (c2) Y;”_; o, = oo are necessary if the Halpern iteration scheme
converges in norm. In view of (c2), the Halpern iteration may not be a fast iteration. Recently,
a number of researchers investigated the problem of removing (c2) with the aid of projections;
see, e.g., [17,25,28] and the references therein. In 2000, Moudafi [18] further proposed the
viscosity approximation iteration, which reads as follows

X1 = (1 — ) Tx, + 04,5xy,

where S is a contraction. This approximation method, which improves the property of the class
of nonexpansive mappings, is popular from the viewpoint of variational inequalities. Indeed, the
fixed point also solves a monotone variational inequality with S. Another popular regularized
method is the hybrid projection method, which was considered by Nakajo and Takahashi [19]
for fixed points of nonexpansive mappings first. Indeed, they studied the following algorithm

(xo eC,

Yn = (1= 0)Txn + Oy,
On={xeC: (x,—x,x, —x0) <0},
Co={x € C: |x—ynll < [lx—xall},

{ Xnt+1 = Projg,nc,o,

where C is a closed, convex, and nonempty subset of H, and Pro jg,c, 1s the nearest point pro-
jection onto the intersection set. They obtained a strong convergence theorem for nonexpansive
mappings in a real Hilbert spaces without compact assumption on 7. For more general nonlin-
ear mappings though the projection-based method, we refer to [2,3,5,22,30] and the references
therein.

Let C be a convex and closed subset of a real Hilbert space H. From now on, Projc is
borrowed to denote the nearest projection onto subset C, i.e., Projc(x) := argmin{|[x—y||, y €
C}. Let A be a nonlinear mapping on H. Recall that A is said to be

(1) strongly monotone iff there exists a positive constant & such that (Ax — Ay, x —y) > E||x—
y|I?, vx,y € H.

(2) monotone iff (Ax —Ay,x—y) >0, Vx,y € H;
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(3) cocoercive iff there exists a positive constant & such that (Ax — Ay, x —y) > & ||Ax — Ay||?,
Vx,y € H.

Let B : H = H be a mutil-valued nonlinear mapping. Next, we turn our attention to the class
of mutil-valued mappings. B is said to be a monotone mapping if and only if for all x,y € H,
f €Byand e € Bx = (e— f,x—x) > 0. The symbol B~!(0) is used to stand for the set
of zero points of B. Mapping B is said to be a maximally monotone mapping iff the graph
of B, Graph(B), is not contained in the graph of any other monotone mapping properly. Let
JB = (Id+ BB)~!, where Id is the identity mapping, and f3 is a constant. This operator is called

the resolvent of B. Its domain is denoted by Dom(B) in this paper. It is clear B~'(0) = F ix(]ﬁ ).

Consider the following variational inclusion problem, which finds a point x € C such that x €
(B+A)~'(0), where B is a multi-valued maximally monotone mapping, and A is a &-cocoercive
mapping. For the inclusion problem, splitting methods (FB, PR, and DR) are popular for zero
points of the sum of the monotone mappings. Splitting methods were considered by many
authors for image recovery, signal processing and machine learning. The FB-type splitting
method means an iterative method for which each iteration involves only with the individual
operators not the sum. In this paper, with the condition that the solution set is nonempty, we
consider finding a @ € C such that 8 € F(T)N(B+A)~'(0), where T is a nonexpansive mapping
with a nonempty fixed-point set, B is a multi-valued maximally monotone mapping, and A is
a &-cocoercive mapping. We establish a strong convergence with the aid of hybrid projection
and FB splitting in a Hilbert space. Our strong convergence theorem requires less restriction on
parameter sequences and the operators.

To show our main findings, we also need the following necessary tools.

Nearest point projection operator Pro jc has the following property:

HProjCy—ProjcxH2 <(y—x,Projcy—Projc(x)), Vx,y€H.

Lemma 1.1. [27] Let H be a Hilbert space, and let C be a convex, closed, and nonempty subset
of H. Let T be a nonexpansive mapping on C. Then Fix(T) is convex and closed.

Remark 1.1. Let H be a Hilbert space, and let C be a convex, closed, and nonempty subset of
H. LetA:C — H be a £-cocoercive mapping, and let B : H = H be a multi-valued maximally
monotone operator. Then F ix(Jg (Id — BA)) = (B+A)~1(0), where B is some constant, and Id
is the identity mapping. Besides, the resolvent is firmly nonexpansive. From Lemma 1.1, we
have that (B+A)~!(0) is convex and closed.

Lemma 1.2. [27] Let H be a Hilbert space, and let C be a convex, closed, and nonempty
subset of H. Let T be a nonexpansive mapping on C. Then Id — T is demiclosed (Let {x,} be a
sequence weakly converging to x, and let T x,, — x, — o0 as n — oo. Then x is a fixed point of T ).

Lemma 1.3. [29] Let {a,} be a sequence of nonnegative real numbers such that
ani1 < (1 —ty)ay+by+cy, Yn>0,

where {c,} is a sequence of nonnegative real numbers, {t,} C (0,1), and {b,} is a sequence of
real numbers. Assume that

(a) Z:,O:O Cp < 0o

(b) limsup,, .. %2 < 0, Y7t = oo.
Then lim,_,.a, = 0.
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Lemma 1.4. [26] Let H be a real Hilbert spaces, and let C be a convex, closed, and nonempty
subset of space H. Let B be a monotone mapping of C into H and N¢v the normal cone to C at
vedq, ie.,

Nev={weH: (v—u,w) >0, YueC}

and define a mapping T on C by
Bv+Ncv, veC
Tv=
0, vé¢C.

Then T is maximal monotone and 0 € Tv if and only if (Bv,u—v) > 0 for all u € C.

2. MAIN RESULTS

Theorem 2.1. Let H be a real Hilbert space. Let T be a nonexpansive mapping with a nonempty
fixed point set on C, where C is a convex, closed, and nonempty subset of space H. LetA:C — H
be a c-cocoercive mapping. Let f : C — C be a &-contractive mapping. Let {x,} be the iterative
sequence generated in the following process: xo € C and

wp = (1= 0ty)xn + 0 f(x),

2 = Pe(ld — rpA)wy,

Vo= (1=Bu)Tz,+ BuErry,

Xn1 = Yxn+ (L= Ya)yn, Vn=0,

where 1d is the identity on H, {Err,} is a bounded error sequence in C, {r,} is a positive real
number sequence in (0,2¢), and {a,}, {B.}, and {y,} are real number sequences in (0,1).
Assumed that 0 < r < r, <r' < 2c for some r,r' € (0,2¢); Yo 0ty = o0 with limy_e 0ty = 0;

YooBn <0<y < ¥ <Y <1forsomey,y€(0,1), Ly |1 — 0| < oo, and Y7y [Yos1—
Yol < oo, Yo |rng1 — 1n| < oo If Q:= F(T)NSol(A,C) is not empty, then {x,} converges
strongly to a point X € Q, and ¥ = Pg f(X).

Proof. One fixes a common solution x" in Q. Hence,
I = wall = [[(1 = &) (" = xn) + 00 (x" = F(x)) + 0 (f (') — f (x0)) |
< (1= ) X' = xull + 0w lx" = f()] + al £ (xn) — F ()] (2.1)
< (1= au(1 =&)X —xul + o[l — F ().
Note that A is c-cocoercive, which yields that Id — r,A is nonexpansive for any n. Indeed,
|(Id — r,A)y — (Id — rpA)x||? = |ly — x||> = 2ra(y — x, Ay — Ax) + || rpAy — rAx|?
< (ra = 2¢)rallAy — Ax|) + |y —x|1%,
thatis, ||(Id —rA)y — (Id — rA)x|| < ||y —x|| for any y,x € C. From (2.1), one has
X' = za|| = || Pc(x' — rpAx") — Pe(Id — rpA)wy||
< | = rpAX) — (Id — rpA)wy ||
< [l = wal
< (1= an(1=8)) [l = xal + 0 ]x" = f(x)]].

(2.2)
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It follows from (2.2) that
X = yull < (1= BlITx" = Tznl| + Bullx’ — Erra|
< (1= Bl = znll + Bul X' — Err
< [1=0(1 = Ba) (1= E)][IX = xul| + @1 = Bu) [IX" = f ()| + Bullx’ = Erry].

So,
1" = X1 | < Anllx =] 4+ (1 = An) | X" =yl

< An”xl_xn” + (1= A)[1 = 0t (1 = B)(1 —5)]Hx'—xn|]
+ 0 (1= Ba) (1= A) I = f(X) [+ Bu(l = A [x' — Err]|.

Note that Y | B, < oo and {Err,} is bounded. By mathematical induction, one asserts a
bounded sequence {x,}. Hence, {y,}, {z,}, and {w, } are also bounded. Observe that

Wy —Wp—1= (1 - an)(xn _xnfl) + an(f(xn) _f(xnfl)) + (an - Ocnfl)(f(xnfl) _xnfl)-
It yields

[Wn =W
< (1= 00) [0 = X1 [ 4 0| £ () = f (e[ 4+ G = Gt [ (vn1) =200l (2.3)
< (1= 04 (1 = &))[lxn —xn—1l[ + |0ty — 1 [[| f (Xn—1) — Xn—1]]-
Observe that
|20 — zn—1]l

<||(1d — ryA)ywp — (Id — rp—1A)wp_1 ||

< | (1d = 1) — (1 — raA) ||+ (I = raAiny — (Id = ra i A ]|
<A wn—1 = wal| 4+ [rn—1 — ralAwy 1.
(2.3) and (2.4) send us to
|2n — zn—1|
(2.5)
< (1= 0 (1 =&)X = xn—1ll + |0 — Qw1 ||| f (xn—1) = Xn—1 | + [rn—1 — 7| [|AWp—1 ||
On the other hand,
Yn=Yn—1= (1= Bn)(Tzn — Tzp—1) + Bu(Errn — Erry_y)
+(Bu— Ba-1)(Erry—1—Tzn-1).
It results in
1Yn = Yn-1ll < (L= Ba) I Tzn = Tzn—1l| + Ball Errn — Erra—i]|
+|Bn = Bur|l|Erra—1 — Tzp—1|| 2.6)
< (1=PBu)llzn — zn—1ll + BullErry — Erra—1]|
+ 1By = Bu-t||Erry—1 —Tzp1]|-
Combing (2.5) with (2.6), one sees that
Y0 = Y1l
< (L= 0t (1 = &) llxn = xn—1 ]| + |0t — Q1 [[|.f (Kn—1) = X1 (2.7)

+ a1 = ralll|Awn_1 || + BullErra — Erry 1 || + | B — Boot | Errn—1 — Tzn—1 |-
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Observe that

Xn+l —Xn = Yn(xn _xn—l) + (1 - yn)(yn _yn—1> + ('}/n - Yn—l)(xn—l _)’n—l)-
It yields that

[2n+1 =Xl < Wallxn — X1 (] + (1 = %) [lyn — Y1l + [ — Yot [[[¥n—1 — yn—1][- (2.8)
Combing (2.7) and (2.8), one finds
X1 = x| < (1= 04 (1 = &) (1 = )] l}n — X1 |
+ [0t — 1 [[| £ (Xn—1) = Xn—1 | + [ru—1 = rul |AWp—1 || + Bul| Errn — Errp— |
+[Bn = ButlllErrn—1 — Tzp—1|| + [ — Y11 IXn—1 — yn—1]]-

From the restrictions and conditions on the parameter control sequences, one asserts from
Lemma 1.3 that lim,, e ||x,+1 — X,|| = 0. Observe that

I = wall> < (1= o) [ =2 |* + 06 [ = f (20|
It follows that
I —zall* < [[(1d = raA)x' — (1d = raA)wa|®
< ||X = wal? = (2¢ = 1) ra||AX — Awy]|?

< (1= o) | =l > 0| = £ () [ = (2 = 1) | A" — Aw| |2

Furthermore,
I = yull* < (1= B)ITX = Tzu|> + Ball¥' = Err||?
<(1 _Bn)Hxl_ZnHz"‘Bonl_E’"’"nHZ
< (1= ) (1= Bu) ' =5l > + 0 (1 = B [I¥ — £ (xa) |1
— (2¢ = r)ra(1 = Ba) |AY _AWnH2+ﬁn”x _E"rnH27
and
[
< Wll =2+ (=) [ = yall®
<l = x>+ (1= 1) (1= o) (1= ) (1 = %) [ — x>
+ 0 (1= Bo) [l = f ()|
— (2= r)ra(1 = Bu) (1= %) [|AX' — Awy ||* + Byl |x' — Err|®
< =21+ o — £ ) 12
—(2¢ = ra)ra(1 = Ba) (1 = %) [|AX' — Aw >+ Bul|x' — Err.
So,

(2¢ = rn)ra(1 = Ba) (1 — 1) [|AX’ —AWn||2
< (o = xall + [ = 21 1) [0 — X1 |

+ 0| = f () |2+ Bull — Err|*.
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From the parameters on the control sequences, one asserts that lim,,_,c ||[Aw, — Ax’|| = 0. From
the property of projection Fc (i.e., firmly nonexpansive), one arrives at

2||x —an2 <2(x' —zp, (Id — 1, A)X' — (Id — 1, A) qn)
< | = zal >+ 1| (I = raA)x' — (Id — raA)wy)?

— ||lzn — wn + rnAw, — rnAx'||2,

that is,
||xl _ZnH2 < ||x/ _Wn||2 — [|zn _WnHz‘f'ZHZn — wall[[raAwy, —”nAle~ (2.9)
It holds that
I —wal[* < (1= ) [ = xa* + 0t |l = f (o) [
These imply that
I =z ?
<" = wall? = llan = wall* +2l|z0 — wall [ radwn — raAx| (2.10)

< (1= ) | =201+ ol | — £ Cin) 12 = llzn = wall* +2l|z0 = wall[|rnAwn — raAX'||
On the other hand,
I = yull? < (1= B)ITX = Tzu||* + Ball' — Err||?
< (1=Ba)I _Zn”z‘i‘ﬁnux —ErrnHZ.
Combing (2.10) and (2.11), one has
I = ynll? < (1= 0) (1= Bu) [l =25l > 0t |13 = () |I” = (1 = Bo)l| 20— wall®
+ 2|20 — W[ | FaAwn — rpAX || + Ba||X — Erry|?.

2.11)

So, one has
I =2 <l =21 4+ (=3 [ =yl
< Wl =21+ (1= 0) (1= ) (1= 1) [ = 0|+ ¥ — £ () |2
—(1=B) (=) llzn _WnHZ‘f’Z”Zn — Wil l[[rnAwy, — rpAX[| 4 B |¥ _E””n”Za
which sends us to
(1 =B (1= %) llza = wall® < ¥ =xal|* = | = 21 | + ¥ — f(50)

+ 2|20 — wal| ||rnAwy, — rpAx I —{—ﬁon —ErrnHz.

2
I

By the condition on the parameters, one has z,, —w;, — o when n — o and x,, —w, — o when
n — oo, respectively. One also has y,, — Tz, — oo when n — oo. From the generation of x,,. 1,
that is, x,+1 = Yxn + (1 — %)y, we assert y, —x, — oo when n — oo. In view of Pg and f, we
obtain a contractive mapping Pg f. Next, we denote the unique fixed point of the mapping P f
by %, and show that limsup,,_,.,(f(X) —%,w, —X) < 0. Observe that {w, } is a bounded vector
sequence, one may pick a subsequence {w,, } of {w,} such that

limsup(f(X) —X,w, —X) = hm <f()€)—)€,wnm—f>.

n—yoo
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Furthermore, by the boundedness of {w,,,}, we may pick a subsequence {wy,, }, which con-
verges weakly some point . Indeed, we may assume that w,, converges weakly to 7. Let

0, w¢ C,
Mw =
Ncw+Aw, weW.

So, M is a maximally monotone operator. Let (w,w’) € Graph(M). Since z, € C and w' —Aw €
Ncw, one gets (Aw —w',w —z,,) < 0. Observe from the generation of z,, that

<(1d — rnA)Wn —Znyin — W> Z 07
which holds that
(W =2, W) > (W—2zp,,,AW)

Zn, — W
Z <W_an7AW> - <M +Awnm,W_an>

"n,,
an — W”m
N
Zn, — W
- <W o an,AW _Aan> + <W - an’Aan _Awnm> - <W —Znyy M)
i
Zn, — W
Z <W - an’Aan _Aan> - <W _an7 M>
Nm

Since A is Lipschitz continuous, and as n — e, 7, —w, — 0, we get (w —t, w — 0) > 0, that is,
t € M~'(0). This shows from Lemma 1.4 that t € VI(C,A)

On the other hand, T enjoys the demiclosed principle, we easily conclude that 7 is a fixed
point of T, that is, t = Tt. From now on, we show that {x, } converges strongly to x. Observe
that Observe that

1% = yul* < (1 = B TE— Tul* + Ball £ — Erry ||
< (1= Bu)llPe(ld — ruA)% — Pe(ld — raA)wa |* + Bl |T — Erry||?
< (I=Bw)l(d —r,A)x— (Id_”nA)WnHZ"‘ﬁan_E”’"nHZ
< (1= B)[lF = wall> + Ball & — Erra*.
On the other hand,

= wall® < (1= 0) (T =20, T — W) 4 0 (T — f (), T — W) + 0 { () = f (xn), ¥ — W)
< (1= o) % = |1 = wn | 4 0t (¥ = f (%), £ — win) =+ 00| £ (%) — f (o) [ | X — |

and hence
201% = wall* < (1= 0(1 = ENIE =2 > + [ — Wl |?) + 200 (F — £ (%), % — wp).
By using the fact

1= wal? < (1= 0t (1= E)) 1% =25l | + 200 (F — (%), % — w),
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we get
= yall® < (1= B)ITE = Tzul| + Bul|T — Erra |
< (1 =B ||Pc(Id — rpA)x — Pe(Id — ryA)wy||* + Bul| % — Erry||?
< (1= 0 (1 =&)L= ) 18 —xall® + 200 (1 = Ba) (F — (%), % — W) + Bl| ¥ — Erra .

So, it follows that

e =11 < FallF = x>+ (1= ) = yal®

< 1= (1=8) (1= Bu) (1 = BT =5l |* + 206 (1 = Bo) (1 = 1) (T — £ (%), 5 — w)
+Bull T = Erra?

Lemma 1.3 is applicable to the above inequality, and thus, we have the desired conclusion

immediately. This finishes the proof.
OJ

From Theorem 2.1, we have the following result immediately.

Corollary 2.1. Let H be a real Hilbert space. Let T be a nonexpansive mapping with a
nonempty fixed point set on C, where C is a convex, closed, and nonempty subset of space
H Let A : C — H be a c-cocoercive mapping. Let f : C — C be a &-contractive mapping. Let
{xn} e the iterative sequence generated in the following process: xy € C and

Wn = (1 — OCn)xn + (an(x,,),
Xnt1 = YoXn+ (1 = %) TPc(Id — rpA)wy,  ¥n >0,

where 1d is the identity on H, {r,} is a positive real number sequence in (0,2c), and {04}
and {y,} are real number sequences in (0,1). Assumed that 0 < r < r, <r' < 2c for some
nr € (0,2¢); Yo o0y = o0 with limye 0, =0; 0 <y <7y, <Y <1 for some v,y € (0,1),
Yo O — 0| <oo,and Y | |Yns1 — Yol <00, Yooy [Fng1 — 1n| < oo IfQ:=F(T)NSol(A,C)
is not empty, then {x, } converges strongly to a point X € Q, and X = Po f ().
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