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Abstract. In this paper, we study the existence and stability of solutions to a class of coupled fractional
delay g-difference systems and obtain some similar results in a generalized Banach space. Finally, two
examples are provided to illustrate the results.
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1. INTRODUCTION

As an active direction, fractional calculus has broad prospects and has been successfully
applied in many fields, such as physics, stochastic process, anomalous diffusion abd so on. g-
Calculus as an important bridge connecting mathematics and physics plays an important role
in quantum mechanics, nuclear and high energy physics, generation mathematics, and com-
puter field. With the development of the theory, many real-world phenomena can be modelled
with a high accuracy by different fractional boundary value problems. g-Calculuses were first
investigated in [3, 8, 11, 17, 18]. In recent years, g-Calculus was mainly applied in engineer-
ing and economics. Ferreira [10] considered the boundary value problems of the fractional
g-difference equations with the properties of the Green’s function and the fixed point theo-
rem. In [5, 12, 16, 22], the existence results of solutions for fractional g-difference equations
were studied. Subsequently, many researchers focused on fractional g-Calculus systems in
various cases, including multi-point boundary value, integral boundary value, different frac-
tional differential operators with the delay variables, and composition operators problems; see,
e.g., [6, 14, 15, 19, 20, 21] and the references therein. But the stability of coupled fractional
g-difference equations were relatively less explored. In [7, 23], the stability of fractional dif-
ference about non-autonomous systems and quantum equations of Euler type was discussed,
respectively. In [1, 2, 4, 9, 13], the existence and finite-time stability of a class of fractional
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g-difference time-delay systems by the g-Gronwall inequality and the fixed point theorem were
studied.

In [13], Ma et al. discussed the stability conditions of the coupled systems of a fractional
g-difference Lotka-Volterra model by the fixed point theorem:

( DZu(t) = c(t) f(t,u(t),v(r)), te(0,T],

Dhv(t) = d(0)g(t,u(t),v(1)), 1€ (0.7)

u(0) =7, Dqu(T) =0,

v(0) =0, Dyv(T)=0,
where CDg‘, CDg is the Caputo fractional g-difference derivative of order 1 < a,f8 <2, ¢,d €
C([0,T],R), f,g € C([0,T] x R*,R), and T = ¢".

In [9], Butt et al. considered the Ulam stability of the time-delay equation by the fractional
g-Gronwall inequality:

Dgu(t) =F(t,ut),u(@(t))), €T,
u(t)=e(t), tel,
where u:Tey — R, F:Teu xR> =R, @0: T, — Ty, ®: I = R, T, = [a,),, T=q%, d € Ny,
and leg‘ denotes the Caputo fractional g-difference operator of order 0 < o < 1.
In [2], Abbas et al. investigated the coupled implicit Caputo fractional g-difference systems:

(Dg ur) (1) = fi(t,ur (1), u2(t), (‘D' ur)(2)), € [0,T],
(‘DgPuz) (t) = fo(t,u1 (), uz(t), (‘DFuz) (1)), 1 €[0,T],
(u1(0),u2(0)) = (uo1,u02),

where CDS‘ " is the Caputo fractional g-difference derivative of order o, 0 < g <1, T >0, o; €
(0,1], fi : I x R* = R (i = 1,2) are given continuous functions. It deals with the existence, and
Ulam stability results for a coupled fractional initial value g-difference system on continuous
intervals by fixed point theorem.

Based on the above work, in this paper, we discuss the existence and Ulam stability of the
following Caputo coupled fractional delay g-difference system:

DO (uy (1) — I (3(21))) = fi (1,100 (6), 12 (1), duy (3 (1)), 1 €T,
DY (1) — Aaua (S (11))) = folt,ur(0),02(0), dPur(3(21))), 1€ T,
()=o), 1€l
wa(t) = ®a(t), 1€l

where ng" is the Caputo fractional g-derivative operator of order 0 < ¢o; < 1 from the starting
point f = a, 0 < g < 1, the parameter 0 < A; < 1, 3 : T, — T, is a operator, the continuous maps
ui(t) : Teg — R, ®;(t) : It — R, f;: T, xR> — R, where i = 1,2.

The time scale 7 is defined as Tq ={q" : n € Z} U {0}, where Z is the set of integers. For
a=q", nye Z, we denote T,= [a,oo)q ={q7a:i=0,1,2,---}. Further define Tr, = [Ta,oo)q =
{ta,q 'ta,q *ta, -}, where t=¢? € T,, d € Ny, No={0,1,2, - }. I = {ta,q 'ta,q>1a,

-,q 'ta,--- ,a} is abounded time scale as i < d (i € Np), and IT {a} is the non-delay special
caseasd = 0.

(1.1)
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This article 1s composed as follows. In Section 2, some basic definitions and lemmas are
given to prove the main results. In Section 3, we discuss the existence and uniqueness of solu-
tions to system (1.1). In Section 4, the Ulam-Hyers stability and Ulam-Hyers-Rassias stability
are investigated by the q-Gronwall inequality. In Section 5, it demonstrates the existence and
stability results of solution in the Generalized Banach space. Finally, examples are given to
illustrate the conclusions in Section 6.

2. PRELIMINARIES

In this section, we provide some definitions and lemmas for fractional g-Calculus which will
be used in what follows. Let N = {1,2,3,---}, and let C be the complex set.

Definition 2.1. [22] The g-difference factorial function in C is given by

o5}

k

l‘_

(z—s)g:tant%, 0<s<t, acC\{tn}, neN.
k=0t —4" 7S

Definition 2.2. [22] For | ¢ |< 1, g-Gamma function is defined as

1—g l-a
Fq(a) ﬁ, (XEC\{—I’Z:I’IGN()}.
In particular,
1—qg*
Ly(o+1) =[ally(a) = g Iy(a), Ty(1) =1, a>0.

Definition 2.3. [11] For u : T, — R, the g-integral of u is defined as

/t u(s)dgs = (1—q)t i q'u(tq'),
0 i=0

forO0<aeTy, [lu(s)d,s= [fu(s)dys— [§u(s)dys
Definition 2.4. [11] The g-derivative of function f : T, — R is defined as

0.0 =TT (,1)0) = im0, ),

and g-derivative of higher order by (Dg F)x) = f(x), (Dyf)(x) = Dy(Dy~ '£)(x), n€N.

Definition 2.5. [5, 17] Let f : T, — R, o0 # —k, k € N, then the fractional g-integral of order o

is defined as )
(24 _ ;/ . a—1
A0 =gy [ a5 )
(tfa);x
Ly(o+1)°

In particular, .7 (1) =

Definition 2.6. [8] Let f : 7, — R, a > 0, and the n = [¢t] is a minimum integer greater than
or equal to the o¢. Then the Caputo fractional g-derivative of order ¢ of function f is defined as

D0 =y D0 = o [ ey Do)

Ly(n—
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Lemma 2.7. [5] Let oo € RT\N, and the following equation holds:

(DS ><t>:f<r>—nlﬂ<0"f><a>
qa4 k:OFq(k+1) 4

If oc € (0,1], then (dg'aDy ) (1) = f(t) — f(a).

Lemma 2.8. [4] Let a > 0, u(t) and v(t) be nonnegative functions, and w(t) be a nonnegative
and nondecreasing function such that w(t) < M, t € T,, where M is a constant. If u(t) <

v(t) +w(t)agu(t), then u(t) <v(t) +k§1 (w(t)r‘q(oc))kalé‘“v(t).

Corollary 2.9. [4] Under the conditions of Lemma 2.8, further assume that v(t) is a nondecreas-
ingfunctionfort € T,. Then, u(t) < v(t)Eqw(t)ly(a),t —a), t € Ty, where Eq(A,t —a) =

_ka
Z Ak tkzt)ﬂ) is the q-Mittag-Leffler function.

Definition 2.10. [18] Any subset of sequences in /5 is called uniformly Cauchy (or equi Cauchy)
if, for every € > 0, there exists an integer N such that, for any sequence x = {x(n)} and i, j > N,
| x(i) —x(j) |< €. (Where [ is the set of all real sequences x = {x(¢) },_, from the starting point
t=0.)

Lemma 2.11. [18] (Discrete Arzela-Ascoli Theorem) Any subset of sequences Iy, which is
bounded and uniformly Cauchy, is called relatively compact.

Lemma 2.12. [23] (Schauder Fixed Point Theorem) Let S be a non-empty, closed, and convex
subset of a Banach space Q, and T : S — S a continuous mapping such that T(S) is a relatively
compact subset of Q. Then T has at least one fixed point in S. That is, there exists x € S such
that Tx = x.

Next, setting X = {/(7%,) of bounded functions (sequences) on Tr,} from the starting point
t = a, we consider the Banach space C := X x X = {(uy,up)|u; : Tz, — R} equipped with the

norm ||(u1,u2)|lc = [lu1lee + l|u2]ls Where ||u;l|, = sup [u;(2)], and [|(u1,u2) — (vi,v2)llc =
t€Tr,

[(u1 = v1), (2 —v2)|lc-
Now, let € >0, ¢ : T, — R be a non-decreasing continuous function, and consider the

following inequalities:

D5 11 (6) = M (S(e0)) = fi (s (1)) P (S(e)) S €0
D (2 (0) = Aua(3(20))) = falt, 1 (1), 102(0). dPua(S(w0))) | < e v
{|302“< (1) - Mm(f»( 0) = it (@) w(0), i m S <00, o
D (a(1) = Awa(S(11))) = falt, 0 (1), 02 (o).l u(S (1)) < (1), )
and
{|zz>2‘1<u1<r>—zlu1<s< ) = filtm (1)), n S| <epl), | L,
D (a(6) = Aana(S(21))) = folt, 1 (1), 02(0), s (S (31))) | < €(1), ‘

The following definitions can be derived from [2, 3].
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Definition 2.13. System (1.1) is said to be Ulam-Hyers stable if there exists a real number
cf.f» > 0 such that, for all € > 0 and for each solution (ur,up) € C of (2.1), there exists a
solution (vy,v;) € C of system (1.1) with

H(”l(ﬂ _Vl(t>7”2(t) —Vz(t))H < é€cf.py tET

Definition 2.14. System (1.1) is said to be Ulam-Hyers-Rassias stable with respect to ¢ if there
exists a real number cy, , o > 0 such that, for all £ > 0 and for each solution (u,us) € C of
(2.3), there exists a solution (v,v;) € C of system (1.1) with

[(ur(t) —vi(t),ua(t) —va(t)) || < €cpy f00(t), tET

Definition 2.15. System (1.1) is said to be Generalized Ulam-Hyers stable if there exists cy, ¢, :
C(R",R") with ¢£(0) =0, i = 1,2 such that, for all € > 0 and for each solution (u1,us) € C of
(2.1), there exists a solution (v,v,) € C of system (1.1) with

[(ur(t) =vi(t),ua(t) =v2 ()l < cp py(€), tET

Definition 2.16. System (1.1) is Generalized Ulam-Hyers-Rassias stable with respect to ¢ if
there exists a real number cy, r, » > 0 such that, for all € > 0 and for each solution (u1,u;) € C
of (2.2), there exists a solution (vy,v) € C of system (1.1) with

Qi (8) =vi(0), u2(t) =v2 (D)) | < ¢51.10,00(1), 1€ T,

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section, we compute and derive the equivalent solution of coupled integral equations
corresponding to coupled system (1.1), and further present required criteria for the existence of
solutions.

The following hypotheses will be used:

(H,) there exist constants r;, p;,s; > 0 such that

| fi(t,ur,vi,wi) — fi(t,uz,va,wa)|| < rillug —ua|| + pillvi — val| +sillwi —wal|, i=1,2;

)
(H;) the map 3 remains in the delay time scale /7.
(Hz) for the non-decreasing continuous function ¢ : T, — R presented above, there exists
Bi € RT such that [ (1) < Bio(t),i=1,2.

Remark 3.1. For the continuous function f: Ty — R, A7 f(t) = = [ (t — gs)§ " f(5)dys <

Ly(ai)
(T-a)g' A (T-a)
rq(a,»+ql) £l i = rq(a,»+q1)’

A £l <

i=1,2,t<T.
Set A =max{A;, A2}, #=max{r,r}, p=max{p, p2}, §=max{s|,s>}, and h = max{h;, h>}.
Lemma 3.2. The solution of system (1.1) is equivalent to the solution of the integral equation:

u'(t)_{ ®;(t), tel,
N ®(a) — 4®i(S(Ta)) + Aui(S(Te)) +algiﬁ(t,u1(t),uz(t),algiu,-(fs(rt))), teTy,,

where i =1,2.
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Proof. Fort € I, u;(t) = ®;(t) is obvious. For t € T,, by applying ,I;" on both sides of problem
(1.1), we have

{ dq" Dy (i (t) = Mur (3(1))) = dlg" fi(t,u1 (1), u2 (1), ol w1 (3 (72))),
dq D7 (w2 (t) = ua(3(11))) = dlg” fo(t,u1 (1), ua(1), olg w2 (3 (71))),

which leads to

teTy,

ui(t) = dDi(a) +/'L,~u,~(5(ft)) — QLI‘CI)Z‘(S(TCI)) —l—algiﬁ(t,u1(t),uz(t),alg‘iui(fs(ft))),i: 1,2.
]

Theorem 3.3. If (H,) — (H,) and the assumption A + h(F + p+3$h) < 1 hold, then the coupled
system (1.1) under finite time-delay scale has at least one solution.

Proof. The proof is divided into the following step.
Step 1. Define the operators A; : X — X by

(Aqu)(r) =
D (1), tel,
Di(a) — AP (3 (ta)) + Au (3(1t)) +alg1f1(t,u1(t),uz(t),alglul(S(‘L't))), tely,
and
(Aou)(r) =
D,(1), t €I,
<I>2(a) —A«Q(I)Q(S(Ta)) +212M2(S(Tl)) +a14(1xlf2<l‘,1/l1(l),uz(t),algluz(S(‘L't))), tely,

and consider the continuous operator A : C — C defined by (A(uy,uz))(t) = ((A1u)(2), (Au)(1)).
Let us choose

(1—A)p+hb
1—A—h(F+p+sh)

A>2

where p; = sup®;(r),p = max{p;,p»}, 6; = maTx{\fi(t,O,O,O)|}, and § = max {6;,6,}, and
tel; t<
set X = {(uy,uz) € C: || (u1,u2) || < A} which is nonempty, closed, and convex. For ¢ € I,

|A(ur,uz)(t)|| = ||A1u(t)]| + [|[A2u(®)|| < p1+p2 <2p < A. Fort € T,, we have
A1 ()] < P1—/11P1+7Ll/\+%fé(l—qs)gl_l\fl(t,Ml(f),uz(l),alglm(s(ff)))\dqs

< (1=20p1+ MA+ gy Jo (0= as)g' ™ (| fi (e, (1), ua(0), dlg un (3 (71)))
f1(2,0,0,0)| +£1(,0,0,0)|)dys

IN

(1—ll)P1+llA+%fé(f—qS)(qxl_l(91+r1 lur (¢)| + p1 |u2(t)|+
sthy lur(3(71))]) dys
(1=A)p1 + MA+h (61 + 1A+ piA+sihiA) < A,

IN
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and
[Az(u) || < p2—12p2+12A+Fq(1a2)f (t—g5)3 " [ Lot ,ur (6),ua(t), lgPur (S (22))) |dys

(1= 22)p2 + oA+ s Ja (6 — q5)° Al (1), u2(0), diPua (S (21))) —
f2(t70a070)|+|f2(t7070a0>|)dqs

IN

IN

(1= A2)p2+ A2 A+ s [o (6 —4s)g® ™ (B2 -+ r2|ur (1) + pa |ua (1) | +
soho lua(3(1))|) dys
(1=22)p2+ A+ hy(62 + A+ paA+ 5o A) < A.

IN

Hence,
A G u2) | = JAr @)+ [A2(w)]| <2 (1= 2)p +AA+h(O+FA+ pA+5hA) | < A.

which means that A maps X into X.

Step 2. A is continuous.

Let {ui,},{uz2n} € C (n € N) be two sequences such that (uy,,u1,) — (u1,u2) (n — o) in
L. This implies that uy,,(t) — u1 (1), u2,(t) = uz(t),u1,(3 (7)) = u1 (3 (7¢)), and up, (3 (1)) —
up(3(7t)). Let

Fin(t) 2 fi(tura(t),unn(t), dl O w1 (3 (7)),
Ponlt) 2 folt,1(0), 020 (1), ol Luna(3 (1)),

A2 (), u 2(t),dly ur (3(71))),

and
H(6) 2 ot (), u(t), d Pun (3 (7))

By (H,), we have || f1,(t) — f1(¢)|| = 0 and || f2,(¢) — f2(¢)|| — 0 as n — eo. Due to the Lebesgue
dominated convergence theorem, we obtain 415" || fin (t) — f;(t)|| = 0,i = 1,2, as n — o. So, for
t € I, since @;(t) is continuous, we have that A is continuous. For each ¢ € T, we have

141 (u1n) = Ar ()| < A l[urn(3(72)) = (S(2)| + ol [f1a(8) = A1 ()] = O, = oo,

and

142 (uzn) — Az (u2)[| < Az l[uzn (3 (72)) — (S (1))l + alg” [ f2n (8) = L2 (D) ]| = O, = oo

Hence
|A(u1n, uzn) —A(ur,uz)|| = [|A1(u1n) — A1 (u1)[| + ||A2(u2n) — A2 (u2)|| — 0, 1 — oo.

Step 3. Show that A is a relatively compact operator.
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It is clear that A(X) is bounded. Now we have to show that A is uniformly Cauchy. For ¢ € I,
it is true. For 11,1, € T, such that 1] > 1, > a, let (u;,up) € X. It follows that

[(Aru) (1) — (Au) (1)
= Mul( (1)) —u1 (3(712))
S Ja (R—as)g"™ fl()
M|M1(3(Tf1))—u1(3(ff2))\+% o |11 =a9)g" " fi(s) |dgs

+Fq(1a1) 20 —qs)gl_l —(fz—QS)gl_l]fl(s)’dqs,

(=g i) ds

IN

and
|(A2u)(t1) — (Azu)(22)]
12 ’Mz(S(Ttl)) — qu(’L’l‘z))’ + %

IN

(01— as)g> " fals)|dgs
ity [0 = a9) 7 = (12— 9)52 7 129) | dos.

By (Hz), ul(S) = <I>1( ), 2(3) = (132(1), t €l;. Asty — tr, we have |u1(3(’1’t1)) —ul(S(th))|
= ’q)l(tl) _(Dl(tz)'h — 0 and |u2(5(1't1)) —uz(S(”L’tz))‘ = |‘I)2(l‘1) _q)2(t2)’11 — 0. It follows
that

[(Aru)(t1) — (Aru)(22)| = 0, [(A2u)(t1) — (A2u)(r2)| — O,

and then
| A(ul,uz)(tl) —A(ul,uz)(tz) |—> 0, 1 —n.

In view of Lemma 2.12, the Schauder fixed point theorem, there exits at least one fixed point of
Ain X. 0

Theorem 3.4. Suppose that (Hy) — (Ha) hold. If (u1(t),ux(t)) and (vi(t),va(t)) both satisfy the
solutions of problem (1.1) under the boundary conditions, then (u1(t),ua2(t)) = (v1(t),va(?)).

Proof. Letting z(t) = (uy(t),un(t)) — (vi(¢),va(t)), and z;(t) = u;(t) —vi(z), i = 1,2, we have
z(t) = z1(¢t) +z2(t). We prove that z(¢) = 0, for ¢ € I;. For t € T, we have

ai(t) = Xizi(3(20)) + ol filt,ur (1), ua (0), ol g i3 (22))) = ol fi(t, v (£),v2(1), g i (S (11))).

Fort€l,-1 ={a,q 'a,q *a,---,7 '}, by (H,), (3 (7)) =0. Letting Z(r) = max {||z1 ]| , |22|},
we have

(Il = olg" filt, w1 (t),ua (1), alg"ui(3 (7)) = olg" filt, v1 (1), v2(2), ol vi( S (21)))
(t,un (1), 12 (1), ol i (S (1)) — filt,v1(0),v2 (1) dlg vi(S (7)) |
(rz 21O+ pillz2 (@) + sifui ||z (S (22)]])

dg’ (Fllz1 ()] + B llz2(0)])-

It follows that Z(t) < (7 + p)aly'z(t). From Corollary 2.9, z;(t) < Z(t) < 0+ jEq, (FT (e a).
I.-1.

(FLg(0i),t —
Hence, z(t) =0 for t € For tetla ,00),,» letting 2;(#) = sup [[z:(S(70))| and 2(r) =
ocl;
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max{||21 I, 112211}, we see from (H;) that

<A sz( (el +alg? || £, (1), 12 (0) i (S (22))) = file,vi (1), w2 (1) g vi( S () )|
< 25(0) + dl (Rllza () + 22 ()| + 7 (S (=0)) ),

which implies that 2(r) < A2(¢) + + (P+ p+ $h)adi2(t), and hence 2(r) < @(II;"E(I). From
Corollary 2.9, zi(t) < 2(t) <0-4Eq, (r+p+ShF (a),t —a), so there exists (1) =0, t € [T_la700)q.
From the above, (u1(t),u2(t)) = (vi(z ) 2 (1)), t € T,. O

4. ULAM STABILITY

In this section, we deal with the Ulam-Hyers stability and Ulam-Hyers-Rassias stability of
coupled system (1.1).

Lemma 4.1. If the coupled function (uy(t),u(t)) defined on the Tz, is the solution to (2.1),
then the following inequalities hold:

|u1(t) —ul(a) —)Llu1<3(fl)) —|—)~1u1(3(f61)) —alglfl(l,ul(t>,u2(t),alglu1(3 ‘ < th(a—?_)fll),
|u2(t) — uz(a) — ﬂ,zuz(S(Tt)) +7Lzu2(5(1a)) —alngz(t,ul (l‘),uz(l‘),algzuz(s < F ((xj)+12)‘

Proof. Notice that (u;(¢),u2(t)) is a solution to (2.1) if and only if there exists a function A(r)
such that |h(f)| < € and

{ DF (w1 () = Aur (3(21))) = fi(t,ur (1), u2(1), g ur (3 (1)) = h(1),
g (u2(1) = haua(3(11))) = fa(t,ur (8),u2(1), ol w2 (S (1)) = h(1).

By applying the operator alg" to both sides of (4.1), we have

{ul(t) 1 (@) — Mun (3(20)) + Ay (3(2a)) — ol f1 (601 (0,02 (1)l (3 (21))) = Wl (1),

uy (1) — uz (@) — Maua (3 (1)) + Aaua (3 (@) — alg* fa(t,u1 (1), ua (1), g *u2 (3 (71))) = oy (1),
which implies that

’ul(t) —ul(a) —),1141(3(’51)) +7Llu1(3(w)) —alglfl(t,ul(t),vl(t),alg‘ul(S(Tt)))’

< JE|h(t)] < ed@ (1) = £

4.1)

and

|u2(1) — uz(a) = Ao (3 (7)) + Aoz (3 (7a)) — lg” fa(t,un (8),ua (1), ol u2(3 (1)) ) |

R
< g2 ()] < edf?(1) = £t

Theorem 4.2. If (H,) — (Ha) hold, then system (1.1) is Ulam-Hyers stable.
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Proof. Assume that (u(t),up()) satisfy (2.1), (vi(z),v2(¢)) is the solution of system (1.1) and
(uy(2),uz(t)) = (vi(t),v2()) for t € I;. We conclude that

v (t) = up(t), t el
ul(a) —7L1M1(S(‘L'd)) +7le1(3(rt)) —f—alglfl(Z‘,Vl(t),VQ(l‘),aIglvl(S(Tl‘))), tel,.
and

va(t) = up (1), t el
2 uz(a) —7(‘21/!2(3(1'61))+7LQVQ(S(‘L'I)>+a1¢;xzf2(l‘,vl(I),Vz(l),aIgZVZ(S(TZ))), teT,.

Fort GIT it is apparent that || (u1 (£) — v1(t)), (ua(t) — v2(t))|| = 0. Fort € I.1 = {a,q 'a,q 2a,
, 7 la}, we have uy(3(tt)) —vi(S(tt)) = 0, up(3(tt)) —v2(3(t)) = 0. By (H;) and
Lemma 4.1, we have

Vi) —ur (1)

= ||ur (1) —ur(a) + 2ur (3(a)) = 2vi(3(t2)) = oy f1(t,v1(2),v2(1), ol vi (3 (7)) |
< Jur (1) —ur(a) + 2w (S(a)) = Aivi(S(we)) = olg" f1(t 1 (2),v2(0), ol ur (3 (20))) |
+ {|alg" Fi (2, un (1),v2(), dlg" ur (3(20))) = alg” f1(1,v1(2),v2(2), g vi (S (1)) |
< (1) = wr (@) + Ay (3(za)) = Avi (S(70)) — oy f1 (8,01 (2), v2 (2 ) alq uy (3(z)))
)

g [ it (), v2(0), dlg un (S (7)) = frle,vi(0),v2(0), olg ' vi(S(22) )|

< HG ()~ o))
Similarly, one has [|va(t) — 2 (£)| < €9 4 prd® [lua() — va (1) Since £1=94 is non-
Y, 2 2= €T (op1) T P2dlq " [1H2 2 T, (oi+1)
negative and nondecreasing function about ¢ for each t € I -1, Corollary 2.9 yields that
A
s (1) =vi (@)l < [+ e (nTg(0n), T —a)] =y,
and [|uz (1) = va (1) < [h2- Ean (paTg(002), T —a)] 2 ¢, Tt follows that

[[(ur () = vi (), uz(r) = va(2) |
= [Jur (1) =vi (@) || + [lu2(2) = v2(1)]]
<e [/’ll -anl r1Fq(Oc1),T—a)+h2-anz(szq(ocz),T—a)] é<€‘C‘flf2, Vit EIT—I.

(
For [T’la,oo)q, let2(¢) = sup || (u1(3(01)) —v1(3(6¢))]| and 22(z) = sup || (u2(3(01)) —v2(3(61))||.

ocl; IS e

Observe

[[ur () —v1(2)|]

w1 () — w1 (@) + Aqur (3 (Ta)) = Avi(S () — alg” fr(,ur (2),v2(1), olg ur (S (wr)))|
g’ Hﬁ (1 (), v2(0) sl un (3(70))) = fi (0,01 (1), v2(0). ol vi (3 () |

r( @t +a1 (ru [ Cun () =vi (@)l + sk [lur (3(2r)) —vi(3(70))]])

IN

IN

a % A
Sial)ﬁ) + (1 s1h1)dg 21 (1),

IN
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and
£(t —a)g’

lua(2) =wa (1) < Ty(o+ 1)

From Corollary 2.9, we have

g (£) = vi (0)|| < 21(1) < & [y - Eay ((r1 +s1h1)Tylen), T —a)] 2 ecy,

+ (p2 + Szhz)alngz(t).

and
lua () = v2(t) | < 22(t) < € [~ gy (P2 +5212)Ty(002), T — )] 2 ecp,.
Thus

[Qur (2) = vi(2), uz(t) =va ()| = [ur (1) =vi (@) ]| + |2 (2) — v2(1)]]
A
< e[h - o ((r+s1h)Tq(0n), T —a) +ha - gEa, (P2 +52m2)Tg(00), T —a)] = ecy g,
Hence the proof is completed by Definition 2.13. U
Corollary 4.3. Under hypothesis (H)) — (H»), system (1.1) is Generalized Ulam-Hyers stable.

Proof. From Definition 2.15 and Theorem 4.2, we can conclude the desired conclusion imme-
diately. U

Theorem 4.4. If hypothesis (H,) — (H3) hold, then system (1.1) is Ulam-Hyers-Rassias stable
about @.

Proof. Let (u)(t),u
{ o(1) <D
o(t) <D
which implies that
{ Jur(£) = wr (@) = Ay (3 (7)) + Aaun (S (7)) — dlg™ fi (1,11 (1) 2(2), ol ur (S (20)))| < ol @ (1),
|u2(r) — uz(a) — Aaua (3 (7)) + Ao (S () — ulg” fo (1, (8),u2(1), ol ua (S (21))) | < dlg” @ (1),

In view of (H3), we have

2(1)) be the solution to (2.3). Then
1

g (1 (1) = Aun (S (1)) = fi(tun (1), (1), ol 1 (3 (7)) < (1),
¢ (u2(t) = Aoua (3 (7)) = fa(t, 1 (1), w2 (1), ol 12 (3 (7)) < @

{ |1 () — wi (a) — A (3(70)) + Mur (3(ta)) — olg" f1(2,u1 (1), w2 (0), olg w1 (3(71))) | < eBrop(1),
|ua (1) — ua (@) = Aaua (3 (7)) + Ao (3(7@)) — olg? fo(t,u1 (1), 2 (1), g *u2 (3 (71))) | < €B29p(1),
Fort € I, || (u1(t) —vi(t),ua(t) —va(t)]| =0. Fort € I.1, u1 (3(71)) —vi(3(72)) =0, ua(3(71))

v2(3 (7)) =0, [|u (2 )—Vl( ) <eBio(t)+ridy" lur(r) —u()]|, and [Juz(t )—V2(f)|i <efro(t)+
pzalqaz||u2(t)—vz(t)|| Using Corollary 2.9, we have ||uj(¢) — vy (2)|| <8ﬁ1(p() ¢Eo, (ry(on), T —

a) 2 e, o0(1), 1a(r) = v2(1) | < EP2(1) - Eoy (p2Tyg(02), T —a) 2 €cy, (1), and
[[(ur () —vi(2), ua(t) —v2 (1)
<eQ(t) [Br- gEay (nTy(0n), T —a)+ B2 Ea, (2l g(), T —a)]

A
= €Cf,£,,0P(1).
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Fort e [T‘la,oo)q, we have
ur(t) =vi(@)[| <21(1) < eBr@(t) + (r1 +s11)ddg" 21 (1)

< e9(t) [Br - Fon ((r1 +s1m)Tg(0n), T —a)] 2 ecp, o0(t),
and

lua (1) =va ()| < 22(t) < Bag(t) + (P2 + s2h2)al 20 (1)

< e9(1) [Br- Ear (P2 +5210)Ty(00), T — )] = ¢y p9(1).
Hence, we have

11 (2) = v1(2),u2(2) =2 (1)

< €0(1) [Br- e ((r1 +s1h)Tg(0n), T —a) + B2 ¢Eo, (P2 +52h2) Ty (02), T — a)]
A _
= SCfl’f%(p(p(t), Vt € [T la,oo)q.
Hence system (1.1) is Ulam-Hyers-Rassias stable as mentioned above. 0

Corollary 4.5. If assumptions (Hy) — (H3) hold, then system (1.1) is Generalized Ulam-Hyers-
Rassias stable about @.

Proof. In view of Definition 2.16 and Theorem 4.4, the desired conclusion can be obtained
easily. O

5. RESULTS IN GENERALIZED BANACH SPACES

Now, we consider the uniqueness and Ulam-Hyers-Rassias of coupled system (1.1) in gen-
eralized Banach space. Let C =X x X = {(u,v)|u,v : Trs — R"} be bounded functions vec-

tors. C? =C x C is a generalized Banach space with the norm ||(u,v)|c2 = [Jull.. + [|V]|..-
For any u,v € R" with u = (uy,uz,--- ,uy), v=(vi,v2,--- ,va), [[ui|| = sup,cz._ [u;(t)], l|ull., =
max {||uy ||, |[uz]|,- -, [|un||}, and max(u,v) = (max(us,v;), max(uz,v2),...,max(uy,v,)). If
m € R, then u < m means y; <m, i =1,2,--- ,;m. Let C is nonempty set. Recall from [1]

that (C,d) is called a generalized metric space with d(u,v) = (d1(u,v),d>(u,v), -+ ,d(u,v))7,
and a vector-valued metric map d : C x C — R" with the following properties for all u,v € C:
(i)d(u,v) >0, and d(u,v) = 0 if and only if u = v; (i))d (u,v) = d(v,u); (iii)d(u,w) < d(u,v) +
d(v,w). Notice that d is a generalized metric space on C if and only if d;(i = 1,2,--- ,n) are
metric on C. A square matrix D of real numbers is said to be convergent to zero if and only if
its spectral radius p (D) is strictly less than 1. That is to say that all the eigenvalues of D are in
the open unit disc, i.e., |A| < 1 for every A € C with det(D — AI) = 0, where I denotes the unit
matrix of D, »,(R). Let (C,d) be a generalized metric space. An operator N : C — C is said to be
contractive [1] if there exists a matrix M convergent to zero such that d(N(u),N(v)) < Md(u,v),
Yu,v eC.

Lemma 5.1. [1] The matrix A = Z converges to zero in the following cases:

(1) b=c=0, a,d >0, and max{a,d} < 1.
(2)c=0,a,d >0,a+d<1,and -1 <b <O.
B)a+b=c+d=0,a>1,c>0,and|a—c| < 1.



EXISTENCE AND STABILITY OF SOLUTIONS 13

Lemma 5.2. [16] Let (C,d) be a complete generalized metric space, and let N : C — C be a

contractive operator with Lipschitz matrix M. Then N has a unique fixed point ug, and, for each
ueccC,

d(N*(u),up) < M*(M)~'d(u,N(u)), forall k € N.
Theorem 5.3. Suppose that (Hy) — (H;) hold under u;,vi,w; € R", t € T,. If
A+hy(ry +s1hy) pihy
( rahy A2 +ho(pr+s2h2) )
converges to 0, then system (1.1) exists a unique solution.
Proof. Define the operators Fi,F; : C> = C,i=1,2, by
Fi(ur,uz)(t)
®i(t), tel,
B { D;(a) — 1;D;(3(7a)) + Au;(3(1)) +algif,~(t,u1(t) uz(t),algiui(g(rt))), t €Ty,

and consider the operator F : C? — C? defined by (F (uy,u2))(t) = ((Fy (u1,u2))(t), (Fa(u1,u2))(t)).
Next, in order to verify the conditions, taking any (u1,u3), (v1,v2) € C2, for t € Iy, we obtain
|F (uy,u2)(t) — F(vi,v2)(t)]| = 0. Fort € T,, we see that

[1Fi(ur,uz) (1) — Fi(vi,v2) (1)

< Ai[lui(3(2)) —vi(3(21)) |

+ [[alg filt ur (0),un(t), ol i (S (7)) — b it vi (1), v2(t) ol vi( S (20)) |

a0 st )
T, (c+1) T (it 1) T, (c+1)

Fort € I 1, ||ui(3 (7)) —vi(3(72))|| = 0. Letting

rihy pih
My = ;
rhy  pahy

we have d(F (u1,u2)(t),F (vi,v2)(t)) < Mod((u1,u3),(v1,v2)). When t € [t~ a, o)

iz —val| + (3 +4) [|ui(3(72)) = vi(S(20)) [,

o We have

(r1+s1h1)(t—a)a1 pl(t—a)a
|y (up,u2)(t) — Fy(vi,va) (2)]] < ( @) T4+ A1) ||ug — v +m |luz —va]|,

and

1B, u0)(t) = FB(vr,vn) ()l < 200y o (P22 v .

T, (0p+1) gl +1)
Letting
Y ( A+hi(r +s1hy) pihy )
rahy A +ho(p2+s2h2)

we have d(F (uy,u)(t),F(vi,v2)(t)) < Md((u1,u2),(v1,v2)), where
1F1 (1, u2) = Fy (vi, 2| )

|F2(u1,u2) — Fa(vi,v2)|

a’(F(ul,uz),F(vl,vz)) = (
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[[uer —v1 ]
d((u17u2)7(v17v2)): .

|uz —va|

and

Since M converges to 0, we conclude from Lemma 5.2 that system (1.1) has a unique solution.
0

Let ¢ : T, — R" be a non-decreasing continuous function. There exist constant matrixes
g, B; > 0 such that J3?@(t) < B;@(t). On the other hand, (v (¢),v2(¢)) € C satisfy the following
inequalities

{aD = A1 (3(70))) = file,vi (1), v2(0), alg" vi(1) (3 (7)) | < (1),

DG (va(t) = Aava(3(21))) — folt,vi (1), v2 (1), olg*v2 (S (1)) < (1),

Theorem 5.4. Suppose (Hy) — (H3) hold under u;,vi,w; € R", t € T,. Then system (1.1) is
Ulam-Hyers-Rassias stable about @ in the generalized Banach space.

tel,. (5.1

Proof. Let (v(t),v2(z)) be a solution to (5.1). Let (u;(t),u()) be a solution to system (1.1)
and (vi(t),v2(t)) = (uy(t),uz(t)) for t € Ir. Define

(1) = { vi(t), t € I,
l vi(@) = vi(S(1a)) + (S (21)) = dlg" filt,un (t), w2(t), ol wi( S (21))), 1 € T

Frgm ((51-1), we have [Dg (vi(t) — Avi(S(11))) — fi(t,v1(0),v2(0), g vi(S(11)))| < @(t), i =
1,2, an

|vit) = vi(a) +Avi(3(ta)) — Avi(S (1)) — dlg" fi(t,v1(2),v2(1), dlg vi(3 (72))) |
< dq'o(1) < Bio(t),
which yields that
[vi(t) —ui(t) ||
[[vi(r) = vi(a) + Awi(S(ta)) — Aui(S (1)) = alg’ fi(t, v1(1),v2(t), alg vi(S (1)) |
+ |lag” fi(2v1(2),v2 (1), alg vi(S (7)) = olg’ fit 1 (1), ua (1), g i (3 (20))) |
< eBip(t) +alg" (rivi(t) —wr (0) | + p2 [[va(t) —ua (o) ||+ sihi [[vi(S (7)) — i (S (1)) ])-

rn p
For t € I, it is clear. Fort € I_1, ||u;j(3(tt)) —vi(3(7¢))|| = 0. Letting B = < )
r2 p2
Bi

we have d((vi(t),va(t)), (ui(t),ux(t))) <& (
B

From Corollary 2.9, we obtain

> Q1) +Bulg d((v1(¢),v2(1)), (w1 (1), u2 (1))

A1) 0(0.100) < e00) | (1) EulBLL(@).T ~a)| 2ecs 000
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1 . ri+sih P1
Fort € [t a,0),, let Zi(t) = sup |[vi(3(7t)) —ui(3(71))[|, G = , we
o€l r p2+s2h

can also deduce

d((v1(£),v2(0)), (11 (1), u2(1))) < ( 21(1) ) e ( By )rp(r)+GaI;‘f ( flzz; )

By Corollary 2.9, we have

( QZ; ) <eol) [( ;[:2 )aEqmrq(a),T—a)] £ ecsipoln).

which yields that d((vi(),v2(2)), (u1(t),u2(t))) < €cy, 1, @(t). Therefore system (1.1) is Ulam-

Hyers-Rassias stable about ¢. U
6. EXAMPLES

Example 6.1. Consider the following coupled system of fractional g-difference equation:

. ZDiﬁ(m( )= Aur (3(72))) = fi(t,u1 (2),ua(t), 01]/4,41( (1)), €[k o),

1

D)3 (12(1) = aua(S(21))) = faltsur (6),2(0). ol (S (70))), 1 € [500)g,

di(t) =€, tel,

[ Dy(r) =loge', tel.

where
t)+cosuy (t)+sinw(tr)

Fi(tun(8),ua(t),w(r)) = S teosto ,
(

(l)) _ cosul(t)Jrsin31620(t)Jrcosw(‘l,'t)7

E

1 1 1 1 1 -2
a1 =3, =3, 49=7g, llzﬁ, A’ZZﬁ?S(Tt):Tt7T:q

|fi(t,ur (1), u2(2), wi(2)) — filt, vi (1), v2(2), w2 (1))
< g ([ (6) = vi ()| + [ua (1) = va ()| + [wi (7) = wi (72)])

sinceF (o )isincreasingaboutocandF (@) >1(a>0), h= %<8 A+ h(F+p+35h) =

12 +8 x (4= 755 3002) < 1. Assume that @(7) = e for each t € T, there exists a real number

0 < & < 1 such that Jg7 @(t) < m < 8,2‘/’( ) < Bie(t). So we have the results.

arctant

Example 6.2. Consider the following new coupled fractional gq-difference equation:
(D3 (6) = Aaur (3(20))) = fi(t,ur (1), 12(0), oy 3 (3(31))), 1 € [g,90),,
D3 (12(1) = Aaua(3(3))) = falt,u1 (1), 12(0), ol 32 (S (70)), 1 € [, 00),,

®(t) =€, rel,

[ P(t) =loge!, tel.
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where u; (t),ux(t) €R", fi : T, x R" X R" X R* — R",
kt?

fi(t,ui(t),us(t),w(t)) = T OO o] (e 8+ e,%)(tzul (t) +w(t)), 1

kt?

Lt un(t),uz(t),w(t)) = a3 (1w ()| (0] + o)) (tua (1) +w(1)),

and k > 0. The hypothesis of Theorem 5.3 is satisfied with r| = sup |(e~® + et%)kts) , PL=
t

0, s1 = sup (8_8 + e,%)kt“” , 1y =0, pp =sup e]% , and sy = sup e’% . Due to the general
t t t
selectivity of the constant k, the matrix
A+ (rp+s1hy)hy 0
0 A2+ (p2+s2h2)ha

converges to 0. Hence, system (1.1) has a unique solution in the generalized Banach space.
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