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Abstract. In this paper, we construct implicit and explicit hybrid viscosity iterative algorithms with generalized
contractions for approximating a common solution of the zero point problem with an inverse-strongly monotone
mapping and a maximal monotone operator and the fixed point problem of an infinite family of nonexpansive map-
pings. Under suitable conditions, we obtain two strong convergence theorems in Hilbert space. Some applications
and numerical examples are provided to support our main results.
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1. INTRODUCTION

Let H be an infinite dimensional real Hilbert space with inner product and norm denoted by
(-,-) and || - ||, respectively. Let C be a nonempty, closed, and convex subset of H. Let Pc be the
metric projection from H onto C, and let T : C — C be a mapping. The set of fixed points of T’
is denoted by F(T'), thatis, F(T) = {x € C: Tx = x}. Recall that T is said to be L-Lipschitzian
if ||Tx—Ty|| <L||x—yl||, Vx,y € C.If0 < L < 1, then T is said to be a L-contraction; if L = 1,
then 7 is said to be a nonexpansive mapping. From [22, 30], we know that F(T) is closed and
convex. Let F : C — H be a single-valued mapping. Recall that F is said to be a-inverse strongly
monotone (for short, a-ism) if there exists & > 0 such that (x —y, Fx — Fy) > «||Fx — Fy|?,
Vx,y € C. Obviously, if F is an a-inverse-strongly monotone mapping, then it is é-Lipschitz
continuous. Also, if 0 < r < 2a, then I — rF is nonexpansive; see, e.g., [11] and [19].

Let B be a mapping of H into 2 and dom(B) denote the effective domain of B, that is,
dom(B) = {x € H : Bx # 0}. Recall that B is said to be a monotone operator on H iff (x —
y,u—v) >0 for all x,y € dom(B), u € Bx, and v € By. A monotone operator B on H is said to
be maximal iff its graph is not properly contained in the graph of any other monotone operator
on H. For a maximal monotone operator B on H and r > 0, a single-valued operator J, =
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(I+rB)~' : H — dom(B) is called the resolvent of B for r. Let B~'(0) = {x € H: 0 € Bx}.
It is well known that B-10 = F(J,) for all > 0. We denote by A, = (I —J,) the Yosida
approximation of B for r > 0. From [20], we know that A,.x € BJ,x, Vx€ H, r > 0.

We know that the theory of nonexpansive mappings in a Hilbert space is important because it
can be applied to convex optimization, the theory of nonlinear evolution equations, and others.
In 2000, Moudafi [10] first proposed the viscosity approximation method for approximating
the fixed points of a nonexpansive mapping (see [12, 26] for further developments in Banach
spaces). His method reads x,.1 = 0,f(x,) + (1 — 6,)Tx,, Yn > 0, where f is a contraction
on H, and o, is a sequence in (0,1). Under suitable conditions, he proved that the sequence
generated above converges strongly to a point x* € F(T'), which is also the unique solution of
the variational inequality ((I — f)x*,x —x*) >0, Vx € F(T).

In 2006, Marino and Xu [8] further proposed the following viscosity approximation iterative
algorithms: x,11 = 0, 7f(x,) + (1 — a,A)Tx,, Vn > 0, where f is a k-contraction, and A is
a strongly positive bounded linear self-adjoint operator. Under some condition imposed on
{a,}, they proved that the sequence {x,} generated by their algorithm converges strongly to a
point x* € F(T), which is also the unique solution of the variational inequality ((A —yf)x*,x —
x*) >0, Vx € F(T). Indeed, it is also the optimality condition for the minimization problem
min,ep(7) %(Ax,x) — h(x), where h is a potential function for yf (i.e., i (x) = yf(x) for x € H).

Let {7;}>, : C — C be an infinite countable family of nonexpansive mappings, and let
A1, A2, ... be real numbers such that 0 < A; < 1 for every i > 1. For Vn > 1, the mapping
W, is defined by

p
Un,n+1 =1,

Un,n = )LnTnUn,n+1 + (1 - )'n)lv
Un,n—l = )vn—lTn—lUmn + (1 - A'n—l)lv

Unik = MUy j1 + (1 = )1,
Unji—1 = M- 1T 1Un s+ (1 = 1)1,

Un2 = LNHU, 3+ (1 — ),
(Wi =Uni = MTiUp2+ (1 =41,
where [ is the identity operator on H. Such a mapping W, is the W-mapping generated by
T,,T,_1,....,Tvand A,,, A1, ..., A (see [15]).

For approximating the common fixed point of an infinite countable family of nonexpansive
mappings {7;}7,, Yao, Liou and Chen [27] proposed the following viscosity approximation
iterative algorithm x,,1 = 04,7 (xn) + Buxn + (1 = B — A A)Wyx,,, Vn > 0, where f is a k-
contraction, and A is a strongly positive bounded linear operator. Under certain assumptions
imposed on the parameters, they proved that the sequence {x,} generated above converges
strongly to x* € ("=, F(T;), which is also the unique solution of the variational inequality ((A —
Yf)X*vx_X*> >0,Vxe m:O:IF(Tl)

In 2013, Takahashi [21] proposed the following viscosity implicit and explicit composite
iterative algorithms for finding a solution of monotone inclusion problems

Xp = 0, Y8(xn) + (1 —a,G)Jy, (I = AA) T X, YR 2>1




HYBRID VISCOSITY APPROXIMATION METHODS 3

and
Xpt1 = 0 Y8 (xn) + (1 — 0, G)Jy, (I — L A) Ty, Xy, YR 2> 1.

where g is a contraction with the constant k € (0, 1), G is a strongly positive bounded linear self-
adjoint operator, A is an ¢¢-inverse-strongly monotone mapping, and J; and 7, are the resolvents
of maximal monotone operators B and F, respectively. Under certain assumptions imposed on
the parameters {r,}, {a,}, and {A,}, the sequence {x,} generated by the above implicit and
explicit algorithm both converges strongly to a point ¢ € (A +B)~'(0)F~!(0), which also
solves the variational inequality ((G —vg)q,p —¢q) > 0,Vp € (A+B)~(0)NF~1(0).

Recently, Sunthrayuth, Cho and Kumam [16] constructed a viscosity iterative algorithm
based on Meir-Keeler contraction for approximating the zeros of accretive operators in Banach
spaces, and Yao et al. [28] introduced a projected algorithm with a Meir-Keeler contraction for
finding the fixed points of the pseudocontractive mappings.

Motivated by the above related results in this field, the purpose of this paper is to construct
viscosity implicit and explicit composite iterative algorithms based on generalized contractions
(Meir-Keeler contractions or (y, L)-contractions) for approximating a common solution of the
zero point prblem of an inverse-strongly monotone mapping and a maximal monotone operator
and the set of fixed point problem of an infinite countable family of nonexpansive mappings in
Hilbert space.

This paper is organized as follows. In Section 2, we give some basic definitions, propositions,
and lemmas which are used in proving our main results. In Section 3, we present the hybrid
viscosity implicit and explicit composite iterative algorithms with the generalized contractions
for approximating the common solution, and establish two strong convergence theorems. In
Section 4, we apply our main results to variational inequality problem, equilibrium problem,
constrained convex minimization problem, and generalized split feasibility problem. In Section
5, we give two numerical examples to support our main results.

2. PRELIMINARIES

Throughout the paper, Let N and R™ be the set of all positive integers and all positive real
numbers, respectively. — and — denote the strong convergence and weak convergence, respec-
tively. In addition, F(T) and w,(x,) denote the fixed point set of 7 and the weak ®-limit set
of xy, respectively, that is, F(T) = {x € C: Tx = x} and @& (x,) = {u : Ix,; — u}. Below we
gather some basic definitions and results which are needed in the subsequent sections.

It is known that in a real Hilbert space H, the following inequality holds: ||x + y||* < ||x||* +
2(y,x+y), Vx,y € H. Recall that a mapping T : H — H is said to be firmly nonexpansive if
2T — I is nonexpansive, or equivalently, (x —y,Tx — Ty) > ||Tx — Ty||?, x,y € H. Alternatively,
T is firmly nonexpansive if and only if 7 can be expressed as T = “’TS, where S: H — H is
nonexpansive. Recall that a mapping 7 : H — H is said to be an averaged mapping if it can be
written as the average of the identity / and a nonexpansive mapping, that is,

T =(1-a)l+as. 2.1)

where o € (0,1) and S : H — H is nonexpansive. More precisely, we also say that T is o-

averaged (for short, a-av). Clearly, a firmly nonexpansive mapping (in particular, the projec-

tion) is a %-averaged mapping.
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Proposition 2.1. (Basic properties of averaged mappings [3]) For given operators S,T,V : H —
H, we have the following facts.

(i) If T = (1 —o)S+ aV for some o € (0,1) and S is averaged and V is nonexpansive,
then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(iii) If T = (1 — a)S+ aV for some a € (0,1), S is firmly nonexpansive, and V is nonexpan-
sive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of
the mappings {T,}f\]: | is averaged, so is the composite Ty ... Ty. In particular, if Ty is
oy -averaged and T, is ap-averaged, where oy, 0 € (0,1), then the composite T\ T, is
a-averaged, where o0 = Q) + 0y — 0 0.

(v) Ifthe mappings {T;}Y_| are averaged and have a common fixed point, then NY, Fix(T;) =
Fix(T1 . TN).

(vi) If T is a-averaged, then | Tx —z||* < ||x —z|*> — ]_TO‘HTx—xHZ, Vxe H,ze Fix(T).

The following proposition summarizes some results on the relationship between the averaged
mappings and the inverse-strongly monotone operators.

Proposition 2.2. [3] Let T : H — H be an operator from H to itself.
(i) T is nonexpansive if and only if the complement I — T is %—ism.
(ii) If T is v-ism, then for y > 0, ¥T is %-ism.
(iii) T is averaged if and only if the complement [ — T is v-ism for some vV > % Indeed, for
o € (0,1), T is a-averaged if and only if [ — T is ﬁ-ism.

Recall that P¢ is the metric projection from H into C if, for each point x € H, the unique point
Pex € C satisfies the property: ||x — Pex|| = infyec ||x —y|| =: d(x,C).

Lemma 2.3. [22] For a given x € H,

(i) z=Pcx ifand only if (x —z,7—y) > 0,Vy € C;
(i) z = Pex if and only if || x —z||* < |lx—y||* = ly—z
(iii) (Pcx— Pcy,x—y) > ||Pex— Pey||*,Vx,y € H.

2.

A mapping ¥ : R — R™ is said to be a L-function if y(0) = 0, y(¢) > 0 for each ¢ > 0, and,
for every s > 0, there exists u > s such that y(r) < s for each 7 € [s,u]. As a consequence, every
L-function y satisfies y(¢) < ¢ for each t > 0.

Definition 2.4. Let (X,d) be a metric space. A mapping f : X — X is said to be

(i) a (y,L)-contraction if ¥ : Rt — R™ is said to be a L-function and d(f(x),f(y)) <
y(d(x,y)) forallx,y € X, x #y;

(ii) a Meir-Keeler type mapping if, for each € > 0, there exists 6 = d(€) > 0 such that, for
each x,y € X with € <d(x,y) < e+0,d(f(x),f(y)) < €.

Proposition 2.5. [7] Let (X,d) be a metric space and f : X — X be a mapping. The following
assertions are equivalent:

(i) f is a Meir-Keeler type mapping;
(ii) there exists a L-function W : Rt — R" such that f is a (y,L)-contraction.



HYBRID VISCOSITY APPROXIMATION METHODS 5

Proposition 2.6. [17] Let C be a convex subset of a Banach space X and f : C — C be a
Meir-Keeler type mapping. Then, for each € > 0, there exists k € (0, 1) such that

lx —yl| = & implies || f(x) = fF(¥)]| < klx—y]-

Lemma 2.7. [9] A Meir-Keeler contraction defined on a complete metric space has a unique
fixed point.

Lemma 2.8. [17] Let C be a convex subset of a Banach space E. Let T be a nonexpansive
mapping on C, and let f be a Meir-Keeler contraction on C. Then the following hold:

(i) Tf is a Meir-Keeler contraction on C;
(ii) for each a € (0,1), (1 —a)T + af is a Meir-Keeler contraction on C.

Throughout this paper, generalized contraction mappings refers to Meir-Keeler type map-
pings or (y,L)-contractions. And we assume that the L-function from the definition of (y,L)-
contraction is continuous, strictly increasing, and lim;_,., 1) (¢) = oo, where 1 (t) =t — y(t) for
allt € R™. n is a bijection on R™.

Concerning the mapping W, the following lemmas are important to prove our results.

Lemma 2.9. [15] Let C be a nonempty, closed, and convex subset of a strictly convex Banach
space E. Let T\, Ts,... be nonexpansive mappings of C into itself such that (-, Fix(T;) is
nonempty, and let Ay, A, ... be real numbers such that 0 < A; < b < 1 for any i > 1. Then, for
every x € C and k € N, lim,,_o, U, ;.x exists.

Using Lemma 2.9, one can define mapping W of C into itself as follows: Wx = lim,,—y0. Wyx =
lim, . Uy, 1x, Vx € C. Throughout this paper, we assume that 0 < A; < b < 1 for any i > 1.
It 1s obvious that nonexpansivity of each 7; ensures the nonexpansivity of W,. Since W, is
nonexpansive, then W is also nonexpansive.

Lemma 2.10. [15] Let C be a nonempty, closed, and convex subset of a strictly convex Banach
space E. Let T\,T»,... be nonexpansive mappings of C into itself such that (-, Fix(T;) is
nonempty, and let A, Ay, ... be real numbers such that 0 < A; < b < 1 for any i > 1. Then
F(W) =2 F(T).

To obtain the main results of this paper, we also need the following lemmas.

Lemma 2.11. (Demiclosedness principle [6]) Let T : C — C be a nonexpansive mapping with
Fix(T) # 0. If {x,} is a sequence in C that converges weakly to x and if {(I — T)x, } converges
strongly to y, then (I — T)x =y. In particular, if y = 0, then x € Fix(T).

Lemma 2.12. [22] Let H be a Hilbert space and B be a maximal monotone mapping on H. Let
J be the resolvent of B defined by J, = (I1+rB)~" for each r > 0.

(i) For eachr >0, J, is single-valued and firmly nonexpansive;
(ii) D(J;) = H and Fix(J,) = {x € D(B) : 0 € Bx}.

Lemma 2.13. [23] Let H be a real Hilbert space and let B be a maximal monotone operator on
H. Forr > 0 and x € H, define the resolvent J,x. Then %(Jsx — Jix, Jsx —x) > || Jsx — Jyx||? for
all s,t >0, and x € H.

From Lemma 2.13, we have ||Jyx —Jux|| < (]A — u|/A)||x—Jyx| forall A,u > 0 and x € H;
see also [5, 22].
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Lemma 2.14. [13] Let C be a nonempty, closed, and convex subset of H, A : C — H be a
mapping, and B : H — 2" be a maximal monotone operator. Then F(J; (I — AA)) = (A +
B)~1(0).

We know that a linear bounded operator A : H — H is called strongly positive if and only if
there exists 7 > 0 such that (Ax, x) > 7]|x||? for all x € H. And we call such A a strongly positive
operator with coefficient 7.

Lemma 2.15. [8] Let H be a Hilbert space and let A be a strongly positive bounded linear
self-adjoint operator on H with coefficient 7 > 0. If0 < 8§ < ||A|| ™", then ||I — 8A|| < 1 — &7.

Lemma 2.16. [18] Let {x,,} and {z,} be bounded sequences in a Hilber space X and let {1, } be
a sequence in [0, 1] with 0 < liminf, . 7, < limsup, .., T < 1. If X441 = Tuzn + (1 — Ty)x, for
all integers n > 0 and limsup, _, ., (||zn4+1 — Zu|| = [[¥n-1 —xn||) <0, then lim,_e0 ||z, — x4 || = 0.

Lemma 2.17. [26] Let {a, } be a sequence of nonnegative real numbers such that a,+1 < (1 —
by)an + ¢y, where by, is a sequence in (0,1) and {c,} is a sequence such that

(i) Y1 bn =00,
(ii) limsup,HooZ—Z <0orY, leal <oo

Then lim;,_..a, = 0.

3. MAIN RESULTS

Lemma 3.1. Let H be an infinite dimensional real Hilbert space, f : H — H be a Meir-Keeler-
type contraction, and A be a strongly positive bounded linear self-adjoint operator on H with
coefficient ¥ > 0. For any nonempty closed convex subset D of H, if ||A|| < 1 and constant y < ¥,
then Pp(I — A+ yf) has a unique fixed point in D. Or equivalently, the following variational
inequality: ((A—7yf)x,z—x) >0, Vz € D. has a unique solution in D.

Proof. Since f is a Meir-Keeler-type contraction, then, for any ||x—y|| < e+, || f(x) —f ()| <

e. Observe that || (1 —A+yf)x— (I = A+ v )yll <||I=A)(x=y) [+ 7/ (x) = fFO)II
Case 1. |[x—y|| < &. From Lemma 2.15, we have

|(I=A+yf)x—I—A+yf)yll <I—Allllx—yl|+yw(lx—yl)
< (L=P)[fx =yl +7llx =yl
<[x—yl <e.

Case 2. €+ 6 > |[x—y|| > €. From Lemma 2.15 and Proposition 2.6, we have

I =A+yf)x =T =A+ vyl <[ =Allllx =]+ Yke[|x =y
< (1=l =yl + kellx—yl|
< (1=7+Yke)(e+ ).
Taking 6 = (17;‘1{;1);: we obtain that ||(/ —A+yf)x— (I —A+7yf)y|| < €. Therefore, I —A+yf
is a Meir-Keeler-type contraction on H. From Lemma 2.8, we have that Pp(I — A 4 yf) is a
Meir-Keeler-type contraction from H onto D. It follows from Lemma 2.7 that Pp(I — A + yf)
has a unique fixed point in D. By Lemma 2.3, we have that ((A — yf)x,z —x) > 0, Vz € D. has
a unique solution in D. U
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Lemma 3.2. Let H be an infinite dimensional real Hilbert space and C be a nonempty closed
convex subset of H. Let {T;} | : C — C be an infinite family of nonexpansive mappings and
f+H — H be a Meir-Keeler-type contraction. Let A be a strongly positive bounded linear
self-adjoint operator on H with coefficient 7 > 0 and F be an o-inverse-strongly monotone
mapping of C into H. Let B and G be maximal monotone mappings on H such that the domains
of B and G are included in C. Let Jp, = (I+pB)~! and Ty =+ nG)~! forp >0andn > 0.
Define the mapping G, on H by G,x = 0, Yf (x) + (I — 0,A)W,Jp, (I — puF )Ty, x, where W, is
the W -mapping generated by T,,,T,,_1,..., Ty and Ay, Ay_1, ..., A1. Asumme that 0 < p, < 2,
0 < o, < ||A||7Y, and constant y < §. Then G, is a Meir-Keeler-type contractions on H.

Proof. Since F is an o-inverse-strongly monotone mapping and p, C (0,2a), then I — p,F is
nonexpansive. By Lemma 2.12, we have that W,J,, (I — p,F)Ty, is also nonexpansive. For
Vx,y € H, it follows from Lemma 2.15 that

1Gnx — Gyl < 06 Y1 f (x) = F DI + (11— A [[Wad p,, (I = puF ) Ty, x = Wi p, (I — puF) T, 3 |
< o Y|Lf () = FOD)I + (1= 06 7) lx =yl
Since f is a Meir-Keeler-type contraction, then, for any ||x —y|| < e+, ||f(x) — f(y)]| < e.
Case 1. ||x —y|| < &. From constant ¥ < ¥, we have that
|Gnx — Gyl < 06 yw([lx = yl[) + (1 — 06, 7) x =yl
< o Ylx =yl + (1= a7)llx—yll
<(I-oy+ouy)e
<e.
Case 2. €+ 6 > ||x—y|| > €. From Proposition 2.6, there exist k¢ such that
|Grx — Gyl| < 0 Yke |lx = y[| + (1 — . ¥)||x =y
< 0 Yke [lx =y + (1 = 0w ¥)[|x = ]|
< (1 — 07+ O Yke ) (€ +6).

Taking 0 = %, we obtain that |G,x — Gpy|| < €. Hence, G, is a Meir-Keeler-type

contractions on H. O
Now we state and prove our main results.

Theorem 3.3. Let H be an infinite dimensional real Hilbert space and C be a nonempty closed
convex subset of H. Let {T;} | : C — C be an infinite family of nonexpansive mappings and
f:H — H be a Meir-Keeler-type contraction. Let A be a strongly positive bounded linear self-
adjoint operator on H with coefficient Y > 0 and F be an o.-inverse-strongly monotone mapping
of Cinto H. Let B and G be maximal monotone mappings on H such that the domains of B and
G are included in C. Let J, = (I+pB) ™' and Ty = (1+nG)~! for p > 0 and n > 0. Assume
that T ==, F(T)N(F +B)~'0NG~'0 # 0. For an arbitrary x| € H, Let {x,} be a sequence
generated by the following algorithm:

Yn =Jp, (I- pnF)Tnnxna
Xn = 0 Yf(xn) + (I — CA)W,yp.

where W, is the W-mapping generated by T, T,,_1,..., Ty and Ay, Ay_1,..., A1, constant Y < ¥
and ||A|| < 1. Assumme that {oy,}, {pn} and {n,} satisfying the following conditions:

(3.1)
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(i) {an} C (07 1)’ lim, 0 04, = 0;
(i) 0<a<p, <b<20;
(iii) M, C (0,0), liminfy,_,e 1, > O.
Then {x,} converges strongly to a point ® € T, which is also the unique solution of the varia-
tional inequality:

(A—vf)x,z—x) >0, VzeT. (3.2)

Proof. First, we show that {x,} is well defined. Consider the mapping G, on H defined by
Gux = 0, Yf (x) + (I — 0uA)W,Jp, (I — ppF ) Ty, x. We see from Lemma 3.2 and lemma 2.7 that
G, has a unique fixed point x}; € H such that x, = o4, yf(x}) + (I — 0, A)Wydp, (I — ppF )Tnnx,’; .
For simplicity, we write x;, for x£ if no confusion occurs.

Second, we show that {x,} is bounded. Pick any p € I". From Lemma 2.12 and Lemma
2.14, we have that ||y, — p|| = |[Jp,(I = puF )Ty, xn — Jp,(I — PuF )Ty, p|| < ||x, — p||. Fixed &
forVn > 1.

Case 1. ||x, — p|| < &. It is obvious that {x,} is bounded.

Case 2. ||x, — p|| > €. By Proposition 2.6, there exists kg, € (0, 1) such that || f(x,) — f(p)|| <
ke, ||x, — p||. Then

[xn =PIl = [l (vf (xn) —Ap) + (I — 0A)(Wiyn — p) ||
§ anHYf(xn) _ApH + HI_ anAHHWnyn p”
< o[l f(xn) — f(P) || + 0wl vf () — APl + (1 — 07)|[yn — Pl
< (1= 07+ anYkey) |Xn — pIl + | 7 (P) — Apll.

Hence ||x, — p|| < Yke llvf(p) — Ap||. Obviously, {x,} is bounded, and then {y,} is also

bounded.
Third, we show that x,, = @ € I', where {x,,} a subsequence of {x,}. Since F is a o-ism,
and p, € (0,2a), it follows from Proposition 2.2 that p,,F is ——1sm and I — p,F is ——averaged

We know that J,, and T;,, are l—averaged. By Propsition 2.1, we obtain that J,, (I — p,F)Ty, is
I 3+ ——av Hence,

10 = pII* = o, (I — pn)F Ty, xn — p|?

1- (+ )
2 4 2
l_P_
2 2
= |xn = PI* = 53 lyn — x>
47T 8o
From Lemma 2.15, we have
xn = pII* = [0 (VF () —AP) + (I — 0A) (Woyn — p) |12
< |[(I = 0 A) (Wayn — p)|I> + 200 (¥ (xa) — Ap,xa — p) 34)

< (1= 067)*[lyn — P11 +206(¥f (xn) — Ap,xa — p)
< (1= 07)*|lya = pII* + 2007 (xn) = Ap|| |30 — Pl
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Substituting (3.3) into (3.4), we obtain that

1_ pn
(I—Otn7)2§+—§)_,‘nyn —xa|l? < [(1 = 7> = 1] |lxn — plI> + 20| v (xa) — Ap|l[|xa — pII-
4 8a

Since a, > 0and 0 <a < p, < b <2wx,Vn > 1, we obtain that

lim ||y, —x,| = 0. (3.5)
n—so0
Observe that
10 = Waxa|l = || 0V (Xn) — 0uAWnX, + (I — 0, A) Wy — W )|

< anHYf(xn) _AannH + ||I_ anAH HWnYn _annH
< O ||Yf (xn) — AW || + (I — &, 7) |[yn — Xn|| — 0, (n — o),

and ||x, — Wx,|| < ||xn — Waxa|| + |[Wiaxy — Wx,|| — 0 as n — oo. Since {x,} is bounded, then
there exist a subsequence {x,, } of {x,} such that x,, — @. By (3.5), we see that y,, — ®. Since
{yni} C C and C is closed and convex, we have @ € C. From Lemma 2.11 and Lemma 2.10, we
obtain @ € F(W) =2, F(T;).

Next, we show that ® € (F +B)~1(0)G~1(0). Put u, = Ty, x,.. Since {x,} is bounded, then
{yn} and {u,} are also bounded. Observe that

1yn = pll = [, (I = puF )utn = Jp, (I = puF) p|| < [|utn — (3.6)
Since Ty, 1s firmly nonexpansive, we have
2jun = plI* < 200w = p,ttn — p) = [0 = pII* + llttn — P> — [l1tn — 0.
Then
et = pI* < llw = P11 = [t — x> (3.7)
Substituting (3.6) and (3.7) into (3.4), we obtain that

(1= 0 [l —25l|* < [(1 = 7 = Ul |xa — pII* + 206 v (xn) = Ap|l| 5w — ]|

Since lim,, ;. 0, = 0, we have that lim,,_s ||, — X, || = 0. In view of (3.5), we have lim,,_,c ||, —
yn|| = 0. Hence there exist a subsequence {u,, } of u, and a subsequence {p, } of {p, } such that
up, — @ € C and p,, — po for some py € [a,b]. Put v, = (I — p,F )uy. It follows from (3.1) and
Lemma 2.13 that

||JP0(I_p0F)uni _y”iH < ||JP0(I_pOF)u”i _JP()(I_pniF)”niH + ||‘]P0(I_pniF)uni _yniH
< ||(Z = poF )un, — (I — pn.F ;|| + | pgvi; — Jp,, V|

Pn;—P
< 1o~ PolllFttn |+ PP | T v, —vi || = 0, (2 o0).

Again from limy, e ||y, — yr,|| = 0, we have lim,, o || Jp, (I — poF )i, — || = 0. Observe that
Jpo(I — poF’) is nonexpansive. By Lemma 2.11, we have @ = J,,(I — poF)® and hence €
(F +B)~'(0). Now we show that ® € G~1(0). Since G is a maximal monotone operator,
then Ap, xn, € GTy, Xn;, Where Ay is the Yosida approximation of G for n > 0. Furthermore,

Xp: —U

for any (u,v) € G, we have (1L —up,, v — ’n—n"‘> > 0. Since liminf, o 1, > 0, u,, — @, and

|| Xn; — tn;|| = 0, we have (U — @, v) > 0. Since G is a maximal monotone operator, we have
0 € Gow and hence ® € G~'(0). Thus w € T.
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Fourth, we show that x,, — ®. Assume that x,, does not converge to ®. Then there exist
a subsequence {x,, } of {x,} such that ||x,, — || > € for some € > 0. By Proposition 2.6,
J J

[ en,) — F(@)]] < ke, — . Then

bon,, = @lI> = llow, 7S () — O, VF (@) + 0, VF (@) — O, A
—(I— Otnl.jA)CO + (I_ (Xn,‘jA)Wnijynij H2
= 0, Y(F (o, )~ F(0). 3, — 0) - (7(0) ~ A0, 3, — 0)
+{(I— OtnijA) (Wnij)’nij - w)vxﬂij — o)
< (1 - anij7+ anij Yke)Hx”lij - COH2 + anij <’}/f((l)) _Aw’x”ij - CO).

Obviously ||xnij —o|?*< ﬁ(yf(a)) —A®, Xy — w). Since x,, — , then Xy, = @ AS j —> oo
The contradiction permits us to conclude that x,, — @.

Finally, we show that x,, — @, which is also the unique solution of variational inequality
(3.2). Observe that x,, = 04, Yf (x,) + (I — 0,A)WpJ, (I — pnF ) Ty, xn. Hence, we conclude that

1
(I — Widp, (I = PuF ) T, )20 -+ A(I — Wi, (I — P F ) Ty, )X

n

(A=yf)xn=

Since Wy, Jp,(I — puF )Ty, is nonexpansive, we have that I — W,.Jp, (I — poF )Ty, is monotone.
Note that, for any given z € T,

<<A_ '}/f)xnyxn _Z> = _ai(«l_Wn-]pn(l_pnF)Tnn)xn - (I—Wann(I—PnF)Tnn)z,xn _Z>)

n
(AL = Wiud g, (I — PuF ) Ty, )Xn s Xn — 2)
< (A(I = Wadp, (I = puF ) Ty, ) Xn, Xn — 2)
< Al llxn = Wayall[lxn =zl
(3.8)
Also

||x,, _Wn)’n” < Hxn _annH + Hann _Wn)’nH
< ||xn _annH + ||x,, _yn“ —0 (” — °°>-

Now, replacing n with n; in (3.8) and letting i — oo, we have
(4= 7/)@,02) = lim {(A = Yf)x 50— 2) 0.

From the arbitrariness of z € I', we have that @ € I" is a solution of (3.2). Further, it is easy to
verify that I" is closed and convex. By Lemma 3.1, we know that (3.2) has a unique solution.
Hence we conclude that x,, — @ as n — oo. O

Lemma 3.4. Let H be an infinite dimensional real Hilbert space, and A be a strongly positive
bounded linear self-adjoint operator on H with coefficient ¥ > 0. If {B,} C (0,1) and oy, <
(1 =B A|~" for Vn > 1, then ||(1 — B)I — aA|| < 1 — B, — a7, Vn > 1.

Proof. From condition &, < (1— ,)||A||~! for Vx € H, we have

(1= Bl — anA)x, x) = (1= Bu) Ix[|> — e Ax,x) > (1= By — al|A]})[|x]|* > 0.
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That is, (1 — B,)I — A is positive operator on H. Since A is a strongly positive bounded linear
self-adjoint operator on H with coefficient 7 > 0, we have

1(1 = Ba)l — Al = sup{(((1 = Ba)l — 0wA)x,x) : x € H, |[x]| = 1}
= sup{1l — B, — o (Ax,x) s x € H, [|x| = 1}
S 1_ﬁn_ an7~

OJ

Theorem 3.5. Let H be an infinite dimensional real Hilbert space and let C be a nonempty
closed convex subset of H. Let {T;}7 | : C — C be an infinite family of nonexpansive mappings
and f : H — H be a Meir-Keeler-type contraction. Let A be a strongly positive bounded linear
self-adjoint operator on H with coefficient 7 > 0 and F be an o-inverse-strongly monotone
mapping of C into H. Let B and G be maximal monotone mappings on H such that the domains
of B and G are included in C. Let J, = (I+pB)~! and Ty = (I+nG)~! for p > 0 and n > 0.
Assume that T = N2 F(T;)(F +B)~'0NG~'0 # 0. Let {x,} be a sequence generated from
an arbitrary x| € H by the following algorithm:

Xnt1 = ¥V (Xn) + Buxn + (1 — Bu)l — CuA) Wiy
where W, is the W-mapping generated by T,,T,_1,...,T\ and Ay, Ay_1,..., A1, constant y < ¥

and ||A|| < 1. If {a, },{Bn} C (0,1), {pn}, and {m,} satisfying the following conditions:

(ii) 0 < liminf, e B, < limsup,_,., B < 1;
(iti) 0 < a < pp <b <20, liMy_ye0 |Pys1 — Pu| = 0;

then {x,} converges strongly to a point ® € T, which solves variational inequality (3.2).

Proof. First, we show that {x, } is bounded. From the condition lim,_,. &, = 0, we may assume,
without loss of generality, that a;, < (1 — 3,)||A||~'. By Lemma 3.4, we know that ||(1— 8,)I —
oAl < 1— B, — 0,7, Vn > 1. Suppose that Vp € I'. By the same argument as in the proof of
Theorem 3.3, we have that ||y, — p|| < ||x, — p||. Fixed &, for Vn > 1.

Case 1. ||x, — p|| < &. It is obvious that {x,} is bounded.

Case 2. ||x, — p|| > €. By Proposition 2.6, there exists kg, € (0, 1) such that || f(x,) — f(p)|| <
key||xn — p||- Then

[Xnr1 =PIl = [[@a¥f(xun) — 0 Yf(P) + BuXn — Bup + [(1 — )] — €Al (Wuyn — p)
+aYf(p) + Bup + [(1 = Bu)l — nAlp — p|
< A Yke, [0 — Pl + Bullxn — Pl + | (1 = Bu)l — | [[Wayn — Pl + il ¥f (P) — Ap|
< (1= 0(7 = Yhey)) |0 = pll + 0 (7= Yhey ) 53 1V (2) = Ap|.

Set M = max{||x —p||,7_#||'yf(p) —Apl||}. Assume that ||x, — p|| < M, By induction, we
€
have ||x,+1 — p|| < M. Hence {x,} is bounded and {y, } is also bounded.
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Second, we show that ||x,1 —x,|| = 0. Set x,.1 = Buxn + (1 — B,)z4. Then z, = )%%ﬁ
and

HZn+1 _ZnH
—| Gt 1 VS (1) + (1= Bar )] — Qi 1A) Wt 19n41
1 _ﬁn+1
1-B,
1Y Ot 1 o,
=7 (1) — fxn)) + —
2 i) o)+ (20— %)
Ot 1
X (Yf(xn) _AWnyn) FWortynr1 —Wayn + ln—ﬁ+1<AWnYn _AWn+1yn+l) H
— By
Ont1Y Ont1
< Y ) — )| + |
1—[3n+ 1f (1) = f () ’1—ﬁn+1
1
HlYf(xn) AWn)’nH + HWn+1yn+1 nynH +—n 1 G HAWnyn — AW, 1041 H
Bn - Bn—i—
(3.10)
Observe that
HWn+1)’n+1 _Wnyn“ < H)’n+1 _)’nH + HWnJrl)’n _Wn)’nH (3.11)
and
HWn+1yn - WnynH = HAITlUnJrl,an - AlTlUn,an”
< )vl ||Un+1,2xn - Un,2xn||
= M || A TaUpt1 3%0 — 2 ToUy 354 |
< l112||Un-§-1,3xn - Un73xn|| (3.12)

IN

< A112 e 'A«nHUnJrl,nJrlxn - Un,n+1xn||
n
< MH)‘ia
i=1

for some appropriate constant M > 0 such that M > ||Uy1 n41%7 — Uy nt1Xs||. From Lemma
2.12, Lemma 2.13, and the nonexpansivity of I — p,F’, we have that
[Yne1 =yull = Mpps U = Pt F) Ty Xt = s (L= Pt F) Ty, X
+Jppir L = Pt F) Ty Xn — Iy, (L= Pt F) Ty X
+ o (I = Pn+1F )T, %n = Jp, (I = puF ) Ty, X
+Jpi1 (= puF ) Ty, Xn — Jp, (I = puF ) Ty, |
< [Jxn41 —an 1T, — Ty Xnll =+ Pt — Pl [ F T |
F pu1 (I = PuF ) T — Jp, (I = PuF") Ty, |

e
< ot — )+ Pl
nn+1
+ |Pn+1 _Pn|||FTnnxn|| + Ot (1 — pnF) NnXn — Pn+1< — Pn) nnan-
n

(3.13)
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Substituting (3.11), (3.12), and (3.13) into (3.10), we obtain that

Qni1Y Oy

[zn+1 —2nl| < s 1S (eng1) — (xn)ou +p B g’bﬂ|
X”’Yf(xn) AWn}’n”"*‘] i HAWnyn AWn+1yn+lH

g1 = +'"",;1—H""'||xn —Tnmxnn
+1Pns 1 — al[F T, x| + ezl ||< W F) T, X
ooy (L= P) F Ty x| +MH -
Then
||Zn+1 —ZnH - Hanrl _an < %Hf(xiﬂrl) (xn)” + ’ lar/?—jrl B 13%,,’

x||vf (xn) — AWy || + 1an+l AW,y

—AW i 1Vnt1 H + W;I—In’l' Hxn TnnHXnH

H1Pnt1 = Pal | FTig | + P52
X||(1 = puF ) T, xn — Jp, s (L = Pn) F T || + M T A
In view of 0 < liminf, . 3, < limsup, ., By < 1, lim, 0, =0, 0 < a < p, < b < 2a,
limy,—ye0 |Pr+1 — Pn| = 0, limy e [Ny41 — M| = 0, and liminf, . 1, > 0, we have
limsup({|zp41 — 2nl| = [|Xn1 —2x2]]) <O.

n—oo

By Lemma 2.16, we obtain that lim, .« ||z, — x,|| = 0, and hence ||x,1 — x| = (1 — B)||zn —
Xnl| = 0.

Third, we show that @, (x,) C I'. For Vg € m,,(x,), then there exists a subsequence {x,, } of
{xn} such that x,, — ¢.

By the same argument as in the proof of Theorem 3.3, Vp € I, we have that

1 Pn
2 2 4 8a 2
Hyn_pH < ||xn_p|| 3 p_?f”)}n_an .
4 8a

Therefore
X1 = PII* = 1|0 (Vf (xn) — AP) + Bu(tn — ) + (1= Bu)I — 0twA) (Woyn — p) ||

= |7/ (%) — Ap|I* + B l1xa — Il + | (1= Ba)T — ) (Woya — p) |12
+2{06: (v (%) —AP), Bu(xn — P))
+2{06: (v (xn) —Ap), (1 = Bu)l — A) (Wayn — p))
+2(Bu (%2 — p), (1 = Bu)I — 0 A) (Wayn — p))

< a2 ||7f (xa) — Ap|I* + BEllxn — pII* + (1= By — & ¥)*[lvn — pII?
+ 206 Bl ¥ (xn) — Ap|[[|x2 — Pl +206:(1 = By — 7)1 7f (xa) — Ap||[1xn — P
+2B,(1 = By — D) xa —

< (Br +2Bu(1 = B — 07)llxa — plI> + o |7 (xn) — Ap||?

+204,(1 — D)1 7f (%) — Apll|[xn — p
1 b

+(1_ﬁn_an7) (Hxn P||2 ||yrt_xn|| ).
4+

(3.14)
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Then
— 2 —
(1 - ﬁn - an’}/) ¥

n

—

PRT

e —2xall? < (1= 09l = plI* + 07 |7/ (xn) — Ap|1?
+20,,(1 — 0 7)1V (xn) = Aplll1xn — pl| = 041 — P>
Since limy e 06, = 0, 0 < limsup,_... f, < 1,and 0 < a < p, < b < 20, we have

oS
0|

o

I}I_I&Hyn_an =0. (3.15)
Since
Hxn—i-l _annH
= [| 06 (Y (Xn) — AWiXn) + B (0 — W) + ((1 = B )l — 00A) (Wyn — Wain) |
< 0|V (xn) — AW || + Bullxn — W || + (1 = Bn — 06 7) [[Wayn — W |
< 0|V (xn) — AW || + B llxn — Wt || + (1 = B — 067 [[yn —
we have

1% — Wax |

< Hxn — Xp+1 H + Hxn+1 - ann”

< ben = Xaga || + 06|V () — AWaxa | + Ballxn — Waa | + (1 = B — 0 7) [lyn — Xl
Obviously

(L= Bo)[lxn = Waxal| < [[xn — X1 [| + 0| V.S (x0) — AWpxa|| + (1 = Bn — 0 7) [|yn — xal|-
From lim,,_ye @, = 0, 0 < limsup,_,., By < 1, ||[yn — Xul| = 0, and ||x,+1 — x,|| — 0, we have
that ||x, — Wyx,|| — 0 as n — co. By the same argument as in the proof of Theorem 3.3, we can
obtain ¢ € N2, F(Ty).
Next, we show that g € (F +B)~1(0)"G~1(0). Put u, = Ty, x,. Since {x,} is bounded, then

{yn} and {u,} are also bounded. By the same argument as in the proof of Theorem 3.3, we have
that ||y, — p|| < ||ux — pl| and ||u, — p||> < [|x2 — p||*> — ||ttn — Xn||>. From (3.14), we obtain that

X1 — plI>

< o[l vf (xa) = AplI® + Brllxn — pII* + (1 = By — 07)?|lyn — pII®
+ 204 Bl ¥ (xn) — Aplll|xn — Pl +206,(1 = By — 04,7)
< [17f () = Aplll|xa = pll +2Ba(1 = Br — ) %0 — p|I?

< o || vf (xa) = ApII® + Brllxn — plI* + (1 = By — 0 ¥)?[|un — p||?
+ 2060l Yf (xn) = Ap|| 10 — pll + 206 (1 = By — 047)
X (17 (k) = Ap|l|[xa = pll +2Ba(1 = B — 067) 50 — pII.

Thus

(1=Pn— Ot,,?)zﬂun _xn”z

< (1= 0w7)*|ln — pI> + o7 |7 () — Apl[?

+204(1 = oY) || 7S (x) = Ap ||l = pll = Pas1 — P11
Since limy,_ye 0, = 0 and 0 < limsup,,_..., B, < 1, we have that lim,,_,c || un, — X,|| = 0. It follows
from (3.15) that lim,,_,e ||#y, — y|| = 0. By the same argument as in the proof of Theorem 3.3,
we have that g € (F +B)~'(0)NG~1(0). So, ¢ € T. That is, @,,(x,) C T
Fourth, we show that
limsup((A —rf)w,x, — @) >0, (3.16)

n—oo
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where © = Py pip)-10)n6-1(0)f (@). Indeed, take a subsequence {x;, } of {x,} such that

limsup((A —rf)w,x, — ®) = 1i_>m((A —rf)®,x,, — ©).

n—soo

Since {x,} is bounded, we may assume, without loss of generality, that x,, — g € U\(F +
B)~'(0)NG~1(0). Then limsup, ...((A—rf)®,x, — ®) = (A —rf)w,q — ®) > 0. In view of
|| % — Wyxn|| — 0 as n — oo, we have that

limsup((A — rf)®, Wpxn, — ©) = (A—rf)@,q — ®) >0 (3.17)

n—s00
Finally, we show that x, — ® as n — c0. Assume that the sequence {x,} does not converge
strongly to @ € I'. Thus there exists € > 0 and a subsequence {x, } of {x,} such that ||x,, — || >
¢ for all i > 0. From Proposition 2.6, there exists k¢ € (0, 1) for this € such that || f(x,,) —
f(@)|| < kellxs, — @]|. Then
Pen41 — o]
= 0 |7 () — A0|* + || By (xn, — @) + (1= By )T — 0 A) (Wo,, — @) |
+2(06, (7S (Xn;) = A®), By (xn; — @) + (1 = B, )T — O, A) (Wa, 3, — ©))
< o |7 Cin) =A@ + [y [lxn, — @ + (1 = By — 0, 7) | Wy, — 0|2
+ 200, B, (VS () =A@, X, — @) + 204, (Yf (x;) — A, (1 = By )T — 0, A) (Wo,ym; — @)
< o || 7f Cn) = A@|* + (1 = 06,7)° 3, — 0]
+ 206, B (7S Ciny) = ¥/ (0), 2, — ©) + 204, 5, (Vf (@) — A®, %, — @)
+ 206, (Y () = V£ (@), (1= Bu )T = € A) (W, — @))
200, (1f(@) — A®, (1 )T — i) (Wi, — )
< [(1 = 06, 7)* + 200, B, Yke + 200, Yke (1 = Bo; — 0, 7)] [, — @]
+ 0 (17 () — A@|* + 206, By (Vf () — A®, x5, — @)
+206,(1 = P ) (VS (@) — A, Wiy, — W)
+204, (1= B (Yf(0) — A0, Wy, — @) =20 (Yf(0) — A0, AWy, 3, — @)
<[1— 200, (Y — Yke) + O‘r%,»_ ]Hx’li - w||2 + O‘r%”?’f(xni) _AwHZ + zaniﬁnin(m) —A®,x,, — o)
+ 200, (1= Bo)) 17/ (@) = A@|[[[yn; — ;]| + 206, (1 = B, ) (v (@) — A, Wy, x; — )
+20, | 7/ (@) — A0 |A(Wayn, — 0) |
< (1= 200, (7 — k)] |Pxn; — @[> + 0, &,

(3.18)
where

gni = a”liT’ZH'xni - (1)”2 + O‘ni||7/f(xni) —ACOH2 +2ﬁn[<')’f(w) _vaxni - CO>
+2(1 = Bu) 17/ (@) — AWl [[yn; — Xn || + 208, ]| ¥f (@) — Ao
X [[A(Wniyn; — 0)[| +2(1 = Bu ){Vf (0) — A, Wy, xn, — ©).

Setting by, = 204, (Y — Yke), ¢, = O, En;, We see that (3.18) is reduced to

[P 1 = @1 < (1= b)) |, = @[ + .
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From condition } ;" o, = o, we know that ) ° , b, = oo. Also from condition lim,_, ¢, =0,

(3.15), (3.16), and (3.17), we have that limsupl-_m% = limsupl-_m% < 0. It follows
form Lemma 2.17 that x,, — @ as i — co. The contradiction permits us to conclude that {x,}
converges strongly to @ € T U

Remark 3.6. (1) In Theorem 3.3 and Theorem 3.5, set Yy =1 and A = I. Then the sequence
{x,} generated by algorithm (3.1) and (3.9), respectively, converges strongly to a point
o € I', which is also the unique solution to the following variational inequality ((1 —
f)x,z—x) >0,Vz €', where f is a Meir-Keeler-type contraction.

(ii) In Theorem 3.3 and Theorem 3.5, set 7; = I,Vi > 1. Thus the sequence {x,} gen-
erated by algorithm (3.1) and (3.9), respectively, converges strongly to a point @ €
N(F +B)~'0NG~'0, which is also the unique solution to the following variational
inequality ((A — yf)x,z—x) >0,Vz € N(F +B)"'0NG~'0, where f is a Meir-Keeler-
type contraction.

(ii1) Observe that Meir-Keeler-type contraction is a generalization of contraction. In Theo-
rem 3.3 and Theorem 3.5, if f is a contraction, then the corresponding conclusions can
also be obtained.

4. APPLICATIONS

In this section, we apply our results (taking the explicit iterative algorithm as an example) to
variational inequality problem, equilibrium problem, constrained convex minimization problem
and generalized split feasibility problem. Similarly, the results of implicit iterative algorithm
also have the corresponding applications.

Let H be a Hilbert space and let g : H — (—oo, 0] be a proper lower semicontinuous convex
function. The subdifferential dg of g is defined by

dg(x):={z€H:g(x)+(z,y—x) <g(y),YyeH},x€H.

From Rockafellar [14], we know that dg is a maximal monotone operator. In particular, if C is
a nonempty, closed, and convex subset of H, and i¢ is the indicator function of C defined by

o) = {o, ifxecC,

oo, else.

then dic is a maximal monotone operator and we can define the resolvent Jp of dic for each
B >0as Jgx = (I+Adic)'x, Vx € H. Recall that the normal cone to C at u is defined by

Neu:={z€H :(z,v—u) <0,YveC}.

It is easy to verify that dic(u) = Ncu for u € C and Jpx = Pcx for Vx € H,beta > 0.
Let A be a mapping of C into H. The variational inequality problem (VIP) is to find an
element x* € C satisfying the inequality

(Ax*,x—x") > 0,Vx € C. 4.1)

The set of solutions of VIP (4.1) is denoted by VI(C,A). We can easily show that x* € VI(C,A)
is equivalent to x* = Pc(I — AA)x™ A simple iterative method algorithm for solving VIP (4.1)
is the following projection-gradient method x,, | = Pc(I — AA)x, for each n € N, where A is
a positive real number. Assume that A is o-inverse strongly monotone, VI(C,A) is nonempty,
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0 <A <20, then VI(C,A) is a closed and convex subset of H. The sequence {x,} generated
by the projection-gradient method above converges weakly to a point in VI(C,A).

Let ¢ : C x C — R is a bifunction, the equilibrium problem (EP) is to: find z € C such that
0 (z,y) > 0 for each y € C. We denote the set of solutions of equilibrium problem by EP(¢). In
order to solve the equilibrium problem for bifunction ¢, we assume that ¢ satisfies the following
conditions:

(A1) ¢(x,x) =0, Vx €C;

(A2) ¢ is monotone, i.e.,(x,y) + ¢ (y,x) <0, Vx,y € C;

(A3) lim; o ¢ (tz+ (1 —1)x,y) < d(x,y), Vx,y,z € C;

(A4) for fixed x € C, the function y — ¢ (x,y) is convex and lower semicontinuous.

Lemma 4.1. [2] Let C be a nonempty, closed, and convex subset of H. let ¢ be a bifunction
from C x C — R satisfies (Al)-(A4). Then, for r > 0 and each x € H, there exists z € C such that
0(z,y)++(y—2,2—x) >0 forally € C.

Lemma 4.2. [4] Let C be a nonempty, closed, and convex subset of H. let ¢ be a bifunction
from C x C — R satisfies (Al)-(A4). Then, for r > 0, define the resolvent Q? :H — C as follows:
Qx:={z€C:(z,y)+L{y—2,2—x) >0,Yy € C} forall x € H. Then,

(i) for each x € H, QY (x) # 0;
(ii) Q(rp is single-valued;
0fx— OFy|1? < (Qfx— 0%y,x—y), Vx,y € H;

(iii) Q(rp is firmly nonexpansive, that is,

(iv) F(QF)=EP(9);
(v) EP(9) is closed and convex.

We call such Q‘f the resolvent of ¢ for r > 0. Using Lemmas 4.1 and 4.2, Takahashi et al.
[23] showed the following lemma; see [1] for a more general result.

Lemma 4.3. [23] Let C be a nonempty, closed, and convex subset of a Hilbert space H and let
¢ : C X C — R be a bifunction satisfying conditions (Al)-(A4). Define Ay by

Ao {{Z€H1¢(x,y)2<y—x,Z>,Vy€C},Vx€C-
X 1=

| 0,else.

Then, EP(¢) = A(;IO and Ay is a maximal monotone operator with the domain of Ay C C.

Furthermore, for any x € H and r > 0, the resolvent Q‘f of ¢ coincides with the resolvent of Ay,
ie, Qfx= (I+7rAs) x.

Next, we apply the result of Theorem 3.5 to the variational inequality problem and the equi-
librium problem.

Theorem 4.4. Let H be an infinite dimensional real Hilbert space and C be a nonempty closed
convex subset of H. Let {T;}7 | : C — C be an infinite family of nonexpansive mappings and
f:H — H be a Meir-Keeler-type contraction. Let A be a strongly positive bounded linear
self-adjoint operator on H with coefficient 7 > 0 and F be an o-inverse-strongly monotone
mapping of C into H. Let ¢ : C x C — R is a bifunction satisfying (Al)-(A4). Assume that
=N F(T,)\VI(C,F)NEP(¢) # 0. For an arbitrary x; € H, Let {x,} be a sequence
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generated by the following algorithm:

Yn = PC(I_pnF)anxnv
X1 = O ¥f (%) + Buxn + (1 = Bu)l — 0 A) Wy

where W, is the W -mapping generated by T,,, T, _1,..., Ty and Ay, Ay_1,..., A1, Qﬁn is a resolvent

of ¢ for n, >0, constant y < yand ||A|| < 1. If {06, },{Bn} C (0,1), {pn}, and {n,} satisfy the
following conditions:

(i) limy, e 06, =0, 21010:0 O = 5

(ii) 0 < liminf,_,e B, < limsup,_,.. B, < 1,
(iii) 0 < a < pp <b <20, limy o0 [Pry1 — Pu| = 0;
(iv) iminfy e 1y > 0, im0 [Myy1 — M| =0,

then {x,} converges strongly to a point @ € T, which is also the unique solution to variational
inequality (3.2).

Proof. In Theorem 3.5, we set G = Ay and B = dic. Then, for p, > 0 and 7, > 0, we have
Jp, =Pcand Ty, = (I+M,A) " = 0}, . Furthermore, A, (0) = F((I+muAy) ") = F(Q},) =
EP(¢). Also, we have (F + dic) 10 = VI(C,F). Indeed, for x € C,

x € (F+dic) 10 < 0¢€ Fx+dicx
<0 Fx+Nex
< (=Fx,y—x) <0,VyeC
< (Fx,y—x)>0,VyeC
& xeVI(C,F).

Thus we can obtain the desired result by Theorem 3.5. 0

Let ¢ : C — R is areal-valued convex function, the constrained convex minimization problem
is to find £ € C such that
@ (%) = min @(x). 4.2)

xeC

The set of solutions of the constrained convex minimization problem is denoted by argmin,cc @ (x).

Lemma 4.5. [25] Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let ¢ be a convex function of H into R. If @ is differentiable, then z is a solution to (4.2)
ifand only if z € VI(C,V Q).

From Lemma 4.5, set F = V¢ in Theorem 4.4. Thus we can obtain a strong convergence
theorem for the equilibrium problem and the constrained convex minimization problem in a
Hilbert space.

Theorem 4.6. Let H be an infinite dimensional real Hilbert space and C be a nonempty closed
convex subset of H. Let {T;}7 | : C — C be an infinite family of nonexpansive mappings and
f:H — H be a Meir-Keeler-type contraction. Let A be a strongly positive bounded linear self-
adjoint operator on H with coefficient Y > 0. Let ¢ : H — R be a differentiable convex function
and V @ be an a-inverse-strongly monotone mapping of C into H. Let ¢ : C X C — R is a bifunc-
tion satisfying (Al)-(A4). Assume thatT' = {z € C:z€ (i, F(T;),z € argmingec ¢(x) and z €
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EP(9)} # 0. For an arbitrary x; € H, Let {x,} be a sequence generated by the following
algorithm:

Yn = PC(I - anqD)Q%nxm
Xnt1 = O ¥f (Xn) + Buxn + (1 = Bu)l — 0, A) Wy yy.

where W, is the W-mapping generated by T,,,T,,_1,..., Ty and Ay, A1, ..., Ay, Q%n is a resolvent
of ¢ for n, >0, constant y < yand ||A|| < 1. If {a, },{Bn} C (0,1), {pn}, and {m,} satisfy the
following conditions:
(1) limy oo Oy = 0, Y77 Oy = 005

(ii) 0 < liminfy, e B, < limsup,_ .. B, < 1,

(iii) 0 <a < p, <b <20, lim,_;e |pn+1 - pn| =0;

(iv) liminf, e M, > 0, limy—ye0 [Mpr1 — M| =0,
then {x,} converges strongly to a point @ € I" which is also the unique solution to variational
inequality (3.2).

Lemma 4.7. [24] Let Hy and Hy be two Hilbert spaces, A : Hi — Hy be a bounded linear
operator such that A # 0, and A* be the adjoint of A. let T : Hy — H) be a nonexpansive
mapping. Then

(i) A*(I —T)A is m—ism.

i 1
(ii) For0 <r < TA

(iia) I —rA*(I—T)A is r||A||>-averaged;
2
(iib) J),(I—rA*(I—T)A) is w—averaged.
(iii) I r = ||A|| 72, then I — rA*(I — T)A is nonexpansive.

Lemma 4.8. [24] Let H, and H; be two Hilbert spaces, B : H| — 2H1 pe be a maximal mono-
tone mapping, and J; = (I+ AB)~! be the resolvent of B for A > 0. Let T : Hy — H, be
a nonexpansive mapping and let A : Hy — H, be a bounded linear operator. Suppose that
B 'ONAT'F(T) #0. Let A,r > 0 and z € Hy. Then the following are equivalent:
(i) z=J (I —rA*(I-T)A)z;

(ii) 0 € A*(I1 —T)Az+ Bz;

(iii) z€ B-'ONA~IF(T).
Consequently, F(J) (I —rA*(I —T)A)) = (A*(I - T)A) +B)~'0 = B"'0NA~'F(T). Moreover,
B~ 'ONA~'F(T) is closed and convex.

Lemma 4.9. Let Cy and C, be nonempty closed convex subsets of Hilbert spaces H| and H», re-
spectively. Let S be a nonexpansive mapping of Hy into Hy. Let U : H| — H» be a bounded linear
operator and U™ be the adjoint of U. Let B and G be a maximal monotone mapping on Hy such
that the domains of B and G are included in C,. Let Jp = (I+pB) ™' and Ty = (I+1G)~! for
p>0andn >0 If0<r< W then F(Jo(I —rU*(I - S)U)T,) = B~'0ONU'F(S)NG~'0
foranyp >0,r>0andn > 0.

Proof. From Lemma 4.7 (iib), we know that J, (I —rU*(I = S)U) is w—averaged. From
Lemma 2.12, we know that T, is %—averaged. It follows from Proposition 2.1(iv) and (v) that
Jo(I —rU*(I = S)U)Ty is also averaged and F(J,(I —rU*(I1 = S)U)Ty) = F(Jp(I —rU*(I —
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S)U))NF(Ty). From Lemma 2.12 and Lemma 4.8, we have F(J,(I —rU*(I = S)U)Ty) =
B~lonU~'F(s)NnG'o. O

Theorem 4.10. Let C; and Cy be nonempty closed convex subsets of Hilbert spaces H| and
H,, respectively. Let S be a nonexpansive mapping of H, into Hy. Let U : Hi — H» be a
bounded linear operator and U* be the adjoint of U. Let {T;}7 | : C\ — C| be an infinite
family of nonexpansive mappings and f : H — H; be a Meir-Keeler-type contraction. Let
A be a strongly positive bounded linear self-adjoint operator on Hy with coefficient y > 0.
Let B and G be a maximal monotone mapping on Hy such that the domains of B and G are
included in Cy. Let J, = (I+pB) ™! and Ty = (I+1G)~ for p > 0 and n > 0. Assume that
F={zeCi:zeN=F(T,)NB~'0NG'0suchthat Uz € F(S)} # 0. For an arbitrary x| € H,
Let {x,} be a sequence generated by the following algorithm:

Yn =Jp,(I = poU* (I = S)U) Ty, xn,

X1 = O Y (Xn) + Bun + (1 = Bu)l — 00 A) Wy
where W, is the W-mapping generated by T,,,T,,_1,..., Ty and Ay, Ay_1,..., A1, constant Yy < ¥
and ||A]| < 1. If {0}, {Bn} C (0,1), {pn}, and {n,} satisfy the following conditions:

(ii) 0 <liminf, e B, < limsup,_,., By < 1;
(iii) 0 <a<p,<b< W 1im,, o0 |01 — Pn| = O;
(iv) HMinfysoo T > 0, iMyseo | i1 — M| = O,

4.3)

then {x,} converges strongly to a point ® € I" which is also the unique solution of to variational
inequality (3.2).

Proof. Since § is a nonexpansive mapping of H, into Ha, it follows from Lemma 4.7 that
U*(I—-S)U is a m—ism. Setting F = A*(I — S)A in Theorem 4.10, we see that algorithm
(4.3) is just algorithm (3.9) in Theorem 3.5. Since I' is nonempty, there exist z € C; such
that z € N2, F(T,)NB~'0NG'0 and Uz € F(S). By Lemma 4.9, we have that z = J, (I —
pU*(I — S)U)Tyz = Jp(I — pF)Tyz, that is, z € (F+B)~'(0)NG 1(0). Hence z € (F +
B) 1 0)NG 1 0)N(N=, F(T;)) # 0. By Theorem 3.5, we know that x, — @ and @ = Prf(®).
That is, w is also the unique solution to variational inequality (3.2). U

5. NUMERICAL EXPERIMENTS

In this section, We give two numerical examples of Theorem 3.5 to illustrate the implementa-
tion of algorithm (3.9). All codes were written in Matlab 2010b and run on Dell 1 - 5 Dual-Core
laptop.

Example 5.1. Let H := R? with the inner product (-,-) : R> x R> — R defined by (x,y) =
X1-y1+%X2-y2+x3-y3 and the usual norm || - || : R®> — R defined by ||x|| = {/x? +x3 +3 for all
x = (x1,%2,Xx3) and y = (y1,y2,y3). For Vx € R3, let F, f,A,B,G : R® — R® be defined by F(x) =

12 0 0 15 0 0
2%, f(x) =ix,Ax=x,Bx=[ 0 18 0 |x,Gx=(0 19 0 |x,and7;:R>— R3 be
0 0 27 0 0 14

defined by T;x = ¥, Vi > 1. Itis clear that (F +B) ' (0) NG~ (0)N(NZ, F(T;)) = {0}.
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(@ y=1 ® =3
FIGURE 1. Numerical example of Theorem 3.5 with taking y=1 and y = %

TABLE 1. Numerical example of Theorem 3.5 with A,, = %‘

n 0 1 2 3 4 5 6 7

x1 1 03184 0.1198 0.0487 0.0207 0.0091 0.0041 0.0018

x; 1 03161 0.1187 0.0483 0.0205 0.0090 0.0040 0.0018

x3 1 0.3157 0.1186 0.0482 0.0205 0.0090 0.0040 0.0018
TABLE 2. Numerical example of Theorem 3.5 with A,, = %

n 0 1 2 3 4 5 6 7

x; 1 03199 0.1205 0.0490 0.0209 0.0091 0.0041 0.0019

x 1 03169 0.1191 0.0485 0.0206 0.0090 0.0040 0.0018

x3 1 03165 0.1190 0.0484 0.0206 0.0090 0.0040 0.0018
TABLE 3. Numerical example of Theorem 3.5 with A,, = %

n 0 1 2 3 4 5 6 7

x; 1 03207 0.1209 0.0492 0.0210 0.0092 0.0041 0.0019

x 1 03174 0.1194 0.0486 0.0207 0.0090 0.0040 0.0018

x3 1 03170 0.1192 0.0485 0.0206 0.0090 0.0040 0.0018

Let us choose oy, = ﬁ, B = %, Pn= %— ﬁ, M= ?T_ ﬁ, and A, = 1 Vn > 1. Obviously,

T, F, f, A, B, G, &, Bn, Pn, M, and A, satisfy all the conditions of Theorem 3.5. Below we
take the same initial value xg = (1,2,3) and different y values to observe the convergence of
algorithm 3.9. Taking y=1and y = % respectively, we have the following numerical results in
Figure 1.

Example 5.2. Let H, F, f, B, G, &, Bu, pu, and 10, satisfy the same conditions of Example
5.1, and let T;, A be defined by T;x = if'lx, Vi > 1, and Ax = %x. Put y = %. Obviously,
T, F, f, A, B, G, 0y, Bn, Pn, Nn, and ¥ satisfy all the conditions of Theorem 3.5.

Below we take the same initial value xo = (1,1,1) and different A, values to observe the
convergence of the algorithm 3.9. Taking A, = %’ An = % and A, = %, respectively, we have the
following numerical results in Table 1, 2, and 3.
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Observing the results of the above Tables, we know that, the greater the value of A, is, the
faster algorithm 3.9 converges.
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