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A VISCOSITY METHOD WITH INERTIAL EFFECTS FOR SPLIT COMMON
FIXED POINT PROBLEMS OF DEMICONTRACTIVE MAPPINGS

JINGFANG XIAO, YAQIN WANG*
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Abstract. In this paper, we first propose a new algorithm for the split common fixed point problems
of demicontractive mappings based on viscosity methods and inertial effects in Hilbert spaces. The
algorithm is constructed in such a way that its step sizes are not related to the norm of a bounded linear
operator. Then, we prove some strong convergence theorems under some suitable conditions. Finally, we
provide a numerical example to show the effectiveness of our proposed algorithm. Our results generalize
and improve some known results announced recently.
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1. INTRODUCTION

Let .74 and 7% be real Hilbert spaces with inner product (-,-) and norm || - ||. Let U : & —
A and V : 5 — 75 be nonlinear mappings. Fix(U) and Fix(V) denote the fixed points sets
of U and V, respectively, and N denotes all positive integer set in this paper.

In 2009, Censor and Segal [5] first introduced the split common fixed points problem (SCFP)
as follows:

find x € Fix (U) such that Ax € Fix(V), (1.1)

where A : 77 — 7% is a bounded linear operator, and U : 7 — 4 and V : 75 — 545 are
nonlinear mappings.

There are a number of real problems, such as intensity-modulated radiation therapy, image
reconstruction, modeling inverse problems, and electron microscopy. In studying these prob-
lems, the SCFP plays a significant role. Therefore, many authors studied it and proposed some
effective iterative algorithms; see, e.g., [12, 15, 16, 24, 27] and the references therein.
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In order to further study the solution of the SCFP (1.1), Censor and Segal [5] introduced the
following fixed point equation

p=U(p—tA*(I-V)Ap), ©>0,

and p is a solution to the SCFP (1.1). They proposed the following iterative algorithm. For any
initial point x; € /7], define {x,} recursively by

Xnt1 =U(x, — YA* (I =V )Axy), (1.2)

where U and V are directed operators, A : 4] — %3 is a bounded linear operator with its
adjoint operator A*, and y € (0, 2/||A||*). They showed that the sequence generated by (1.2) is
weakly convergent to a solution of the SCFP (1.1). Later, Moudafi [11] extended their results
to demicontractive mappings. Following Moudafi’s work, many scholars considered the SCFP
(1.1) under various mappings; see, e.g., [7, 8, 17, 18, 21] and the references therein.

Note that, in algorithm (1.2), the step size depends on the operator norm || A ||. However,
computing the norm of the operator || A || is usually complex. In order to overcome such dif-
ficulty, one popular method is to construct variable step sizes. In 2018, Wang and Xu [22]
suggested the following variable step size

Pn

_ , 13
oo — Uty + A (I —V)Axy | (1.3)

Tn

where U and V are two nonexpansive mappings, and {p,} C (0, +o) is a sequence of real
numbers satisfying

Y pe=ccand Y pf < co. (1.4)
k=0 k=0
They introduced the following iterative algorithm:
Xpp1 = O+ (1 — 0 [xn — Tp(xn — Uxy +A™ (I — V)Axy)], (1.5)

where the step size T, is chosen as (1.3) with {p,} satisfying (1.4). They obtained a strong
convergence result for the algorithm (1.5) under suitable conditions.

Recently, based on viscosity approximation methods, Wang et al. [23] proposed the following
iterative scheme for more general demicontractive mappings U and V':

Xnt1 = Buf (xn) + (1= Bu) [xn — T (X — Uxyy + A (I = V)Axy,)], (1.6)

where f is a contractive mapping, and the step size T, is chosen as (1.3). They proved that the
iterative sequence {x,} defined by (1.6) is strongly convergent to p = Po o f(p).

On the other hand, the fast convergence of algorithms play a significant role in many practical
applications. In 1964, Polyak [14] first proposed an inertial type extrapolation as an acceleration
process. In recent years, many authors constructed various fast iterative algorithms by inertial
extrapolation techniques, and proved that the inertial techniques play an important role in ac-
celerating the convergence of original algorithms; see, e.g, [1, 2, 4, 6, 19] and the references
therein.

Recently, Suparatulatorn et al. [20] suggested an accelerated algorithm for the SCFP (1.1)
by combining viscosity approximation methods and inertial effects. Let f: 7 — 7] be a
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contraction, and let xp, x| € .7/ be arbitrary initial points. Their iterative sequence is as follows

Xn+1 = anf(xn+9n(xn_xn—l))+(1_an)[xn+9n(xn_xn—l)
—Pn (X + 6 (X0 — Xp—1)
—U(xn+ 00 (60 —xn—1)) + A (I = V)A(xp + 65 (xn —xp-1)))], n€N, (1.7)

where U : 74 — 74 and V : 76 — 7 are demicontractive mappings, and A : 74 — 773 is
a bounded linear operator with its adjoint operator A*. They proved that the sequence {x,}
generated by (1.7) converges strongly to z = Pg o f(z) provided.

Inspired by the above works, based on variable step size (1.3), we construct a new algo-
rithm by combing viscosity approximation methods and inertial effects for the SCFP (1.1) of
demicontractive mappings. We prove that the sequence defined by our proposed algorithm con-
verges to a solution to problem (1.1). Finally, we provide a numerical example to show the
effectiveness of our proposed algorithm.

2. PRELIMINARIES

Let 7 be a real Hilbert space, and let C be a nonempty, closed, and convex subset of .77.
{xn} C A and x € S, x, — x (x, — x) denote the strong (weak) convergence of {x,}. Fix(V)
denotes the fixed points set of the mapping V.

For x € 7, define the metric projection Pcx from .7 onto C by Pex := arg Iyllelél ||x — sz. Itis

well known that Pc can be characterized by the following inequality: for x € J7,
(x—Pcx,y—Pcx) <0, VyeC.
The following equality is trivial. 2 (x, y) = |lx||> + |[y]|* — ||x — y||*-

Definition 2.1. A mapping V : C — C is said to be
(1) contraction if there exists k € (0,1) such that ||[Vx—Vy| < k|lx—y||, Vx,y € C;
(2) nonexpansive if [|[Vx—Vy|| < |x—y]|, Vx,y € C;
(3) quasi-nonexpansive if Fix(V) # 0 and ||[Vx —Vx*|| < |[x —x*||, Vx € C,x* € Fix(V);
(4) directed if Fix (V) # 0 and ||Vx —x*||> < ||x —x*||> — ||x — Vx||?, Vx € C,x* € Fix(V);
(5) k-demicontractive if there exists a constant k € [0, 1) such that

IVx—x*|* < |lx— x> +k|[x = Vx|, VxeC,x*eFix(V);
or equivalently,

1—k
(x—Vx, x—x*) > Tux—VxH2, Vx € C,x* € Fix(V). 2.1)

Definition 2.2. [20] Let V : C — 7 be an operator. V is said to be demiclosed at y € 7 if
Vx, — y implies Vx =y for any sequence {x,} in C with x, — x € C.

Remark 2.3. Let 7 =1, and V : [, — [, be defined by Vx = —kx for V x € [, where k > 1 (see
[25, Example 2.5]). Then V is %-demicontractive but not quasi-nonexpansive. However, [ —V
is demiclosed at 0. In fact, by assuming that {x,} is any sequence in [, such that x, — x € I,
and || x, — Vx, ||— 0, we can obtain x =0 € Fix(V).

Let us now state some important facts, which will be used to prove our main results later.
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Lemma 2.4. [9, 260] Let {a,} and {c,} be nonnegative real number sequences such that

where {6,} is a real sequence in (0,1) and {b,} is a real sequence. Assume Y ._, ¢, < oo. Then
the following results hold:

(i) If b, < 6,M for some M > 0, then {a,} is a bounded sequence.

W)Uxiﬂ&:ﬂwmﬂhmwp%§OJMM£$ﬁn:O

n—oo

Lemma 2.5. [10] Assume that C is a closed and convex subset of a Hilbert space €. Let
V be a self-mapping of C. If V is T-demicontractive (which is also said to be T-quasi-strict
pseudo-contractive in the work of [10]), then Fix(V) is closed and convex.

Lemma 2.6. [13] (The Demiclosedness Principle of Nonexpansive Mappings). IfV : 7 — 7
is a nonexpansive mapping, then I —V is demiclosed at 0.

3. MAIN RESULTS

Let us assume that the following conditions hold:

(A}) 7 and % are two real Hilbert spaces, and f : 54 — 7 is a contraction with constant
o € (0, %),

(A2) U : 54 — 4 and V : 55 — 4 are demicontractive mappings with coefficients 8 €
[0,1) and u € [0, 1), respectively, and both / — U and I — V are demiclosed at zero, where I is
the identity operator;

(A3) A : A4 — 4 is a bounded linear operator with its adjoint operator A*;

(A4) The problem (1.1) is consistent, i.e., its solution set Q is nonempty.

Now, we construct the following inertial algorithm by using the viscosity approximation
method and inertial effects.

Algorithm 3.1. Initialization: Let xo, x; € 4 be arbitrary initial points. x,i1 is computed
recursively via

Step 1: @y = xp + 0, (xn —xp—1).

Step 2: If ||@, —U(®,) +A*(I —V)A®,|| =0, then stop; else, go to Step 3.

Step 3:

yn=0,—U(w,) +A"(I-V)A®,,
Xnt1 = Buf (©n) + (1 = Bn) [@n — ToYn]
Pn

|, —U(@,) +A*(1—V)Aw,|’
with 6, € [0, 6] C [0, 1) and B, € (0, 1), n € N4

Tn

Theorem 3.2. Suppose both (A}) ~ (A4) and the following conditions hold:
(C1) lim B =0;

n—yoo M1t
(C2) lim g [y —xu1 ]| = 03
(C3) lim B =0, ¥ P = oo
n—eo n=1

(Ca) Ty pir < oo
Then the sequence {x,} generated by Algorithm 3.1 converges strongly to x* = Pg o f(x*).
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Proof. From Lemma 2.5, we find that Fix(U) and Fix(V) are both closed convex sets. Since A
is a bounded linear operator, that A~ (Fix(V)) is closed convex. Thus, Pq is well defined. It
is easy to know that Po o f : 54 — ] is a contraction. From the Banach fixed point theorem,
there exists a unique element x* € 71, satisfying x* = Py o f(x*) € Q. Choose

_min{l_ﬁal_‘u}
dmax{L A7}
By (2.1) and Algorithm 3.1, we have
Vi, O —x") = (O —Uwy, 0, —x")+(A"(I - V)A®,, 0, —x")
= (0, —Uwy, @, —x")+ (I -V)Aw,, A®, — Ax™)
1 - ﬁ 2, 1—-n 2
2 o=V + —=[lI =V)Aa|
1— 1
> Tﬁ||wn—uwnu2+2” 1AV )a?
> 21| @, —Uay|* +[|A*(1 = V)Awu|*)
> (|lon —Uay| +[IA*(I = V)Aay|)?
> 7l (3.1)

It follows from (3.1) and 7, ||y, || = pn that

lon — Tuyn =71 = [l —x*[* = 27 (Y, @0 —x*) + 2Lyl
< low =2 =25, 7llyall> + T lyall®
= [@,—x*|* = 22pa lyall + p7 (3.2)
< o, — x>+ p2. (3.3)

From Algorithm 3.1 and (3.3), we obtain

b1 =17

1Bu(f(0n) = x*) + (1= Bo)[(@n — Tuyn) —x*]||?
Bull £ (@) = |17 +(1 = Ba) |0 — Ty — x|
2,06 [| @ — x| 4[| (") = x[P) 4 (1 = Bu) ([ 0w —x7]|* + 7))
(1= Bl = 20)) [l — x| + 2B, | f (") = 2" > + pi”

2(1 = (1= 20%)) law — x>+ 2B, || £ (") — x|
+293(1_Bn(1_2a2))Hxn_xn—1||2+pn2

2(1 = Ba(1=20%)) [ty —x[|* + 2B (1 — 20%) &, + i,

IAIAIA TN

where

(1-Bu(1-20%) 6;

|| Hf(x*)_x*”z
1—202 B n

&, =
" 1-2a2

n71||2+
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() =x"]|

1-202

the sequence {¢,} is bounded. Letting M* := sup {&,}, for n > ng, we have
neN,

2
for all n € N. By our assumptions (C) and (C3), we see that 1i_r>n g =1L implies that
n—soo

P =12 < 2[(1 = Bu(1 = 20%)) ey = x* || + Bu(1 — 20°)M*] + p,,°
< 2max{|jx, —x*||*, M*}+p2.

It follows that

2 2 2 2 2
tnsr =22 < 2max{, vy — 2|2, oz =212 . Jomgor =212, g — 212}

+Y o

i=ng

Hence, by the above inequality and (Cy), we assert that {x, —x*} is bounded. This follows that
{x,} is bounded. Moreover, by (C;) and (C3), we have

lim [|@, — x,|| = lim 6, [|x, —x,—1]| = 0.
n—roco n—oo

So, {®,} is bounded.
Our next goal is to create an environment where Lemma 2.4 can be applied. To do so, let us

define ay, := ||x, —x*||* forn € N; and set R := sup ||x, —x*||. By Algorithm 3.1 and (3.2), we
neN,
have that

nyl = (Knp1 =X, Xpp1 —2°)
= Pu(f(@n) = F(X7), Xpp1 —x7) + B (F(X7) =X, X1 —27)
+(1 - ﬁn) <0-)n — TnYn _X*a Xn+1 _x*>

< Bua || @ — x| |01 — X[ 4 B (f (X7) = X%, Xnp1 —X7)
+(1 = Bn) | — Tuyn — x| [[xn41 — 27|
1 * * * *
< SBuer(f|@n =P+ an) + B (F(7) =1, s — )
1 *
+§(1_Bn)(“wn_fn)’n_x ”2‘*‘an+1)
1 * E3
< Eﬁna(Hwn_X*HZ‘i‘anH)‘i‘ﬁn (f(x") —x", xpp1 —x7)
1 * (12
+§(1—ﬁn)(!|wn—x 1> =220 [lynll + P + dns1)

= %(1 = Bu(1 = ) ([|@n =" |* + 1) + B (f() =5, a1 —x7)

(1Bl + 51~ Bl
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which gives

1— n 1— * 2 n * * *
it S oo = P () 4 e
2
—m(l—ﬁn)rpn!\ynwmpi
2B,(1—
< ) a4 2R84 6 3l
ZB’I * * *
+m<f(x ) = X%, Xpp1 —X7)
2 1 )
Define
bn: = 2RO, |x,—x H+62Hx —x ||2+2—ﬁn<f(x*)—x* Xpr1—Xx")
n. = n ||An n—1 n n n—1 l—l-,Bn(l—OC) s An+1
—m(l—ﬁn)fpn||yn||7
_ 1 2
T T B )P
and

5 . 2Pll—a)
(1)

for all n € Ny. It is easily seen that 0, € (0,1) forall n € Ny and Y, 6, = c. This implies

n=1
From (C4), we know that Y, 2 < oo, In order to use Lemma 2.4, it remains to show that
limsup g—z < 0. Observe that

n—oo
by < 2ROy |y —xa ||+ 92||xn —Xn—1 H2 + 2—Bn (") =x", Xpy1 —x7)
o " 1+ Bn(l - OC)
2R
< 2R6 — Xp— 02||xp — xp_1|]> + —— ) =x*|.
S L e L
This follows that lim sup% < oo, In fact, lim sup% > —1. Suppose that limsup % < —1. Then,
n—oo n—soo N n—oo

there exists an mg € N4, such that % < —1 for all n > mgy. We derive from (3.4), for n > my,
that

an+1 < (1 - Bn)an - 6}1 +cp < ay— 6n +cp.
By mathematical induction, it is not hard to see that

n n
et <amy— Y, G+ Y ci

i=myg i=my
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This, in turn, yields

n oo
limsupa, < ay, — lim Z S+ Z ¢; = —oo,
n—oo

n—eo i=my i=my

which is a contradiction. Thus, limsup % exists and is at least —1. We then take a subsequence
n—yoo

{Zﬂ} such that
: b b
limsup - = lim —%.
n—oo Op  k—beo 5nk
Without loss of generality, by the boundedness of {x, }, we may assume
limsup (f(x*) —x*, xp01 —x*) = lim (f(x*) —x*, X 41 —x%)
n—yoo k—yoo

exists. This implies that
(1 B ﬁnk)pnkr Hynk”

lim
k—yo0 ﬁnk
also exists. Thus, by the conditions (C}) and (Cs4), we immediately obtain
. . By P T(1 = Buy) 1
lim = lim — =X k =0. (3.5)
k—yeo H}’nk | k—reo Py ﬁnk Hynk | 71— Bl’lk)

From (3.1) and (3.5), we have
[ymll |, = x| = (yngs @ —x7)

l—u
2 2
—vo, P+ E - v)ae, )2

Vv
§8

which implies that
lim ||@,, — U@y, || = lim ||(I —V)A®,, | = 0. (3.6)
k—so0 k—>oc0

Since I —U and I —V are demiclosed at zero, any weak cluster point of {@,, } belongs to Q. In
view of

%011 — @nll < Bl f (@n) — @l + (1= B) T [|ynll
condition (C3), and (3.5), we obtain that

,}1_{?0 Hx"k“ - w"kH =0.

This implies that any weak cluster point of {x,, 1} is also an element of Q. Without loss of
generality, we may assume that {x,, 1} converges weakly to p* € Q. Hence,

: by |
imsup-< < g lim (f(x") =", xyen —x7)
1
= g ) =2 pr—at) <0

Finally, by Lemma 2.4(ii), we have
lim a, = lim ||x, —x*||* =0,
n—oo n—yoo

which concludes that x,, — x* as n — o. This completes the proof. U
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Remark 3.3. Choose p,, = ﬁ, B = (n+1)“ and % <r<1<1,né&N,. The sequences {p,}

and {f,} satisfy the conditions (C;) — (C4) in Theorem 3.2.

Remark 3.4. For a special choice, the parameter 6, in Algorithm 3.1 can be chosen as:

: & n—1 .
i {Hxn—xnflu’ w1 g0 X X

ogense;,e;:{

nﬁg—l , otherwise,
where n € N1, n > 3 and {§,} is a positive sequence such that lim E—” = 0. This idea is from
n—soo Pn

the recent inertial extrapolated step introduced in [1, 3].

If U and V are nonexpansive, then U and V are demicontractive. By Lemma 2.6, we know
I —U and [ —V are demiclosed at zero. Hence, by Theorem 3.2, we have the result below.

Corollary 3.5. Let 74, 5%, f, and A satisfy the conditions (A1) and (A;). Let U : 7] —
JA and V . 76 — 6 be two nonexpansive mappings and Q # 0. Assume that sequences
{pn}, {Bn} and {6,} satisfy the conditions (Cy) — (C4) in Theorem 3.2. Then, the sequence
{xn} generated by Algorithm 3.1 converges strongly to a solution x* = Pg o f(x*) of the SCFP
(1.1).

If U and V are quasi-nonexpansive with Fix(U) # @ and Fix(V) # 0, then U and V are
0-demicontractive. Hence, by Theorem 3.2, we have the following result.

Corollary 3.6. Let 74, 7, f, and A satisfy the conditions (Ay) and (Az). Let U : 544 — J4
and 'V : 75 — 76 be two quasi-nonexpansive mappings and Q # 0. Let [ —U and I —V be
demiclosed at zero. Assume that sequences {p,}, {Pn} and {6,} satisfy the conditions (Cy) —

(C4) in Theorem 3.2. Then, the sequence {x,} generated by Algorithm 3.1 converges strongly
to a solution x* = Pg o f(x*) of the SCFP (1.1).

4. NUMERICAL EXAMPLE

In this section, in order to demonstrate the effectiveness, realization, and convergence of
Algorithm 3.1, we consider the following example in (R, | - |).

Example 4.1. Let 74 = 7% =R. Let f: R — R be defined by f(x) = 3x. Let A, U, and

V :R — R be defined by Ax = 2x, U (x) = —2x and V (x) = —3x, respectively. Choose 6, = % 0,,

Er=——, pp=—1—+,and B, = -, n € N;, where the parameter 6, is taken from Remark
(n+1) (n+1)7 n+1

3.4. Then, the sequence {x,} generated by Algorithm 3.1 converges strongly to a solution of

the SCFP (1.1).

It is easy to see that Fix(U) = {0} = Fix(V) and A~'0 = 0. Thus the solution set Q = {0}
of the SCFP (1.1) is not empty. Also f is a contraction with constant % A is a bounded linear
operator and its adjoint operator A*x = Ax = 2x. From Remark 2.3, we obtain that U and V
are %-demicontractive mapping and %-demicontraetive mapping, respectively. Both / — U and
[ —V are demiclosed at zero. It can be observed that all the assumptions of (A;) ~ (A4) and all
the conditions (Cy) ~ (Cy) are satisfied.

Algorithm 3.1 is reduced to the following: Let xo, x| € 7] be arbitrary initial points.

Step 1: @, = x,, + % 0 (xXp — Xp—1)-



10 J. XIAO, Y. WANG

Step 2: If ||, || = 0, then stop; else, go to Step 3.

Step 3:
yn = 190.)”,
— (2n4+1 19
Yot = (F25h — 250,
r — ()
e flea

for n € N,. Hence, from Theorem 3.2, the sequence {x,} generated above converges strongly
to 0 € Q = {0}.
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