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Abstract. Let E be a complete locally convex Hausdorff space, A : D(A) C E — E be an accretive
operator satisfying the range condition, 7 : D(T) C E — E be a continuous compact mapping, and
p € E. In this paper, we prove the existence of solutions to the operator equation p € Ax+ Tx and give a
sufficient condition for the operator A to satisfy the range condition.
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1. INTRODUCTION AND PRELIMINARIES

In this paper, let E be a real Hausdorff topological vector space generated by a countable
increasing family of semi-norms {p;}:*], that is, E is a locally convex space. In this paper, we
also assume that E is complete. Next, we list some complete locally convex spaces.

Example 1.1. Let C[0, 1] be the set of infinitely differentiable functions x(-) with x()(0) =
x0(1) = 0,i> 0} and p;(x(-)) = max{|x\)(¢)| : j < i,r € [0,1]},i > 0}. Then C[0,1] is a
locally convex space generated by semi-norms {p;}, and it is complete.
Example 1.2. Let C(R) = {x(-) : R — R is continuous } and p;(x-) = max{|x(¢)| : t € [—i,i]}, i >
1}. Then C(R) is a locally convex space generated by semi-norms {p;}3 ;.

Example 1.3. Let L2(R) = {x(-) : R — R is locally Lebesgue integrable} and p;(x(-)) = (J*,x*(t)
dt)% for each i > 1. Then L?(R) is a locally convex space generated by semi-norms {p;},,
and it is also complete.

The theory of nonlinear operators in locally convex spaces has been studied by many authors;
see, e.g., [10, 11, 13, 14, 15, 16, 17]. In particular, accretive operators in locally convex spaces
were extensively studied in [1] and [8].

Now, we recall some definitions for our main results.

E-mail address: scmyxkdyl@163.com.
Received January 2, 2022; Accepted May 4, 2022.
(©2022 Journal of Nonlinear Functional Analysis



2 L.YANG

Definition 1.4. Let A : D(A) C E — 2F be a nonlinear operator. Then
A is said to be accretive if, for any x,y € E,
pilx—y) <pix—y+A(u—v))
forallu € Ax,ve Ay, A >0andi> I,
A 1s said to be maximal accretive if it is accretive and
pi(x—y0) < pi(x—yo+A(u—vp)),
forall x € D(A), A >0, u € Ax and i > 1, implies that yo € D(A) and vg € Ayo;
An accretive operator A is said to be m-accretive if
R(I+AA)=E
for any A > 0.

Example 1.5. Let [0, 1] be same as in Example 1.1 and A : Ci7[0, 1] — C{°[0, 1] be a mapping
defined by

Ax(r) =X () +2Ax(")

for all x(-) € C7[0, 1], where A > 0 is a constant. Then A is an accretive operator on C;’ [0, 1].

Example 1.6. Let L?(R) be same as in Example 1.3 and K (x, ) : R x R be a continuous function
satisfying the following conditions:
|K(x,y)| < Mly|+N for all (x,y) € R?, where M,N > 0 are constants;
[K(z,x) — K(z,y)](x—y) >0 for all x,y,z € R.
We define a mapping A : L?>(R) — L*(R) as follows:

(Af)(x) = K(x, f(x))
for all f € L?>(R) and x € R. Then A is an accretive operator on L*(R).

Also, we recall the following definitions of semi-inner products in locally convex spaces:

eyl = Tim pi(x+hy) — pi(x)

h—0t h
nd (x) — pilx— hy)
. pilx) = pi(x—hy
=1
k= i

forallx,y € E.

For each i € 1, (x,y) = pi(x)[x,y];" is called the upper semi-inner product with respect to
i € 1. Analogously, (x,y);” = pi(x)[x,y]. is said to be the lower semi-inner product with respect
to i € 1. For properties of semi-inner products, we refer to [3].
For each A > 0, let
1
Lxi=I+24) "%, Ayx:= x(x —Jx)
for all x € R(I+ AA), where I is the identity mapping on E.

Proposition 1.7. [8] Let A : D(A) C E — 2F be an accretive operator and A > 0. Then,
pi(hx—Jpy) < pi(x—y) forall x,y € R(I+AA) and i > 1;
A, is accretive.
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Proposition 1.8. [8] The following statements are equivalent:
A:D(A) C E — 2F is accretive;

[x —y,u—v] >0forall x,y € D(A), u € Ax, v € Ay and i > 1;
(x—y,u—v) >0forall x,y € D(A), u € Ax, v € Ay and i > 1.

In this paper, we show the existence of solutions to the operator equation p € Ax 4 Tx and
give a sufficient condition for the operator A to satisfy the range condition.

2. MAIN RESULTS

2.1. The existence results. Suppose that E is a real Hausdorff topologoical vector space gen-
erated by a countable family of semi-norms {p;},""7, and E is complete. LetA: D(A) CE — E
be an accretive operator, C : D(C) C E — E be a continuous compact mapping, (i.e., C is con-
tinuous and C(D(C)) is compact), and p € E.

In this section, we present several existence results for the operator equation p € Ax+ Cx. In
fact, such type equations in Banach spaces has been studied by [2, 6, 7, 9] and [12].

First, we need the following result from [14] (see also [15]) for our main results.

Theorem 2.1. Let U C E be an open subset and T : U — E be a continuous mapping such that
TU is compact and x # Tx for all x € dU. Then there exists a topological degree deg(I—T,U ,0)
satisfying the following properties:

(1) deg(I,U,0) =1ifand only if 0 € U.

(2) If deg(I —T,U,0) # O, then Tx = x has a solution in U.

(3) Let T; : [0,1] x U — E be a continuous compact operator and T,x # x for all (¢,x) € [0,1] x
dU. Then deg(I —T;,U,0) does not depend on t € [0, 1].

(4) Let Uy,U, be two disjoint open subsets of U and 0 ¢ (I —T)(U \U; UU,). Then

deg(I—T,U,0) =deg(I —T,U,,0)+deg(I — T,U,),0).

Theorem 2.2. [11] Let U C E be an open subset, P C E be a cone, and T : UNP — P be a
continuous mapping such that TU NP is compact and x ¢ Tx for all x € dU N P. Then there
exists a fixed point index, ind(T,Q N P), satisfying the following properties:

(1) ind(xo,UNP)=1ifxo € UNP.

(2) If ind(T,U N P) # 0, then x = Tx has a solution in U N P;

(3)IfU; CU fori=1,2,UiNU,=0and 0 ¢ (I-T)[(U \ (U UU,)) NP, then

ind(T,U N P) = ind(T,U; NP) + ind(T, U N\ P).
(4) If H(t,x) : [0,1] x UNP — P is a continuous compact mapping and x # H(t,x) for all
(t,x) € [0,1] x JU NP, then ind(H(t,-),U NP) does not depend on t € [0,1].

By using Theorems 2.1 and 2.2, we have the following theorem.

Theorem 2.3. Let A: D(A) CE — 2E be an accretive operator, F C E be a closed subspace
with F = (I+AA)(D(A)) for all A > 0, and U C F be an open subset with U ND(A) # 0. Let
T :D(A)NU — F be an operator and V = (I +koA)(U ND(A)), where ko > 0 is a constant and
p € F. Suppose that (I —koT)(I +koA)~" is continuous, (I —koT)(I +koA)~'V is compact,
and there exists z € D(A)NU such that

(gi,Tx+f—p)>0
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forall g; € E* with gi(x—z) = p?(x—z) for each i > 1, x € D(A)NU and f € Ax. Then
pe(A+T)(DA)ND).

Proof. We may assume that z =0, p = 0, and 0 € A0. Otherwise, we set U’ = U — z and
A'x=A(x+z)—aforx e D(A") = D(A) — z, where a € Az is a fixed element and T'x = T (x +
z)+a—p for all x € U'ND(A’). We note that 0 € Ax + Tx has a solution x € D(A)NU if
and only if y = (I — koT)(I + koA)~'y has a solution y € V. Since (I +koA)~! is continuous,
V = (I+koA)(D(A)NU is an open subset of F. We may assume that y # (I —koT)(I +koA) 'y
forall y € dV.

Now, we claim that y # (I — koT)(I + koA) 'y for all t € [0,1] and y € dV. If this is not
true, then there exist 7y € [0, 1] and yg € dV such that yo = to(I —koT ) (I + koA) 'yo. Set xg =
(I+koA)~'yo. Then, xg € dU ND(A) and

l‘()(T - k()T)X() S (I—l—koA)X().
So there exists uy € Axg such that 7y(xo — koTxo) = xo + kouo, i.e.,
(to — 1)xg = toko(Tx0 + uo) + (1 — to)kouto-

Now, we take g; € E* such that g;(xo) = p?(xo) for each i > 1 and g;(uo) = (uo,xo);” > 0 for
each i > 1. Such g; exists due to the Hahn-Banach Theorem. It follows that

(to — 1) pi (x0) = toko(Tx0 + o, 8i) + (1 —10)gi(uo) >0
for each i > 1. Therefore, 1o = 1 and 0 € Axg + Txg, which is a contradiction, so we proved the
claim. By Theorem 2.1, we have

deg(I — (I —koT)(I +koA)~1,V,0) = deg(I,V,0) = 1.
So,y= (I —koT)(I+koA)~'y has a solution in V, i.e., 0 € Ax+ Tx has a solution in D(A) NU.
This completes the proof. [

Theorem 2.4. Let A : D(A) C E — 2F be an m-accretive operator, and U be an open subset with
0cUND(A) and0 € AO. Let T : D(A) — E be an operator andV = (I+koA)(U ND(A)), where
ko > 0 is a constant. Suppose that (I —koT)(I +koA)~" is continuous, (I —koT)(I +koA)~'V
is compact and
pi((I—=koT)y) < pi(y)
forally e D(A)NAU and i > 1. Then 0 € (A+T)(D(A)NU) has a solution.
).

Proof. We may assume that 0 ¢ (A +T)(D(A)NJU
openin E.

Now, we claim that y # ¢ (I —koT)(I +koA) 'y forall € [0,1] and y € 9V If this is not true,
then there exist #y € [0, 1] and yg € dV such that yg = 1o(I — koT)(I +koA)~'yo. Setxo = (I +
koA)~'yo. Then xo € dU ND(A) and there exists up € Axg such that xo -+ kouo = to(xo — koTxo).
Since A is accretive and 0 € AQ, we have

Since (I +koA)~! is continuous, V is

pi(xo0) < pi(xo +kouo) = topi(xo — koTxo))
for each i > 1. This implies that 7o = 1, which is a contradiction. So
deg(I— (I —koT)(I+koA) ™', V,0) = deg(1,V,0) =1

and x = (I — koT)(I +koA)~'x has a solution in V, i.e., 0 € (A+T)(D(A)NT has a solution.
This completes the proof. U
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Theorem 2.5. Let A : D(A) C E — 2F be an m-accretive operator; U be an open subset with
0€UND(A) and 0 € A0, and let T : U — E be continuous and compact. Suppose that p;(Tx) <
pi(x) forallx € dUND(A) and i > 1. Then —Ax + Tx has a fixed point in U ND(A).

Proof. Since (I +A)(D(A)) = E, it is easy to see that x € —Ax+ Tx if and only if x € (I +
A)~'Tx. We may also assume that x # (I +A)~ ! Tx for all x € JU.

Now, we show that x # t(I +A)~!Tx for all € [0,1] and x € QU. If this is not true, then
there exist o € [0,1] and xo € dU such that xo = to(I +A) ' Txy. Since 0 € A(0), we have
(I+A)~1(0) =0. Thus

pi(x0) = topi((I+A) ™' Txo) < topi(Txo)
for each i > 1. From the assumption, we must have 7y = 1, which is a contradiction. Thus
deg(I — (I+A)~'T,U,0) = deg(1,U,0) = 1, and x = (I +A)~!Tx has a solution in U, i.e.,
—Ax+ Tx has a fixed point in D(A) NU. This completes the proof. O

Theorem 2.6. Let P C E be a cone, A : D(A) C P — P be an accretive operator with P = (I +
AA)(D(A)) for all A > 0, U be an open subset of E with0 € U, and T : D(A) — P be a mapping
such that (I—koT)(I+koA) ! is continuous and compact on' V, where V = (I+koA)(UND(A))
and vy € P. Suppose that the following conditions are satisfied:
(1) Tx <k, 'x for all x € D(A);
(2) (u+Tx—vo,gi) > 0 forall i, x € JUND(A)) and g; € E* with g;(x) = p?(x).

Then p € Ax+ Tx has a solution in D(A)NU.

Proof. We may assume that p ¢ (A+T)(dUND(A)). Set Sx = Tx — p for all x € D(A), and
note that V' is relatively open in P. Since Tx < k; Ix for all x € D(A), we have an operator
I —koT : D(A) — P, so (I —koS)(I +koA)~' : P — P is an operator.

Now, we can easily check that x # ¢(I — koS)(I +koA)~'x for all x € dV and ¢ € [0,1]. By
Theorem 2.2, we have ind ((I — koS)(I +koA)~!,V) = ind(0,V).

Recall that (/4+AA)D(A) = P for all A > 0, so there exists xo € D(A) such that 0 € xo + Ax.
Since xp > 0 and Axy C P, we must have xo = 0 and 0 € A(0). Therefore, 0 € V. Moreover,
ind(0,V) = 1. Thus y = (I — koS)(I + koA) "'y has a solution in V, i.e., p € Ax+ Tx has a
solution in D(A) NU. This completes the proof. O

Theorem 2.7. Let P C E be a cone, A : D(A) C P — P be an accretive operator with P =
(I+AA)(D(A)) for all A > 0, U be an open subset of E with 0 € U, and T : D(A) — E be
a mapping such that Tx < ky 'x and (I —koT)(I + koA)~" is continuous and compact on V,
where V. = (I +koA)(UND(A)). Suppose that Tx+u € P for all x € D(A) and u € Ax. Then
0 € Ax+ Tx has a solution D(A)NU.

Proof. We may assume that 0 ¢ (A+T)(dU ND(A)). Note that V is relatively open in P. Since
Tx < ky 'x for all x € D(A), we have [ — kT : D(A) — P.

Now, we claim that x # ¢(I — koT ) (I +koA) ~'x for all x € dV and ¢ € [0, 1]. If this is not true,
there exist 7y € [0, 1] and x € dV such that

xo =to(I— k()T)(I—I—k()A)ilxo.
Setting yo = (I 4 koA) ™' xo, we have yo € AU ND(A) and to(yo — koTyo) € yo + koAyo, i.e.,
(to — 1)yo € ko(toTyo + Ayo).
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Since Tyg+u € P and u € P for all u € Ayg, we must have #y = 1, which is a contradiction. In
view of Theorem 2.2, we have ind((I — koT)(I + koA)~',V) = ind(0,V) = 1. Consequently,
0 € Ax+ Tx has a solution D(A) NU. This completes the proof. O

Theorem 2.8. Let P C E be a cone, A : D(A) C P — P be an accretive operator with P =
(I+AA)(D(A)) for all A > 0, U be an open subset of E with 0 € U, and T : D(A) — E be
a mapping such that koTx < x for all x € D(A)NU, (I —koT)(I +koA)~" is continuous, and
compact on'V for some ko > 0, where V = (I +koA)(UND(A)), and p € P is a given element.
If pi(x —koTx+kop) < pi(x) for all i and x € D(A) N AU with pi(x) > 0, then p € Ax+ Tx has
a solution D(A)NU.

Proof. We may assume that p ¢ (A+T)(dU ND(A)). Set Sx = Tx — p for all x € D(A). It
is easy to check that x # t(I — koS)(I +koA)~'x for all x € dV and ¢ € [0,1]. So, we have
ind((I — koS)(I +koA)~',V) = ind(0,V) = 1 and p € Ax+ Tx has a solution D(A)NT. This
completes the proof. 0

Theorem 2.9. Let P C E be a cone, A : D(A) C P — P be an accretive operator with P =
(I+A)(D(A)), U be an open subset of E with 0 € U, and T : PNU — P be a continuous
mapping such that T(PNU) is compact. Suppose that

pi(Tx) < pi(x)
forall x € dUND(A) and i > 1 with p;(x) > 0. Then —A+T has a fixed point in D(A) NU.

Proof. Tt is easy to see that x € —Ax+ Tx if and only if x = (I+A)~Tx. We may also assume
that x # (I +A)~!Tx for all x € dU. Then we can easily see that x # ¢(I +A) ! Tx for all
t €[0,1] and x € JU. Thus

ind((I+A)"'T,U,0) = ind(U,0) = 1

and x = (I +A)~!Tx has a solution in U, i.e., —Ax+ Tx has a fixed point in D(A) NU. This
completes the proof. 0J

2.2. A sufficient condition for the range of accretive operators. We suppose that E is a real
Hausdorff topological vector space generated by a countable family {p; f:‘xl’ of semi-norms, and
E is complete. Let A : D(A) C E — E be an accretive operator.

In this subsection, we provide a sufficient condition for the operator A to satisfy the range
condition D(A) C (I+AA)(D(A)). For the range of accretive operators in Banach spaces, we
refer to [4] and [5].

Theorem 2.10. Let P C E be a cone, and let A : P — P be an accretive operator satisfying
Ax < Bx for all x € P, where B > 0 is a constant. Suppose that p;(Ax — Ay) < Lp;(x—y) for all
x,y € Pandi> 1. Then (I+AA)(P) = P forall A > 0.

Proof. We only need to prove that (I4+A)(P) = P. It is obvious that A(0) = 0 since 0 <A(0) <
B x 0. For each p € P with p # 0, we prove that p € (I+A)(P). Set A’x = Ax — p for x € P.
Consider the following Cauchy problem:

{xf(t) € —(I+A)x(t), t € (0,+o0),

2.1
x(0)=yeP 1)

Itis easy to see that (2.1) is equivalent to the following equation x(t) =y + pt — [§ (I +A)x(s)ds.
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First, we assume that y > 0 and take 1 > a > O sufficiently small such that & < 1, a(1+L) <
l,and a(1+B) <1 Set

C([0,al,P)={y+pt—w(t):[0,a] = P:w(t) : [0,x] — P is continuous and w(0) = 0}.
We define semi-norms p’ on C([0, ], E) = {x(¢) : [0, ] — E is continuous} by
pi(x(+)) = max p;(x(t))
t€[0,a]

)

for each i > 1. Then one can easily see that C([0, @], E) is a complete locally convex space, and
C([0, ], P) is closed in C([0, al,E).
Now, we define an operator K : C([0, o],P) — C([0, &],E) by

Kx(t) = y+ pt — /0 (14 A)x(s)ds

for all x(-) € C([0, ], P) and ¢ € [0, &t]. Since Ax < Bx, we have

t

Kx(t) > y+ pt _/0 (14 B)x(s)ds

and . | .
/0 (14 B)x(s)ds = (1+B)[yt + Ept2 — /0 w(s)ds].
Thus Kx(¢) > 0 for all 7 € [0, @], so K : C([0, o], P) — C([0, o], P).
Now, we have
pi(Kx(-) = Kz(")) < (1+L)api(x() — z(-))

for all x(+),z(-) € C([0, ], P) for i > 1. By using the standard Picard method, we know that K
has a unique fixed point in C([0, a], P), which is the unique solution of the following problem:

{x/(t) = —(I+A"x(t), 1 € (0,0, (2.2)

x(0) =y.
By the standard extension method, we can extend the solution of (2.2) to (0,), which is the
unique solution to problem (2.1).
Foreachi > 1, let m;(t) = p;(x(¢t;y) —x(t;z)), where x(¢,y) and x(z, z) are solutions to problem
(2.1) corresponding to the initial values y > 0 and z > 0, respectively. Then

D) = tim MO 1) afe,2) X))
which implies that
pi(x(t,y) = x(t,2)) <e'pi(y—2) (2.3)

forall y,z >0, € (0,00), and i > 1. Take y, > 0 for each n > 1 and y,, — 0. By (2.3), we know
that x(¢) = lim,_,..x(,yy) exists for all # > 0. Thus we can easily see that x() is the unique
solution to the problem (2.1) with the initial value x(0) = 0.

Finally, for each T' > 0, we define a mapping Br : P — P by

BTy = x(T7Y)

for all y € P, where x(t,y) is the unique solution of the problem (2.1) with the initial value
x(0) = y. By the same reason as in (2.3), we have

pi(Bry —Brz) < e Tpi(y—2)
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for all y,z € P and i > 1. So Br has a unique fixed point yy € P. Since ByBs = BBy for all
T,S > 0, by the uniqueness of solutions of problem (2.1), it follows that B,yg = x(t,yo) = yo for
allt > 0. So 0 € (I+A)xo— p and the conclusion of Theorem 2.10 is proved. 0
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