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Abstract. An extragradient-like iterative process is introduced and investigated for two cocercive map-
pings and a strictly pseudocontractive mapping. A convergence theorem of common solutions of a fixed
point problem of a strictly pseudocontractive mapping and of two variational inequalities is established
under appropriate conditions on control sequences.
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1. INTRODUCTION-PRELIMINARIES

Fixed points of nonlinear operators are under the spotlight of research in the communities of
nonlinear functional analysis and optimization theory. Fixed points of nonlinear operators pro-
vides and guarantees the existence of nonlinear equations, differential and integral. In addition
to the existence of fixed points, the approximation of fixed point is also important from view-
point of real applications. Indeed, many problems arising in signal processing, image recovery,
medicine, transportation and so on can be modelled and solved by fixed point methods; see,
e.g.,[1,2,3,8,09].

Next, we give some definitions of nonlinear operators. They were extensively studied due
to their wide applications in various equations. Let 7" be a nonlinear operator with the domain
Dom(T) and the range Ran(T), and let Fix(T') denote its fixed point set. One recalls that T is
said to be contraction if and only if

ITx=Ty[| < Allx=yll, Vx,y € Dom(T).

It is also called a A-contractive mapping. Let X be a complete metric space. It is known that
Picard iteration, x| € C, x,,11 = Tx,, n > 1, converges to the unique fixed point of contractive
mappings, the Banach fixed point theorem, which is fundamental and essential for a lot of the
existence problems of various nonlinear equations.
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One recalls that T is said to be nonexpansive if and only if
ITx=Tyl| < [lx=yll,  Vx,y € Dom(T),

that is, the Lipschtiz mapping with the constant 1. The theory of nonexpansive mappings (ex-
istence and approximation) attached much attention due to their wide application; see, e.g.,
[7, 23,24, 28, 33]. The simple Picard cannot convergence to fixed points of nonlinear mappings
even that they have fixed points. Let C be a convex and closed subset of a Hilbert space H.
Let T be a nonexpansive mapping with fixed points. The Krasnoselski-Mann iterative process
(normal Mann iterative process) has been extensively studied due to its power in dealing with
fixed points of nonexpansive mappings. It reads

X1 = (1 — oty)xn + @, Txyp,

where {0, } is a positive real number sequence in (0,1) and T is a nonexpansive mapping on
C with fixed point. Krasnoselski-Mann iteration is desirable for solving fixed points of non-
expansive, however, the convergence is weak, that is, the iterative sequence converges weakly
(converges in weak topology) to a fixed point of a nonexpansive mapping. For an example,
we refer to [11]. As we know that a number of real problems happen in infinite dimensional
spaces, the strong convergence is better than the weak convergence in many aspects. So, how to
improve the Krasnoselski-Mann iteration to reach the strong convergence is an interesting and
important problem. For obtaining the strong convergence of the Krasnoselski-Mann iteration,
there two kinds of regularization methods: projection-based methods and contraction-based
methods; see, e.g., [16, 17, 21, 26, 32] and the references therein.

For projection-based methods, CQ methods are popular and efficient, which need to calculate
the metric projection. The drawback is that it is not easy to implement these method since
metric projection is not easy to calculate in a number of situations. In this paper, we focus on
contraction-based methods. First, we have to mention the classical Halpern iteration

where {a,} is sequence in (0, 1) and u is a fixed vector in subset C. This iteration uses con-
tractive mappings, that is, the convex combination of nonexpansvie mapping 7" and fixed vector
U is a contractive mapping. We remark here that this iteration is really powerful (1) no metric
projections are involved, (2) strong convergence is guaranteed, (3) Weak conditions are required
only, and (4) both Hilbert spaces and Banach spaces are valid; see, e.g, [15, 22, 30] and ref-
erences cited therein. Along the line of the Halpern iteration, one of the improvement is the
Moudafi viscosity, i.e.,
Xn+1 — anf(xn) + (1 - an)Txm

where {a,} is sequence in (0,1) and f is a fixed contractive mapping. Indeed, the convex
combination of f, the contractive mapping and 7', the nonexpansive mapping is also contractive.
For convergence theorems of the Moudafi viscosity, we refer to [18, 25, 34].

Next, one recalls another important mappings, strictly pseudocontractive mappings. 7 is said
to be strictly pseudocontractive if only if

ITx—Ty|* <E|lx—Tx+Ty—y|>+ lx—y|*>, VxyeH,

where £ denotes the real number in [0, 1). Obvious, if & = 0, then it reduces to a nonexpansive
mapping. If & = 1, then it reduces a pseudocontractive mapping. Strictly pseudocontractive
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mappings were introduced by Browder and Petryshyn in 1967 [4]. It is an important extension of
a nonexpansive mapping. Its fixed point has been extensively studied by Halpern and Moudafi
iterations. The nonlinear term &||x — TxTy — y||? cases the difficult in dealing this nonlinear
operator.

Moudafi iteration turn our attention to variational inequalities since the fixed point got by
Moudafi iteration is also a solution to a variational inequality with the contractive mapping
f. For both Halpern iteration or Moudafi iteration, o5, — 0 as n — o and )" | &, = oo are
necessary for the convergence analysis.

Let A be a nonlinear operator on H with some monotonicity. One now recalls the following
variational inequality problem is to find an x € C with (y —x,Ax) > 0, Vy € C. The symbol
Sol(A,C) is borrowed to denote the solution set of the variational inequality. Projection gradient
method is popular to study the variational inequality due to equivalence between the inequality
and fixed points. That is, & is a a fixed point of Pro jg (Id —tA), where Id stands for the identity
mapping and 7 stands for a positive real constant, if and only if & is a solution of the variational
inequality. Many results were obtained by using this equivalence for the variational inequality
in finite dimensional and infinite dimensional spaces, respectively, see, e.g, [5, 6, 12, 19, 20]
and the references therein.

With some monotonicity on A, Pro jg (Id —tA), the resolvent operator, is nonexpansive. Re-
calling the monotone operator theory, we list the following definitions. A mapping A is said to
be cocoercive if and only if there exists a positive real number a such that (Ax — Ay, x —y) >
a||Ax — Ay||?, Vx,y € H. It is called also the a-inverse-strongly mapping. A mapping A is said
to be a monotone mapping if (Ax —Ay,x —y) > 0, Vx,y € H; Obvious, cocoercive mappings are
monotone. Indeed, they are also continuous.

In 2005, Tiduka and Takahahsi [13] studied the variational inequality with a cocoercive map-
ping and a fixed point of nonexpansive mapping. In 2007, Yao and Yao [36] further studied the
same problem by a new extragradient-like method a cocoercive mapping and a fixed point of
nonexpansive mapping. Recently, various contraction-based methods were extensively studied
by many authors; see, e.g., [10, 14, 31].

Finally, we need and list some important tools for our solution theorem.

Let Proj¥ be the metric projection onto C: ProjH (x) := argmin{|[x —y||, y € C}. It has the
following very well-known properties:

(x—Proj(x),y— Proj#(x)) <0, VxeH,yecC.
1Projg (x) = Projé )|* < (Proj¢ (x) = Proj¢ (y),x—y), Vx€H.,y€H.
The last property is commonly called the firm nonexpansivity property.

Lemma 1.1. [37] Let C be a convex and closed subset of a Hilbert space. Let T : C — C be
a strict pseducontraction. It yields that Fix(T), the fixed point set of T, is convex and closed.
Besides, [ — T is demiclosed.

Remark 1.2. Since nonexpansive mappings are also strictly pseudocontractive, we have that the
fixed point set of a nonexpansive mapping also is convex and closed, and / — T is demiclosed.

Lemma 1.3. [37] Let C be a convex and closed subset of a Hilbert space H. Let T : C — C be a
k-strictly pseudocontractive mapping. Let T be a mapping defined by T'x = tx+ (1 —t)Tx for
each x € C. Then S' is nonexpansive such that Fix(T") = Fix(T) providedt € [k, 1).
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The following lemma is a result of [29] in Hilbert spaces.

Lemma 1.4. Let H be a real Hilbert space. Let {y,} and {x,} be bounded vector sequences in
space H. Let €, € (0,1) be a sequence such that 0 < liminf, .. &, < limsup,_,..& < 1. Put

Xn+1 = (1 - gn)xn + &nyn- If

limsup(||&, — &41]| — [|[Xn — Xn11]|) = 0,
n—seo

then limy,_,c || X, — €,]] = 0.

Lemma 1.5. [35] Let {x, } be a nonnegative real number sequence with the relation x, 1 < (1 —
tn)Xn+Yn+ 20, Vn > 0, where {z,} is a nonnegative real number sequence such that Y .z, <
oo, {yn} is a real number sequence such that limsup,,_,.,7* <0, and {t,} C (0,1) such that
Yo oth = . Then lim,_,..x, = 0.

Lemma 1.6. [27] Let C be a convex and closed subset of a Hilbert space H. Let Ncv denote the
normal cone to C atv € C, and B : C — H a monotone mapping,

Nev={weH:{v—uw)>0, VYueC}.

Further, give a mapping X on C by

0, vé¢C,
Xv=
Bv+Ncev, veC.

Then X is maximal monotone and 0 € Xv if and only (u—v,Bv) >0, Vu € C.

2. MAIN RESULTS

Theorem 2.1. Let C be a convex, closed, and nonempty subset of a Hilbert space H. Let
Pro jg be the nearest point projection from space H onto its subset C. Let A be an -cocercive
mapping, and let B be B-cocercive mapping. Let {t,} and {s,} be two nonnegative real number
sequences. Let {a,}, {Bn}, and {v,} be three real sequence in (0, 1) such that o, + B, + 1, = 1.
Let f be a A-contractive self-mapping on C with coefficient A € (0,1), and let T be a strictly
pseudo-contractive self-mapping with coefficient K on C. Let {x, } be a vector sequence defined
by the following iterative process

zn = Proj¥ (1d — s,B)xy,
Vo = Projg(ld —1,A)zp
Xn+1 = anf()’fl) + (1 - AVl)'}/rtTyn +)Ln'}/n)’n +ann-

Assume that the control sequence satisfy the following restrictions 0 < s’ < s, <s" <28,
0<i <1, <t"<2B, = 0asn—o0, Yo 0 =00 K< <1, limy_e0|Ay — Ays1] =0,
limy oo |$n — Spt1| = 0, limy_ye |ty — ty41| = 0, and 0 < liminf, . B < limsup,_...f < 1. If
Y = Sol(A,C)NSol(B,C) N Fix(T) # 0, then the sequence {x,}, generated via the above iter-
ation, converges strongly to a special solution x*, which is the unique solution to the following
variational inequality: (f(x*) —x*,x* —y) >0, Vy € T.
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Proof. To show the vector sequence {x,} is bounded, we need show that both Id — s,B and
Id —t,A are nonexpansive. From the cocoerciveness of the two mappings, we have
|(Id — 1,A)% — (Id — 1,A)%||*> = || — £||* + 12 ||A% — AR||> — 21, (¥ — £, A% — A%)
< ||&—£||* +12||Ax — A%||> — 21,0 ]| A% — A%
= ||x— £||? + ta (1, — 200) || A% — AR||?, VE,£€C,

and

|(Id — 5,B)% — (Id — 5,B)%||* = ||X — £||* + s2|| BX — B||* — 25, (% — £, BX — B%)
< ||Z — £||* + s2||B% — Bz||* — 25, ||B — B||*
= || — £||* + su(s, — 2B)||BX — Bf||?, Vx,%€C.
From the condition on {z,} and {s,}, we have that Id —t,A and Id — s,,B are nonexpansive. By
putting T* := A,1d + (1 — A,)T, we see from Lemma 1.3 that T is a nonexpansive mapping.
Besides, Fix(T*) = Fix(T) for all n. Let 8 € Y be a common solution. Then
20 — 61> < [|(1d — $yB)x — (1d — 5,B)6)|?
< [Jxn — GHZ —5n(2P — 5n)[|Bxn _Be”z
< Jlxu — 617,

and then
[yn — 6> < [|(Id — taA)zn — (Id — 1,A) 0]
< lzn — 61> — ta(20t — 1) | Azy — AB||?
< flzn— 6% < [lxa —6]I*.

It implies from the nonexpansivity of 7 that

et = O11 < Ball TP yn = TH6| + 0l £ () = £(0) |+ 0t £(6) — O + Bullxn — 6]
< Yallyn = 1l + 0 |[yn — O] + 0[] £(6) — O] + Bul|xn — 6]
< Yallxn — 61| + 0 || — O] + 0| f(6) — O] + Bul|xn — 6]

L R ]

By a simple mathematical induction, one asserts that {x,} is a bounded vector sequence in C.
Since Pro jg is nonexpansive, one also asserts

lensr — 2l = [1Pro (1 — sy 1Byt 1 — Projt(1d — suB)|
< |[(Jd = sni1B)xng1 — (Id = suB)a|
< ||(Id — $pB)xp41 — (Id — sp11B)xXp11 || + || (Id — $pB)x, — (Id — 5,B) Xy 11 ||

< It = Sal 1B 1|+ 60 — 01,
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and

[Yn+1 =Yl = [|[Proj& (Id — ty1A)zn11 — Proj¢ (Id — t,A)z |
< H(Id _tn+1A)Zn+l - (Id_tnA)ZnH

< |Id = 1,A)zp41 — (Id =ty 1A) Znp1 || + || (Td — 1,A) 2 — (Id — 1,A) Znt1 |
< ltnsr = tnllAzns1 || + [|20 = 2t ||

The two estimations above show that

19 =11 < [ttt = tal Ao 11 81 = Sl 1Bt ]|+ s 1]
Observe that
T2yt = TPyt | < et = Ml lynst — Ty -
This further shows that
T2yt = THyl| < (T2 i = Tyt |+ | T g1 — Ty

<[ Ty, = Tyt |4 e = Va1 |
<2 = st [ (I Tyt |+ [yt ) + 1vn — Va1 |
< |xn = Xng 1]+ (tag 1 = ta] + [An = At | + [Sng1 — s )M,

where M is an appropriate constant. To use Lemma 1.4, we put g, = ”*1‘_;[?""” Hence,

Ot f O ) + e T s 0 f () + Ty
8n+1 - 8n — - .

1— ﬁn+1 I— Bn
We estimate as follows
||8n+1 - 8n||
Oyl (0
< n—Hf()’nJrl) - T/I"H)’nﬂ || + ||Tl"+1)’n+1 - T/lnyn“ + . ||f()’n) - Tln)’nH
1- ﬁnJrl 1— ﬁn
Oy

(04
< f Gne) = Tyl 4 2 1FOn) = Tl + [0 — X1 |
I_BnJrl I_Bn

+M(|tn+l —tn| + MnnLl _A«n| + |Sn _Sn+l‘)7

that is,

||£n+1 — &l — ||xn+1 — Xu|

Oyl (0
< | f Onet) = Tyt |+~ 1 f On) — Ty
l_ﬁnJrl l_ﬁn

+M(|Sn+1 _Sn‘ + ’tn+1 _tnl + Mn _)Ln+1|)-

Since the above vector sequences all are bounded, one immediately obtains

limsup(||&; — &1/ = ||Xn —Xn41]]) = 0.
n—oo
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Lemma 1.4 indicates that ||&, — x,|| — 0 as n — oo. It follows that ||x,+] — x| — 0 as n — oo
due to x,,+1 —x, = (1 — B,) (€ — x,). On the other hand, we have

01 — 012
= [ a(f () — ©) + Bu(xn — ) + % (T?y, — 0)]?
< 0| f () = O + Bullxn — 01| + 1| Projié (1d — tnA)zn — Proj¢ (I1d — 1,A) 8>
< 0| £ () = O + Bullxn — 61> + 1| (1d — 5,B)x — (1d — 5,B) 6|
< || f () = O + [ — O11* + 50(52 — 2B) %l | Bxn — BO|I?,
which indicates
5n(2B — ) Yal|Bxn — BO|1* < 0| £ () — 011> + [[xn — X1 (|12 — O] + [[41 — 61]).

The restrictions on {0, }, {8}, and {s,} yield that lim,_,. ||Bx, — B6|| = 0. Note that Proj is
firmly nonexpansive. This shows that

za— 6||? = (Proj2 (Id — 5,B)x, — Proj& (Id — 5,B)6,z, — 6)
< ((1d — s,B) n—(Ia’—snB)G,zn—9>

1
E(Hxn—eHerHzn—9||2—H( —2n) — $u(Bx, — BO)||?)
1 2 2 2
= 5 (lxa = 0117+ llzn = O — [lxn — 2nl|” + 2{|xn — za[[| Bxn — BEO]),
that is,
20— B> < [|xa — 011>+ 2||xs — 2 || By — BO| — | — za|*-
Note that

1 = O1 < 0l () = O + Bullxu — 017 + 1l Ty — T 0|
< 0l f () = 81> + Bulln — O + 12| Proj¢ (1d — 1aA)z, — 6]
< Ou[|f () = 0117 + Bulla — 611 + %l zn — 6.
With a substitution, we arrive at
b1 — 811> < 0tall £ (vn) — 8117 + [l — O11* — Tl — zul|* + 2%l Pn — 2l Bxa — BE].
that is,
Yullxn — 2n
< 01 () = 01> + [ln — 81> = w1 — 01> + 2% tn — 2| Bxn — B,
< 0/l () = 811 + (1w — Ol 4 [xs1 = B11) [0 =51 | 422 — 2zu | | B — BE|.
Using the conditions on {a, } and {B,}, we obtain that ||z, —x,|| — 0. Observe that
i1 = 017 < 0l f() = O + Bullxa — 017 + Wl TPy, — TH 6
< 0ul|f () = 011 + Bulln — 811 + ¥all (1d — 1)z — (Id — 1,4) 0|
< 0l f () = 81> + [l — 0%+t (1w — 20) Yl | Azs — AB %,

I”?

SO

1 (20— 1) 1| Az — AB |2 < L F(3) = B2+ (s — O] + 11 — 1) — %1 |
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Using the restrictions on {a,}, {B,}, and {#,}, one asserts ||Az, —A6| — 0 as n — . Since
Proj¢! is firmly nonexpansive, we also have 2|y, — 61> < ||x, — 6(1*+ |y, — 61|* — [[yn — zal|* +
2||yn — zn|||Azn — AB||, that is,

10— 011> < 120 — 01> = [lyn — 2a|* + 21|30 — 2nll||Aza — A
With a substitution, we have

st = 1% < 0all £ () = B> + Ballxn — 011 + | T — O
< 0ullf () = 0117 + [xn = O11 = Yallyn — 2> +2llyn —zall|Azu — A8,

which is equivalent to

Yallyn = zall* < 0all £ () = 81> + (Il — 81| + 1 — B1]) 0 — 201 |
+2[lyn = zall|Az, — AB]].

This clearly indicates ||y, — z,|| — 0 as n — oo. In view of x,,1 1 = Q. f (yu) + YTy, + Bux, and
||%n — Xu41]] — 0 as n — oo, we have x,, — Ty, — 0 as n — . Observe that

||)’n - T)’nH < HTyn - T;LnynH + Hyn - T/lnynH
< 2| Tyn = yul| + %0 — T)L”ynH + %0 = za|| + ||z — Y-

This proves that ||y, — Ty,|| — 0 as n — oo. Since {y,} is a bounded vector sequence, we may
directly assume that it converges weakly to some point, say g. By Lemma 1.1, we have that
q € Fix(T).
Next, we show that limsup, .. (x,+1 —x*, f(x*) —x*) > 0. Let U be the maximally monotone

mapping defined by:

Bx+Ncx, xeC,

Ux=

0, x¢C.
We have y — Bx € Ncx, where (x,y) € Graph(U). So, (x —m,y — Bx) > 0, for all m € C. From
Zn = Projc(x, — spBxy), one obtains (% + Bxy,x —z,) > 0. Since z,, € C, one has

(x—2,y) > (x—24,Bx)

in —Xn
Sn

> (x—2z4,Bx) — ( + Bxp,x — zp,)

in —Xn

= (x — zp,Bx — Bz,) + (x — 24, Bz, — Bx) — (

).

x —
5, s Zn>

In—X
> <X_Zn;BZn _an> - <x — Zn, = =
Sn
Since {z,} also weakly converges to ¢, then (x —¢g,y) > 0. By the fact that U is maximally
monotone, one has that ¢ € T~1(0), so ¢ € Sol(B,C). In the same way, we can give g €

Sol(B,C). Hence, g € Y. From the projection and the inner produce, we have that

limsup(x,+1 —x, f(x*) —x*) <O0.

n—eo
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Finally, we observe that

[Pt =212

< 1 =X, 0 (f(0n) —27) + Bu(oen —x7) + 'Yn(Tl")’n —x"))
< QX1 =X f () = X7) 4 B (onr1 — X700 — X7) + Y (X1 — X7, 90 — X7)
< O (gt — X7 f(87) = x7) + O (g1 — X7, f () — f(x7))

B (n 1 = X7 2 = X7) + g1 — X", Ty, — x7)
< O (g1 = X7, f(x7) = x7) 4 0 [l — x| f (yn) — () |

+ Bl 1 = [[1ben = x|+ Yl s =170 — |
e % a %
< 0t =27 F() =0T (W =2+ 1 ) = £

T

*1(12
. n

Bt =24 =12 4 2 s 2 =),

It follows that

[Pone1 = < 204 (ny =, f () =) ol f () — ()P
+ Balln =17 + %l lym — 27
< 200 (gt — 2, F(6") =)+ 0 [y — 27|17
+ Bl — 2712+ Yl lyn — "%
<200 (41 =27, F(°) =)+ (1= 0 (1= 4)) Jxn — "%

By using Lemma 1.5, we concluding x,, — x* as n — oo. This completes the proof. U

From Theorem 2.1, we have the following results on two variational inequality problems
immediately.

Corollary 2.2. Let C be a convex, closed, and nonempty subset of a Hilbert space H. Let
Pro jg be the nearest point projection from space H onto its subset C. Let A be an -cocercive
mapping, and let B be B-cocercive mapping. Let {t,} and {s,} be two nonnegative real number
sequences. Let {a,}, {Bn}, and {,} be three real sequence in (0, 1) such that o, + B, + 1, = 1.
Let f be a A-contractive self-mapping on C with coefficient A € (0,1). Let {x,} be a vector
sequence defined by the following iterative process

zn = Proj¥(1d — s,B)xy,
Yo = Projg(ld —1,A)zZ,
Xn+1 = anf(Yn) + Yu¥n + ﬁnxn-

Assume that the control sequence satisfy the following restrictions 0 < s’ <s, <s" <28, 0<
/' <t, <t"<2B, 0, > 0asn—o0, Y | 0ty =00, liMy_so0 |y — Spt1| =0, iMy_ye0 |ty — 41| =0,
and 0 < liminf, . B <limsup,_,.,B < 1. If Y = Sol(A,C) NSol(B,C) # 0, then the sequence
{xn}, generated via the above iteration, converges strongly to a special solution x*, which is the
unique solution to the following variational inequality: (f(x*) —x*,x*—y) >0, Vy €Y.
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