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Abstract. By virtue of Yang’s fractal sets Rϖ(0 < ϖ ≤ 1), this paper is devoted to studying a number
of integral inequalities, which are associate with the celebrated Bullen type inequality. To this end, an
integral equality via local differentiable mappings is presented from which we obtain certain error esti-
mations in connection with the Bullen type inequalities. Moreover, we provide three examples to identify
the correctness of the outcomes. Considering the applications of the derived findings, we investigate sev-
eral local fractional integral inequalities for ϖ-type special means, numerical integrations, and extended
probability distribution mappings, respectively.
Keywords. Bullen type inequalities; Generalized h-convexity; Local fractional integrals.

1. INTRODUCTION AND PRELIMINARIES

The convexity of functions is a forceful tool, which was mainly employed to deal with a vari-
ety of pure and applied analysis and related engineering problems. Recently, numerous scholars
devoted themselves to exploring the properties and inequalities closely related to convexity in
diverse fields; see, e.g., [5, 12, 20] and the references therein.

Suppose that ζ : Q ⊆ R→ R is a convex mapping defined on the interval Q of real num-
bers, and m,n ∈Q along with m < n. The subsequent inequalities, to be named as Hermite–
Hadamard’s inequalities, were frequently used in pure and applied mathematics

ζ

(
m+n

2

)
≤ 1

n−m

∫ n

m
ζ (τ)dτ ≤ ζ (m+n)

2
.

The integral inequalities, which attracted much attention in engineering mathematics, provide
error bounds for the mean value of a continuous convex mapping ζ : Q ⊆ R→ R.

There are numerous studies on the Hermite-Hadamard type inequalities with various convex
mappings, such as s-convex mappings [16], h-convex mappings [10], h-preinvex mappings [23],
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and N-quasiconvex mappings [1]. For more results, we refer to [15, 24, 28] and the references
therein.

In 2010, Tseng, Hwang, and Dragomir [30] proposed an improved version of the Hermite-
Hadamard’s inequalities. They testified the integral inequalities

ζ

(
m+n

2

)
≤ 1

2

[
ζ

(
3m+n

4

)
+ζ

(
m+3n

4

)]
≤ 1

n−m

∫ n

m
ζ (τ)dτ

≤ 1
2

[
ζ (m)+ζ (n)

2
+ζ

(
m+n

2

)]
≤ ζ (m)+ζ (n)

2
.

The third inequality above, in general, is named as the Bullen’s inequality in the literature.
Since the Bullen type inequalities have potential real applications, in particular, the sig-

nal processing and quantum communication, they have been extensively studied. In accor-
dance with the second-order optical sliding mode, Acu and Gonska [2] provided the error
bounds in connection with the Bullen type inequalities for continuous mappings. By using
Riemann-Liouville fractional integral operators in relevance with Gauss hypergeometric func-
tions, Çakmak [7] constructed the Bullen-type inequalities involving s-convexity in the second
meaning. Çakmak [8] further considered some Bullen-type inequalities with differentiable h-
convex functions. Tseng, Hwang and Hsu [31] purposed several Bullen-type inequalities in-
volving Lipschitzian mappings. Mitroi-Symeonidis proposed [25] certain error bounds of the
gap within Bullen-type inequalities. For more results on the Bullen’s inequality, we refer to
[19, 22] and the references therein. In 2007, Varošanec [32] considered the following definition
based on the h-convex mappings. They generalized p-convexity, non-negative convexity, and
Godunova–Levin convex mappings.

Definition 1.1. Let Q,J be two real-valued intervals within R, (0,1)⊆J , and the mapping
h : J →R be nonnegative with h 6≡ 0. A nonnegative mapping ζ : Q→R is said to be h-convex
if ζ (λτ +(1−λ )υ)≤ h(λ )ζ (τ)+h(1−λ )ζ (υ) for any τ,υ ∈Q along with λ ∈ (0,1).

Now, let us start with reviewing Yang’s axiom on the local fractional calculus, which are used
throughout this paper. These fractal theories were mainly introduced by Yang in [34]. Here, we
state certain rules in the theory of fractal space as follows

(1) ξ ϖ +ηϖ ∈ Rϖ ;
(2) ξ ϖ +ηϖ = ηϖ +ξ ϖ ;
(3) ξ ϖ +(ηϖ +ϕϖ) = (ξ ϖ +ηϖ)+ϕϖ ;
(4) 0ϖ is the identity for each ξ ϖ ∈ Rϖ , ξ ϖ +0ϖ = 0ϖ +ξ ϖ = ξ ϖ ;
(5) for any ξ ϖ ∈Rϖ , (−ξ )ϖ is the inverse element of ξ ϖ , ξ ϖ +(−ξ )ϖ =

(
ξ +(−ξ )

)ϖ
= 0ϖ ;

(6) ξ ϖ ηϖ ∈ Rϖ ;
(7) ξ ϖ ηϖ = ηϖ ξ ϖ ;
(8) ξ ϖ(ηϖ ϕϖ) = (ξ ϖ ηϖ)ϕϖ ;
(9) 1ϖ is the identity for (Rϖ , ·), for any ξ ϖ ∈ Rϖ , ξ ϖ 1ϖ = 1ϖ ξ ϖ = ξ ϖ ;
(10) for each ξ ϖ ∈ Rϖ \ {0ϖ},

( 1
ξ

)ϖ is the inverse element of ξ ϖ , ξ ϖ
( 1

ξ

)ϖ
=
(( 1

ξ

)
ξ
)ϖ

=

1ϖ ;
Distributive law holds: ξ ϖ(ηϖ +ϕϖ) = ξ ϖ ηϖ +ξ ϖ ϕϖ .
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To recall the axiom of the local fractional calculus on Rϖ , we evoke the notion involving the
local fractional continuity.

Definition 1.2. [34] Let ζ : R→ Rϖ be a non-differentiable mapping give by ν → ζ (ν). If,
for each ε > 0, there exists κ > 0 satisfying |ζ (ν)− ζ (ν0)| < εϖ for |ν −ν0| < κ , then ζ (ν)
is named as local fractional continuous at ν0. If the mapping ζ (ν) is local continuous at every
point in the define interval (m,n), we write it by ζ (ν) ∈Cϖ(m,n).

Definition 1.3. [34] With regard to the local fractional derivative of the mapping ζ (ν) of order
ϖ at ν = ν0, we define

ζ
(ϖ)(ν0) = ν0Dϖ

ν ζ (ν) =
dϖ ζ (ν)

dνϖ

∣∣∣∣
ν=ν0

= lim
ν→ν0

∆ϖ
(
ζ (ν)−ζ (ν0)

)
(ν−ν0)ϖ

,

where ∆ϖ
(
ζ (ν)−ζ (ν0)

)
= Γ(ϖ +1)

(
ζ (ν)−ζ (ν0)

)
.

Let ζ (ϖ)(ν) = Dϖ
ν ζ (ν). If there exists ζ ((k+1)ϖ)(ν) =

(k+1) times︷ ︸︸ ︷
Dϖ

ν · · ·Dϖ
ν ζ (ν) for every ν ∈Q ⊆R,

then it is written ζ ∈ D(k+1)ϖ(Q), in which k = 0,1,2, · · · .

Definition 1.4. [34] Let ζ (ν)∈Cϖ [m,n], and M= {κ0,κ1, · · · ,κN}, where N ∈N, be a partition
of [m,n] satisfying m = κ0 < κ1 < · · · < κN = n. Then the local fractional integration of the
mapping ζ on [m,n] of order ϖ is defined by

mI
(ϖ)

n ζ (ν) =
1

Γ(1+ϖ)

∫ n

m
ζ (κ)(dκ)ϖ :=

1
Γ(ϖ +1)

lim
Mκ→0

N−1

∑
j=0

ζ (κ j)(∆κ j)
ϖ ,

in which ∆κ := max{∆κ1,∆κ2, · · · ,∆κN−1} along with ∆κ j := κ j+1−κ j, j = 0, · · · ,N−1.

Here, mI
(ϖ)

n ζ (ν) = 0 if m = n, and mI
(ϖ)

n ζ (ν) = −nI
(ϖ)

m ζ (ν) if m < n. For each ν ∈
[m,n], if there exists mI

(ϖ)
ν ζ (ν), then it is denoted by ζ (ν) ∈I ϖ

ν [m,n].

Lemma 1.5. [34] (a) If ζ (ν) = w(ϖ)(ν) ∈ Cϖ [m,n], then mI
(ϖ)

n ζ (ν) = w(n)−w(m). (b) If
ζ (ν),w(ν) ∈ Dϖ [m,n] and ζ (ϖ)(ν),w(ϖ)(ν) ∈Cϖ [m,n], then

mI
(ϖ)

n ζ (ν)w(ϖ)(ν) = ζ (ν)w(ν)
∣∣∣n
m
−mI

(ϖ)
n ζ

(ϖ)(ν)w(ν).

(c) The local fractional derivative of the mapping νkϖ is as follows

dϖ νkϖ

dνϖ
=

Γ(1+ kϖ)

Γ
(
1+(k−1)ϖ

)ν
(k−1)ϖ , k ∈ R.

(d) The local fractional integration with regard to the mapping νkϖ is as below

1
Γ(1+ϖ)

∫ n

m
ν

kϖ(dν)ϖ =
Γ(1+ kϖ)

Γ
(
1+(k+1)ϖ

)(n(k+1)ϖ −m(k+1)ϖ
)
, k ∈ R.

Lemma 1.6. [34] (Holder-Yang’s inequality). If the mappings ζ ,w ∈ Cϖ [m,n], and θ ,ψ > 1
with 1

θ
+ 1

ψ
= 1, then

1
Γ(1+ϖ)

∫ n

m

∣∣ζ (ν)w(ν)∣∣(dν)ϖ ≤
(

1
Γ(1+ϖ)

∫ n

m

∣∣ζ (ν)∣∣θ (dν)ϖ

) 1
θ
(

1
Γ(1+ϖ)

∫ n

m

∣∣w(ν)∣∣ψ(dν)ϖ

) 1
ψ

.
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In 2021, Luo, Yu and Du modified the Hölder’s integral inequality in the frame of fractal
spaces, and offered a new upper bound.

Theorem 1.7. [21] Let ψ > 1 with θ−1 +ψ−1 = 1. If the mappings ζ as well as w are both
local fractional continuous over the interval [m,n], i.e., the mappings ζ ,w∈Cϖ [m,n] as well as
|ζ |θ , |w|ψ are both local fractional integral over the interval [m,n], then

1
Γ(1+ϖ)

∫ n

m
|ζ (τ)w(τ)|(dτ)ϖ

≤
( 1

n−m

)ϖ

{(
1

Γ(1+ϖ)

∫ n

m
(n− τ)ϖ |ζ (τ)|θ (dτ)ϖ

) 1
θ

×
(

1
Γ(1+ϖ)

∫ n

m
(n− τ)ϖ |w(τ)|ψ (dτ)ϖ

) 1
ψ

+

(
1

Γ(1+ϖ)

∫ n

m
(τ−m)ϖ |ζ (τ)|θ (dτ)ϖ

) 1
θ

×
(

1
Γ(1+ϖ)

∫ n

m
(τ−m)ϖ |w(τ)|ψ (dτ)ϖ

) 1
ψ

}

≤
(

1
Γ(1+ϖ)

∫ n

m
|ζ (τ)|θ (dτ)ϖ

) 1
θ
(

1
Γ(1+ϖ)

∫ n

m
|w(τ)|ψ (dτ)ϖ

) 1
ψ

.

(1.1)

In [33], Vivas, Hernández and Merente presented the following generalized h-convexity de-
fined on the Yang’s fractal set Rϖ .

Definition 1.8. [33] Let h : J ⊆ R→ Rϖ be a nonnegative mapping with h 6≡ 0ϖ . If the map-
ping ζ : Q ⊆R→Rϖ is nonnegative, that is, ζ (ν)≥ 0ϖ and ζ

(
λτ +(1−λ )υ

)
≤ h(λ )ζ (τ)+

h(1−λ )ζ (υ) for each τ,υ ∈Q with λ ∈ (0,1), then ζ is generalized h-convex.

Notice that from [33] that h 6≡ 0ϖ rather than h 6≡ 0. From Definition 1.8, let us state the
coming exceptional circumstances

(a) If h(λ ) = λ ϖ , then the generalized h-convexity is reduced to the non-negative generalized
convexity.

(b) If h(λ ) = 1ϖ , then the generalized h-convexity is reduced to the generalized p-convexity.
(c) If h(λ ) = λ sϖ for some fixed 0 < s < 1, then the generalized h-convexity is reduced to

the generalized s-convexity in second meaning.
(d) If h(λ ) = [λ (1− λ )]ϖ , then the generalized h-convexity is reduced to the generalized

tgs-convexity.
Local fractional calculus axiom is of significance in multitudinous domains, in particular,

in engineering mathematical and applied analysis. In 2017, Sarikaya and Budak [26] stud-
ied a number of celebrated local fractional integral inequalities. In the same year, Choi, Set
and Tomar [9] considered generalized Ostrowski type inequalities with generalized convex-
ity. In accordance with the generalized s-convexity on fractal spaces, Kiliçman and Saleh [17]
discussed certain generalized Hermite-Hadamard type integral inequalities. By means of the
generalized m-convexity on fractal sets, Du et al. [11] studied the Hermite-Hadamard-type,
Hermite-Hadamard-Fejér-type and Simpson-type inequalities. Almutairi and Kiliçman [3, 4]
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established certain Hermite-Hadamard type by means of generalized (h−m)-convexity as well
as s-convexity, respectively. Iftikhar [14] presented several Newton’s type inequalities by virtue
of local fractional integrals. On the basis of generalized h-convexity, Sun [29] investigated
the local fractional Ostrowski-type integral inequalities. With regard to the multidimensional
Hilbert-type inequalities, Krnić and Vuković [18] studied them in terms of local fractional cal-
culus axiom. For recent inequalities on the local fractional integrals, we refer to [6, 13, 27] and
the references therein.

Inspired by the axiom of the local fractional calculus described in [34] and the results men-
tioned above, we study some integral inequalities on Rϖ for the first-order local differentiable
mappings with regard to the Bullen type inequality. We discuss the three cases: (i) the local frac-
tional derivative of the mapping is bounded; (ii) the local fractional derivative of the mapping
holds the generalized h-convexity; (iii) the local fractional derivative of the mapping satisfies
the local Lipschitz condition. Furthermore, we give several applications of our main results.

2. MAIN RESULTS

To obtain the error bounds with regard to the generalized Bullen type inequalities, we present
the following lemma.

Lemma 2.1. Let Q ⊆ R be an interval and ζ : Q→ Rϖ be differentiable mapping defined on
Qo (Qo is the interior of Q). If ζ ∈ Dϖ(Q) and ζ (ϖ) ∈ Cϖ [m,n] for m,n ∈Q together with
m < n, then, for each τ ∈ [m,n],

1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

=
(n−m)ϖ

8ϖ

1
Γ(1+ϖ)

∫ 1

0

[
(1−2λ )ϖ

ζ
(ϖ)

(
1+λ

2
m+

1−λ

2
n
)

+(2λ −1)ϖ
ζ
(ϖ)

(
1+λ

2
n+

1−λ

2
m
)]

(dλ )ϖ .

(2.1)

Proof. Integrating by parts on the local fractional space for the right side of 2.1, we see that

1
Γ(1+ϖ)

∫ 1

0
(1−2λ )ϖ

ζ
(ϖ)

(
1+λ

2
m+

1−λ

2
n
)
(dλ )ϖ

=
2ϖ

(m−n)ϖ

[
(1−2λ )ϖ

ζ

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣1

0

− (−2)ϖ

Γ(1+ϖ)

∫ 1

0
Γ(1+ϖ)ζ

(
1+λ

2
m+

1−λ

2
n
)
(dλ )ϖ

]

=
2ϖ

(m−n)ϖ

[
−ζ (m)−ζ

(
m+n

2

)
+

2ϖ

Γ(1+ϖ)

∫ 1

0
Γ(1+ϖ)ζ

(
1+λ

2
m+

1−λ

2
n
)
(dλ )ϖ

]
.

Letting τ = 1+λ

2 m+ 1−λ

2 n, we have

1
Γ(1+ϖ)

∫ 1

0
Γ(1+ϖ)ζ

(
1+λ

2
m+

1−λ

2
n
)
(dλ )ϖ =

2ϖ Γ(1+ϖ)

(m−n)ϖ
m+n

2
I

(ϖ)
m ζ (τ).
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This leads us to

1
Γ(1+ϖ)

∫ 1

0
(1−2λ )ϖ

ζ
(ϖ)

(
1+λ

2
m+

1−λ

2
n
)
(dλ )ϖ

=
2ϖ

(n−m)ϖ

[
ζ (m)+ζ

(
m+n

2

)
− 4ϖ Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)
m+n

2
ζ (τ)

]
.

Similarly,

1
Γ(1+ϖ)

∫ 1

0
(2λ −1)ϖ

ζ
(ϖ)

(
1+λ

2
n+

1−λ

2
m
)
(dλ )ϖ

=
2ϖ

(n−m)ϖ

[
ζ (n)+ζ

(
m+n

2

)
− 4ϖ Γ(1+ϖ)

(n−m)ϖ
m+n

2
I

(ϖ)
n ζ (τ)

]
.

Using the two equalities, we have (2.1). This ends the proof. �

Remark 2.2. If ϖ = 1 in Lemma 2.1, then we obtain the Bullen-type integral identity given in
[7].

With the aid of Lemma 2.1, we prove the following theorem.

Theorem 2.3. Let all the assumptions mentioned in Lemma 2.1 hold. If there exist constants
zϖ < Zϖ satisfying zϖ ≤ ζ (ϖ) ≤ Zϖ for all τ ∈ [m,n], then

∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣≤ (n−m)ϖ(Z− z)ϖ

8ϖ

Γ(1+ϖ)

Γ(1+2ϖ)
.

Proof. In accordance with Lemma 2.1, we know that

1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

=
(n−m)ϖ

8ϖ

{
1

Γ(1+ϖ)

∫ 1

0
(1−2λ )ϖ

[
ζ
(ϖ)

(
1+λ

2
m+

1−λ

2
n
)
− zϖ +Zϖ

2ϖ
+

zϖ +Zϖ

2ϖ

]
(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

0
(2λ −1)ϖ

[
ζ
(ϖ)

(
1+λ

2
n+

1−λ

2
m
)
− zϖ +Zϖ

2ϖ
+

zϖ +Zϖ

2ϖ

]
(dλ )ϖ

}

=
(n−m)ϖ

8ϖ

{
1

Γ(1+ϖ)

∫ 1

0
(1−2λ )ϖ

[
ζ
(ϖ)

(
1+λ

2
m+

1−λ

2
n
)
− zϖ +Zϖ

2ϖ

]
(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

0
(2λ −1)ϖ

[
ζ
(ϖ)

(
1+λ

2
n+

1−λ

2
m
)
− zϖ +Zϖ

2ϖ

]
(dλ )ϖ

}
.

(2.2)
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If we denote S by the left hand of the equality (2.2), then we find that

|S| ≤(n−m)ϖ

8ϖ

{
1

Γ(1+ϖ)

∫ 1

0
|1−2λ |ϖ

∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)
− zϖ +Zϖ

2ϖ

∣∣∣∣(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

0
|2λ −1|ϖ

∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)
− zϖ +Zϖ

2ϖ

∣∣∣∣(dλ )ϖ

}

≤(n−m)ϖ(Z− z)ϖ

8ϖ

Γ(1+ϖ)

Γ(1+2ϖ)
.

Since ζ (ϖ) satisfies zϖ ≤ ζ (ϖ) ≤ Zϖ , we deduce that

zϖ − zϖ +Zϖ

2ϖ
≤ ζ

(ϖ)− zϖ +Zϖ

2ϖ
≤ Zϖ − zϖ +Zϖ

2ϖ
,

which implies that ∣∣∣∣ζ (ϖ)− zϖ +Zϖ

2ϖ

∣∣∣∣≤ Zϖ − zϖ

2ϖ
.

This ends the proof.

Theorem 2.4. Let all the assumptions mentioned in Lemma 2.1 hold. If |ζ (ϖ)| satisfies the
generalized h-convexity defined on the interval [m,n], and ζ (ϖ) is bounded, i.e., ||ζ (ϖ)||∞ =

supτ∈(m,n)|ζ (ϖ)|< ∞, then

∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣
≤ (n−m)ϖ‖ζ (ϖ)‖∞

4ϖ

[ 1
Γ(1+ϖ)

∫ 1
2

0
(1−2λ )ϖ

(
h
(

1+λ

2

)
+h
(

1−λ

2

))
(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

1
2

(2λ −1)ϖ

(
h
(

1+λ

2

)
+h
(

1−λ

2

))
(dλ )ϖ

]
.

Proof. Considering the integral identity derived in lemma 2.1 and taking advantage of the char-
acteristics of modulus, we find that∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣
≤ (n−m)ϖ

8ϖ

1
Γ(1+ϖ)

∫ 1

0

(∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣

+
∣∣2λ −1

∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣)(dλ )ϖ .
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If we employ the generalized h-convexity of the mapping |ζ (ϖ)| defined on [m,n], then

∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣
≤ (n−m)ϖ

8ϖ

[
1

Γ(1+ϖ)

∫ 1
2

0
(1−2λ )ϖ

(
h
(

1+λ

2

)
|ζ (ϖ)(m)|+h

(
1−λ

2

)
|ζ (ϖ)(n)|

)
(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1
2

0
(1−2λ )ϖ

(
h
(

1+λ

2

)
|ζ (ϖ)(n)|+h

(
1−λ

2

)
|ζ (ϖ)(m)|

)
(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

1
2

(2λ −1)ϖ

(
h
(

1+λ

2

)
|ζ (ϖ)(m)|+h

(
1−λ

2

)
|ζ (ϖ)(n)|

)
(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

1
2

(2λ −1)ϖ

(
h
(

1+λ

2

)
|ζ (ϖ)(n)|+h

(
1−λ

2

)
|ζ (ϖ)(m)|

)
(dλ )ϖ

]
≤ (n−m)ϖ‖ζ (ϖ)‖∞

4ϖ

[ 1
Γ(1+ϖ)

∫ 1
2

0
(1−2λ )ϖ

(
h
(

1+λ

2

)
+h
(

1−λ

2

))
(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

1
2

(2λ −1)ϖ

(
h
(

1+λ

2

)
+h
(

1−λ

2

))
(dλ )ϖ

]
,

which is the desired result asserted in Theorem 2.4. This completes the proof. �

If |ζ (ϖ)|ψ is generalized h-convex, then we achieve the following result.

Theorem 2.5. Let ζ be defined as Lemma 2.1. Assume that |ζ (ϖ)|ψ is generalized h-convex on
the interval [m,n] for θ ,ψ > 1 with 1

θ
+ 1

ψ
= 1. Then

∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣
≤ (n−m)ϖ

8ϖ

(
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)

) 1
θ

×

{[
1

Γ(1+ϖ)

∫ 1

0

(
h
(

1+λ

2

)∣∣∣∣ζ (ϖ)(m)

∣∣∣∣ψ +h
(

1−λ

2

)∣∣∣∣ζ (ϖ)(n)
∣∣∣∣ψ)(dλ )ϖ

] 1
ψ

+

[
1

Γ(1+ϖ)

∫ 1

0

(
h
(

1+λ

2

)∣∣∣∣ζ (ϖ)(n)
∣∣∣∣ψ +h

(
1−λ

2

)∣∣∣∣ζ (ϖ)(m)

∣∣∣∣ψ)(dλ )ϖ

] 1
ψ

}
.
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Proof. Employing Lemma 2.1 and the Hölder-Yang’s inequality, we have that∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)
∣∣∣

≤ (n−m)ϖ

8ϖ

[
1

Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣(dλ )ϖ

]
≤ (n−m)ϖ

8ϖ

(
1

Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖθ

(dλ )ϖ

) 1
θ

×
(

1
Γ(1+ϖ)

∫ 1

0

∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣ψ(dλ )ϖ

) 1
ψ

+
(n−m)ϖ

8ϖ

(
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖθ

(dλ )ϖ

) 1
θ

×
(

1
Γ(1+ϖ)

∫ 1

0

∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣ψ(dλ )ϖ

) 1
ψ

.

Owing to the generalized h-convexity of the mapping
∣∣ζ (ϖ)|ψ , we obtain that

1
Γ(1+ϖ)

∫ 1

0

∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣ψ(dλ )ϖ

≤ 1
Γ(1+ϖ)

∫ 1

0

[
h
(

1+λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ +h

(
1−λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ](dλ )ϖ .

(2.3)

Analogously,

1
Γ(1+ϖ)

∫ 1

0

∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣ψ(dλ )ϖ

≤ 1
Γ(1+ϖ)

∫ 1

0

[
h
(

1+λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ +h

(
1−λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ](dλ )ϖ .

(2.4)

On the other hand, we have

1
Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖθ

(dλ )ϖ =
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖθ

(dλ )ϖ

=
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)
.

(2.5)

Combing (2.3), (2.4), and (2.5), we conclude the proof. �

By virtue of the similar argument of Theorem 2.5, we can prove the Theorem 2.6.
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Theorem 2.6. If all the hypotheses in Theorem 2.5 hold, then∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

(
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)

) 1
θ

×

{[
1

Γ(1+ϖ)

∫ 1

0

(
h(λ )

∣∣ζ (ϖ)(m)
∣∣ψ +h(1−λ )

∣∣∣∣ζ (ϖ)

(
m+n

2

)∣∣∣∣ψ)(dλ )ϖ

] 1
ψ

+

[
1

Γ(1+ϖ)

∫ 1

0

(
h(λ )

∣∣ζ (ϖ)(n)
∣∣ψ +h(1−λ )

∣∣∣∣ζ (ϖ)

(
m+n

2

)∣∣∣∣ψ)(dλ )ϖ

] 1
ψ
}
.

Proof. Following the proof of Theorem 2.5 and consider the convex combinations of endpoints
m and n, i.e., 1+λ

2 m+ 1−λ

2 n = λm+(1− λ )m+n
2 and 1−λ

2 m+ 1+λ

2 n = λn+(1− λ )m+n
2 , we

conclude the desired conclusion immediately. �

Theorem 2.7. If all the assumptions in Theorem 2.5 hold, then∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

(
Γ(1+θϖ)

2αΓ(1+(θ +1)ϖ)

) 1
θ

×

{[∣∣∣ζ (ϖ)(m)
∣∣∣ψ · 1

Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(n)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1−λ

2

)
(dλ )ϖ

] 1
ψ

+

[∣∣∣ζ (ϖ)(m)
∣∣∣ψ · 1

Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(n)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1−λ

2

)
(dλ )ϖ

] 1
ψ

+

[∣∣∣ζ (ϖ)(n)
∣∣∣ψ · 1

Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(m)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1−λ

2

)
(dλ )ϖ

] 1
ψ

+

[∣∣∣ζ (ϖ)(n)
∣∣∣ψ · 1

Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(m)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1−λ

2

)
(dλ )ϖ

] 1
ψ

}
.

(2.6)
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Proof. In view of Lemma 2.1 and the properties of modulus, we infer that∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

[
1

Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣(dλ )ϖ

]
.

(2.7)

On account of the modified version of the generalized Hölder’s integral inequality (1.1), we find
that

1
Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣(dλ )ϖ

≤
[(

1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ

∣∣1−2λ
∣∣θϖ

(dλ )ϖ

) 1
θ

×
(

1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ

∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣ψ(dλ )ϖ

) 1
ψ

+

(
1

Γ(1+ϖ)

∫ 1

0
λ

ϖ
∣∣1−2λ

∣∣θϖ
(dλ )ϖ

) 1
θ

×
(

1
Γ(1+ϖ)

∫ 1

0
λ

ϖ

∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣ψ(dλ )ϖ

) 1
ψ
]
.

(2.8)

Direct calculations yield that

1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ

∣∣1−2λ
∣∣θϖ

(dλ )ϖ

=
1

Γ(1+ϖ)

∫ 1
2

0
(1−λ )ϖ

(
1−2λ

)θϖ
(dλ )ϖ +

1
Γ(1+ϖ)

∫ 1

1
2

(1−λ )ϖ
(
2λ −1

)θϖ
(dλ )ϖ

=
Γ(1+θϖ)

2ϖ Γ(1+(θ +1)ϖ)
(2.9)

and

1
Γ(1+ϖ)

∫ 1

0
λ

ϖ
∣∣1−2λ

∣∣θϖ
(dλ )ϖ

=
1

Γ(1+ϖ)

∫ 1
2

0
λ

ϖ
(
1−2λ

)θϖ
(dλ )ϖ +

1
Γ(1+ϖ)

∫ 1

1
2

λ
ϖ
(
2λ −1

)θϖ
(dλ )ϖ

=
Γ(1+θϖ)

2ϖ Γ(1+(θ +1)ϖ)
.

(2.10)
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Taking advantage of the generalized h-convexity of |ζ (ϖ)|ψ , we deduce that

1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ

∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣ψ(dλ )ϖ

≤
∣∣∣ζ (ϖ)(m)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(n)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1−λ

2

)
(dλ )ϖ

(2.11)

and
1

Γ(1+ϖ)

∫ 1

0
λ

ϖ

∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣ψ(dλ )ϖ

≤
∣∣∣ζ (ϖ)(m)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(n)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1−λ

2

)
(dλ )ϖ .

(2.12)

Substituting (2.9)-(2.12) into (2.8), we obtain that

1
Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣(dλ )ϖ

≤
(

Γ(1+θϖ)

2ϖ Γ(1+(θ +1)ϖ)

) 1
θ
[(∣∣∣ζ (ϖ)(m)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(n)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1−λ

2

)
(dλ )ϖ

) 1
ψ

+

(∣∣∣ζ (ϖ)(m)
∣∣∣ψ · 1

Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(n)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1−λ

2

)
(dλ )ϖ

) 1
ψ
]
.

(2.13)

Similarly, we receive that

1
Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣(dλ )ϖ

≤
(

Γ(1+θϖ)

2ϖ Γ(1+(θ +1)α)

) 1
θ
[(∣∣∣ζ (ϖ)(n)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(m)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
(1−λ )ϖ h

(
1−λ

2

)
(dλ )ϖ

) 1
ψ

+

(∣∣∣ζ (ϖ)(n)
∣∣∣ψ · 1

Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1+λ

2

)
(dλ )ϖ

+
∣∣∣ζ (ϖ)(m)

∣∣∣ψ · 1
Γ(1+ϖ)

∫ 1

0
λ

ϖ h
(

1−λ

2

)
(dλ )ϖ

) 1
ψ
]
.

(2.14)

Employing (2.13) and (2.14) in (2.7), one achieves (2.6). Hence, the proof is completed. �



CERTAIN ERROR BOUNDS ON THE BULLEN TYPE INTEGRAL INEQUALITIES 13

Theorem 2.8. Let all the assumptions in Lemma 2.1 hold. If |ζ (ϖ)|ψ is generalized h-convex
on the interval [m,n] for ψ ≥ 1, then∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

(
Γ(1+ϖ)

Γ(1+2ϖ)

)1− 1
ψ

{[
1

Γ(1+ϖ)

∫ 1
2

0

(
(1−2λ )ϖ h

(
1+λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ

+(1−2λ )ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ)(dλ )ϖ +

1
Γ(1+ϖ)

∫ 1

1
2

(
(2λ −1)ϖ h

(
1+λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ

+(2λ −1)ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ)(dλ )ϖ

] 1
ψ

+

[
1

Γ(1+ϖ)

∫ 1
2

0

(
(1−2λ )ϖ h

(
1+λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ

+(1−2λ )ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ)(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

1
2

(
(2λ −1)ϖ h

(
1+λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ

+(2λ −1)ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ)(dλ )ϖ

] 1
ψ
}
.

(2.15)

Proof. From (2.1) and the generalized power-mean inequality, we have∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

[
1

Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣(dλ )ϖ

]
≤ (n−m)ϖ

8ϖ

{(
1

Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ(dλ )ϖ

)1− 1
ψ

×
(

1
Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣ψ(dλ )ϖ

) 1
ψ

+

(
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ(dλ )ϖ

)1− 1
ψ

×
(

1
Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣ψ(dλ )ϖ

) 1
ψ

}
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≤ (n−m)ϖ

8ϖ

(
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ(dλ )ϖ

)1− 1
ψ

{[
1

Γ(1+ϖ)

∫ 1
2

0

(
(1−2λ )ϖ h

(
1+λ

2

)
×
∣∣ζ (ϖ)(m)

∣∣ψ +(1−2λ )ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ)(dλ )ϖ +

1
Γ(1+ϖ)

∫ 1

1
2

(
(2λ −1)ϖ h

(
1+λ

2

)

×
∣∣ζ (ϖ)(m)

∣∣ψ +(2λ −1)ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ)(dλ )ϖ

] 1
ψ

+

[
1

Γ(1+ϖ)

∫ 1
2

0

(
(1−2λ )ϖ h

(
1+λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ

+(1−2λ )ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ)(dλ )ϖ +

1
Γ(1+ϖ)

∫ 1

1
2

(
(2λ −1)ϖ h

(
1+λ

2

)∣∣ζ (ϖ)(n)
∣∣ψ

+(2λ −1)ϖ h
(

1−λ

2

)∣∣ζ (ϖ)(m)
∣∣ψ)(dλ )ϖ

] 1
ψ
}
.

Observe that
1

Γ(1+ϖ)

∫ 1

0
|1−2λ |ϖ(dλ )ϖ =

Γ(1+ϖ)

Γ(1+2ϖ)
.

This concludes the proof. �

Theorem 2.9. Let |ζ (ϖ)| satisfy the local Lipschitz condition for certain Lϖ > 0ϖ . Then∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

Γ(1+ϖ)

Γ(1+2ϖ)

[
(n−m)ϖ Lϖ

2ϖ
+ζ

(ϖ)(n)+ζ
(ϖ)

(
m+n

2

)]
,

(2.16)

where ζ is as in Lemma 2.1.

Proof. By using Lemma 2.1, one finds that∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

[
1

Γ(1+ϖ)

∫ 1

0

∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
m+

1−λ

2
n
)∣∣∣∣(dλ )ϖ

+
1

Γ(1+ϖ)

∫ 1

0

∣∣2λ −1
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
1+λ

2
n+

1−λ

2
m
)∣∣∣∣(dλ )ϖ

]
=

(n−m)ϖ

8ϖ

{
1

Γ(1+ϖ)

∫ 1

0

(∣∣1−2λ
∣∣ϖ ∣∣∣∣ζ (ϖ)

(
m+n

2
+

m−n
2

λ

)
−ζ

(ϖ)

(
m+n

2

)∣∣∣∣
+
∣∣2λ −1

∣∣ϖ ∣∣∣∣ζ (ϖ)

(
m+n

2
+

n−m
2

λ

)
−ζ

(ϖ)(n)
∣∣∣∣)(dλ )ϖ

+

(
ζ
(ϖ)

(
m+n

2

)
+ζ

(ϖ)(n)
)

1
Γ(1+ϖ)

∫ 1

0
|1−2λ |ϖ(dλ )ϖ

}
.
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Since |ζ (ϖ)| satisfies the local Lipschitz conditions for Lϖ > 0ϖ , we see that∣∣∣∣ζ (ϖ)

(
m+n

2
+

m−n
2

λ

)
−ζ

(ϖ)

(
m+n

2

)∣∣∣∣
≤ Lϖ

∣∣∣∣(m+n
2

+
m−n

2
λ

)ϖ

−
(

m+n
2

)ϖ
∣∣∣∣

=

(
|m−n|L

2

)ϖ

|λ |ϖ ,

and ∣∣∣∣ζ (ϖ)

(
m+n

2
+

n−m
2

λ

)
−ζ

(ϖ)(n)
∣∣∣∣

≤ Lϖ

∣∣∣∣(m+n
2

+
n−m

2
λ

)ϖ

−
(

m+n
2

+
n−m

2

)ϖ
∣∣∣∣

=

(
|m−n|L

2

)ϖ

|1−λ |ϖ .

Hence, ∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
≤ (n−m)ϖ

8ϖ

{
1

Γ(1+ϖ)

∫ 1

0

(∣∣1−2λ
∣∣ϖ( |m−n|L

2

)ϖ

|λ |ϖ

+
∣∣2λ −1

∣∣ϖ( |m−n|L
2

)ϖ

|1−λ |ϖ(dλ )ϖ

)
+

(
ζ
(ϖ)

(
m+n

2

)
+ζ

(ϖ)(n)
)

1
Γ(1+ϖ)

∫ 1

0
|1−2λ |ϖ(dλ )ϖ

}

=
(n−m)ϖ

8ϖ

Γ(1+ϖ)

Γ(1+2ϖ)

[
(n−m)ϖ Lϖ

2ϖ
+ζ

(ϖ)(n)+ζ
(ϖ)

(
m+n

2

)]
.

This concludes the proof. �

3. EXAMPLES

We present three examples in this section to support our main theorems.

Example 3.1. If |ζ (ϖ)(τ)| = τ4ϖ for τ ∈ (0,∞), ζ (τ) = Γ(1+4ϖ)
Γ(1+5ϖ)τ

5ϖ . The left-hand side term
of (2.1) is

1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

=
1ϖ

2ϖ

Γ(1+4ϖ)

Γ(1+5ϖ)

[
m5ϖ +n5ϖ

2ϖ
+

(
m+n

2

)5ϖ]
− Γ(1+ϖ)

(n−m)5ϖ

Γ(1+4ϖ)

Γ(1+6ϖ)
(n6ϖ −m6ϖ).
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The right-hand side terms of (2.1) is

(n−m)ϖ

8ϖ

1
Γ(1+ϖ)

∫ 1

0

[
(1−2λ )ϖ

ζ
(ϖ)

(
1+λ

2
m+

1−λ

2
n
)

+(2λ −1)ϖ
ζ
(ϖ)

(
1+λ

2
n+

1−λ

2
m
)]

(dλ )ϖ

=
(n−m)ϖ

8ϖ

1
Γ(1+ϖ)

∫ 1

0

[
(1−2λ )ϖ

(
1+λ

2
m+

1−λ

2
n
)4ϖ

+(2λ −1)ϖ

(
1+λ

2
n+

1−λ

2
m
)4ϖ]

(dλ )ϖ

=
1ϖ

2ϖ

Γ(1+4ϖ)

Γ(1+5ϖ)

[
m5ϖ +n5ϖ

2ϖ
+

(
m+n

2

)5ϖ]
− Γ(1+ϖ)

(n−m)5ϖ

Γ(1+4ϖ)

Γ(1+6ϖ)
(n6ϖ −m6ϖ).

This illustrates the (2.1) in Lemma 2.1.

Example 3.2. If |ζ (ϖ)(τ)|ψ = τ4ψϖ for τ ∈ (0,∞), then ζ (τ) = Γ(1+4ϖ)
Γ(1+5ϖ)τ

5ϖ . If ψ = 2, then

the mapping |ζ (ϖ)(τ)|2 = τ8ϖ is generalized h-convex with h(λ ) = λ ϖ . If ϖ = 1
2 , m = 1, and

n = 3, then all the hypotheses in Theorem 2.8 are satisfied. The left-hand side term of inequality
(2.15) is ∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
=

∣∣∣∣∣1
1
2

2
1
2

[
ζ (1)+ζ (3)

2
1
2

+ζ

(
1+3

2

)]
−
(

1
3−1

) 1
2 ∫ 3

1
ζ (τ)(dτ)

1
2

∣∣∣∣∣≈ 1.9677.

The right-hand side term of inequality (2.15) is

(3−1)
1
2

8
1
2

(
Γ(1+ 1

2)

Γ(1+1)

)1− 1
2
{[

1
Γ(1+ 1

2)

∫ 1
2

0

(
(1−2λ )

1
2

(
1+λ

2

) 1
2 ∣∣ζ ( 1

2 )(1)
∣∣2

+(1−2λ )
1
2

(
1−λ

2

) 1
2 ∣∣ζ ( 1

2 )(3)
∣∣2)(dλ )

1
2 +

1
Γ(1+ 1

2)

∫ 1

1
2

(
(2λ −1)

1
2

(
1+λ

2

) 1
2 ∣∣ζ ( 1

2 )(1)
∣∣2

+(2λ −1)
1
2

(
1−λ

2

) 1
2 ∣∣ζ ( 1

2 )(3)
∣∣2)(dλ )

1
2

] 1
2

+

[
1

Γ(1+ 1
2)

∫ 1
2

0

(
(1−2λ )

1
2

(
1+λ

2

) 1
2 ∣∣ζ ( 1

2 )(3)
∣∣2

+(1−2λ )
1
2

(
1−λ

2

) 1
2 ∣∣ζ ( 1

2 )(1)
∣∣2)(dλ )

1
2 +

1
Γ(1+ 1

2)

∫ 1

1
2

(
(2λ −1)

1
2

(
1+λ

2

)∣∣ζ ( 1
2 )(3)

∣∣2
+(2λ −1)

1
2

(
1−λ

2

)∣∣ζ ( 1
2 )(1)

∣∣2)(dλ )
1
2

] 1
2
}
≈ 5.9596,

which illustrates the (2.15) in Theorem 2.8 .

Example 3.3. Let |ζ (ϖ)(τ)|= τ4ϖ for τ ∈ (0,∞). Then ζ (τ) = Γ(1+4ϖ)
Γ(1+5ϖ)τ

5ϖ and |ζ (ϖ)| satisfies

a local Lipschitz condition for Lϖ > 0ϖ . If ϖ = 1
2 , Lϖ = 4ϖ , m = 1, and n = 3, then all the
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hypotheses in Theorem 2.9 are satisfied. The left-hand side term of inequality (2.16) is∣∣∣∣∣1ϖ

2ϖ

[
ζ (m)+ζ (n)

2ϖ
+ζ

(
m+n

2

)]
− Γ(1+ϖ)

(n−m)ϖ mI
(ϖ)

n ζ (τ)

∣∣∣∣∣
=

∣∣∣∣∣1
1
2

2
1
2

[
ζ (1)+ζ (3)

2
1
2

+ζ

(
1+3

2

)]
−
(

1
3−1

) 1
2 ∫ 3

1
ζ (τ)(dτ)

1
2

∣∣∣∣∣
≈ 1.9677.

The right-hand side term of inequality (2.16) is

(n−m)ϖ

8ϖ

Γ(1+ϖ)

Γ(1+2ϖ)

[
(n−m)ϖ Lϖ

2ϖ
+ζ

(ϖ)(n)+ζ
(ϖ)

(
m+n

2

)]
=

(3−1)
1
2

8
1
2

Γ(1+ 1
2)

Γ(1+1)

[
(3−1)

1
2 4

1
2

2
1
2

+ζ
( 1

2 )(3)+ζ
( 1

2 )

(
1+3

2

)]
≈ 6.6467,

which illustrates the (2.16) in Theorem 2.9 .

4. SOME APPLICATIONS

4.1. Special means. For m < n, the ϖ-type special means are considered as below

Aϖ(m,n) =
(

m+n
2

)ϖ

=
mϖ +nϖ

2ϖ

and

Lσϖ(m,n) =
[

Γ(1+σϖ)

Γ(1+(1+σ)ϖ)

n(σ+1)ϖ −m(σ+1)ϖ

(n−m)ϖ

] 1
σ

, σ ∈ R\{−1,0}.

Proposition 4.1. Let 0 < m < n, θ ,ψ > 1, 1
θ
+ 1

ψ
= 1, and 0 < ϖ ≤ 1. Then∣∣∣∣Γ(1+4ϖ)

Γ(1+5ϖ)

[
1

2ϖ

(
Aϖ(m5,n5)+A5

ϖ(m,n)
)
−Γ(1+ϖ)L5

5ϖ(m,n)
]∣∣∣∣

≤ (n−m)ϖ

8ϖ

(
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)

) 1
θ
(

Γ(1+ϖ)

Γ(1+2ϖ)

) 1
ψ

×
[(

m4ψϖ +

(
m+n

2

)4ψϖ) 1
ψ

+

(
n4ψϖ +

(
m+n

2

)4ψϖ) 1
ψ
]
.

Proof. Letting ζ (τ)= Γ(1+4ϖ)
Γ(1+5ϖ)τ

5ϖ for τ > 0, we have |ζ (ϖ)|ψ = τ4ψϖ satisfying the generalized
h-convexity with h(λ ) = λ ϖ . Then, we can obtain the desired conclusion immediately. �

4.2. Probability distribution function. Let p : [m,n]→ [0ϖ ,1ϖ ] be a generalized probability
density mapping of random variable X which satisfies the generalized h-convexity, and the
corresponding cumulative distribution mapping be as below

Prϖ(X ≤ τ) =
1

Γ(1+ϖ)

∫
τ

m
p(λ )(dλ )ϖ .



18 Y. YU, T. DU

The following result, which connects the cumulative distribution mapping and the generalized
expectation Eϖ(X), presentes several significant inequalities.

Proposition 4.2. (a) If h(λ ) = λ ϖ in Theorem 2.5, then∣∣∣∣1ϖ

2ϖ

[
Prϖ(X ≤ m)+Prϖ(X ≤ n)

2ϖ
+Prϖ

(
X ≤ m+n

2

)]
− nϖ −Eϖ(X)

(n−m)ϖ

∣∣∣∣
≤ (n−m)ϖ

8ϖ

(
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)

) 1
θ

{[
Γ(1+ϖ)

Γ(1+2ϖ)

((
3
2

)ϖ

|p(m)|ψ +

(
1
2

)ϖ

|p(n)|ψ
)] 1

ψ

+

[
Γ(1+ϖ)

Γ(1+2ϖ)

((
3
2

)ϖ

|p(n)|ψ +

(
1
2

)ϖ

|p(m)|ψ
)] 1

ψ

}
.

(b) If h(λ ) = λ sϖ with some fixed 0 < s < 1 in Theorem 2.5, then∣∣∣∣1ϖ

2ϖ

[
Prϖ(X ≤ m)+Prϖ(X ≤ n)

2ϖ
+Prϖ

(
X ≤ m+n

2

)]
− nϖ −Eϖ(X)

(n−m)ϖ

∣∣∣∣
≤ (n−m)ϖ

8ϖ

(
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)

) 1
θ

×

{[
Γ(1+ sϖ)

Γ(1+(s+1)ϖ)

((
2ϖ −

(
1
2

)sϖ)
|p(m)|ψ +

(
1
2

)sϖ

|p(n)|ψ
)] 1

ψ

+
Γ(1+ sϖ)

Γ(1+(s+1)ϖ)

((
2ϖ −

(
1
2

)sϖ)
|p(n)|ψ +

(
1
2

)sϖ

|p(m)|ψ
)] 1

ψ

}
.

(c) If h(λ ) = 1ϖ in Theorem 2.5, then∣∣∣∣1ϖ

2ϖ

[
Prϖ(X ≤ m)+Prϖ(X ≤ n)

2ϖ
+Prϖ

(
X ≤ m+n

2

)]
− nϖ −Eϖ(X)

(n−m)ϖ

∣∣∣∣
≤ (n−m)ϖ

4ϖ

(
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)

) 1
θ
[

1
Γ(1+ϖ)

(|p(m)|ψ + |p(n)|ψ)
] 1

ψ

.

(d) If h(λ ) = λ ϖ(1−λ )ϖ in Theorem 2.5, then∣∣∣∣1ϖ

2ϖ

[
Prϖ(X ≤ m)+Prϖ(X ≤ n)

2ϖ
+Prϖ

(
X ≤ m+n

2

)]
− nϖ −Eϖ(X)

(n−m)ϖ

∣∣∣∣
≤ (n−m)ϖ

8ϖ

(
Γ(1+θϖ)

Γ(1+(θ +1)ϖ)

) 1
θ
[(

Γ(1+ϖ)

Γ(1+2ϖ)
− Γ(1+2ϖ)

2ϖ Γ(1+3ϖ)

)
(|p(m)|ψ + |p(n)|ψ)

] 1
ψ

.

4.3. Numerical integration. Let IN : m = κ0 < κ1 < · · ·< κN−1 = n be a partition with regard
to the interval [m,n]. We take into account the numerical integration formula arise from local
fraction integrals mI

(ϖ)
n ζ (κ) = K(ζ , IN)+E(ζ , IN), where K(ζ , IN) is approximation formula

of the integral term mI
(ϖ)

n ζ (κ) and E(ζ , IN) is the approximation error. We have the following
error bounds.
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Proposition 4.3. Let all the hypotheses in Theorem 2.3 hold. Then, for every division IN of
[m,n], the approximation error E(ζ , IN) satisfies that

|E(ζ , IN)|= |mI
(ϖ)

n ζ (κ)−K(ζ , IN)|

≤ (Z− z)ϖ

8ϖ Γ(1+2ϖ)

N−1

∑
i=0

(κi+1−κi)
2ϖ ,

where K(ζ , IN) := 1ϖ

2ϖ Γ(1+ϖ)

N−1
∑

i=0
(κi+1−κi)

ϖ

[
ζ (κi)+ζ (κi+1)

2ϖ +ζ

(
κi+κi+1

2

)]
.

Proof. On [κi,κi+1], we find from Theorem 2.3 that∣∣∣∣κiI
(ϖ)

κi+1 ζ (κ)− (κi+1−κi)
ϖ

2ϖ Γ(1+ϖ)

[
ζ (κi)+ζ (κi+1)

2ϖ
+ζ

(
κi +κi+1

2

)]∣∣∣∣
≤ (κi+1−κi)

2ϖ(Z− z)ϖ

8ϖ Γ(1+2ϖ)
,

for each i = 0, · · ·,N− 1. Summing over i from 0 to N− 1, we obtain the error bound. This
completes the proof. �

5. CONCLUSION

This paper studied some Bullen-type inequalities on fractal spaces. The results presented in
this paper extended and generalized some known Bullen-type inequalities. Furthermore, the
derived results were utilized to investigate some special cases. Some applications, such as ϖ-
type special means, numerical integration, and generalized probability distribution mappings,
were provided to support our new inequalities.
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[32] S. Varošanec, On h-convexity, J. Math. Anal. Appl. 326 (2007) 303-311.
[33] M. Vivas, J. Hernández, N. Merentes, New Hermite-Hadamard and jensen type inequalities for h-convex

functions on fractal sets, Rev. Colombiana Mat. 50 (2016) 145-164.
[34] X.J. Yang, Advanced Local Fractional Calculus and its Applications, World Science Publisher, New York,

2012.


	1. Introduction and Preliminaries
	2. Main Results
	3. Examples
	4.  Some Applications 
	4.1. Special means
	4.2. Probability distribution function
	4.3. Numerical integration

	5. Conclusion
	References

