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Abstract. In this paper, the boundary value problem of a class of nonlinear singular impulsive differential
equations in Banach space is studied. By constructing a special cone and defining a special operator, the
impulsive problem is transformed into a continuous problem. By using the fixed point theorem of cone
extension and cone compression, the existence of multiple positive solutions is obtained.
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1. INTRODUCTION

In this paper, we assume that (E, || -||) is a real Banach space. If P is a normal cone in E,
we say that the normal constant is 1. We consider the existence of two positive solutions to the
boundary value problem of the following second order singular impulsive differential equations

(X (6) 4 f1(8,2(2), y(0), x() +3(1)) = 0,1 € (0,1),1 # 11

V(1) + fa(t,x(0), (), x(1) + (1)) = 0,1 € (0,1),1 # 145
Ax:x(t,:r)—x(t_) Li(x(t))t =t k=1,2,--- 'm (L1
Ay=y(t,") =yt ) = k() =1k, k=1,2,--- ,m '
x(0) =X (1) = 6;

y(0)=y(1)=8,

where 0 is a zero element in E.
LetJ=[0,1] and C[J xJ] =: {(x,y)|(x,y) : J xJ — E X E, x(t) and y(t) are continuous on J }.
It is easy to know that C[J x J]| becomes a Banach space under the norm || (x,y) ||=]| x ||c + ||
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Y llc, where || x [le= supyey [[ (1) [, [y [le=supye; || (1) || Let PCI < J] =2 {(x,)[(x,y) : J X
J—EXE, x(t) and y(t) are continuous at t # ty, and onthe le ft and the right limit exists at t =

tr,k =1,2,--- ,m}. It is easy to see that PC[J x J] becomes a Banach space under the norm
|Gl =2l x llpc + |y llpc. where || x [lpc= supyey | x(2) [l |y lre= supye, Il y(2) |l Tn (1.1,
fi€C[(0,1)xPxPxP\{0},P], I €C|P,P],fori=1,2andk=1,2,--- ,m. Problem (1.1) is
the boundary value problem of the second-order nonlinear singular impulsive differential equa-
tion system. As a system widely existing in modern science, the impulse system is powerful
to describe the models of population dynamics, ecology, ecosystem, biotechnology and so on.
From the viewpoint of theory research, impulse differential equations have become one of the
important branches of applied mathematics in recent years. Many authors studied impulsive
differential equations, and their theoretical results have been widely applied to many fields;
see, e.g., [3, 4, 5] and the references therein. We study the solutions of impulsive differen-
tial equations (1.1) by using the noncompact measure and the fixed point theorem on cones in
[3, 4, 5]. There are many theorems on the solutions of impulsive differential equation in Banach
spaces, such as the Leggett-Williams fixed point theorem, the Schauder fixed point theorem,
the mixed monotone operator fixed point theorem, and the fixed-point theorem on the cones.
Recently, the existence of at least three positive solutions to impulsive differential equation
by using the Leggett-Williams fixed point theorem was studied (see, e.g., [2, 6, 11]), and the
existence of a positive solution to impulsive differential equation by using the Schauder fixed
point theorem and the fixed point theorems of mixed monotone operators was also studied (see,
e.g., [10, 14, 15]). For differential equation or impulsive differential equation, there are many
research results on the existence of solutions, but there are few results on the existence of so-
lutions of differential equations, in particular, the impulsive differential equations. Tang and
Wang [8] used the fixed point theorem of cone tensions and cone compressions and explored
the existence of positive solutions of non-negative boundary value problems for second-order
singular differential equations on infinite intervals. Wang and Tang [9] further studied the ex-
istence of positive solutions to the boundary value problems of nonlinear impulsive differential
equations. On the other hand, many scholars studied singular differential equations or singular
impulsive differential equations. We refer to [1, 7, 12] for the existence of positive solutions
for boundary value problems of second-order singular differential equations. There are few
cases that there are singularities in impulsive differential equations. In boundary value problem
(1.1), fi(t,x(¢),y(t),x(¢) + y(t))(i = 1,2) is singular at point = 0, 1. In order to overcome the
difficulties caused by the singularity, we first consider an approximation to the boundary value
problem (1.1) of the impulsive differential equations.

In [13], Yan and Liu constructed a special operator to overcome the obstacles caused by im-
pulse when studying the singular impulse differential equation on the half-line, and transformed
the impulse problem into a continuous problem. Based on this, in this paper, we first transform
the impulse problem into a continuity problem by constructing a special operator, and then
use the fixed point theorem of cone extensions and cone compressions to study the boundary
value problem of the singular impulse differential equations, and the existence of two positive
solutions is obtained.
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2. PRELIMINARIES

The positive solution to problem (1.1) is (x,y) € PC[J x J]NC?[J' x J'], where J' = [0,1]\
{t1,ty,- -+ ,t,}. It satisfies boundary value problem (1.1), and x(z) > 0, y(¢) > 0, when ¢ €
[0,1]. Let x(¢) : (0,1) — E be continuous. If the limit lir(r)l+ [} x(t)dr exists, then the abstract

e

generalized integral fol x(t)dt converges. Similarly, the convergence and divergence of other
generalized integrals can be defined. Kuratowskii noncompact measures of space E,C[J x
J], and space PC|J x J] are respectively represented by «, 0, and apc. For the noncompact
measures and their properties, we refer to [4, 5].

Lemma 2.1. [4] Let S C C|J,E|] be bounded, and let S be equicontinuous on J. Then a.(S) =
supa(S(t)), where S(t) = {x(t) :x € S}(t € J).
teJ
Lemma 2.2. [4] Let D C PC[J X E| be bounded, and let D be equicontinuous on Ji(k =
0,1,--- ,m;tg =0,t,11 = 1). Then apc(D) = supat(D(t)), where Jy = [0,t1],Jx = (tx,tx11]-

teJ
Lemma 2.3. [4] Let S,T be a bounded open set of E. Then ao(S+T) < a(S) + a(T), where
S+T={x=y+z|yeS,zeT}.

Lemma 2.4. [4] (Fixed Point Theorem of Cone Expansion and Cone Compression) Let P be a
coneinE and P,y ={x € P,r <|| x||<s}(s>r>0). Let A: P,y — P be a strict set compression
operator satisfing one of the following two conditions:

(i) whenx € P, || x ||=r, || Ax ||>|| x ||, and when x € P, || x ||=s,
(if) whenx € P,|| x ||=r, | Ax || <|| x ||, and when x € P,|| x ||=s,
Then A has at least one fixed point in Py.

Ax [|<[[ x|,
Ax || =] x |

3. MAIN RESULTS

For the sake of convenience, we give the following conditions:

(Hy) Let f;(¢,x,y,x+y) < pi(t)gi(x+ ), where p; € C[(0,1),R"] and ¢; € C[P,P] satisfy
Jo spi(s)qilsr, Rds < +oo with g;[r,R] = SUP, < (xy) <k | 4i(x+Y) [|[< +o0,0 <r <R;i=1,2.

(Hp) For any r > 0, fi(t,x,y,x+y) is uniformly continuous on (0, 1) x Bg(0,r) x Bg(0,r) x
Bg(0,r)\ {6}, where BE(0,r) ={x|x € E,0 <|| x ||< r},i=1,2.

(H3) There exist [;; > 0 (i =1,2;j=1,2,3), for any 7 € (0, 1) such that ot(f;(¢,C1,C2,C1 +
) <1 o(Cy) + 1 a(Cy) + 130 (Cy + C,), where Cy,C; is a bounded set of E with C; +C, =
{x+ylx € C1,y € C;}. And there exist Ly > 0 such that a(l;(C;)) < Lya(C)(i = 1,2k =
1,2,---,m). In addition,

m m
I =max{4[(li +13)(1+ Y L) + (o +13)(1+ ) Ly)] < 1,i = 1,2}
k=1 k=1

(Hy) Let Ilk(l‘) = Y Ilk(x(l‘k)),lzk(l‘) = Y Izk(x(l‘k)). We assume that
O<n <t O<n <t

lim m > m;(t)(i = 1,2) are unanimously established with 7 € (0,1), where m; €
x%llk(t)
y—=h(t)

C[(0,1),R*](i = 1,2), and there is [a,b] C (0,1) satisfying [ as(my(s) +ma(s))ds > 1.
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(Hs) li_r}n f’(’fCTy;hLy) > n;(t)(i = 1,2) are unanimously established with ¢ € (0,1), where n; €
X—>o00
y—+oo

C[(0,1),R"], and there is [a*,b*] C (0, 1) satisfying f:: a*s(ny(s)+na(s))ds > 1.
To overcome the difficulties caused by singularity, we first consider an approximation to (1.1)

{xﬁ(t) +S1(6x(0),9(0), x() +y() +3) = 68,1 € (0, 1)1 # 13 3.1)

V() + falt,x(0),y(8), x(0) + (1) + &) = 0,1 € (0,1),1 # 1y,
where e € P with || e ||= 1, and its impulse condition and boundary value condition are the same
as (1.1). We use the cone P in E to construct the following cones in C[J x J] and PC[J x J|:

K =:{(x,y) € ClJ xJ] :Vt,s € J,x(t) = tx(s),y(t) = ty(s)},
and

0 =:{(x,y) € PC[J x J]|:Vt €J,x(t) > 0,y(t) > 6}.
If (x,y) € PC[J x J] is a solution to the following integral system
x() = Jo G(t,9) fi(s,x(s),3(s),x(s) +3(s) + s+ ¥ Tu(x()):
l 0<tp<t (3.2)
y(1) = Jo G(t,8)Fals,x(5), (), x(s) +3(s) +3)ds+ X buly(ae),
<t <t

where G(z,s5) =: min{¢,s}, then it is easy to prove that (x,y) is also a solution to boundary value
problem (3.1).
Now, let us consider integral system (3.2). Let

X](t):x(t)— Z Ilk(x(tk))ate(oal);

0<t<t
yi(t) =y(t) —O<t2<t12k(Y(fk)),f €(0,1).
Then
x(t)=x1(t)+ ¥ Tu(x(t)):
0<te<t (3.3)
y(t) = y1(2) +0<)t:<t12k()’(tk))-

For any (x1,y;) € K, define the following operator

(Tyx1)(t) le(l‘)+0<tZ<t11k((T1X1)(fk))J €(0,1);
(Dy)(t) =)+ ¥ Iu((Toyr)(t)),t € (0,1). -4)

o< <t

Then integral system (3.2) is transformed into

x1(2) = Jo G(t,8) fi(s, (Tix1)(s), (Tay1)(s), (Tix1) (s) + (Toy1) (s) + € )ds; (3.5)
vi(t) = Jo G(t,9) fals, (Tixr)(s), (Toy1)(s), (Tix1) (s) + (Tay) (s) + ) ds. '
According to equation (3.5), the operator A,, is defined on K by
An(x1,51) =1 (A1n(x1,51),A20(x1,31)), (x1,1) € K, (3.6)

where

{ An(x1,1)(0) =2 fo G(t,8) fi(s, (Tix1)(s), (Tay1)(s), (Tix1)(s) + (Toy1) (s) + €)ds,t € (0,1);
Aon(x1,31)(1) =2 fo G(t,5) fa(s, (Tix1)(s), (Tay1)(5), (Tix1) (s) + (Toyn) (s) + € )ds,t € (0, 1),
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and (Tyx1)(t),(Toy1)(t) are defined by equation (3.4).

It is easy to prove that the fixed point of (3.6) on K is also a solution to integral system
(3.5). Through (3.3) and (3.4), the solution of integral system (3.2), that is, the solution of the
boundary value problem (3.1), can be obtained. Let

Ky = :{xeC[J,P|:Vt,seJx(t) >1tx(s)},
Ky, = :{yeC[J,P|:Vt,sel,y(t)>1ty(s)},
01 = :{xePC[J,P]:VteJx(t)> 6},
0, = :{y€ePC[J,P|:Vteld,y(t)>06}.

Lemma 3.1. If I, € C|P,P| for each i = 1,2;k = 1,2,-+- .m, then T; : K; — Q;(i = 1,2) are
continuously bounded.

Proof. Obviously, the definition of 7;, i = 1,2, is reasonable, and, for V¢ € J,Vx € K, the oper-
ator T satisfies (T1x)(¢) > x(t) > 6.
Let {x,} C K1,x0 € Kj, and li_r>n || x, —x0 ||= 0. Obviously,
Nn—yo0

sup || (T1xn)(2) — (T1x0)(2) [[= sup || xa(2) —x0(2) [[<|| xn —x0 || O(n — o).
1€(0,11] 1€(0,11]

Let to = 0 and #,,+-1 = 1. From the continuity of Iz, k = 1,2,--- ;m, we know that
Tim [} (7 (T1xa) () = D ((T1%0) () [|= 0,k = 1,2, m
Therefore, it can be obtained from (3.4) that
sup || (T1xa)(2) — (Tixo)(2) ||

1€ (tgstkr 1)
k
< sup ([ xa(t) = x0(0) |+ Y 1 (Hi(Tixa) (4) = Lu((Tixo) (1) |
1€ (ttrr1] i=1

—0(asn—o), k=1,2,---.m

—Tixo ||pc— 0 as n — oo, so Ty : K| — Q is continuous. Similarly, it can be proved
that 75 : K, — O is continuous. Assume that Q C K is bounded. Then there exists a constant
M > 0suchthatVx € Q|| x ||c< M. Itis easy to know from the continuity of 15, k=1,2,--- ;m
that 71, ((TQ)(t;))(k=1,2,--- ,m) are bounded. It can be obtained from (3.4) that

sup sup || (71x)(¢) ||[=sup sup ||x(r) [|<sup || x(r) [< M,
x€Qre(0,] x€Qre(0,1] x€Q

50 T1(€2)(o,,) is bounded. Similarly, it can be deduced that

k
sup sup || (Tix)(t) | <sup sup || x(e) || + ) [ 1i((Tix) (1) ||

XEQtE(ty trr1] X€QtE (tyty41] i=1

<Hook=1,2,---,m

Therefore, T1(Q) is bounded, that is, 77 : K; — Q) is bounded. In the same way, we can show
that 7> : K, — Q> is bounded. Ol

It is easy to derive the following lemma from the definition of the noncompactness measures.
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Lemma 3.2. Let S, T be the bounded set of E, where the noncompact measures in E,F,E X F
are all denoted by o). The norm in E X F is defined by || (x,y) [|=|| x || + || y ||. Then
a(SxT)<o(S)+o(T), where Sx T = {(x,y)[x€ S,y T}.

Let

K, =: {(xay) - sup H (xay) HS r}
(x,y)eK

and
T,:= sup || (Tix,Thy) ]| -
(x,y)EK;
Then it is easy to know from (3.4) that 7, > r.

Lemma 3.3. If condition (H)) and (H,) are satisfied, then A,, : K, — K is continuous.

Proof. First of all, for any (x1,y1) € K,, we prove A,(x1,y1) € K. Obviously, A;,(x1,y1)(¢) >
0,i=1,2,t € (0,1). By (H;) and Lemma 3.1, we have

| fits. (Tix) (), (Tay) (5), (Tix)(8) + (T ) ) + ) |
< pis)ail | (Tie, Tl +1

s :
< pi(S)Qi[r_la | (Tix1, Toy1) |lpc +1],5 € (0,1),i = 1,2.
It follows from (3.6) that
| Ain (1, 1) (2) |

< /OIG(%S) I fi(sv(Tlxl)(s)a(TZ}’I)(S)7(TIXI)(S)+(TZYI)(S)+§) | ds

1 s
S/O SPi(S)CIi[Z, | (Thx1,Tay1) ||pc +1]ds
< foo, i=1,2,
that is

[ An(x1,31)(1) [|= sup || Apn(x1,y1)(1) [+ sup || Agn(x1,y1)(1) [[< oo
1€(0,1) 1€(0,1)

Therefore, A, : K, — K is a bounded operator. In addition, for Vz,#’ € J, we have
| Ain (1, 31) (1) = A (x1, 1) (1) ||

<|| /01 G(t,s) fi(s, (Tix1)(s), (Tay2)(s), (T1x1)(s) + (T2y1) (s) + g)ds
_/1 G(z”s)ﬁ(S,(T1x1)(s),(szz)(s),(Tlxl)(s)+(szl)(s)_|_§)ds || (3.7)

< [11609) - 6U9) | spis)ail | (Toxy Tl +1ds
—0(t—1t),i=1,2.
Therefore, A, (x1,y1) € C[J x J|. For Vt,u,s € J, in view of
G(t,s) = min{¢,s} > min{ut,s} > rmin{u,s} =tG(u,s),
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for any ¢ € (0,1), we have
Ain(x1,31)(1)

— /01 G(t,S)fi(S, (Tlxl)(S), (TZ}’I)(S), (T1X1)(s) + (TZyl)(S) + 2)0’5‘

> t/ol G(u,s) fi(s, (Tix1)(s), (Tay1)(s), (T1x1)(s) + (Tay1) (s) + S)ds

=tAp(x1,y1)(u),i =1,2.

Therefore, A, (K,) C K.
Now, we prove that A, : K, — K is continuous. Assume {(xix,y1x)} € K, (x10,¥10) € K,
such that

Jim [} Gere, yie) = (x10,y10) fle= 0.
In the following, we prove klim | An(x1,1%) —An(x10,¥10) |lc= 0. From the hypothesis, it is
—so0

easy to know that {(xyx,y1x) : kK € N} (N is a natural number) is bounded, and then {x; },{y1x}
are bounded. According to Lemma 3.1, T;(i = 1,2) are continuous and bounded. Therefore,
]}im || Tlxlk —Tix10 ||PC: 0 and khm || T2y1k — szlo ||PC: 0. So, we know that {Tlxlk} and
—3»00 —>0

{Try1x} are bounded, namely, there exists M’ > 0, for Vk € N, there exists || Tixyx ||pc< %/, |
Dyik ||pc< %, As aresult, for Vk € N,s € (0,1), we have

e N .
17, (Tix1) (s), (Toyaa) (), (Tixre) () + (Tayar) () + =) (| < pils)ail =~ M+ 1],i = 1,2, (3.8)
It can be seen from (H ) and (3.8) that klim Ain(xX15,y1x) (1) = Ain(x10,¥10) (), Vt € (0,1),i=1,2.
—yo0

Similar to the derivation of (3.7), it is easy to derive that {A,(xx,y1x) }x>1 is equicontinuous on
(0,1) due to (3.8). By (H»), for Ve > 0, there exists N; € N such that, k > Nj,

| fi(s, (Tix1x) (s), (Toy1x) (5), (Tixix) () + (Tayix) () + 2)
— fi(s, (Tix10)(s), (T2y10) (s), (T1x10) () + (T2y10) () + Z) [<2¢,i=1,2.

It is obtained by the Lebesgue Control Convergence Theorem that
| Ain (X1, y11) () — Ain(x10,¥10) (2) ||

< [ 6009) I s, (T 61, (T (91, (Tae) 6) + (T 5)+ )
— fls, (Tixi0) (5): (Toy10)(s), (Tixi0)(5) + (Toyio) (s) + ) | ds
< /Ols-sts:s,i: 1,2.

Let N = max{N;,i = 1,2}. When k > N, we have || A,(x1x,y1x) () — An(x10,¥10)(?) || < €.
Based on this, we have klim An(x11,y1%) () = An(x10,¥10)(t),2 € (0, 1). Thus, the Ascholi-Arzela
—yoo

theorem tells us that {A,(x1x,y1x)} is relatively compact in K. Therefore, there should be
klim | An(x1%,Y1x) — An(x10,¥10) ||c= 0. In fact, if this is not true, then there are & > 0 and
—o0

{Ceroyie) b C {xioyin) }osatisfying || An(x1;,15,) — An(x10,510) [|> €0(i = 1,2,--+). Since
{An(x1x,y1k) } is relatively compact, then there exists a subsequence of {A, (x4, Y1)}, which
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converges to some (xy,y;) in K. Without loss of generality, let us still set lim A,(x1,, Y1) =
1—roo
(x1,y1), i.e., }LIEIO | An(*1x;,¥1%;,) — (x1,51) ||c= 0. So, there are (x,y1) = A,(x10,y10). Thisis a

contradiction. Hence, A,, : K, — K is continuous. O

Lemma 3.4. If condition (Hy) — (Hz) are satisfied, then A, : K, — K is a strict set compression
operator.

Proof. Let Q C K, be bounded. From the proof of the bounded operator in Lemma 3.3, we
know that A,,(Q) is bounded. Now We only need to prove that

o (An(Q)) < lac(Q), 1< 1. (3.9)

In fact, let Q) = {x1|(x1,y1) € Q} and Q; = {y;|(x1,y1) € Q}. By Lemma 3.1, there exists
M" > 0 such that, for Vx; € Qy, || Tix; ||pc< MTH and, for Vy; € Qa, || Toy2 ||pc< MT” From
Lemma 3.2, there is

ac(An(Q)) < sup a(A1,()(2))+ sup (A2, (Q)(1)), (3.10)
1€(0,1) t€(0,1)

where A (Q)(1) = {Ain(x1,y1)(t) | (x1,31) € Q},1 € (0,1). Let
Dis = {/61_6 G(1,5)fi(s, (Tix1)(s), (Tay1)(s), (Trx1) (s) + (Tayi) (s) + Z)ds, (x1,1) € Q},
8 € (0,3) for each i = 1,2. According to (H;) and (Ha), for V(x1,y1) € Q,Vt € (0,1), we have
I /{SI_SG(t,s)fi(s,(Tm)(S),(szl)(S),(Tm)(S)+(sz1)(8)+2)ds
—/01G(t,S)fi(s,(T1X1)(S),(sz1)(S),(T1X1)(S)+ (Toy1)(s) +§)ds |

6 e
<I| [ 6(5) s, (T ) (5), (B (), (i) () + () () + S |
(3.11)

T / Gl1,8) s, (1) ), (Toy1)(5), (T () + () s) + )i |
s/o spils)ds i - M+ 1 +/ spi(s)ds- g M" + 1]

1 )
< ail, M+ 1)( /0 spil(s)ds + /1 | Spi(s)ds).i=1.2.

Therefore, it can be see from (3.11) that the Hausdorff distance between Dg and A,(Q) ap-
proaches 0, namely, dy (Ds,A,(2)) — 0(8 — 07). Hence, there is

ac(An()) = lim oc(Ds) (3.12)
Observe that
_s .
[51 G(tvs)fi(S? (Tlxl)(s)v (T2)’1)(5); (Tlxl)(s) + (szl)(s) + Z)ds

€ (1-28)CO{G(t,5) fi(s. (Ti)(s). (Ty1)(s), (Trxa)(s) + (Tay)(5) + ).
se[8,1-8]},i=1,2.
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Let I5 = [0,1— 8]. For Vr € (0,1), from (3.10), (H,), (H3), and [5, Equation (9.4.11)], we find
that

a(4n(Q)(1))
alf [/
(1-28)a(CO{G(1,5) (s, (Ti) (), (Tay1) (s), (T ) (s)

+(Tn)(5) 4+ ) s €, (v1,31) € Q)

a({G(t,5)fis, (Tin) (), (Toy1) (), (Tim) ) () + (Boy1) () + =) 5 € D, (1.31) € @)

o ({fi(s, (Tix1)(s), (Toy1)(s), (Tixr)(s) + (Toy1) (s) + 2) 15 €1s,(x1,1) € Q})
lil{yréé}gia((Tlﬂl)(S)) +li2{vfg}§a((T292)(S)) +1i3 {vréé};ia((Tlﬂl)(S) + (1€)(s))

6 e
G(t,5)fi(s, (Tix1)(s), (Toy1) (s), (Tix1)(s) + (Toy1) (s) + ~)dls « (x1,31) € Q)

IN

IN

IA

IN

< 2(lin +1iz) ope(T121) +2(lin + 13) ape (120
m m
<2l +13)(1+ Y. Lig)o(0) +2(lp +13) (1 + Y Lok) 0t(Q2)
k=1 k=1

<2[(lin +1i3)(1+ i Lig) + (ln+13)(1+ i Loy)]oc ()
k=1 k=1

)

It is known from the arbitrariness of ¢ that

sup a(A1,(Q)(2))+ sup (A2, (Q)(1)) < loe(Q),
t€(0,1) t€(0,1)

namely, oc(Dg) < lac(Q). Combining (3.10) and (3.12), we see that equation (3.9) can be
obtained immediately, namely, o (A,(Q)) < lo (). Therefore, A, : K, — K is a strict set
compression operator. U

Theorem 3.5. If conditions (H)-(Hs) are satisfied, and there exists R > 0 such that

1 R
/ spi($)qi[sR,Tr + 1]ds < E,i: 1,2. (3.13)
0
Then A, has at least two nontrivial fixed points in the cone K.

Proof. We only need to show that A, satisfies Lemma 2.4 in cone K. First, for R in (3.13), there
is

| An(x1,31) I<I Ger, 1) ],V (x1,31) € 9KR. (3.14)
In fact, for V(x1,y;) € dKg and Vr € (0, 1), it can be seen from (H;) and equation (3.13) that

| Ain(x1,31)(2) ||
1 e
ZH/O G(M)fi(sa(T1X1)(S),(T2Y1)(S)7(T1X1)(S)+(T2y1)(5)+ﬁ)ds||

1 R
S/ spi(8)qi[sR, Tg + 1]ds < E’i: 1,2.
0
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It is known by the arbitrariness of 7 that

[ An(xt,31) (= sup || (A (x1,y0)(0) (| + sup [ (A2n(x1,31)(2)) [ < R.
t€(0,1) t€(0,1)

Namely, equation (3.14) is true.
Secondly, from (Hy), if we choose a sufficiently small (0 < r < min{1,R}), then

| An(x1,30) (121 (x1,x1) 1], V(x1,31) € 9K, (3.15)

In fact, because (x1,y;) — (0, 0) is equivalent to (Tyx1, Toy1) — (I1x(t)), L (2))), there is §; > 0
such that, when || (x1,y1) H< Oi »

At e = sup | [ 60,9 filos (Turn) 61 (B 6) (s 5) + (v 5) + s |
> || [ Glasim(s)(Tia) o) + (o) 5))ds |
> | [ Glassyms)a(5) 31 (5)es |

b
> / asmi(s)ds- || (er,y0) [i=1,2.
a

Therefore, when 6 = min{ 8,8, } and || (x1,y;) ||< 6, there is

| An(x1,y1) || = || A(xy1) lle + || A2a(x,y) [l
b b
> (/ asml(s)ds+/ asmy(s)ds)- || (x1,y1) ||
a a
> || (xr,p0) || -

This means that equation (3.15) is true.
Finally, if (Hs) holds, we can choose sufficiently large R; > max{1,R} to prove

[ An(xr,y1) (121 (1, 31) [,V (51, 31) € 0K, (3.16)
In fact, there are N; > 0 such that, when || (x1,y;) ||> N,

||Ain(xl,y1) I

> sup || | G(t,5) fin(s, (Trixr)(s), (Tay1)(s), (Trxr) () + (Tayn) (s) +S)ds I

t>a* 0
b
2|l [ G(a®,s)ni(s)((Trx1)(s) + (Tay1)(s))ds ||

>n/ban {(5) 31 (s))ds |

*

> / a*sni(s)ds- || (x1,31) ||,i=1,2.



THE POSITIVE SOLUTIONS TO THE BOUNDARY VALUE PROBLEM 11

If || (x1,y1) ||> max{Ny,N;}, we see that there is
[An(xiy) | = A1) lle + (| A2a(xr, 1) lle

B
> /a a*s(ni(s) +na(s))ds- || Ger,y0) (> (e y) I}

That is, equation (3.16) is true. By combining (3.14)- (3.16) and Lemma 2.4, we know that A,,
has at least one non-trivial fixed point on ERI \Kg and ER\Kr, respectively. O

Theorem 3.6. If all the conditions of Theorem 3.5 are satisfied, then there are at least two
positive solutions to boundary value problem (1.1).

Proof. We see that, when n > ng, {(x1,,y1,)} and {(X1,,¥;,)} are the sequences obtained
by Theorem (3.5). TEen An(X10:Y10) = (X¥10,Y10)s (X1 Y10) € KR, \ Kr, and A,(X1,,51,) =
(X10,Y1), X105 Y1) € Kr \ K. Let Dy =: {(x1,,y1n) | n > no}. Obviously, D; is uniformly
bounded. In view of

xin(t) = fo Gt,9) fi (s, (Tix10) (), (T2y1a) (5), (Tix1) (5) + (Tay1a) (5) + £)dls;
yln(t) = fOl G(I,S)fz(s, (Tlxln)(s>> (T2y1n)<s)7 (Tlxln)(s) =+ (TZyll’l)(s) + %)dsa
similar to the proof in Lemma 3.3, it can be obtained that D; is a relatively compact set in

Kg, \ Kg, so there exists a subcolumn of {(x1,,y1,) | n > ng} converging to (x1,y1) € Kg, \ Kz
Let us say that {(x1,,y1,) | n > no} converges to (x1,y), that s, li_r)n Xin(t) =x1(2), lim yy,(¢) =
n—oo n—yoo

(3.17)

y1(t). According to Lebesgue’s Control Convergence Theorem, letting n — oo in (3.17), we have
{ x1(8) = Jo G(t,9) fi(s, (Tix) (s), (Toyr)(s), (Tix) (s) + (Tayn ) (s) )dls;
W1(8) = Jo Glt,9) fals. (T ) (s). (Tayn) (s), (Tixt ) (5) + (Tan ) (s) .

So we obtain a positive solution (x,y) to boundary value problem (1.1) satisfying

x(t)=x1(t)+ X Ti(x(t)),

o<t <t

y(t) = y1(z) +0 Y b(y(t))-

<t <t

Similarly, {(X1,,y;,) | n > no} has subcolumns converging to (X;,y;). Obviously, (X,y;) €
Kr\K;,so (X(t),y(t)) satisfies

Hence, (X(¢),y(¢)) is another positive solution to boundary value problem (1.1). Now let us
prove (x,y) # (X,y), namely (x1,y1) # (X1,y;). We need only to prove that operator A, has no
fixed point on dKg. In fact, suppose that (x|,y|) € dK is a fixed point of operator A,, that is,

An(x,31)(1) = (Am (x1,50) (1), Ana (x1, 1) (1)),

similar to (3.14), it can be obtained that R =|| (x],}) [|=|| x| llc + || ¥| llc< R. This is a
contradiction, so A, has no fixed point on K. Ol
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