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EXISTENCE AND STABILITY OF SOLUTIONS FOR COUPLED FRACTIONAL
DELAY Q-DIFFERENCE SYSTEMS

CHUNPING TIAN, HAIBO GU∗, NING LI

School of Mathematics Science, Xinjiang Normal University, Urumqi 830017, China

Abstract. In this paper, we study the existence and stability of solutions to a class of coupled fractional
delay q-difference systems and obtain some similar results in a generalized Banach space. Finally, two
examples are provided to illustrate the results.
Keywords. Coupled fractional q-difference system; Generalized Banach space; q-Gronwall inequality;
Ulam stability.

1. INTRODUCTION

As an active direction, fractional calculus has broad prospects and has been successfully
applied in many fields, such as physics, stochastic process, anomalous diffusion abd so on. q-
Calculus as an important bridge connecting mathematics and physics plays an important role
in quantum mechanics, nuclear and high energy physics, generation mathematics, and com-
puter field. With the development of the theory, many real-world phenomena can be modelled
with a high accuracy by different fractional boundary value problems. q-Calculuses were first
investigated in [3, 8, 11, 17, 18]. In recent years, q-Calculus was mainly applied in engineer-
ing and economics. Ferreira [10] considered the boundary value problems of the fractional
q-difference equations with the properties of the Green’s function and the fixed point theo-
rem. In [5, 12, 16, 22], the existence results of solutions for fractional q-difference equations
were studied. Subsequently, many researchers focused on fractional q-Calculus systems in
various cases, including multi-point boundary value, integral boundary value, different frac-
tional differential operators with the delay variables, and composition operators problems; see,
e.g., [6, 14, 15, 19, 20, 21] and the references therein. But the stability of coupled fractional
q-difference equations were relatively less explored. In [7, 23], the stability of fractional dif-
ference about non-autonomous systems and quantum equations of Euler type was discussed,
respectively. In [1, 2, 4, 9, 13], the existence and finite-time stability of a class of fractional
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q-difference time-delay systems by the q-Gronwall inequality and the fixed point theorem were
studied.

In [13], Ma et al. discussed the stability conditions of the coupled systems of a fractional
q-difference Lotka-Volterra model by the fixed point theorem:

cDα
q u(t) = c(t) f (t,u(t),v(t)), t ∈ (0,T ],

cDβ
q v(t) = d(t)g(t,u(t),v(t)), t ∈ (0,T ],

u(0) = γ, Dqu(T ) = 0,

v(0) = δ , Dqv(T ) = 0,

where cDα
q , cDβ

q is the Caputo fractional q-difference derivative of order 1 < α,β ≤ 2, c,d ∈
C([0,T ],R), f ,g ∈C([0,T ]×R2,R), and T = qn0 .

In [9], Butt et al. considered the Ulam stability of the time-delay equation by the fractional
q-Gronwall inequality: {

c
aD

α
q u(t) = F(t,u(t),u(℘(τt))), t ∈ Ta,

u(t) = Φ(t), t ∈ Iτ ,

where u : Tτa→ R, F : Tτa×R2→ R, ℘ : Ta→ Ta, Φ : Iτ → R, Ta = [a,∞)q, τ = qd, d ∈ N0,
and c

aD
α
q denotes the Caputo fractional q-difference operator of order 0 < α < 1.

In [2], Abbas et al. investigated the coupled implicit Caputo fractional q-difference systems:
(cDα1

q u1)(t) = f1(t,u1(t),u2(t),(cDα1
q u1)(t)), t ∈ [0,T ],

(cDα2
q u2)(t) = f2(t,u1(t),u2(t),(cDα2

q u2)(t)), t ∈ [0,T ],

(u1(0),u2(0)) = (u01,u02),

where cDαi
q is the Caputo fractional q-difference derivative of order αi, 0 < q < 1, T > 0, αi ∈

(0,1], fi : I×R3→ R (i = 1,2) are given continuous functions. It deals with the existence, and
Ulam stability results for a coupled fractional initial value q-difference system on continuous
intervals by fixed point theorem.

Based on the above work, in this paper, we discuss the existence and Ulam stability of the
following Caputo coupled fractional delay q-difference system:

c
aD

α1
q (u1(t)−λ1u1(ℑ(τt))) = f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt))), t ∈ Ta,

c
aD

α2
q (u2(t)−λ2u2(ℑ(τt))) = f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt))), t ∈ Ta,

u1(t) = Φ1(t), t ∈ Iτ ,

u2(t) = Φ2(t), t ∈ Iτ ,

(1.1)

where c
aD

αi
q is the Caputo fractional q-derivative operator of order 0 < αi ≤ 1 from the starting

point t = a, 0 < q < 1, the parameter 0 < λi < 1, ℑ : Ta→ Ta is a operator, the continuous maps
ui(t) : Tτa→ R, Φi(t) : Iτ → R, fi : Ta×R3→ R, where i = 1,2.

The time scale Tq is defined as Tq = {qn : n ∈ Z}∪{0}, where Z is the set of integers. For
a= qn0 , n0 ∈ Z, we denote Ta = [a,∞)q = {q−ia : i= 0,1,2, · · ·}. Further define Tτa = [τa,∞)q =

{τa,q−1τa,q−2τa, · · ·}, where τ = qd ∈ Tq, d ∈N0, N0 = {0,1,2, · · ·}. Iτ = {τa,q−1τa,q−2τa,
· · · ,q−iτa, · · · ,a} is a bounded time scale as i≤ d (i∈N0), and Iτ = {a} is the non-delay special
case as d = 0.
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This article is composed as follows. In Section 2, some basic definitions and lemmas are
given to prove the main results. In Section 3, we discuss the existence and uniqueness of solu-
tions to system (1.1). In Section 4, the Ulam-Hyers stability and Ulam-Hyers-Rassias stability
are investigated by the q-Gronwall inequality. In Section 5, it demonstrates the existence and
stability results of solution in the Generalized Banach space. Finally, examples are given to
illustrate the conclusions in Section 6.

2. PRELIMINARIES

In this section, we provide some definitions and lemmas for fractional q-Calculus which will
be used in what follows. Let N = {1,2,3, · · ·}, and let C be the complex set.

Definition 2.1. [22] The q-difference factorial function in C is given by

(t− s)α
q = tα

∞

∏
k=0

t−qks
t−qk+αs

, 0≤ s≤ t, α ∈ C\{±n}, n ∈ N0.

Definition 2.2. [22] For | q |< 1, q-Gamma function is defined as

Γq(α) =
(1−q)1−α

(1−q)1−α
q

, α ∈ C\{−n : n ∈ N0}.

In particular,

Γq(α +1) = [α]qΓq(α) =
1−qα

1−q
Γq(α), Γq(1) = 1, α > 0.

Definition 2.3. [11] For u : Tq→ R, the q-integral of u is defined as∫ t

0
u(s)dqs = (1−q)t

∞

∑
i=0

qiu(tqi),

for 0≤ a ∈ Tq,
∫ t

a u(s)dqs =
∫ t

0 u(s)dqs−
∫ a

0 u(s)dqs.

Definition 2.4. [11] The q-derivative of function f : Tq→ R is defined as

(Dq f )(x) =
f (x)− f (qx)
(1−q)x

, (Dq f )(0) = lim
x→0

(Dq f )(x),

and q-derivative of higher order by (D0
q f )(x) = f (x), (Dn

q f )(x) = Dq(Dn−1
q f )(x), n ∈ N.

Definition 2.5. [5, 17] Let f : Tq→ R, α 6=−k, k ∈ N, then the fractional q-integral of order α

is defined as

aIα
q f (t) =

1
Γq(α)

∫ t

a
(t−qs)α−1

q f (s)dqs.

In particular, aIα
q (1) =

(t−a)α

q
Γq(α+1) .

Definition 2.6. [8] Let f : Tq→ R, α > 0, and the n = dαe is a minimum integer greater than
or equal to the α . Then the Caputo fractional q-derivative of order α of function f is defined as

c
aD

α
q f (t) = aIn−α

q Dn
q f (t) =

1
Γq(n−α)

∫ t

a
(t−qs)n−α−1

q Dn
q f (s)dqs.
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Lemma 2.7. [5] Let α ∈ R+\N, and the following equation holds:

(aIα
q

c
aD

α
q f )(t) = f (t)−

n−1

∑
k=0

(t−a)k
q

Γq(k+1)
(Dk

q f )(a).

If α ∈ (0,1], then (aIα
q

c
aD

α
q f )(t) = f (t)− f (a).

Lemma 2.8. [4] Let α > 0, u(t) and v(t) be nonnegative functions, and w(t) be a nonnegative
and nondecreasing function such that w(t) ≤ M, t ∈ Ta, where M is a constant. If u(t) ≤
v(t)+w(t)aIα

q u(t), then u(t)≤ v(t)+
∞

∑
k=1

(w(t)Γq(α))k
aIkα

q v(t).

Corollary 2.9. [4] Under the conditions of Lemma 2.8, further assume that v(t) is a nondecreas-
ing function for t ∈ Ta. Then, u(t) ≤ v(t)qEα(w(t)Γq(α), t−a), t ∈ Ta, where qEα(λ , t−a) =

∞

∑
k=0

λ k (t−a)kα

q
Γq(kα+1) is the q-Mittag-Leffler function.

Definition 2.10. [18] Any subset of sequences in l∞
0 is called uniformly Cauchy (or equi Cauchy)

if, for every ε > 0, there exists an integer N such that, for any sequence x = {x(n)} and i, j > N,
| x(i)−x( j) |< ε . (Where l∞

0 is the set of all real sequences x = {x(t)}∞

t=0 from the starting point
t = 0.)

Lemma 2.11. [18] (Discrete Arzela-Ascoli Theorem) Any subset of sequences l∞
0 , which is

bounded and uniformly Cauchy, is called relatively compact.

Lemma 2.12. [23] (Schauder Fixed Point Theorem) Let S be a non-empty, closed, and convex
subset of a Banach space Ω, and T : S→ S a continuous mapping such that T(S) is a relatively
compact subset of Ω. Then T has at least one fixed point in S. That is, there exists x ∈ S such
that Tx = x.

Next, setting X = {l∞(Tτa) of bounded functions (sequences) on Tτa} from the starting point
t = a, we consider the Banach space C := X ×X = {(u1,u2)|ui : Tτa→ R} equipped with the
norm ‖(u1,u2)‖C = ‖u1‖∞

+ ‖u2‖∞
, where ‖ui‖∞

= sup
t∈Tτa

|ui(t)|, and ‖(u1,u2)− (v1,v2)‖C =

‖(u1− v1),(u2− v2)‖C.
Now, let ε > 0, ϕ : Ta → R+ be a non-decreasing continuous function, and consider the

following inequalities:{∣∣c
aD

α1
q (u1(t)−λ1u1(ℑ(τt)))− f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))

∣∣≤ ε,∣∣c
aD

α2
q (u2(t)−λ2u2(ℑ(τt)))− f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣≤ ε,
t ∈ Ta, (2.1)

{∣∣c
aD

α1
q (u1(t)−λ1u1(ℑ(τt)))− f1(t,u!(t),u2(t),aI

α1
q u1(ℑ(τt)))

∣∣≤ ϕ(t),∣∣c
aD

α2
q (u2(t)−λ2u2(ℑ(τt)))− f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣≤ ϕ(t),
t ∈ Ta, (2.2)

and{∣∣c
aD

α1
q (u1(t)−λ1u1(ℑ(τt)))− f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))

∣∣≤ εϕ(t),∣∣c
aD

α2
q (u2(t)−λ2u2(ℑ(τt)))− f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣≤ εϕ(t),
t ∈ Ta. (2.3)

The following definitions can be derived from [2, 3].



EXISTENCE AND STABILITY OF SOLUTIONS 5

Definition 2.13. System (1.1) is said to be Ulam-Hyers stable if there exists a real number
c f1, f2 > 0 such that, for all ε > 0 and for each solution (u1,u2) ∈ C of (2.1), there exists a
solution (v1,v2) ∈C of system (1.1) with

‖(u1(t)− v1(t),u2(t)− v2(t))‖ ≤ εc f1, f2, t ∈ Ta.

Definition 2.14. System (1.1) is said to be Ulam-Hyers-Rassias stable with respect to ϕ if there
exists a real number c f1, f2,ϕ > 0 such that, for all ε > 0 and for each solution (u1,u2) ∈ C of
(2.3), there exists a solution (v1,v2) ∈C of system (1.1) with

‖(u1(t)− v1(t),u2(t)− v2(t))‖ ≤ εc f1, f2,ϕϕ(t), t ∈ Ta.

Definition 2.15. System (1.1) is said to be Generalized Ulam-Hyers stable if there exists c f1, f2 :
C(R+,R+) with c fi(0) = 0, i = 1,2 such that, for all ε > 0 and for each solution (u1,u2) ∈C of
(2.1), there exists a solution (v1,v2) ∈C of system (1.1) with

‖(u1(t)− v1(t),u2(t)− v2(t))‖ ≤ c f1, f2(ε), t ∈ Ta.

Definition 2.16. System (1.1) is Generalized Ulam-Hyers-Rassias stable with respect to ϕ if
there exists a real number c f1, f2,ϕ > 0 such that, for all ε > 0 and for each solution (u1,u2) ∈C
of (2.2), there exists a solution (v1,v2) ∈C of system (1.1) with

‖(u1(t)− v1(t),u2(t)− v2(t))‖ ≤ c f1, f2,ϕϕ(t), t ∈ Ta.

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section, we compute and derive the equivalent solution of coupled integral equations
corresponding to coupled system (1.1), and further present required criteria for the existence of
solutions.

The following hypotheses will be used:
(H1) there exist constants ri, pi,si ≥ 0 such that

‖ fi(t,u1,v1,w1)− fi(t,u2,v2,w2)‖ ≤ ri ‖u1−u2‖+ pi ‖v1− v2‖+ si ‖w1−w2‖ , i = 1,2;

(H2) the map ℑ remains in the delay time scale Iτ .
(H3) for the non-decreasing continuous function ϕ : Ta → R presented above, there exists

βi ∈ R+ such that aI
αi
q ϕ(t)≤ βiϕ(t), i = 1,2.

Remark 3.1. For the continuous function f : Tq→ R, aI
αi
q f (t) = 1

Γq(αi)

∫ t
a (t−qs)αi−1

q f (s)dqs≤
(t−a)αi

q
Γq(αi+1)‖ f‖ ≤ (T−a)αi

q
Γq(αi+1)‖ f‖, hi

∆
=

(T−a)αi
q

Γq(αi+1) , i = 1,2, t < T.

Set λ̂ =max{λ1,λ2}, r̂ =max{r1,r2}, p̂=max{p1, p2}, ŝ=max{s1,s2}, and ĥ=max{h1,h2}.

Lemma 3.2. The solution of system (1.1) is equivalent to the solution of the integral equation:

ui(t) =
{

Φi(t), t ∈ Iτ ,
Φi(a)−λiΦi(ℑ(τa))+λiui(ℑ(τt))+ aI

αi
q fi(t,u1(t),u2(t),aI

αi
q ui(ℑ(τt))), t ∈ Ta,

where i = 1,2.
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Proof. For t ∈ Iτ , ui(t) = Φi(t) is obvious. For t ∈ Ta, by applying aIαi
q on both sides of problem

(1.1), we have{
aI

α1
q

c
aD

α1
q (u1(t)−λ1u1(ℑ(τt))) = aI

α1
q f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt))),

aI
α2
q

c
aD

α2
q (u2(t)−λ2u2(ℑ(τt))) = aI

α2
q f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt))),

t ∈ Ta,

which leads to

ui(t) = Φi(a)+λiui(ℑ(τt))−λiΦi(ℑ(τa))+ aIαi
q fi(t,u1(t),u2(t),aIαi

q ui(ℑ(τt))), i = 1,2.

�

Theorem 3.3. If (H1)− (H2) and the assumption λ̂ + ĥ(r̂+ p̂+ ŝĥ)< 1 hold, then the coupled
system (1.1) under finite time-delay scale has at least one solution.

Proof. The proof is divided into the following step.
Step 1. Define the operators Ai : X → X by

(A1u)(t) ={
Φ1(t), t ∈ Iτ ,

Φ1(a)−λ1Φ1(ℑ(τa))+λ1u1(ℑ(τt))+ aI
α1
q f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt))), t ∈ Ta,

and

(A2u)(t) ={
Φ2(t), t ∈ Iτ ,

Φ2(a)−λ2Φ2(ℑ(τa))+λ2u2(ℑ(τt))+ aI
α1
q f2(t,u1(t),u2(t),aI

α1
q u2(ℑ(τt))), t ∈ Ta,

and consider the continuous operator A :C→C defined by (A(u1,u2))(t)= ((A1u)(t),(A2u)(t)).
Let us choose

Λ≥ 2
(1− λ̂ )ρ̂ + ĥθ̂

1− λ̂ − ĥ(r̂+ p̂+ ŝĥ)
,

where ρi = sup
t∈Iτ

Φi(t), ρ̂ = max{ρ1,ρ2}, θi = max
t<T
{| fi(t,0,0,0)|} , and θ̂ = max{θ1,θ2}, and

set Σ = {(u1,u2) ∈ C : ‖ (u1,u2) ‖C ≤ Λ} which is nonempty, closed, and convex. For t ∈ Iτ ,
‖A(u1,u2)(t)‖= ‖A1u(t)‖+‖A2u(t)‖ ≤ ρ1 +ρ2 ≤ 2ρ̂ ≤ Λ. For t ∈ Ta, we have

‖A1(u)‖ ≤ ρ1−λ1ρ1 +λ1Λ+ 1
Γq(α1)

∫ t
a (t−qs)α1−1

q
∣∣ f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))

∣∣dqs

≤ (1−λ1)ρ1 +λ1Λ+ 1
Γq(α1)

∫ t
a (t−qs)α1−1

q (
∣∣ f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))−

f1(t,0,0,0)|+ | f1(t,0,0,0)|)dqs

≤ (1−λ1)ρ1 +λ1Λ+ 1
Γq(α1)

∫ t
a(t−qs)α1−1

q (θ1 + r1 |u1(t)|+ p1 |u2(t)|+

s1h1 |u1(ℑ(τt))|)dqs

≤ (1−λ1)ρ1 +λ1Λ+h1(θ1 + r1Λ+ p1Λ+ s1h1Λ) ≤ Λ,
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and

‖A2(u)‖ ≤ ρ2−λ2ρ2 +λ2Λ+ 1
Γq(α2)

∫ t
a (t−qs)α2−1

q
∣∣ f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣dqs

≤ (1−λ2)ρ2 +λ2Λ+ 1
Γq(α2)

∫ t
a (t−qs)α2−1

q (
∣∣ f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))−

f2(t,0,0,0)|+ | f2(t,0,0,0)|)dqs

≤ (1−λ2)ρ2 +λ2Λ+ 1
Γq(α2)

∫ t
a(t−qs)α2−1

q (θ2 + r2 |u1(t)|+ p2 |u2(t)|+

s2h2 |u2(ℑ(τt))|)dqs

≤ (1−λ2)ρ2 +λ2Λ+h2(θ2 + r2Λ+ p2Λ+ s2h2Λ) ≤ Λ.

Hence,

‖A(u1,u2)‖= ‖A1(u)‖+‖A2(u)‖ ≤ 2
[
(1− λ̂ )ρ̂ + λ̂Λ+ ĥ(θ̂ + r̂Λ+ p̂Λ+ ŝĥΛ)

]
≤ Λ.

which means that A maps Σ into Σ.
Step 2. A is continuous.
Let {u1n},{u2n} ∈ C (n ∈ N) be two sequences such that (u1n,u1n)→ (u1,u2) (n→ ∞) in

Σ. This implies that u1n(t)→ u1(t),u2n(t)→ u2(t),u1n(ℑ(τt))→ u1(ℑ(τt)), and u2n(ℑ(τt))→
u2(ℑ(τt)). Let

f1n(t)
∆
= f1(t,u1n(t),u2n(t),aIα1

q u1n(ℑ(τt))),

f2n(t)
∆
= f2(t,u1n(t),u2n(t),aIα2

q u2n(ℑ(τt))),

f1(t)
∆
= f1(t,u1(t),u2(t),aIα1

q u1(ℑ(τt))),

and

f2(t)
∆
= f2(t,u1(t),u2(t),aIα2

q u2(ℑ(τt))).

By (H1), we have ‖ f1n(t)− f1(t)‖→ 0 and ‖ f2n(t)− f2(t)‖→ 0 as n→∞. Due to the Lebesgue
dominated convergence theorem, we obtain aIαi

q ‖ fin(t)− fi(t)‖→ 0, i = 1,2, as n→∞. So, for
t ∈ Iτ , since Φi(t) is continuous, we have that A is continuous. For each t ∈ Ta, we have

‖A1(u1n)−A1(u1)‖ ≤ λ1 ‖u1n(ℑ(τt))−u1(ℑ(τt))‖+ aIα1
q ‖ f1n(t)− f1(t)‖→ 0, n→ ∞,

and

‖A2(u2n)−A2(u2)‖ ≤ λ2 ‖u2n(ℑ(τt))−u2(ℑ(τt))‖+ aIα2
q ‖ f2n(t)− f2(t)‖→ 0, n→ ∞.

Hence

‖A(u1n,u2n)−A(u1,u2)‖= ‖A1(u1n)−A1(u1)‖+‖A2(u2n)−A2(u2)‖→ 0, n→ ∞.

Step 3. Show that A is a relatively compact operator.
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It is clear that A(Σ) is bounded. Now we have to show that A is uniformly Cauchy. For t ∈ Iτ ,
it is true. For t1, t2 ∈ Ta such that t1 > t2 > a, let (u1,u2) ∈ Σ. It follows that

|(A1u)(t1)− (A1u)(t2)|

= λ1 |u1(ℑ(τt1))−u1(ℑ(τt2))|+
∣∣∣ 1

Γq(α1)

∫ t1
a (t1−qs)α1−1

q f1(s)dqs
∣∣∣

−
∣∣∣ 1

Γq(α1)

∫ t2
a (t2−qs)α1−1

q f1(s)dqs
∣∣∣

≤ λ1 |u1(ℑ(τt1))−u1(ℑ(τt2))|+ 1
Γq(α1)

∫ t1
t2

∣∣∣(t1−qs)α1−1
q f1(s)

∣∣∣dqs

+ 1
Γq(α1)

∫ t2
a

∣∣∣[(t1−qs)α1−1
q − (t2−qs)α1−1

q ] f1(s)
∣∣∣dqs,

and
|(A2u)(t1)− (A2u)(t2)|

≤ λ2 |u2(ℑ(τt1))−u2ℑ(τt2))|+ 1
Γq(α2)

∫ t1
t2

∣∣∣(t1−qs)α2−1
q f2(s)

∣∣∣dqs

+ 1
Γq(α2)

∫ t2
a

∣∣∣[(t1−qs)α2−1
q − (t2−qs)α2−1

q ] f2(s)
∣∣∣dqs.

By (H2), u1(ℑ) = Φ1(t),u2(ℑ) = Φ2(t), t ∈ Iτ . As t1→ t2, we have |u1(ℑ(τt1))−u1(ℑ(τt2))|
= |Φ1(t1)−Φ1(t2)|Iτ

→ 0 and |u2(ℑ(τt1))−u2(ℑ(τt2))| = |Φ2(t1)−Φ2(t2)|Iτ
→ 0. It follows

that
|(A1u)(t1)− (A1u)(t2)| → 0, |(A2u)(t1)− (A2u)(t2)| → 0,

and then
| A(u1,u2)(t1)−A(u1,u2)(t2) |→ 0, t1→ t2.

In view of Lemma 2.12, the Schauder fixed point theorem, there exits at least one fixed point of
A in Σ. �

Theorem 3.4. Suppose that (H1)−(H2) hold. If (u1(t),u2(t)) and (v1(t),v2(t)) both satisfy the
solutions of problem (1.1) under the boundary conditions, then (u1(t),u2(t)) = (v1(t),v2(t)).

Proof. Letting z(t) = (u1(t),u2(t))− (v1(t),v2(t)), and zi(t) = ui(t)− vi(t), i = 1,2, we have
z(t) = z1(t)+ z2(t). We prove that z(t) = 0, for t ∈ Iτ . For t ∈ Ta, we have

zi(t) = λizi(ℑ(τt))+ aIαi
q fi(t,u1(t),u2(t),aIαi

q ui(ℑ(τt)))− aIαi
q fi(t,v1(t),v2(t),aIαi

q vi(ℑ(τt))).

For t ∈ Iτ−1 = {a,q−1a,q−2a, ···,τ−1a}, by (H2), zi(ℑ(τt))= 0. Letting z̄(t)=max{‖z1‖ ,‖z2‖},
we have

‖zi(t)‖ = aI
αi
q fi(t,u1(t),u2(t),aI

αi
q ui(ℑ(τt)))− aI

αi
q fi(t,v1(t),v2(t),aI

αi
q vi(ℑ(τt)))

≤ aI
αi
q
∥∥ fi(t,u1(t),u2(t),aI

αi
q ui(ℑ(τt)))− fi(t,v1(t),v2(t),aI

αi
q vi(ℑ(τt)))

∥∥
≤ aI

αi
q (ri ‖z1(t)‖+ pi ‖z2(t)‖+ sihi ‖zi(ℑ(τt))‖)

≤ aI
αi
q (r̂‖z1(t)‖+ p̂‖z2(t)‖).

It follows that z̄(t)≤ (r̂+ p̂)aI
αi
q z̄(t). From Corollary 2.9, zi(t)≤ z̄(t)≤ 0 · qEαi(r̂Γq(αi), t−a).

Hence, z(t) = 0 for t ∈ Iτ−1 . For t ∈ [τ−1a,∞)q, letting ẑi(t) = sup
θ∈Iτ

‖zi(ℑ(τθ))‖ and ẑ(t) =
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max{‖ẑ1‖ ,‖ẑ2‖}, we see from (H1) that

‖zi(t)‖
≤ λi ‖zi(ℑ(τt))‖+ aIαi

q
∥∥ fi(t,u1(t),u2(t),aIαi

q ui(ℑ(τt)))− fi(t,v1(t),v2(t),aIαi
q vi(ℑ(τt)))

∥∥
≤ λ̂ ẑi(t)+ aIαi

q (r̂‖z1(t)‖+ p̂‖z2(t)‖+ ŝĥ‖zi(ℑ(τt))‖),

which implies that ẑ(t) ≤ λ̂ ẑ(t)+ (r̂ + p̂+ ŝĥ)aI
αi
q ẑ(t), and hence ẑ(t) ≤ r̂+p̂+ŝĥ

1−λ̂
aI

αi
q ẑ(t). From

Corollary 2.9, zi(t)≤ ẑ(t)≤ 0 ·qEαi(
r̂+p̂+ŝĥ

1−λ̂
Γq(αi), t−a), so there exists ẑ(t) = 0, t ∈ [τ−1a,∞)q.

From the above, (u1(t),u2(t)) = (v1(t),v2(t)), t ∈ Ta. �

4. ULAM STABILITY

In this section, we deal with the Ulam-Hyers stability and Ulam-Hyers-Rassias stability of
coupled system (1.1).

Lemma 4.1. If the coupled function (u1(t),u2(t)) defined on the Tτa is the solution to (2.1),
then the following inequalities hold:
∣∣u1(t)−u1(a)−λ1u1(ℑ(τt))+λ1u1(ℑ(τa))− aI

α1
q f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))

∣∣≤ ε(t−a)α1
q

Γq(α1+1) ,∣∣u2(t)−u2(a)−λ2u2(ℑ(τt))+λ2u2(ℑ(τa))− aI
α2
q f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣≤ ε(t−a)α2
q

Γq(α2+1) .

Proof. Notice that (u1(t),u2(t)) is a solution to (2.1) if and only if there exists a function h(t)
such that |h(t)| ≤ ε and{ c

aD
α1
q (u1(t)−λ1u1(ℑ(τt)))− f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt))) = h(t),

c
aD

α2
q (u2(t)−λ2u2(ℑ(τt)))− f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt))) = h(t).

(4.1)

By applying the operator aI
αi
q to both sides of (4.1), we haveu1(t)−u1(a)−λ1u1(ℑ(τt))+λ1u1(ℑ(τa))− aI

α1
q f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt))) = aI

α1
q h(t),

u2(t)−u2(a)−λ2u2(ℑ(τt))+λ2u2(ℑ(τa))− aI
α2
q f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt))) = aI

α2
q h(t),

which implies that∣∣u1(t)−u1(a)−λ1u1(ℑ(τt))+λ1u1(ℑ(τa))− aI
α1
q f1(t,u1(t),v1(t),aI

α1
q u1(ℑ(τt)))

∣∣
≤ aI

α1
q |h(t)| ≤ εaI

α1
q (1) = ε(t−a)α1

q
Γq(α1+1) ,

and ∣∣u2(t)−u2(a)−λ2u2(ℑ(τt))+λ2u2(ℑ(τa))− aI
α2
q f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣
≤ aI

α2
q |h(t)| ≤ εaI

α2
q (1) = ε(t−a)α2

q
Γq(α2+1) .

�

Theorem 4.2. If (H1)− (H2) hold, then system (1.1) is Ulam-Hyers stable.
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Proof. Assume that (u1(t),u2(t)) satisfy (2.1), (v1(t),v2(t)) is the solution of system (1.1) and
(u1(t),u2(t)) = (v1(t),v2(t)) for t ∈ Iτ . We conclude that

v1(t) =

{
u1(t), t ∈ Iτ ,

u1(a)−λ1u1(ℑ(τa))+λ1v1(ℑ(τt))+ aI
α1
q f1(t,v1(t),v2(t),aI

α1
q v1(ℑ(τt))), t ∈ Ta.

and

v2(t) =

{
u2(t), t ∈ Iτ ,

u2(a)−λ2u2(ℑ(τa))+λ2v2(ℑ(τt))+ aI
α2
q f2(t,v1(t),v2(t),aI

α2
q v2(ℑ(τt))), t ∈ Ta.

For t ∈ Iτ , it is apparent that ‖(u1(t)− v1(t)),(u2(t)− v2(t))‖= 0. For t ∈ Iτ−1 = {a,q−1a,q−2a,
· · · ,τ−1a}, we have u1(ℑ(τt))− v1(ℑ(τt)) = 0, u2(ℑ(τt))− v2(ℑ(τt)) = 0. By (H1) and
Lemma 4.1, we have

‖v1(t)−u1(t)‖

=
∥∥u1(t)−u1(a)+λ1u1(ℑ(τa))−λ1v1(ℑ(τt))− aI

α1
q f1(t,v1(t),v2(t),aI

α1
q v1(ℑ(τt)))

∥∥
≤

∥∥u1(t)−u1(a)+λ1u1(ℑ(τa))−λ1v1(ℑ(τt))− aI
α1
q f1(t,u1(t),v2(t),aI

α1
q u1(ℑ(τt)))

∥∥
+
∥∥aI

α1
q f1(t,u1(t),v2(t),aI

α1
q u1(ℑ(τt)))− aI

α1
q f1(t,v1(t),v2(t),aI

α1
q v1(ℑ(τt)))

∥∥
≤

∥∥u1(t)−u1(a)+λ1u1(ℑ(τa))−λ1v1(ℑ(τt))− aI
α1
q f1(t,u1(t),v2(t),aI

α1
q u1(ℑ(τt)))

∥∥
+aI

α1
q
∥∥ f1(t,u1(t),v2(t),aI

α1
q u1(ℑ(τt)))− f1(t,v1(t),v2(t),aI

α1
q v1(ℑ(τt)))

∥∥
≤ ε(t−a)α1

q
Γq(α1+1) + r1aI

α1
q ‖(u1(t)− v1(t))‖ .

Similarly, one has ‖v2(t)−u2(t)‖ ≤ ε
(t−a)α2

q
Γq(α2+1) + p2aI

α2
q ‖u2(t)− v2(t)‖ . Since ε(t−a)αi

q
Γq(αi+1) is non-

negative and nondecreasing function about t for each t ∈ Iτ−1 , Corollary 2.9 yields that

‖u1(t)− v1(t)‖ ≤
[
h1 · qEα1(r1Γq(α1),T −a)

] ∆
= c f1

and ‖u2(t)− v2(t)‖ ≤
[
h2 · qEα2(p2Γq(α2),T −a)

] ∆
= c f2 . It follows that

‖(u1(t)− v1(t),u2(t)− v2(t)‖
= ‖u1(t)− v1(t)‖+‖u2(t)− v2(t)‖
≤ ε

[
h1 · qEα1(r1Γq(α1),T −a)+h2 · qEα2(p2Γq(α2),T −a)

] ∆
= εc f1 f2, ∀t ∈ Iτ−1.

For [τ−1a,∞)q, let ẑ1(t)= sup
θ∈Iτ

‖(u1(ℑ(θ t))− v1(ℑ(θ t))‖ and ẑ2(t)= sup
θ∈Iτ

‖(u2(ℑ(θ t))− v2(ℑ(θ t))‖.

Observe
‖u1(t)− v1(t)‖

≤
∥∥u1(t)−u1(a)+λ1u1(ℑ(τa))−λ1v1(ℑ(τt))− aI

α1
q f1(t,u1(t),v2(t),aI

α1
q u1(ℑ(τt)))

∥∥
+aI

α1
q
∥∥ f1(t,u1(t),v2(t),aI

α1
q u1(ℑ(τt)))− f1(t,v1(t),v2(t),aI

α1
q v1(ℑ(τt)))

∥∥
≤ ε(t−a)α1

q
Γq(α1+1) + aI

α1
q (r1 ‖(u1(t)− v1(t))‖+ s1h1 ‖u1(ℑ(τt))− v1(ℑ(τt))‖)

≤ ε(t−a)α1
q

Γq(α1+1) +(r1 + s1h1)aI
α1
q ẑ1(t),
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and

‖u2(t)− v2(t)‖ ≤
ε(t−a)α2

q

Γq(α2 +1)
+(p2 + s2h2)aIα2

q ẑ2(t).

From Corollary 2.9, we have

‖u1(t)− v1(t)‖ ≤ ẑ1(t)≤ ε
[
h1 · qEα1((r1 + s1h1)Γq(α1),T −a)

] ∆
= εc f1,

and
‖u2(t)− v2(t)‖ ≤ ẑ2(t)≤ ε

[
h2 · qEα2((p2 + s2h2)Γq(α2),T −a)

] ∆
= εc f2.

Thus

‖(u1(t)− v1(t),u2(t)− v2(t)‖= ‖u1(t)− v1(t)‖+‖u2(t)− v2(t)‖

≤ ε
[
h1 · qEα1((r1 + s1h1)Γq(α1),T −a)+h2 · qEα2((p2 + s2h2)Γq(α2),T −a)

] ∆
= εc f1 f2.

Hence the proof is completed by Definition 2.13. �

Corollary 4.3. Under hypothesis (H1)− (H2), system (1.1) is Generalized Ulam-Hyers stable.

Proof. From Definition 2.15 and Theorem 4.2, we can conclude the desired conclusion imme-
diately. �

Theorem 4.4. If hypothesis (H1)− (H3) hold, then system (1.1) is Ulam-Hyers-Rassias stable
about ϕ .

Proof. Let (u1(t),u2(t)) be the solution to (2.3). Then{
−ϕ(t)≤ c

aD
α1
q (u1(t)−λ1u1(ℑ(τt)))− f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))≤ ϕ(t),

−ϕ(t)≤ c
aD

α2
q (u2(t)−λ2u2(ℑ(τt)))− f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))≤ ϕ(t),

which implies that{ ∣∣u1(t)−u1(a)−λ1u1(ℑ(τt))+λ1u1(ℑ(τa))− aI
α1
q f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))

∣∣≤ aI
α1
q ϕ(t),∣∣u2(t)−u2(a)−λ2u2(ℑ(τt))+λ2u2(ℑ(τa))− aI

α2
q f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣≤ aI
α2
q ϕ(t),

In view of (H3), we have{ ∣∣u1(t)−u1(a)−λ1u1(ℑ(τt))+λ1u1(ℑ(τa))− aI
α1
q f1(t,u1(t),u2(t),aI

α1
q u1(ℑ(τt)))

∣∣≤ εβ1ϕ(t),∣∣u2(t)−u2(a)−λ2u2(ℑ(τt))+λ2u2(ℑ(τa))− aI
α2
q f2(t,u1(t),u2(t),aI

α2
q u2(ℑ(τt)))

∣∣≤ εβ2ϕ(t),

For t ∈ Iτ , ‖(u1(t)− v1(t),u2(t)− v2(t)‖= 0. For t ∈ Iτ−1 , u1(ℑ(τt))−v1(ℑ(τt))= 0, u2(ℑ(τt))−
v2(ℑ(τt))= 0, ‖u1(t)− v1(t)‖≤ εβ1ϕ(t)+r1aI

α1
q ‖u1(t)−u(t)‖ , and ‖u2(t)− v2(t)‖≤ εβ2ϕ(t)+

p2aI
α2
q ‖u2(t)− v2(t)‖ . Using Corollary 2.9, we have ‖u1(t)− v1(t)‖≤ εβ1ϕ(t)·qEα1(r1Γq(α1),T−

a) ∆
= εc f1,ϕϕ(t), ‖u2(t)− v2(t)‖ ≤ εβ2ϕ(t) · qEα2(p2Γq(α2),T −a) ∆

= εc f2,ϕϕ(t), and

‖(u1(t)− v1(t),u2(t)− v2(t)‖

≤ εϕ(t)
[
β1 · qEα1(r1Γq(α1),T −a)+β2 · qEα2(p2Γq(α2),T −a)

]
∆
= εc f1 f2,ϕϕ(t).
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For t ∈ [τ−1a,∞)q, we have

‖u1(t)− v1(t)‖ ≤ ẑ1(t) ≤ εβ1ϕ(t)+(r1 + s1h1)aI
α1
q ẑ1(t)

≤ εϕ(t)
[
β1 · qEα1((r1 + s1h1)Γq(α1),T −a)

] ∆
= εc f1,ϕϕ(t),

and
‖u2(t)− v2(t)‖ ≤ ẑ2(t) ≤ εβ2ϕ(t)+(p2 + s2h2)aI

α2
q ẑv(t)

≤ εϕ(t)
[
β2 · qEα2((p2 + s2h2)Γq(α2),T −a)

] ∆
= εc f2,ϕϕ(t).

Hence, we have

‖(u1(t)− v1(t),u2(t)− v2(t)‖

≤ εϕ(t)
[
β1 · qEα1((r1 + s1h1)Γq(α1),T −a)+β2 · qEα2((p2 + s2h2)Γq(α2),T −a)

]
∆
= εc f1, f2,ϕϕ(t), ∀t ∈ [τ−1a,∞)q.

Hence system (1.1) is Ulam-Hyers-Rassias stable as mentioned above. �

Corollary 4.5. If assumptions (H1)− (H3) hold, then system (1.1) is Generalized Ulam-Hyers-
Rassias stable about ϕ .

Proof. In view of Definition 2.16 and Theorem 4.4, the desired conclusion can be obtained
easily. �

5. RESULTS IN GENERALIZED BANACH SPACES

Now, we consider the uniqueness and Ulam-Hyers-Rassias of coupled system (1.1) in gen-
eralized Banach space. Let C = X ×X = {(u,v)|u,v : Tτa → Rn} be bounded functions vec-
tors. C2 = C×C is a generalized Banach space with the norm ‖(u,v)‖C2 = ‖u‖

∞
+ ‖v‖

∞
.

For any u,v ∈ Rn with u = (u1,u2, · · · ,un), v = (v1,v2, · · · ,vn), ‖ui‖ = supt∈Tτa
|ui(t)|, ‖u‖∞

=
max{‖u1‖ ,‖u2‖ , · · · ,‖un‖}, and max(u,v) = (max(u1,v1),max(u2,v2), . . . ,max(un,vn)). If
m ∈ R, then u ≤ m means ui ≤ m, i = 1,2, · · · ,m. Let C is nonempty set. Recall from [1]
that (C,d) is called a generalized metric space with d(u,v) = (d1(u,v),d2(u,v), · · · ,dn(u,v))T ,
and a vector-valued metric map d : C×C→ Rn with the following properties for all u,v ∈ C:
(i)d(u,v)≥ 0, and d(u,v) = 0 if and only if u = v; (ii)d(u,v) = d(v,u); (iii)d(u,w)≤ d(u,v)+
d(v,w). Notice that d is a generalized metric space on C if and only if di(i = 1,2, · · · ,n) are
metric on C. A square matrix D of real numbers is said to be convergent to zero if and only if
its spectral radius ρ(D) is strictly less than 1. That is to say that all the eigenvalues of D are in
the open unit disc, i.e., |λ |< 1 for every λ ∈ C with det(D−λ I) = 0, where I denotes the unit
matrix of Dn×n(R). Let (C,d) be a generalized metric space. An operator N : C→C is said to be
contractive [1] if there exists a matrix M convergent to zero such that d(N(u),N(v))≤Md(u,v),
∀u,v ∈C.

Lemma 5.1. [1] The matrix A =

(
a b
c d

)
converges to zero in the following cases:

(1) b = c = 0, a,d > 0, and max{a,d}< 1.
(2) c = 0, a,d > 0, a+d < 1, and −1 < b < 0.
(3) a+b = c+d = 0, a > 1,c > 0, and |a− c|< 1.
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Lemma 5.2. [16] Let (C,d) be a complete generalized metric space, and let N : C→ C be a
contractive operator with Lipschitz matrix M. Then N has a unique fixed point u0, and, for each
u ∈C,

d(Nk(u),u0)≤Mk(M)−1d(u,N(u)), f or all k ∈ N.

Theorem 5.3. Suppose that (H1)− (H2) hold under ui,vi,wi ∈ Rn, t ∈ Ta. If(
λ1+h1(r1 + s1h1) p1h1

r2h2 λ2 +h2(p2 + s2h2)

)
converges to 0, then system (1.1) exists a unique solution.

Proof. Define the operators F1,F2 : C2→C, i = 1,2, by

Fi(u1,u2)(t)

=

{
Φi(t), t ∈ Iτ ,

Φi(a)−λiΦi(ℑ(τa))+λiui(ℑ(τt))+ aIαi
q fi(t,u1(t),u2(t),aIαi

q ui(ℑ(τt))), t ∈ Tτa,

and consider the operator F :C2→C2 defined by (F(u1,u2))(t)= ((F1(u1,u2))(t),(F2(u1,u2))(t)).
Next, in order to verify the conditions, taking any (u1,u2),(v1,v2) ∈C2, for t ∈ Iτ , we obtain
‖F(u1,u2)(t)−F(v1,v2)(t)‖= 0. For t ∈ Ta, we see that

‖Fi(u1,u2)(t)−Fi(v1,v2)(t)‖
≤ λi ‖ui(ℑ(τt))− vi(ℑ(τt))‖
+
∥∥aIαi

q fi(t,u1(t),u2(t),aIαi
q ui(ℑ(τt))− aIαi

q fi(t,v1(t),v2(t),aIαi
q vi(ℑ(τt))

∥∥
≤

ri(t−a)αi
q

Γq(αi +1)
‖u1− v1‖+

pi(t−a)αi
q

Γq(αi +1)
‖u2− v2‖+(

sihi(t−a)αi
q

Γq(αi +1)
+λi)‖ui(ℑ(τt))− vi(ℑ(τt))‖ ,

For t ∈ Iτ−1 , ‖ui(ℑ(τt))− vi(ℑ(τt))‖= 0. Letting

M0 =

(
r1h1 p1h1

r2h2 p2h2

)
,

we have d(F(u1,u2)(t),F(v1,v2)(t))≤M0d((u1,u2),(v1,v2)). When t ∈ [τ−1a,∞)q, we have

‖F1(u1,u2)(t)−F1(v1,v2)(t)‖ ≤ (
(r1 + s1h1)(t−a)α1

q

Γq(α1 +1)
+λ1)‖u1− v1‖+

p1(t−a)α1
q

Γq(α1 +1)
‖u2− v2‖ ,

and

‖F2(u1,u2)(t)−F2(v1,v2)(t)‖≤
r2(t−a)α2

q

Γq(α2 +1)
‖u1− v1‖+(

(p2 + s2h2)(t−a)α2
q

Γq(α2 +1)
+λ2)‖u2− v2‖ .

Letting

M =

(
λ1+h1(r1 + s1h1) p1h1

r2h2 λ2 +h2(p2 + s2h2)

)
,

we have d(F(u1,u2)(t),F(v1,v2)(t))≤Md((u1,u2),(v1,v2)), where

d(F(u1,u2),F(v1,v2)) =

(
‖F1(u1,u2)−F1(v1,v2)‖

‖F2(u1,u2)−F2(v1,v2)‖

)
,
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and

d((u1,u2),(v1,v2)) =

(
‖u1− v1‖

‖u2− v2‖

)
.

Since M converges to 0, we conclude from Lemma 5.2 that system (1.1) has a unique solution.
�

Let ϕ : Ta → Rn be a non-decreasing continuous function. There exist constant matrixes
ε,βi > 0 such that aI

αi
q ϕ(t)≤ βiϕ(t). On the other hand, (v1(t),v2(t)) ∈C satisfy the following

inequalities
∣∣c
aD

α1
q (v1(t)−λ1v1(ℑ(τt)))− f1(t,v1(t),v2(t),aI

α1
q v1(t)(ℑ(τt)))

∣∣≤ ϕ(t),∣∣c
aD

α2
q (v2(t)−λ2v2(ℑ(τt)))− f2(t,v1(t),v2(t),aI

α2
q v2(ℑ(τt)))

∣∣≤ ϕ(t),
t ∈ Ta. (5.1)

Theorem 5.4. Suppose (H1)− (H3) hold under ui,vi,wi ∈ Rn, t ∈ Ta. Then system (1.1) is
Ulam-Hyers-Rassias stable about ϕ in the generalized Banach space.

Proof. Let (v1(t),v2(t)) be a solution to (5.1). Let (u1(t),u2(t)) be a solution to system (1.1)
and (v1(t),v2(t)) = (u1(t),u2(t)) for t ∈ Iτ . Define

ui(t) =

{
vi(t), t ∈ Iτ ,

vi(a)−λivi(ℑ(τa))+λiui(ℑ(τt))− aI
αi
q fi(t,u1(t),u2(t),aI

αi
q ui(ℑ(τt))), t ∈ Ta.

From (5.1), we have
∣∣c
aD

αi
q (vi(t)−λivi(ℑ(τt)))− fi(t,v1(t),v2(t),aI

αi
q vi(ℑ(τt)))

∣∣ ≤ ϕ(t), i =
1,2, and ∣∣vi(t)− vi(a)+λivi(ℑ(τa))−λivi(ℑ(τt))− aI

αi
q fi(t,v1(t),v2(t),aI

αi
q vi(ℑ(τt)))

∣∣
≤ aI

αi
q ϕ(t)≤ βiϕ(t),

which yields that

‖vi(t)−ui(t)‖

≤
∥∥vi(t)− vi(a)+λivi(ℑ(τa))−λiui(ℑ(τt))− aI

αi
q fi(t,v1(t),v2(t),aI

αi
q vi(ℑ(τt)))

∥∥
+
∥∥aI

αi
q fi(t,v1(t),v2(t),aI

αi
q vi(ℑ(τt)))− aI

αi
q fi(t,u1(t),u2(t),aI

αi
q ui(ℑ(τt)))

∥∥
≤ εβiϕ(t)+ aI

αi
q (ri ‖v1(t)−u1(t)‖+ p2 ‖v2(t)−u2(t)‖+ sihi ‖vi(ℑ(τt))−ui(ℑ(τt))‖).

For t ∈ Iτ , it is clear. For t ∈ Iτ−1 , ‖ui(ℑ(τt))− vi(ℑ(τt))‖ = 0. Letting B =

(
r1 p1

r2 p2

)
,

we have d((v1(t),v2(t)),(u1(t),u2(t)))≤ ε

(
β1

β2

)
ϕ(t)+BaI

αi
q d((v1(t),v2(t)),(u1(t),u2(t))).

From Corollary 2.9, we obtain

d((v1(t),v2(t)),(u1(t),u2(t)))≤ εϕ(t)
[(

β1
β2

)
aEq(BΓq(α),T −a)

]
∆
= εc f1 f2ϕ(t)
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For t ∈ [τ−1a,∞)q, let ẑi(t) = sup
θ∈Iτ

‖vi(ℑ(τt))−ui(ℑ(τt))‖, G=

(
r1 + s1h1 p1

r2 p2 + s2h2

)
, we

can also deduce

d((v1(t),v2(t)),(u1(t),u2(t)))≤

(
ẑ1(t)

ẑ2(t)

)
≤ ε

(
β1

β2

)
ϕ(t)+GaIαi

q

(
ẑ1(t)

ẑ2(t)

)
.

By Corollary 2.9, we have(
ẑ1(t)

ẑ2(t)

)
≤ εϕ(t)

[(
β1

β2

)
aEq(FΓq(α),T −a)

]
∆
= εc f1 f2ϕ(t),

which yields that d((v1(t),v2(t)),(u1(t),u2(t)))≤ εc f1 f2ϕ(t). Therefore system (1.1) is Ulam-
Hyers-Rassias stable about ϕ . �

6. EXAMPLES

Example 6.1. Consider the following coupled system of fractional q-difference equation:

c
aD

1/2
1/4(u1(t)−λ1u1(ℑ(τt))) = f1(t,u1(t),u2(t),aI

1/2
1/4 u1(ℑ(τt))), t ∈ [ 1

16 ,∞)q,

c
aD

1/3
1/4(u2(t)−λ2u2(ℑ(τt))) = f2(t,u1(t),u2(t),aI

1/3
1/4 u2(ℑ(τt))), t ∈ [ 1

16 ,∞)q,

Φ1(t) = elog t , t ∈ Iτ ,

Φ2(t) = loget , t ∈ Iτ .

where  f1(t,u1(t),u2(t),w(t)) =
sinu1(t)+cosu2(t)+sinw(τt)

300 ,

f2(t,u1(t),u2(t),w(t)) =
cosu1(t)+sinu2(t)+cosw(τt)

300 ,

α1 =
1
2 , α2 =

1
3 , q = 1

4 , λ1 =
1

30 , λ2 =
1
12 , ℑ(τt) = τt, T = q−2.

| fi(t,u1(t),u2(t),w1(t))− fi(t,v1(t),v2(t),w2(t))|

≤ 1
300(|u1(t)− v1(t)|+ |u2(t)− v2(t)|+ |w1(τt)−w1(τt)|)

since Γq(α) is increasing about α and Γq(α)> 1(α > 0), ĥ =
(T−a)α1

q
Γq(α2+1) < 8, λ̂ + ĥ(r̂+ p̂+ ŝĥ) =

1
12 +8× ( 1

150 +
1

3002 )< 1. Assume that ϕ(t) = earctan t for each t ∈ Ta, there exists a real number

0 < εi < 1 such that aI
αi
q ϕ(t)≤ earctan t

ε2
i (1+q+q2)

≤ 1
ε2

i
ϕ(t)≤ βiϕ(t). So we have the results.

Example 6.2. Consider the following new coupled fractional q-difference equation:

c
aD

1/2
1/4(u1(t)−λ1u1(ℑ(τt))) = f1(t,u1(t),u2(t),aI

1/2
1/4 u1(ℑ(τt))), t ∈ [ 1

16 ,∞)q,

c
aD

1/3
1/4(u2(t)−λ2u2(ℑ(τt))) = f2(t,u1(t),u2(t),aI

1/3
1/4 u2(ℑ(τt))), t ∈ [ 1

16 ,∞)q,

Φ1(t) = elog t , t ∈ Iτ ,

Φ2(t) = loget , t ∈ Iτ .



16 C. TIAN, H. GU, N. LI

where u1(t),u2(t) ∈ Rn, fi : Ta×Rn×Rn×Rn→ Rn, f1(t,u1(t),u2(t),w(t)) = kt2

1+|u1(t)|+|u2(t)|+|ω(t)|(e
−8 + 1

et+3 )(t2u1(t)+w(t)),

f2(t,u1(t),u2(t),w(t)) = kt2

et+3(1+|u1(t)|+|u2(t)|+|ω(t)|)(tu2(t)+w(t)),
t ∈ [

1
16

,∞)q,

and k > 0. The hypothesis of Theorem 5.3 is satisfied with r1 = sup
t

∣∣∣(e−8 + 1
et+3 )kt5

∣∣∣ , p1 =

0, s1 = sup
t

∣∣∣(e−8 + 1
et+3 )kt3

∣∣∣ , r2 = 0, p2 = sup
t

∣∣∣ kt4

et+3

∣∣∣ , and s2 = sup
t

∣∣∣ kt3

et+3

∣∣∣ . Due to the general

selectivity of the constant k, the matrix

M =

(
λ1 +(r1 + s1h1)h1 0

0 λ2 +(p2 + s2h2)h2

)
converges to 0. Hence, system (1.1) has a unique solution in the generalized Banach space.
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