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Abstract. The purpose of this paper is to introduce a new explicit extragradient method for finding
minimum-norm solutions of a split feasibility problem in real Hilbert spaces. The advantage of the
proposed method is that it uses the less number of iterations to obtain its strong convergence. Numerical
experiments illustrate the performances of our new algorithm and provide a comparison with related
algorithms.
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1. INTRODUCTION

Let Hy, H», and H3 be three real Hilbert spaces with inner product (-, -) and induce norm || - ||.
We use Fix(T) to denote the set of fixed points of the mapping 7.

In this paper, we consider the classical split feasibility problem (SFP for short). The SFP was
first introduced by Censor and Elfving [7] for some modeling inverse problems that arise from
n medical image reconstruction and phase retrievals [2]. The SFP can be formulated as finding
a point x* in R" such that

x* € C and Ax* € Q, (1.1)

where C and Q are nonempty, closed, and convex subsets of R" and R™, respectively, and A
is a m x n matrix. The SFP, which models the intensity-modulated radiation therapy, has been
extensively investigated by iterative method; see e.g., [10, 11, 13, 15, 16] and the references
therein.

Recently SFP (1.1) was further studied in the infinite dimensional spaces; see, e.g., [4—6, 18].
One of the popular methods for solving the SFP is Byrne’s CQ algorithm [2,3], which generates
a sequence {x,} as follows

Xpn+1 = Pc(x,, — ‘L'nA* (I — PQ)Axn), (12)
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where C and Q are nonempty closed convex subsets of H; and H», respectively, and the step
size 1, is located in the interval (0,2/|A||?), where A* is the adjoint of A, Pc and Py are the
metric projections onto C and Q, respectively.

In [17], Wang and Xu gave the following iterative algorithm for solving the split feasibility
problem

Xni1 = Pe[(1— o) (I — T, A" (I — Pp)A)|xn, (1.3)
where {a,} is a sequence in (0, 1) such that

(1) limy, o0 0, = 0;
(2) I 0y = oo;
(3) I |01 — Q| < o0 0or liMy_ye | Oy 1 — 0| /0 = 0.
They proved the strong convergence of the iterative algorithm (1.3). We remark that Wang
and Xu used the Tychonov regularization method and obtained a net of solutions for some
minimization problems in [17].
Denote the solution set of the SFP by T, i.e., I' = {x € C,Ax € Q}, and assume that I" is
closed, convex, and nonempty.
In order to solve the SFP (1.1), we consider the following minimization problem:

1
inh(x) = ~||(I — Pp)Ax| 1.4
minh(x) = 5[|(1 - Po)Ax|%, (1.4)

The minimization problem is in general ill-posed. A classical way to deal with such a possibly
ill-posed problem is the well-known Tychonov regularization, which approximates a solution
of problem (1.4) by the unique minimizer of the regularized problem:

1
- _ 1
minhg(x) = 5 |
where o > 0 is the regularization parameter. Denote the unique solution of (1.5) by x.
For any o > 0, the solution x4 of (1.5) is uniquely defined. x4 is characterized by the in-
equality (\VA* (I — Pp)Axq + Gxg,x —xg) > 0, Vx € C. Finally, x4 converges strongly as o« — 0
to the minimum-norm solution X of SFP (1.1).

1
(1 = Po)Ax|[* + Sex*, (15)

Lemma 1.1. /71, 18] Given x* € H, where H is a Hilbert space, x* solves the SFP iff x* solves
the variational inequality (A*(I — Pp)Ax*,x —x*) > 0 for all x € C.

We recall that the classical variational inequality problem is formulated as follows: Finding
a point x* € C such that (Ax*,x —x*) > 0, Vx € C, where C is a nonempty, closed, and convex
subset in a real Hilbert space H, and A : H — H is a single-valued mapping.

Korpelevich [9] introduced the so-called extragradient method for finding a solution of the
variational inequality problem, which is expressed as follows:

x0 €C, yp=Pc(xy—AFx,), xpp1 = Pc(xy,— AFy,), VYn>0, (1.6)

where FP¢ is the metric projection of H onto C, F : H — H is monotone and L-Lipschitz contin-
uous on C, and 4 € (0, 7).
Motivated by the extragradient method, the following problem is raised naturally.

Question 1.1. Can we modify iterative scheme (1.6) to solve the split feasibility problem?
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The purpose of this paper is to construct an explicit extragradient-like method for the SFP
so that strong convergence is guaranteed. The paper is organized as follows. In Section 2, we
use the Tychonov regularization to obtain a net of solutions for some minimization problem
and introduce a method to obtain the minimum-norm solution of the SFP. In Section 3, we
introduce a new algorithm and prove the strong convergence of the algorithm. In Section 4,
some numerical experiments are provided to illustrate the performances of our new algorithm,
and a comparison with related algorithms is carried out.

2. PRELIMINARIES

In this section, we give some concepts and elementary facts which will be used in the proof
of the main results. Using the Tychonov regularization, we obtain a net of solutions for some
minimization problem such that it converges strongly to the minimum-norm solutions of the
SFP (1.1).

Recall that [17] an element x € I is said to be the minimum-norm solution of SFP (1.1) if
[1%]| = infrer [lx.

Let T be an operator on a Hilbert space H. Recall that

T 1s said to be L-Lipschitz continuous with L > 0 if, for any x and y in H,
Lljx—yl[-

T is said to be monotone if, for any x and y in H, (Tx— Ty,x—y) > 0.

T is said to be pseudomonotone if, for any x and y in H, (Tx,y —x) > 0= (Ty,y —x) > 0.

T is said to be nonexpansive if, for any x and y in H, [|Tx—Ty| < [[x—y|

T is said to be firmly nonexpansive if, for any x and y in H, (x —y, Tx — Ty) > ||Tx — Ty||*.

It is well known that T is firmly nonexpansive iff 27" — [ is nonexpansive. Equivalently,
T = (I+S)/2, where S : H— H is a nonexpansive mapping.

Assume that S is a nonempty, closed, and convex subset of the Hilbert space H, and let Ps
denote the projection from H to H, that is, Ps(y) = {x € S, min,cg ||x —y]|}. It is well known that
Ps(y) is characterized by the inequality (y — Ps(y),x — Ps(y)) <0, Vx € S, and Ps and (I — Ps)
are nonexpansive and firmly nonexpansive.

Next, we collect some elementary facts which will be used in the proof of our main results.

Tx—Ty|| <

Lemma 2.1. /8, 19] Let X be a Banach space. Let C be a closed and convex subset of X, and
let T : C — C be a nonexpansive mapping with Fix(T) # 0. If {x,} is a sequence in C weakly
converging to x and {(I —T)x, } converges strongly to y, then (I — T )x =y.

Lemma 2.2. []] Let {s,} be a sequence of nonnegative real number. Let {@,} be a sequence
of real numbers in [0,1] with £°_, &, = oo. Let {u, } be a sequence of nonnegative real numbers
with £ u, < oo. Let {t,} be a sequence of real number with limsup,t, < 0. Suppose that
Snt1 = (1 — 0y)Sp + Oty + tty, Vn € N. Then lim,,_se0 5, = 0.

The condition limsup,,_, .7, < 0 in Lemma 2.2 can be slightly relaxed as follows.

Lemma 2.3. [12] Let {s,} be a sequence of nonnegative real number. Let {0y, } be a sequence
of real number in [0,1] with X°_ 04, = co. Suppose that s,41 = (1 — O)sy + Qutn, Vn < 1. If
limsup,,_,..t, < 0 for every subsequence {sn } of {s,} satisfying iminfy_,e(Sp,+1 — Sp,) > 0,
then limy, .. s, = 0.
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Lemma 2.4. [14] Let {w,} and {z,} be bounded sequences in a Banach space, and let {J3,}
be a sequence in [0, 1] such that 0 < liminf,_,e B, <limsup, ... B, < 1. If wpy1 = (1 —By)wn+
Bnzn and limsup,,_,.(||zn+1 — znl| = [|[Wn1 —wnl|) <0, then im0 ||z, — wy|| = 0.

Next, we introduce a new method.

Definition 2.1. Let S = Po(I — yA*(I — Py)A), W = P¢, (I — yA*(I — Pp)AS), and T = I —
1EIan (I—S) with 0 < y <min{1, ||A||}, where C,, := {x € H : (x, — YA*(I — Pp)Ax,, — Sxp,x —
Sxn) <0}, {0, } and {B,} are two real sequences in (0, 1) such that {B,} C (a,1 — &) for some

[e)

a>0,lim, 00, =0,X"_ 0ty =ccand ;|01 — Q| < o0 0r liMy_ye [0y41 — 0| /0 = 0.

Remark 2.1. Take y € (0,min{1, ||A]|}). For o, € (0, m), we define a mapping:

Xox:= (1 —o0p,y)x— B,(I—W)x. (2.1)
It is easy to check that X is contractive. So, X5 has a unique fixed point, denoted by x4, that is,
Xo = (1 - (Xn’}/)x(y - ﬁn (I - W).XG. (2.2)

Lemma 2.5. Let {x,} be a sequence generated by, xo € H, xp+1 = (1 — &,7)x — Bu(I — W)x,.
If there exists a subsequence {x,, } convergent weakly to X € H and limy_, ||x,, — Sxy, || = 0,
thenx cT.

Proof. Observe that (x,, — YA*(I — Pp)Axy, —Sxy,,x— Sx,,) <0,Vx € C, ie., %,(xnk — S, X —
Sxp,) < (A*(I — Pp)Axn,,x — Sxp,), Vx € C. Equivalently, we have

1 " *
?<xnk — 8%y, X —Sxp, ) + (A" (I — Po)Axp, Sxp, — X)) < (A™(1—Pp)Axp, , x—Xp,), Vx€C. (2.3)

Observe that {x,, } is weakly convergent, By the Lipschitz continuity of A*(I — Pp)A, we have
that {A*(I — Pg)Axy, } is bounded. Since limy_se ||Xn, — Sxp, || = 0, then {Sx,, } is also bounded.
Let k — oo in (2.3), we obtain

liminf(A* (I — Pp)Axy,, x —x,,) >0, VxeC. (2.4)

k—soo
Moreover, we have
(A*(I — Po)ASxy, ,x — Sxp,) = (A" (I — Pp)ASxp, — A (I — Pp)Axp,, X — Xp,)
+ (A" (I — Pg)Axp,, X — Xpn) (2.5)
+ (A" (I — P)ASxp, , Xn, — Sxn,).

Since limy_eo || X, — Sxp, || = 0 and A*(I — Pp)A is Lipschitz continuous on H, we have

l}im |A*(I — Pp)Axy,, —A™ (I — Pp)ASxy,, || =0,
—» 00

which together with (2.4) and (2.5) implies that liminfy_,..(A*(I — Pp)ASx,, ,x — Sx,,) > 0,
Vx € C. Next, we show that ¥ € I. We choose a sequence {1;} of positive numbers such that
{n«} is decreasing and convergent to 0. For each k > 1, we denote by ny, the smallest positive
integer such that

(A"(I — Pg)ASxy;,x — Sxy;) + M >0, Vj>ny,. (2.6)
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Since {ny} is decreasing, it is easy to see that {ny, } is increasing. Furthermore, for each k > 1,
since {Sxny, } C C, we have A*(I — Pg)ASxy, # 0. Setting

A*(I — P)ASxyy,
Vay, = )
"N A (T — Pg)ASxny, |1

we have (A*(I — P)ASxuy ,vny ) = 1 for each k > 1. Now, for each k > 1, it follows from (2.6)
that (A*(1 — Po)ASXny, ,X + NVny, — Sxny, ) = 0. Since A*(I — Pp)A is pseudomonotone on H,
we have (A*(I — Pg)A(x + Ny, ), X + MVay, — Sxny, ) > 0, which implies that

(A™(I — Po)Ax,x — Sxny ) > (A" (I — Po)Ax — A" (I — Po)A(x + Mkvny, ), X + Mivay,

. 2.7)

= Sxny, ) — M(A™(I = Po)Ax, vy, ).

Next, we show that limy_,, Nkvny, = 0. Indeed, since x,, — X and limy_seo |[Xn, — Sxp, || =

0, we have Sx,, — X as k — oo. Since {Sx,} C C, we have ¥ € C. We assume that A*(] —

Pp)Ax # 0 (otherwise, X is a solution). Note that A*(I — Pp)A satisfies 0 < ||A*(I — Pp)Ax|| <
liminfy_,o [|[A*(1 — Pg)ASxn || Since {Sxy } C {Sxy,} and limy 1 = 0, we obtain

. . Mk limsupy_,., M«
0 <limsu v = limsu < — =0,
oup v | e I[A (I — Po)ASxy || = Timinfy_.. [|A* (I — Po)ASxy |

which implies that limy_,. MkVny, = 0. Now, the right hand side of (2.7) tends to zero since
A*(I — Pp)A is Lipschitz continuous. Thus liminfy_,e.(A* (! — Pg)Ax,x — Sxy, ) > 0. Hence, for
all x € C, (A*(I — Pg)Ax,x — X) = liminfy_,o(A* (I — Pp)Ax,x — Sxyy, ) > 0. Therefore, ¥ € I'.
This completes the proof. ([l

Theorem 2.1. Let xg be given as (2.2). Then xs converges strongly as ¢ — 0 to the minimum-
norm solution X of the SFP.

Proof. Since I — /(1 — a,¥)(I — W) is nonexpansive, we have

|26 — X[ = [[(1 = 0 ¥)xc — Bu(I = W)xg — (¥ — Bu(I = W)X)|
= [|(1 = 0t ¥)[x6 — Bn/(1 — Q) (I = W)xc]
— (1= aY)[¥ =B/ (1 — 0y y) (I = W)X] — o VX
< (I=auw))[l(x6 = Bu/(1 — A7) (I = W)x5)
— (= Bu/(1— o) (I = W)X)|| + ct ¥l X
< (1= 047)|lxe —X|| + o Y1 X]|

Hence, |[xs — || < ||X||. This shows that {xs} is bounded. From (2.1), we have ||xs — (x5 —
Bl = W)xo)|| = o726l — 0. Assume that {o,} C (0, 252440 is such that 6, — 0% as
n — oo, Putting x,, := x,, we have x,,11 = Xpx, = (1 — 04,7)xp, — Bu(I — W )x,, and

[[xn — (Xn = B (I = W)xn)|| = 0| y6n|| — 0. (2.8)
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Next, we prove that lim,,_, ||x, — X|| = 0. Since ¥ = Pr0, then ¥ € C € C,, and
W, — %||* < (Wax, — %%, — YA* (I — Pp)ASx, — %)
1 . 1 N .
=5 [Wx, — X2+ 5 0 = YA" (I = Po)ASx — x|
1 * 2
— §||Wxn — X + YA™ (I — Pp)ASx,||
1 oo 1 . 1 N
= W, =51 3 [l — 5+ Sy[A" (I — Po)AS, |
) 1
— (X, — %, YA (I—PQ)Aan)—§||Wxn—xn||2
1
— 5y||A*(1r— Po)ASx,||* — (Wxy, — x, YA* (I — Pp)ASx,,)

1 . 1 . 1
= S IWat =2+ 2 otn = 2 = S Wty —
— (Wx,, —X,YA"(I — Pg)ASx,),

which implies that

[Woxy — %2 < |30 — X||* — [[Woxtw — xal|* — 2(Wx, — %, yA* (I — Pp)ASxy)
< o = )|* = [|Wxn — x||* 4 2(yA* (I — P) ASx, % — Sx,,)
+2(yA* (I — Pp)ASxy,Sxpn — Wxy).
Since ¥ is the solution of the SFP, we have (A*(I — Pg)AX,x — %) > 0 for all x € C. By the

pseudomontonicity of A on C, we have (A*(I — Pp)Ax,x —X) > 0 for all x € C. Taking x :=
Sx, € C, we obtain (A*(I — Pp)ASxy,X — Sx,) < 0. Thus,

Wy — &||* < |0 — X2 = [[Waxn — x4 [|* + 2(yA* (I — Pp)ASx, Sx, — W)
= || _JZHZ — [[Wxy _anHz — [ Sx _an2

— 2(Wxy — Sxp, Sxp — xn) + 2(YA™ (I — Pg)ASXy, Sx — Wxy)
= || _XHZ — [[Wxy _anHz — [ Sx _an2

+2(xy, — YA™ (I — Pp)ASxy, — x5, Wx,, — Sxy,).
Since Sx, = Pc,(x, — YA*(I — Pg)Ax,) and Wx, € C,, we have

2(xp — YA* (I — Pp)ASxy, — Sx, Wx,, — Sxy,)
= 2(x, — YA* (I — Pg)Axy — Sxp, Wx, — Sxp)
+2y(A* (I — Pp)Ax, — A* (I — Pp)ASx,,, Wx,, — Sx;,)
<2Y(A*(I — Pg)Ax, —A™(I — Pg)ASxy, WX, — Sxp)
< [YP(IA*(I = Po)Axy — A*(I — P)ASxy||* +||Wox, — Sxa )
< % (AP Pen = Sxall 4+ [[Wx, — S |*)
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Thus,
) ) |Y|2 2 2 2
Wy — |7 < |, — X — e W — Sxin ||~ — (1 = [¥]°)[[Sxn — Xa|
§||xn_i||2-
Note that
- 7 _ 2 w2 2
a A [Wxn — Sxu || +a(1 —[¥]°)][Sxn — x|
< o = E1* = 1 — %[> + 0w yl|%]) .
Indeed,
X1 — X

= [[(1 = @y — Bu) (¥ — %) + Bu (W — %) + 06, %||>
= (1 =ty — B) 10 — %[>+ Bu | Wxa — X||> + 07| %]

— Ba(1 = 0wy = Bu) [0 — Wxal|* = et ¥(1 = @Y = Bu) Xl — Gt ¥Ba|[Woka |
< (1= 0y — Bu) e — XII> + Bul[Wox — X||* + at ¥ ]|

2
. " Y
< (1= 07— Bo)lltu — 5|2+ Bl — P — B ( —ﬁ) Wt — S

— Ba(1 = V)80 — xal|* + a1 ]|
2 W’z 2
= (1 = awy)|lxn — X" — Bn I—W [[Wxn — S|
= Ba(1 = Y1) 1820 — xal|* + a1 ]|

2
o Y o
< o= 52 B (1= 00 ) W = 5 B0 = ) 1550 3P+ oo

Thus,

2
Y
B, (1 _ ﬁ) Wt = S22+ Ba(1 = 1) S50 — a2

< ot =1 = [l — X% + oyl

Moreover, since f3, > a for all n > 1, we obtain

2

(1= 120 ) W5 = S5l + a1 = 12155, 2
< loen — |1 = [|xs1 — X[1> + c ¥l

Note that ||x,1 —X||* < (1= 7)? | — |1 + 06 V2B — Wxn]| [P 1 =[] + 28, % — x4.1)],

Vn > ng. Indeed, setting t,, = (1 — B,,)x, + B,Wx, for each n > 1, we have

1t = X[ < (1 = Ba) [0 = X[ + Bal|Wx — X[ < [lxt2 = X[[, ¥ > no, (2.9)
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and ||t, — xn|| = Bullxn — Wxy]|. Using (2.9), we have

[
= ||(1 - O‘ny) (tn _f) - O‘n}’(xn _ln) - O‘ny)sz
< (1= o ))|[tn — F||* — 2( 04 V(2 — 1) — O Y, Xy | — X) (2.10)

< (1 = 04 Y) loon — X1 + 06 Y2 Bl ben — W |01 — |
+2(X, X% — Xp41)], V1 > ny.

Set a,, = ||x, — #||? and b, = 2B,|xn — Wxn||||Xpe1 — F|| + 2(¥,% — x,41). Then, (2.10) can be
rewritten as a,| < 1 —a,Ya, + o, Yb,. In view of Lemma 2.3, it is sufficient to show that
limsupy_,., by, < 0 for every subsequence {a,, } of {a,} satisfying liminfy_,o (a1 —an,) >0,
i.e., liminfy_se([[%n,4+1 — X||* — ||lx, — X||*) > 0. Suppose that {||x,, — ||} is a subsequence of
{|]%2 — ||} such that liminfy e (][Xy,+1 — ¥||> — ||, —%[|*) > 0. From (2.8), we obtain

limsupa <1 — —2> Wax, — Sxu]|2 + a(1 = |71%)]1Sx, — x|
k—eo 1Al

< limsupx,, — 31 = |1 — ¥ + o y]7]]
—>00

= —liminf[||x,, 1 — %] — |, — ¥]*] 0.
k—yo0

This implies that limy_e ||, — Sxp, || = 0 and limy_e0 [[W2x,,, — Sxy,, || = 0. Thus, ||x,, —Wx,, || <
X, — S, || + || Wxn, — Sxy, || = 0 as k — oo. Since {x,} is bounded, there exists a subsequence
{x,} of {x,}, which converges weakly to a point . From (2.2), we have || — (X — B,(I —
W)E)|| = ||y — 0, ice., & € Fix(T). From limy e ||, — S, || = 0, we conclude that % € T.
On the other hand, we have limy_co || X, +1 — X || = HMg—yeo [0 V]| X, || + Brp || X0, — W, ||] =0,
and limsup_,, (¥,X — xp, ) = limy_e0 (X, X — xp,,) = (X, X — X). From the definition of ¥ = -0, we
have limsup;_,, (¥,X — x,,) = (¥,X —X) < 0. Combining (2.6) and (2.7), we have
limsup (¥, X — xp,+1) = limsup(¥,X —x,, ) = (¥,¥ —x) <O0.
k—ro0 k—yo0

Thus, limsup b, = limsup 2, ||x, — Wxp ||||x,+1 — ¥|| +2(X,X —x,+1) < 0. Hence, it follows from
Lemma 2.3 that lim,_e ||x, — ¥|| = 0. So, x5 — ¥ (¢ — 0), the minimum-norm solution of the
SFP. 0

3. MAIN RESULTS

In this section, we introduce a new extragradient algorithm for solving the split feasibility
problem. Under mild assumptions, the sequence generated by the proposed algorithm converges
strongly to X € I', where ||X|| = min{||y|| : y € I'}. First, the following conditions are assumed
for the convergence of the algorithm:

Assumption 3.1. Assume that {a,} and {f3,} are two real sequences in (0, 1) such that {f3,} C

(a,1—ay,) for some a > 0, limy, 0 0 =0, X, 0ty =0 and X [ Q11 — O] < 00 OF [inty—yeo| O] —
0|/ 0t = 0.

Now, we present our algorithm.
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Algorithm 3.1. Initialization: Give 7 € (0,1) and y € (0, 25). Let x be an arbitrary vector

] Al
n H.

Iterative Steps: Calculate x,,1 | as follows:

Step 1. Compute y, = Pc(x, — YA* (I — Pg)Axy,).

Step 2. Compute z, = P, (x, — YA*(I — Pp)Ayy,), where

Cpi={x € H: (ty — A" (I~ Pg)Ax, —yo,x— yu) < O}.

Step 3. Compute x,1 = (1 — ot — B)xn + Bnzan-
Setn:=n+1 and go to Step 1.

Theorem 3.1. The sequence {x, } generated by Algorithm 3.1 converges strongly to the minimum-
norm solution X of the SFP (1.1).

Proof. Let R, and R be defined by

Ryx = (1—ap)[l — i(I— W)lx = (1—o0y)Tx,

1 - an

and
Rx:=[I— L(I—W)]x =Tx,

1—q
where T =1 — (IE—’&”)(I —W). By Lemma 2.1, it is easy to see that R, is a contraction with
contractive constant 1 — a,, and Algorithm 3.1 can be written as x,+; = R,x,. For any X € T,
we have ||R,X —X|| = ||(1 — o) TX — X|| = a,||T¥|| = a,||¥||. Hence,

X1 —X|| < [[Rnxn — RuX|| + ||Ru% — X||
< (1= 0y [[oen — X[ + 0t || X]|
< max{ [x, — X||, [|X]|}-

It follows that ||x, — || < max{||xo — X, ||%||}, so {x,} is bounded.
Next, we prove that lim, s ||x,41 — x,|| = 0. Indeed,

||xn+1 _xn” = ||Rnxn —Ry_1x,—1 ||
S HRnxn _Rnxn—l H + HRnxn—l _Rnxn—l H
< (1 - an)”xn —Xn—1 || + ||Rnxn—1 —Ryxp—1 ||

Notice that ||Ryxn,—1 — Rpxn—1|| = [|(1 — ) Txp—1 — (1 — 04— 1) Txp—1|| < |0 — Oy—1|||2n—1]]-
Hence, ||x,+1 —Xa|| < (1 —a)||xn — xn—1]| + |0 — &y—1]||xn—1]|. By virtue of Assumption 3.1
and Lemma 2.2, we have lim,,_,c || X+ 1 — X, || = 0. Therefore,

1% = R || < [ %01 = X[ + || Rnn — R || < [ X011 — X || + 0t |xu || = 0.

The demiclosedness principle ensures that each weak limit point of {x,} is a fixed point of the
nonexpansive mapping R = T, that is, a point in the solution set I" of the SFP (1.1).

Finally, we prove that lim, .|x, —¥|| = 0. Choose 0 < 7 < 1 such that %,/(1 — 1) <
2/p(A*A). Then, T =1—-B,(I—W)=1l+(1—1)V, where V=1—-,/(1 —1)(I—W) is
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a non-expansive mapping. Taking y € I', we deduce that

Pt = Y117 = (1 = o) (T = y) = oy ®
< (1= o) [[(Txn = )| + 0 ly[I?
< 2o =) + (L= 1) (Vaty = 3) > + 0t ]2
< T = yIP + (1= 2 (Vata = 9)IIP = (1= 7) xn = Vol > + eIy ||
< Jtw = Y117 = 71 = )l — Va® + 0ty
It follows that
T(1 = )|xn = Vil < [ = y11> = g1 — YII* + 0allyl®
< (ln = 11+ Pt = Y1) Ul = Yl = 21 = 1) + 0ty
< (Il = Y+ st = Y1)l = g1 |+ 0Ly = 0.
In view of T =1— B,(I —S) =l + (1 — 7)V, we have that lim, . ||Tx, — x,|| = 0. Take a
subsequence {x,, } of {x,} such that limsup,_,,(x, — %, —%) = limy_,e(x,, — X%, —X). By virtue

of the boundedness of {x,}, we may further assume, with no loss generality, that Xp, — X
Using ||Rx, — x,|| — 0 and the demiclosedness principle, we know that ¥ € I'. Since ¥ is the

9

projection of the origin onto I', we have that limsup,,_,,(x, — %, —%) = limj_,c0 (X, — X, —X) =
(F— % —%) <0.
Finally, we compute
b1 =% = [[(1 = o) (Tt —3) + o () |
= (1= 06)?[[ (Tt = %) + 05 1]1° + 200 (1 — 00) (T — X, )
< (1= 04) [[(Tx _xv)Hz + an[aonsz +2(1 = 04)(Tx, — X, —5)].
Since limsup, .. {x, — ¥ —¥) < 0 and ||x, — Tx,|| — 0, we know that limsup,,_...(0,[|%||*> +

2(1 — o) (Tx, — X,—%)) < 0. By Lemma 2.2, we conclude that lim,_,c ||x, — X|| = 0. This
completes the proof. ([

4. NUMERICAL EXPERIMENTS

We provide a numerical example to illustrate the effectiveness of our algorithm. The program
was written in Matlab and all results are carried out on a personal DELL computer with Intel(R)
Core(TM)i5-5200 CPU @ 2.20GHz, and RAM 4.00 GB. We take error =107>,10"7,10719,10712,
and 1013, respectively. In Algorithm 3.1, we consider the split feasibility problem (1.1) with
H =R, H,=R,dC=[-20,20], 0= [0,0], Ax=x, and y = §. Take @, = -1, B, = 3, and an
initial point x; = 18. Obviously, x* = 0 is a solution of the problem. In Algorithm 3.1, we have

Yn = Pc(Xn — 3X);
in = PC,, (xn - %yn);

Xppl = (% — ﬁ)xn + %zn.

For (1.2), we take H; =R, H, =R, C = [—20,20], 0 = [0,0], and Ax = x. Take 7, = §, and an
initial point x = 18. Obviously, x* = 0 is a solution of the problem. Then x,, | = Pc(x, — %xn).
From (1.3), we take H; = R, H, = R, C = [-20,20], Q = [0,0], and Ax = x. Take 7, = {,
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oy = nlﬁ, and an initial point x = 18. Obviously, x* = 0 is a solution of the problem. Then

Xn+1 = PC[#(-xn - JTxn)]

Tterative Method | Error | Number of Iterations | Time/s
(3.1) 103 27 0.015625
(1.2) 105 51 0.03125
(1.3) 1073 38 0.03125
(3.1) 107 39 0.03125
(1.2) 10°7 67 0.046875
(1.3) 1077 53 0.03125
(3.1) 10710 58 0.03125
(1.2) 10-10 91 0.046875
(1.3) 1010 76 0.046875
(3.1) 10°12 70 0.0625
(1.2) 10~12 107 0.0625
(1.3) 10712 91 0.0625
(3.1) 1075 89 0.0625
(1.2) 10715 131 0.0625
(1.3) 1015 114 0.0625

From the table, it is easy to see that our iterative algorithm converges faster than the others.
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